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FINITE-DIFFERENCES DISCRETIZATIONS OF THE MUMFORD-SHAH
FUNCTIONAL

ANTONIN CHAMBOLLE!

Abstract. About two years ago, Gobbino [21] gave a proof of a De Giorgi’s conjecture on the ap-
proximation of the Mumford-Shah energy by means of finite-differences based non-local functionals.
In this work, we introduce a discretized version of De Giorgi’s approximation, that may be seen as a
generalization of Blake and Zisserman’s “weak membrane” energy (first introduced in the image seg-
mentation framework). A simple adaptation of Gobbino’s results allows us to compute the I-limit of
this discrete functional as the discretization step goes to zero; this generalizes a previous work by the
author on the “weak membrane” model [10]. We deduce how to design in a systematic way discrete
image segmentation functionals with “less anisotropy” than Blake and Zisserman’s original energy, and
we show in some numerical experiments how it improves the method.

Résumé. Une conjecture récente de De Giorgi, sur I'approximation de la fonctionnelle de Mumford
et Shah par des fonctionnelles non locales basées sur des différences finies, a été démontrée il y a un
peu plus de deux ans par Gobbino [21]. Nous introduisons dans ce travail une version discrétisée de
I’approximation de De Giorgi, que ’on peut voir comme une généralisation de ’énergie de “membrane
faible” introduite par Blake et Zisserman pour la segmentation d’images. Une adaptation élémentaire
des démonstrations de Gobbino permet de calculer la I'-limite de cette approximation discrete, lorsque
le pas de discrétisation tend vers zéro ; ce calcul généralise un résultat précédent de l'auteur sur
Pénergie de “membrane faible” [10]. On déduit ainsi une maniére de construire systématiquement
des fonctionnelles de segmentation d’images “moins anisotropes” que ’énergie originale de Blake et
Zisserman, et I’amélioration obtenue est illustrée par des expériences numériques.
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1. INTRODUCTION

In winter 1995-96, De Giorgi imagined the following non-local functional, defined for any measurable function
uw on RN,

E.(u) = //]R larctg (u(x) —u(x +££))* e~ 16 drde

N xRN € €
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as a possible approximation, as € goes to zero, of the non-convex part of the Mumford-Shah functional
E(u) = )\/ |Vu(z)|? de + pHN 71(S,),
RN

defined on functions u € GSBVj,.(RY) of “generalized special functions with bounded variation” (for the precise
definition and main properties of this space, and more information about the Mumford-Shah functional, see
Appendix A), with S, the “jump set” of u and H¥ ! the N — 1 dimensional Hausdorff measure, and \, u two
positive parameters.

One year later, Gobbino [21] gave a proof of De Giorgi’s conjecture: he established that, as ¢ | 0, E.
I'-converges to E in the strong LP(RY) topology for any 1 < p < +oo, for A = ‘F%N and p = A\/m. (See
Appendix B for the definition and properties of the I'-convergence.)

Mumford and Shah’s functional was introduced first in [22] as a possible continuous version of the following
“weak membrane” energy, that Blake and Zisserman [7] had suggested to minimize in order to solve the image
segmentation problem:

D iy = wig ) + flwigen —wigl) + lwig = 96417,
i

where f(z) = azAB (o, > 0 and X AY denotes min(X,Y)), (g:,5)1<i,j<n € [0,1]"*" is an “original” grey-level
image of n x n pixels, and (u; j)1<i j<n is the output “segmented” image (here a discontinuity is supposed to
occur between two adjacent pixels when the difference between the values of u on each pixel is greater than
VBJa).

By minimizing this discrete functional, the aim is to rebuild from the original data g a piecewise regular
image u (the discontinuities of u corresponding to the edges in the image) that should be easier to analyze, in
particular when the original is corrupted by noise (Blake and Zisserman’s energy is actually derived from the
free energy introduced in [19], where S. and D. Geman propose a probabilistic approach to the edge-preserving
denoising of discrete images corrupted by an additive Gaussian noise). Many image reconstruction methods
have been based on this kind of energies since the late 80’s, we refer for instance to [16,17], to [18] and to [6]
where some variants are presented and applications are described.

In order to understand the relationship between Mumford and Shah’s functional and Blake and Zisserman’s,
the author studied in [10] the behaviour of the discrete image segmentation problem as the pixels’ size goes to
zero and their number to infinity (see also [9] for the one-dimensional case) and proved the I'-convergence of
the weak membrane energy, as n — 0o, to an anisotropic version of the Mumford-Shah functional, namely

a / Vu(z)? dz + 8 / (] + |2 dH + / () - g()P de,
(0,1)2 Su (0,1)2

where v = (v1,15) € S! is the unit normal to S, (defined H!-a.e.). In order to obtain this result Blake and
Zisserman’s energy had to be weighted and rewritten in the following way, introducing the discretization step
h=1/n:

1 Uir1y — Uiyl 1 Wij1 — Uiyl
e (el ) g ()

1,3

g" being some reasonable discretization of g at the scale h.

In some of the above mentioned image processing papers it had been noticed that the results could be improved
by trying to modify slightly the energy, making it “less anisotropic”. This paper deals with the mathematical
analysis of such variants, and gives a general solution. We explain 1) how Blake and Zisserman’s energy has to
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be modified in order to approximate better the Mumford-Shah functional; 2) how this mathematical result can
be exploited to actually obtain better segmentations of images.

More precisely, we rely in this paper on Gobbino’s result to establish a generalization of the approximation
theorem of [10] to discrete energies involving arbitrary finite differences and more general functions f. The
practical consequences of this rather theoretical result are then described in Section 2, where we show how to
design variants of the weak membrane energy, that approximate better (i.e., in a “less anisotropic” way) the
Mumford-Shah functional, and show in numerical examples that they produce “nicer” segmentations.

Let © € RY be an open domain with Lipschitz boundary, and for every h > 0 and every u : QN hZN — R
let

2
R =1 Y % %fg<(“(”‘1§“h5»>¢<s> € [0,+2], &)

zehlN | e ZN
z e z+hEcQ
where:

o ¢:ZN — [0,+00) is even, satisfies ¢(0) = 0, D I€12¢(€) < 400, and ¢(e;) > 0 for any i = 1,..., N
where (e;)1<i<n is the canonical basis of RY (in practical applications the support of ¢ will have to be
finite and small);

e for any ¢ with ¢(§) > 0, f¢ : [0,400) — [0,400) is a non-decreasing bounded function with fe = f_¢,
fe(0) = 0, fi(0) = ag > 0, and lim; 1o fe(t) = B¢, and we assume that f¢ is below (or equal to) the
function ¢ — agt A Be. We also assume both supgcynv ¢ and supgeyn B¢ are finite;

e we will adopt in the sequel the convention that any term in the sum above is zero whenever either x or -+ hé
is not in 2 even if we do not explicitly write these conditions under the summation signs (this convention
will be adopted throughout the whole paper unless otherwise stated), as well, we’ll usually write Fj(u)
instead of Fj,(u, ) when not ambiguous.

Fix p € [1,4+00), and let 7(2 N hZYN) be the vector space of functions u : 2 N AZYN — R such that the norm

lully = {hN ) |u<m>|1°}p

z€QNhZN

is finite. In the whole paper we will always identify a function u in £°(2 N hZ"Y) and the piecewise constant
function in LP(RY) equal to u(z) on z + (-2, %)N for any z € QN AZY (and to 0 elsewhere), so that
|ullp = [lull L@~y and that a sentence such as “uj, € £P(Q N hZN) converges to u € LP(§2) as h | 0”7 will have
a natural sense. We also set Fj(u) = +oo for any u € LP(Q) that is not the restriction to  of the piecewise
constant extension of a function in ¢7(2 N AZYN).

Let now, for any u € LP(Q2) N GSBV0c(Q2),

F(u) = / > d(&)ee(Vu(@), &) do + /S > G(&)Bel(vu(x), )| dHN T () € [0, +00], (2)

Q EGZN u EGZN

and set F'(u) = +oo if u € LP(2) \ GSBV,.(2). We will also denote sometimes

F(u,B)= | > ¢(&acl(Vu(z),&)[* dw + > G(8)Bel(vu(x), &) dHN T ()
B BNS

fEZN u fEZN

when B C 2 is a Borel set. An adaptation of Gobbino’s results leads to the following theorem.
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Theorem 1. Fj, T'-converges to F as h | 0 in the strong topology of LP(Q), for any p € [1,+0).
As a corollary, we also prove

Theorem 2. Letp € [1,+00), g € LP(Q) N L>(Q), and for any h > 0 let uj, be a minimizer over (P(Q N hZN)
of

Fa(w) + [ Ju(e) - gla)P de
Q
(or, equivalently, of

Fi(w) + (lu—g"l5)" 3)

where g" € P(QNAZYN) is a suitable discretization of g at scale h, with g" — g in LP(Q)) as h | 0 and
9" lso < llgllo for all k). Then (up) is relatively compact in LP(2) and if some subsequence up, goes to u as
J— 00, u € SBVj,.(Q) N LP(Q) is a minimizer of

Flu) + /Q lu(z) — g(z)|P da.

Remark 1. In [10], Theorem 2 is proved for p =2, N =2, Q = (0,1) x (0,1), ¢ = 0 on Z? except ¢(0,1) =
#(1,0) = ¢(0, 1) = ¢(—1,0) = 1/2, and fe(t) = at A G (o, 8 > 0), so that

Flu) = a / V(@) de + 6 /S o)y A (a),

where ||z||1 = |z1] + |22 for any z € R2.
Remark 2. A few other discrete approximations of the Mumford-Shah functional have been proposed. G. Bel-
lettini and A. Coscia have established the I'-convergence of finite elements based approximating functionals, to
the original isotropic functional E. Their result is based on the discretization of L. Ambrosio and Tortorelli’s
approximation [4,5], in which the discontinuity set is represented by an auxiliary function v that in some sense
concentrates near the set as the approximation comes closer to the solution. In [11], Dal Maso and the author
have proposed an alternate finite elements method for approximating the Mumford-Shah functional F.
Remark 3. The condition ¢(e;) > 0 for ¢ = 1,..., N is necessary only for the coercivity, i.e. to establish
Lemma 1 and Theorem 2. This is important in practical applications for the stability of the numerical schemes.
For the I'-convergence it would be sufficient to assume that ¢(&;) > 0,4 =1,..., N for some basis (§)1<i<n €
ZN*N of RN,

In the next section we describe a numerical implementation of the minimization problem (3), and show how
the choice of ¢, ce and ¢ influence the results. Then, we prove Theorem 1 (explaining how Gobbino’s proofs
can be adapted to this case) and deduce Theorem 2.

2. APPLICATIONS

The version of Gobbino’s result we present in this paper has interesting consequences, that will be clear in
the few numerical examples (in Q = (0,1) x (0,1) C R?, and with p = 2) we will show later on.

2.1. An iterative procedure for minimizing (3)

Before showing the examples, we first quickly describe a standard procedure for minimizing energies such
as (3). Of course we do not pretend to compute an exact minimizer of the energy, since the high non-convexity
of the problem does not allow this. However, the iterative algorithm we describe gives satisfactory results.
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A variant has been successfully implemented in the case of the approximation of [11] (see [8]). Many other
similar implementations have been made for solving image reconstruction problems (see for instance [6,23], and
the pioneering work [18] by Geman and Reynolds).

We assume 2 is bounded so that the discrete problem is finite-dimensional for every fixed h > 0 (in the
applications Q will be a rectangle). The non-convexity in the energy Fj comes from the non-convexity of the
functions fe, £ € ZN. In order to simplify the computations we will assume that the f¢ are all identical, up to
a rescaling:

(%

fe(t) = Bef (th)

for all ¢ € ZN (with ¢(¢) > 0) and t > 0. The function f is nondecreasing, and satisfies f(0) = 0, f(+o0) = 1,
and f/(0) = 1. We will assume as well that it is concave, and differentiable. Thus, —f is convex (we extend it
with the value +o00 on {t < 0}), and lower semi-continuous. Let

P(=v) = suptv — (=f)(t) = (=F)"(v)

teR

be the Legendre-Fenchel transform of —f, by a classical result (—f)** = —f so that

—f(t) = suptv —¥(—v) = — inf tv + P(v).
veER veR

It is well-known that the first sup in this equation is attained at v such that ¢t € 9(—f)*(v) (the subdifferential of
(—f)* at t), and that this is equivalent to v € d(—f)(¢), and since O(—f)(t) = {—f'(t)} for t > 0 and (—o0, —1]
for t = 0 we deduce that the sup is reached at some v € [—1,0] (since for ¢ = 0 we check that (—f)*(—1) =0
and thus the sup is reached at v = —1). Hence

ft) = Iin, tv+ P(v)

and the min is reached for v = f’(t). We may therefore rewrite F}, in the following way:

Fp(u) = min Fp,(u,v)

vy

for v : (QNAZNY) x (AN RZN)—0,1] and

Fi(u,v) = AN Z Z {agv(x,x + hé)

zERZN €N

u(z) — u(x + he) |”

h

+ &w} oo @

The algorithm consists in minimizing alternatively Fy, (u, v)+||u—g"||3 with respect to v and v. The minimization
with respect to v is straightforward, since it just consists in computing for each z,y € QN AZY

o (u(@) —u(y)®
U(.’Z?,y) - f (Otg ﬂgh )7
with £ = +(y — z)/h. The minimization with respect to u is also a simple (linear) problem, since the energy is
convex and quadratic with respect to u. Of course there is no way of knowing whether the algorithm converges
to a solution or not, what is certain is that the energy decreases and goes to some critical level, while the
function u converges to either a critical point or, if it exists, a continuum of critical points. Notice that if f is
strictly increasing, v is everywhere strictly positive.
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2 X
In the applications shown in this paper we considered f(t) = — arctg 50 that
T

1
') = ——=
1+ f

Notice that one never has to compute explicitly the position of the edges during the minimization. Once a
minimizer of the energy has been found, it is possible to extract the edges out of the segmented image by
standard algorithms (using Canny’s or more sophisticated edge detectors, with a very narrow kernel since the
images on which the edges have to be found are piecewise smooth). The value of the auxiliary function v is also
a good indicator for the position of the edges (it is “large” on the edges and close to zero everywhere else), and
should be taken into account. An elementary method may be for instance to consider the zero-crossings of the
(discretized) operator d?u(Vu, Vu) in the regions where v is large.

2.2. Anisotropy of the length term

In this section n will be an integer (n > 1), we will set ~ = 1/n and the functions u and g" (defined on
[0,1) x [0,1) N hZ?) will be denoted as n x n matrices (ui j)o<i,j<n and (g/';)o<i j<n- We will compare the two
following cases

8 ws 7,_u,7.2 B Ui —u-,42
)= hYy oL oy L1~ Ui 1+1/§1h il A  Jiger — vl ”*glh wl™) luij — g1,
%]

(i.e., some regularization of Blake and Zisserman’s “weak membrane” energy) and

2\ B2 Juir1y — iyl B2 Jui i1 — iyl
Aty vl T G

2 2
52f ’ |uz+1,j+1 U”| /82]” / |u; 1,541 — U”| ¥l — h |2
—ﬁg —ﬁg Uij — G451 -

By Theorem 2, the limit points of the minimizers of E} and E2, as n—00, will be minimizers of respectively
El (u) = )\1/ |Vu(z)?dz + piA(S / |u(z (z)]? d
and
B2 (u) = AQ/Q V(@) dz + paha(S / lu(z) — g(z)[? dx,
(for u € L2(Q) N GSBV (2), and +o0 otherwise) with Q = (0,1) x (0,1), A1 = a1, A2 = as + 2ah, and
() = [ B+ @ @),
p2ha(S / Ba(jvr(@)] + lv2(@)]) + By (Jv1(z) — va(@)] + |va(z) + va(2)]) dH (),

where (11 (x), v2(x)) is the normal vector to S, at . Simple computations show that 35 = 32/v/2 is an optimal
choice, since it minimizes the ratio of the length Ay of the longest (with length A3) vector in S* over the length
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0.5

-0.5

F1GURE 1. The solid line represents the length of a unit vector, as a function of the angle.
Left: for Ay, right: for As. The dashed line is the unit circle.

of the shortest. For any rectifiable 1-set E C R? with normal vector (v1,15) at x we define the lengths
T
M(E) = /E(Im(x)l +[va(2)]) dH (2)
and

m [v1(x) — va(z)| + |v1(x) + vao(z)

naie) = % [ (|u1<x>| T o) + = ) aH (2).

(Notice that Ay = (A; 4+ Ajo Rx)/2 where Rx is the rotation of angle 7/4 in R?.) The choice of the parameters
7/4 and /8 is made in order to ensure that a “random” set of lines has in average the same length A; and Ao
(and Euclidean length), in other words, the unit circle has length 27 in both cases. This is of course not the
only possible choice. For instance, one could prefer to parametrize these lengths in such a way that the error
(with respect to the Euclidean length) A;(emaz) — 1 on the measure of the longest (for A;) vector ema, € St
is equal to the error 1 — A;(emin) on the measure of the shortest vector. In this case, one should choose as
parameters 1+2 7 instead of 7/4 for A; and #m instead of 7/8 for As.

With the choice we made, we get that u1 = 4061/7 and pe = 882/m. In both cases the limit energy is
anisotropic, what is interesting is that the second length Ao is far “less anisotropic” than the first length A;.
As a matter of fact, the longest vector in S! for A; is about 41.4% longer than the shortest (the ratio is /2)
while it is only 8.2% longer for the length A, (the ratio is 2v2cos Z/(1+v/2) = V4 +2v2/(1 + v/2)). The
difference of anisotropy of both lengths is striking on figure 1.

2.3. Numerical experiments

We show here a few experiments, so that the reader can see for himself the difference of behaviour of the
lengths A; and As. Notice that in all of our comparisons we of course always choose A\; = Ay and p; = po. In
Figure 3 and Figure 4 (see original pictures in Fig. 2), one notices that the edges are usually nicer when length
A is used, whereas images obtained by minimization of energy E} are more “blocky”. Notice in particular
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FI1GURE 2. Original images for the next examples.

<

FIGURE 3. The segmented column. Left, by minimizing energy E2, then with energy E}. The
details are presented in the same order.

il

the diagonal line at the bottom of the image. However, the vertical edges on the column (Fig. 3, second picture)
are nicer with energy E!. The reason is clear: these edges are vertical, and the vertical and horizontal lines
have a much lower costs than lines with other orientations with this energy.

In Figures 4 and 5 the results are similar: the edges look much nicer when energy E?2 is minimized. The
other two figures show segmentations in presence of noise. In the two segmentations of the disk, the total length
of the edges found was 6.56 x R with energy E2 and 6.40 x R with E}. These lengths are slightly overestimated
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FIGURE 5. Segmented lady with energy E! and two details.

because a few spurious edges were found, and also because of some oscillation of the boundary, that is due to
the noise. Again in Figure 7 the result is more blocky with energy E}.
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FIGURE 6. The noisy disk (grey level values 64 (disk) and 192 (background), std. dev. of noise
40). Middle, the segmented disk with energy E2. Right, with E}.

FIGURE 7. A noisy image (std. dev.= 25 for values between 0 and 255) and the segmented
outputs, by minimizing E2 (middle) and E} (right).

In the last two experiments we show we used another energy, namely,

2 2
E(u h;}:ﬁa h%HJ—UmW +£§f ang+1—um|
Bsh h Bsh
2 2
ﬁ%f o LG — Ui B3 f o Uit 21 — Ui
3 3
Bsh 4

B (ol — gl .
f g—L—%g——LL + |uij — 9517

We choose 35 = 3/+/2 and Y = B3/v/5. Now, as n—o0, the limit points of the minimizers of E2 minimize

E3 (u) &/Wu?m+wm /w o) da,
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05

-05

FIGURE 8. Same as Figure 1, this time for Ags.

with A3 = a3 + 2a4 + 104,

As(E) =

: @)~ (@) £ (o) + o)
% [ (m@l+ e+ —

L 1201() = 12 (@)| + 1 () + 20| + 202 (0) + vale)] + s (o) — 20 (a)

V5

271

(this time A = (A1 +Aj0 Rz +AjoRg+ A0 R_p)/4 with 8 = arctg2), and pug = 1603/7. Figure 8 illustrates
how “isotropic” the measure Aj is, and Figures 9 and 10 show examples. (Now, the length of the longest vector
in St is about 5.0% greater than the length of the shortest.) The results look slightly better than the ones
obtained with energy E2, however, the computational cost is quite higher.

3. PROOF OF THEOREM 1 AND THEOREM 2

This section is entirely devoted to the proof of the theoretical results. We rely essentially on Gobbino’s
work [21], but since (little) adaptations are necessary in the case we present, and since, moreover, there is a
very slight difference in our proof (which avoids the use of Gobbino’s technical Lemmas 3.1 and 3.2 in [21]), we
will give quite a few details. We let for any u € LP(Q)

and

F'(u)= (T — liI}ILli,iOnf Fp)(u)

F"(u) = (T — limsup F},)(u).
hl0

In the next Section 3.1 we will prove a preliminary lemma that will be helpful in the sequel. Then, the aim
of the following two Sections 3.2 and 3.3 will be to prove Theorem 1, i.e., to prove that F'(u) > F(u) and
F"(u) < F(u) for all u € LP(2). Eventually in Section 3.4, we will prove Theorem 2.
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FIGURE 9. Segmentation with energy E3 (the column).

¢

FIGURE 10. Segmentation with energy E2(the lady).
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3.1. A compactness lemma

The lemma we show in this section will be needed to establish Theorem 2, but it will also give some a priori
information on the regularity of functions u € LP(f2) such that F'(u) < +o0.

Lemma 1. Let hj | 0 and uy, € P(Q N h;ZN) such that

sup Fp; (up;) < +00 and sup |[up;[lec < +o00.
i J

Then there exist a subsequence (not relabelled) un; and v € SBVi,.(S2) such that
up, () —=u(z) a.e in

as j goes to infinity, and
/ \Vau(z)* dz +HY71(S,) < +o0.
Q

Proof. In order to simplify the notations we drop the subscript j. Let ¢ = min;—1 . ny¢(e;) > 0, f =
min;—1 ..~ fe;, and choose , 3 > 0 such that at A 3 < f(¢) for all ¢ > 0. We have:

N
Fi,(up) > 2¢h™ Z Za

zERZN 1=1

up(z) —up(z + hey) > B
h N

(remember we only sum on x such that x,z + he; € ). We first show that the sequence (up) is bounded
in BVj,.(Q) (so that it is compact in L} (2)). Choose R > 0, i € {1,...,N}, and write (with Qym =

loc
{:17 € : dist(x,00) > %\/Nh})

| Diun| (2, /55, N Br(0) < > BN un(x) — un(x + hes)|
z€hZNNBR(0)
N-1 N up(z) — up(z + he;)
< Y 2dunfleeh™ T+ YN .
:EEX+ reX_

where X = {:c € hZN N Br(0) : |un(z) — upn(z + he;)| > \/M} and X_ = hZYN N Bg(0) \ X,. Of course,
we only consider points z € hZ" such that x and z + he; belong to Q. Then, using the Cauchy-Schwarz
inequality,

1
un () — up(z + he;) |2

| Dyun| (Q%\/ﬁh N Br(0)) h

IN

2Huh||(><;hN_1ca1rdX4r + CRT ! pVN Z

zeX_
lunllooFh(un)  ~py [ Fnlun)
Bc 2ac

with C' some constant depending only on N, so that eventually, for any n > 0,

sup |Dus|(€2, N Br(0)) < +o0.
h
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This shows that upon extracting a subsequence we may assume that w, converges almost everywhere in Q (and
in LP (Q), as well) to some function u that belongs to BV (2N Bg(0)) for any R > 0.

loc
Now consider the extension of uj, (on RY, uy(z) being considered to be 0 outside of )

w) = ¥ w@ay (L50),

xehZN

where A(t) = (1 — [¢|)* for any t € R and An(y) = Hfil A(y;) for any y € RY. We estimate [ |Vuvy|? on an
“elementary cell”, for instance (0, )"

2

N
2 _ 1o(ym—o Yi — Ty
/(M)Nwlvh(yn w=[ Y w@a (2 )[[A(—h )| @

(0,m)N

up(h, x) —uhOm N P — T;
=h dyy...dyn| > HA -

ze{0,h}N -1 =2

)|
[ () ¥ ) ) [T ()

z€{0,h}N-2 i=3

(h707 )_ (0707 ) al i T L
+<1_y_hQ> Z Up, IEhuh xHA<y hx> dys

z€{0,h}N—2 i=3

h? un(hy by ) —up(0,h, ) Ty o ((yi — @
< — > > A
=73 /(O,h)m dys..-dyn | h 11 ( h )

z€{0,h}N-2 i=3

N
uh(h707m) - ’LLh(O, 0,1‘) Yi — T4
(Oh)N—2 3 Z h H h

ze{0,h}N -2 i=3

by induction we deduce that

N up(h, ) — up (0, z) |2
8 2 dy < ) )
[ o by < g S .
) z€{0,h}N -1
Notice that we could therefore conclude that
2
up(x) — uh x + he;)

/ Von(y)|?dy < BN > Z
Quwn

zehZN i=1

(with Q 7, = {a; € : dist(x,00) > \/Nh}, since we control the gradient of vy, only on the cubes z+ (0, k)Y

x € hZY whose 2% vertices all belong to §2), but since we can not control the right-hand side of this expression
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if it is summed over all x we must introduce a slight modification of v,: we define thus 0, = vy, except each
time

|uh(1‘) — uh(x + hei)| > %, (5)

in which case we set 95, = 0 on (z,z + he;) X Hi,#(ac — hey,x + hey) = Ui’,ei. The new function 9, is in
SBVioc(), and S5, € Uy erex, dU} ., where the union is taken on X, = {(x,¢;) : (5) holds}. Now, we can

write

2

— he; F
[ wawpa sy |wdoumlethof . D) ()
Q cx
VR (z,6:)ERZN\ X,
moreover since HN1(9U! ) = khV 7! (with k = 2N71(N + 1)),
F
HYNHQ 5, N Ss,) < card XpehNTH <k AC (7)

2¢c0

From (6) and (7) and since supy, ||0n]|co < 400, we deduce invoking Ambrosio’s Theorem 3 (see Appendix A)
that some subsequence of 9, converges to a function v € L () N SBVj,(2), with

/ |Vo(z)? de +HN71(S,) = sup / |Vo(z)|? dz +HN (AN S,) < L (l—I— f) liminf F}, (up) < +o0.
Q AccaJa 2c\a f )

The proof of the lemma is achieved once we notice that v must be equal to u (as for instance by the construction
of vy, and 9y, it is simple to check that for any A CC Q with regular boundary [, (un(y) — on(y)) dy—0
as h ] 0). [

Remark. If we drop the condition ¢(e;) > 0 for i = 1,..., N, the result may be false. For instance, if N =1,
¢ =0 except at —2 and 2 where ¢(—2) = ¢(2) = 1, the family (up)n~o defined by

0 ifke2Z
uh(kh)—{l i heaZ 41 for every k € Z

satisfies the assumptions of Lemma 1 but is not compact.

3.2. Estimate from below of the I'-limit

In this section we wish to prove that for all u € LP(Q),
F(u) < F'(u). (8)

We must therefore prove that for any v € LP(€2) and any sequence (uj;) that converges to u in LP(f2) as j—o0
(with lim;_,o h; = 0) we have,

F(u) < liminf Fy,; (up, ). (9)

j—oo

Let u € LP(Q), and we will suppose first that it is bounded. Choose also an arbitrary decreasing sequence h; | 0
and functions uj; that converge to u in LP(Q2). We can assume that |u,|lcc < [[u]co, as truncating up; we

decrease its energy Fy, (un,). It is clearly not restrictive to consider, as well, that the liminf is in fact a limit,
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and that sup; Fj, (up;) < +oo (since if iminf; o F, (un;) = +00 the result is obvious). In view of Lemma 1
we deduce that

u € SBVj5.(2) and / |Vu(z)|? de + HY71(S,) < +oo. (10)
Q

In the sequel we will drop the subscripts j and write “h | 0” for “j—00”. We prove (9) following Gobbino’s
method in [21], with a few modifications and adaptations. Let

. AR
= J o+ [—5’5}
zERZNNQ

and notice that Q%\/Nh = {a; € Q : dist(x,00) > %\/Nh} C Q. We have (still using the convention that we

only consider in the sums the points that fall inside )

2
Fuw) — n% 3 % %fg<(“”(””>_1;”(””+h@) >¢<5>

zERZN €N

QO

w oY ln ((uh@)—z:(whf)) ) o

E€ZNNE(Qp—y)

3 1, [ (un(y) — unly + hE))*
= - d .
§EZN d)(g) th(ﬁh,*hf) hfg ( h ) y
For every ¢ € ZN we let
- 1, [ (un(y) —un(y + he))*
F, = — dy.
h(un, §) /thﬂ(thhg)hf£ ( h ) Y

Inequality (9) will follow by Fatou’s lemma if we prove that for any &,

liriliionfﬁ'h(uh,g) > 045/Q |(Vu(z), &) * dx + B¢ /Su |(vu(z), &) dHN 1 (2). (11)

We choose A CC . If h is small enough (i.e., h < dist(4,9Q)/(|¢| + 1v/N)) then

Buun§) = [ 15 (““’“’) —unly £ he)) ) dy

and it will be sufficient to show that

. 1, (uny) — un(y + he)® -
h%lonf /Aﬁfg< hh ) dy > ag/AKVU(x),&)P dr + B¢ /SumAKVu(m),ﬁHdHN (x),
(12)

as the supremum of the right-hand side of (12) for all A CC Q is the right-hand side of (11). This is part of
Gobbino’s result [21], but we present a slightly different approach, still based on the “slicing” (see Appendix A
for technical details) of the functions uj in the direction &.
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Let & = {z € RY : (2,£) =0}, and forevery z € £+, A, ¢ = {s € R : 245 € A}, (un)ze(s) = un(2+s).
We rewrite the first integral over A in (12):

N-1 U (un)ze(s) = (un)ze(s + h))® _
ngH (Z)/Az)gﬁfﬁ< s hh : >|€|d3—

N-1 1, [ ((un)ze(s) = (un)ze(s + h)®
|§|/ " kez/z,gm[kh,k}wh) hf£< h ) @

_ N-1 (un)ze(t + kh) — (un)ze(t + (k + 1)h))*
_|§|/£Ld?-[ /Oh)dt{z fe ( - )}

kEZ

(by the change of variable t + kh = s) where the sum is taken only on the k € Z such that ¢t + kh € A, ¢. Now,
with the change of variable t = A7, this becomes

o [ / dT{hZ e ( (un)e.e((7 + B)B) - 2uh>z,g<<v+k+1>h>>2>}.

k€EZ

We will prove that for a.e. (z,7) € £+ x (0,1),

o 1

hI}Illlj)nf h Z 7 fe
keZ
(r+k)h €A, .

(((uwz,g((f +k)h) = (un)oc((+k + 1>h>>2> N
h

> ac [ el@)Pde + BHOSu, N Aze). (13)

Az’g

In order to prove (13), we need some information on the limit of ((us).¢((7 + k)h))kez as h | 0. Since, using
the same changes of variables,

L@ —uwrdy = [ ) [ )co) vl il ds
Q Qe

€l / N (2 / dr{h2|<uh>z,g<<r+k>h>—uz,g<<r+k>h>|f’}

kEZ

(where in the sum we consider only k such that (7+k)h € Q. ¢) we may assume (upon extracting a subsequence)
that for a.e. (z,7) € £+ x (0,1),

hm hz [(wn)z,e((T + k)h) —us e((T+ k)R)|P = 0. (14)
keZ

Choose a (z,7) such that (14) holds. By (10) we may also assume when choosing z that

tsg € SBVipo(Que)  and / i, ()2 ds + HO(Su. ) < +oo,

92,5

so that u, ¢ is continuous except at a finite number of points. Thus, for almost all s € Q, ¢,

e (7 [7]) 1) = vec®)
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(where [-] denotes the integer part). We easily deduce from this and (14) that the piecewise constant function
v 1 0, ¢—R defined by

converges to uz ¢ in LT (Q¢).

Remark. Following Gobbino (proof of Lemma 3.3, Step 2 in [21]) we could also prove that for a.e. 7 € (0,1),
us e((T + [s/h])h)—us ¢(s) in Li, (Qs¢), so that the a priori information on the regularity of u is not really
needed.

We return to the proof of inequality (13). For any I CC A, ¢, we denote

/I%fﬁ <|vh<s+h;—vh<s>| ) s

Z |(kh, kh + h) N I|%f§ ("Uh((k' + 1)h) — Uh(k'h)| 2) .

h
kEZ

G(’Uh,f)

If h is small enough, (7+[s/h])h € A, ¢ for every s € I so that the lim infin (13) is greater than lim infy, o G(vp,, I).
Therefore, we just need to prove that for any I CC A, ¢,

liI}zl,LiOnfG(vh’I) > a§/|u’z7£(s)|2 ds + ﬂgHO(Suzyg NI (15)
I

indeed, taking then the lowest greater bound of the right-hand term of (15) for all I, we will get (13). Because
of the super-additivity of liminfj o G(vp, ) we may assume without loss of generality that I is an interval. To
prove (15), we then choose «, § > 0 such that at AS < fe(¢t) for all t > 0 (noticing that a—respectively, S—may
be chosen as close as wanted to ag—resp., f¢), and we write

on((k + 1)R) — vp(kh) |?

G(vp,I) > Z ha .

(kh,kh+h)CI

A B.

Redefining a function @y with 05(kh) = vp(kh) for kh € I, affine on the intervals (kh,kh + h) C I such that

2
ha m}w < B and piecewise constant, jumping once on the intervals with the reverse inequality

(just like in [9]), we get
Glon, 1) > a/ 15, (s)? ds + BHO(S5, N Tn)
I

with I, = {x € I : dist(x,R\ I) > h}, so that invoking Theorem 3 (Appendix A) we get the existence of a
function v such that some subsequence of v}, goes to v a.e., and that satisfies

a/ 17 (s)|?ds + BH(S; N 1) < 1i%ionfa(uh,1). (16)
I

We check then that ¢ has to be equal to u. ¢ (noticing easily, for instance, that (v, — 05)—0 weakly in L?). If
a—ae we deduce from (16)

! 2ds < liminf I
a5/1|uz,£(s)| ds < im in G(vn, I),
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whereas sending 3 to B¢ we get

0 ..
BeH (Su, . NI) < hI}rLl,LlonfG(Uh’I)'

Inequality (15) is deduced from the last two inequalities by subdividing the interval I into suitable subintervals
(the connected components of a small neighborhood of S, . and its complement) and usmg the appropriate
inequality in each subinterval. Hence (13) holds, and using Fatou s lemma we deduce (12), a

|§| /gL dHN_l(Z) (ai/A |ufz,£(3)|2 + ﬁ&HO(Suz,g mAz,i)) =
z,€

= ag [ (Vu@). P de + B [ J(e). 1R (@)

u

Inequality (9) therefore holds in the case u € L>°().

Now, if u € LP(Q) is not bounded, choose again up,—u in LP(Q). Consider u* = (—k V u) A k and
u’ij = (—k Vup,) ANk, clearly uﬁj —uF in LP(Q), so that

k L k
F) < h}ELI.}thJ‘ (un, )-
But as f is increasing, Fy, (UZJ) < Fy, (un,) so that

F(uk) < lim inf F,; (up, ).

]*)

If this is finite, we conclude by noticing that limy_, F(u*) = F(u) (by (21), (22)); so that the proof of (8) is
achieved. ]

Remark. Notice that if up;—u in L} (€2), the result still holds. Indeed, for any A CC Q we have uj;,—u in
LP(A) and since the result holds in this case we can write

F(u,A) < liminf Fy, (up,, A) < liminf Fp, (up,, Q).

Jj—oo Jj—roo

Then, as F(u,Q) = supy-cq F(u, A) we get (9). (Thus the F}, also I'-converge to F' in LP(§2) endowed with
the Lfoc(Q) topology.)

3.3. Estimate from above of the I'-limit

Given u € GSBV,.(Q) N LP(Q) with F(u) = F(u,Q) < 400, we want to build uy, € £°(Q N hZY) such that
up—u in LP(Q2) and

limsup Fp(up) < F(u). (17)
10

In order to be able to assume some regularity on the function u we first prove the following lemma.
Lemma 2. Let u € GSBV,.(2) N LP(Q) with F(u) < +o0o. There exists a sequence (ug)k>1 C SBV(Q) of
bounded functions with bounded supports, that are almost everywhere continuous in Q and such that

o up—u in LP(Q) as k goes to infinity,
o limy o Fug) = F(u).
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Remark. The information on the support of u; makes sense only when 2 is unbounded.

Proof. For every integer k > 1 let first u* = (—kV u) A k be the truncated of u at level k. We choose in LP(RY)
a minimizer vy of

v = F(v)+ k/RN lv(z) — uf(x)P da.

Then,

vk — ullpp@ny < ok _uk”LP(RN) + —ullppmyy <

< (%F(“k))% ! </{|u>k}(|u(x)|_k)pdm>i - (%F(u)) ' </{|u>k} |u(m)|pdm>;_>0

as k—00, moreover by Lemma 3 (see Appendix A.2) we know that H¥~1(QNS,, \S.) = 0 and vy, € C*(Q\S,,) so
that in particular vy, is almost everywhere continuous. We also have that F(vi) < F(u*) < F(u) and |v(z)| < k
for all x € Q. Set now for every integer n > 1 and x € ()

=

1
vg(z) — - if vg(x) > 1/n;
ven(z) = ¢ 0 if |vg(z)] < 1/n; and
1
vk(a:)—f—ﬁ if vg(z) < —1/n.

Clearly vy, is still a.e. continuous and goes to vg in LP() as n—oo, so that we can choose ny such that
vk, — VkllLr(@) < 1/k. We set wy, = vk p,,.
We also have S, C S,,,

Vo ae in {x €Q : |ug(z)| > 1/nk};
Vwk =

0 a.e. in the complement,

and
[{wy # 0} = '{|vk| > nik}‘ < n£/9|vk(a:)|pdx < +o00

so that in particular wy € L9(Q) for any ¢ € [1, +00].
Choose at last ¢ € CP(RY) with 0 < ¢ < 1 and ¢ = 1 on B;(0), and set for R > 0 and any =z €
wi,r(z) = ¢ (%) wi(z). For any R,

S,

Wk, R

g ka g SU)C
and if £ € ZN,

/ (Vur p(2), )2 d =
Q

- / (Vun(@), &) do + /
Br(0)NQ Q\Br(0)
C

2 9 O e 9
Lo @08 e w2 [ (@) OF do+ el [ o) de

Q\Br(0)

2
dx

C(2) 7ot + M) (£). 6

IN
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with C = 2HV(||LOQ(RN) Hence

Pluer) < Fod) + | Y acole)leP { Lo T g [ |wk<x>|2dm}.

genN

Since wy, and Vuy, are in L?(£2), we can choose R large enough in order to have

(18)

el

F(wg,r) < F(u) +

Choose Ry large enough so that (18) holds and ||wg,r, — wk|/zr() < 1/k, and set up = wy,g,. Clearly uy
is still a.e. continuous. Moreover, F(ux) < F(u) 4+ 1/k, uy goes to u in LP(Q2) as k—oo, and by Theorem 3
(Appendix A) we deduce that

F(u) < liminf F(uy)

k—o0

so that limg_, o F(ur) = F(u) and the lemma is true. 0

We now establish (17). First consider the case Q = RY. Given u € GSBVo.(RY)NLP(RY) with F(u) < +o0,
we build invoking Lemma 2 a sequence of compactly supported, bounded and a.e. continuous functions wug
converging to u such that F(ug)—F(u) as k goes to infinity. By a standard diagonalization procedure, if we
know how to build for every k a sequence ((uy)n)n>o converging to uy in LP(R™) as h | 0, such that

lim sup Fp, ((ug)rn) < F(ug),
10

we will be able to find wp, with up—u and satisfying (17). In the sequel we may therefore assume that u is
bounded, compactly supported, and continuous at almost every z € RV,

For y € (0,h)" define u} € ¢P(hZN) by u(z) = u(y +z) for any x € hZ". We compute the mean of Fj(u})
over (0,h)N:

N y _ l u(y + x) —u(y + = + hf))
h /(o,h)NFh(Uh)dy = Z¢ Z /Oh)Nh ( 3 )dy

cezN rEhZN
_ 1, [ (u(y) —u(y +h€))®
- 3 e /. Eﬁ( : )dy.

At this point, we exactly follow Gobbino’s proof, writing

U —u 2 wz4t5) —uz+tE 4+ h 2
/Rw%fﬁ<( ) — uly + 1) ) w= [ e [aky (ulz + tyg) h< Tt +RO)

|§|/ aHY (2 /ds—fg< (58 —ulz +<s+h)§>)>

=lel [ R
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where u, ¢(s) = u(z + s§) and we have set

o = b (10 me)

for any measurable function v. Since we assumed f¢(t) < aet A B¢, we have

Be

hds

A

v(s) —v(s +h) ‘2
h

Fiw) < [ a
R

and as shown in [21] by Gobbino, this is less than
e [ I0/(5)ds + BeHO(S.)
R

provided v € SBV,.(R) and this expression is finite. (To check this, just compute the integral separately over
S =Uses,[s — h,s] and over R\ SP)

Therefore,

" /(o,h)N Falup)dy < 3 #(©)le] /5 AV ()R (use)

gezN

< X ol [ an ) {ae [ 19+ ),)Pds + BHSL) )

gezr

= o’ u(x 2dx Uy (T N=1(g = u).
= S e { [ ocVu@ P s + [ o) Ol @)} = Pl

gezN
Thus, for y in some set of positive measure in (0, k)",
Fy(u]) < F(u). (19)

For all h we choose yj such that inequality (19) holds and set up = uj"*. We check easily that if u is continuous
at z € RN then up(z)—u(z) as h | 0 (since up(z) = u(z’) for some z’ such that |z — 2’| < 2v/Nh). Since u
is almost everywhere continuous, uy, converges to u a.e. in RY. We also have [upl|peo@y) < [Jul| L@y and
the functions uy, u are zero outside some compact set so that by Lebesgue’s theorem u,—u in LP(R™). Since
clearly, (17) holds for this sequence uy,, the proof of the case Q = RY is achieved.

We now return to the general case where € is a Lipschitz domain. The method we use in order to localize the
previous result is adapted from [11]. We choose a function u € GSBV,.(Q) N LP(f2), and once again invoking
Lemma 2 we see that it is not restrictive to assume that u is bounded with bounded support. Since we assumed
that 0Q is Lipschitz, (and since u is zero outside some bounded set) we can extend u outside of Q (using the
same reflection procedure as for instance in [14] for the extension of W functions) into a bounded compactly
supported SBV function (still denoted by u) such that HV~1(0Q N S,) = 0 and F(u,RY) < +00. Then, we
build (up) like previously, such that uy, goes to u in LP(RY) and

lim sup Fy, (up, RY) < F(u,RY).
hl0

We can write

Fn(un, RY) > Fy(un, Q) + Fi,(un, Q)
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where QO is the complement of Q in RM. Notice that we have dropped all terms involving differences of values
of uy, at one point in 2 and another in 2¢. Sending h to zero we get

lim sup Fj, (up, RN) > limsup Fp, (up, Q) + liminf Fy, (up, ﬁc),
hi0 hl0 hl0

and we deduce from (8) that

lim sup Fy, (up, Q) + F(u,ﬁc) < limsup Fj,(up, RY) < F(u,RY).
hi0 hi0

Thus, u being extended in such a way that F(u,ﬁc) < +o0,

lim sup F, (un, Q) < F(u, Q).
hl0

Since HN 100N S,) =0, F(u,Q) = F(u,Q) and we get the thesis. This achieves the proof of Theorem 1. [

3.4. Proof of Theorem 2

For any h > 0 let (up)n>0 be a minimizer in ¢P(Q N AZY) of

/ lu(z )P dz (20)

where g € L*>®(Q2) N LP(N2).

Replacing up with (—||g[| L () Vun) AllgllL=(n) We decrease the energy, so that in fact |[usl L) < |glle=(0)-
In view of Lemma 1, since supy,~.o Fp(ux) < 400, some subsequence (up,);j>1 of (un)n>o converges to a function
u € SBV},(2) a.e. in Q. From the uniform boundedness of the u; we deduce that Up; —u in Lloc(Q).

If |©2] < 400, the convergence is in LP(2) and we simply conclude invoking Theorem 4 (Appendix B).
Otherwise, we know (by the remark at the end of Section 3.2 and Fatou’s lemma) that

/ lu(z z)[Pdz < liminf Fy, (up,) + / lun, (z) — g(z)|P dx.
Q

‘]*)
For any v € LP(£2), we consider (vp,);>1 a sequence converging to v in LP(Q) such that

limsup Fp,; (vs;) < F(v).

j—o0

For all j we have that
/ fun, (z) — g(@)? dx < Fi, (vn,) / lon, () — g(@)|? de,
so that at the limit we get

/|u x)|P dz < F(v) /|v x)|P dx,

showing the minimality of u. If we choose v = u, we also deduce that

Jim flun; = gllze@) = v —gllzr@),
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thus, by equi-integrability, us, —u strongly in LP(Q2), since we had the convergence in LY (). In the case where

we minimize
p
Fiu(u) + (Jlu—g"[lp)

instead of (20) the proof is not different. U

APPENDIX A. SPECIAL FUNCTIONS OF BOUNDED VARIATION

A.1. The spaces SBV and GSBYV: definitions and main properties

In this section we define shortly the “special functions with bounded variation” and state a few properties.
See for instance [3] or [2] for further details. Given Q C RY and u : Q—[—00, +00] a measurable function, we
first define the approximate upper limit of u at x € ) as

U+($) _ inf{t c [—OO,+OO] . ll-}ﬁ)l |{y : u(y) ;Nt}ﬂBp($>| — 0},

where B,(x) is the ball of radius p centered at = and |E| denotes the Lebesgue measure of the set E. The
approzimate lower limit u_(x) is defined in the same way (i.e., u_(x) = —(—u)4+(z)). The set

Sy ={ze€Q : u_(z) <uy(z)},

is the set of essential discontinuities of u, it is a (Lebesgue-)negligible Borel set. If z ¢ S,,, we say that u is
approzimately continuous at x and we write 4(z) = u_(z) = uy(z) = ap limy_,, u(y).

A function u € L*(Q) is a function of bounded variation if its distributional derivative Du is a vector-valued
measure with finite total variation in Q (equivalently, if the partial distributional derivatives D;u, i =1,..., N,
are real-valued measures with finite total variation in Q). The space of functions of bounded variation is
denoted by BV (). For the general theory we refer to [14,15,20,24]. If u € BV (Q), the set S, is countably
(HN=1 N — 1)-rectifiable, i.e,

Sy = GKiUN
=1

where HY~1(N) = 0 and each K; is a compact subset of a C''-hypersurface I';. There exists a Borel function
Vo : Su—SN~1 such that HN"l-a.e. in S, the vector v,(x) is normal to S, at x in the sense that it is normal
to I; if 2 € K;. For every u,v € BV (), we must therefore have v, = v, HV l-a.e. in S, N S,.

For every u € BV (2) the measure Du can be decomposed as follows:

Du = Vu(z)dz + (uy —u ), HYN 1S, + Cu
where Vu is the approximate gradient of u, defined a.e. in Q by

ap lim “¥) —u(@) — (Vu(@),y — z)
v ly — |

:07

HN-1L_S, is the restriction of the N — 1 dimensional Hausdorff measure to the set S,, and Cu is the Cantor
part of the measure Du, which is singular with respect to the Lebesgue measure and such that |Cu|(E) = 0 for
any E with HVN1(E) < +oo.

We say that a function u € BV (Q) is a special function with bounded variation if Cu = 0, which means
that the singular part of the distributional derivative Du is concentrated on the jump set S,. We denote by
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SBV () the space of such functions. We also define the space GSBV (Q) of generalized SBV functions as the
set of all measurable functions u : Q—[—00, +0c] such that for any k > 0, u* = (—k Vu) Ak € SBV(Q) (where
XAY =min(X,Y) and X VY = max(X,Y)), following Ambrosio’s definition in [1].

If u € GSBVjo.(Q) N LE (Q), u has an approximate gradient a.e. in 2, moreover, as k 1 oo,

loc

Vub—=Vu a.e.in Q, and |VuF| 1 |Vu| a.e.in Q; (21)

Suk € Suy, HN TS )—=HN (S, and v =v, MYV l-ace. in Syx. (22)

Slicing. We consider now for ¢ € SN~1 the sets ¢+ = {z € RV : (£,2) = 0} and for any z € &+,
Qe={teR: 2+t € Q}. On Q. we define a function u,¢ : Q. ¢—[—00,+00] by u,¢(s) = u(z + s&).
If w € BV (), we have the following classical representation (see for instance [1,4]): for HVN l-a.e. z € ¢+,
u, ¢ € BV (£.,¢) and for any Borel set B C Q

(Du,&)(B) = e dHN?l(Z)Duz,ﬁ(Bz{)

where B, ¢ is defined in the same way as 0, ¢; conversely if u, . € BV (Q, ¢) for at least NV independent vectors
e SVt and HVN l-ae. z € ¢4 and if

/ d’HNfl(z)|Duz,§|(QZ,5) < 400

then u € BV (). Now (see [1,2]), if u € SBVi,.(Q2), then for almost every z € £+, u, ¢ € SBVjoe(Q:¢) (the
converse is true provided this property is satisfied for at least NV independent vectors £ and u has locally bounded
variation), and the approximate derivative satisfies

uze(s) = (Vu(z +58),6)
for a.e. s € Q, ¢, moreover
Su,e = {5€Q¢ 1 z+86€ 8y}

and for any Borel set B C Q)

/ dHN_l(Z)HO(Bz,E n SuZ,E) = / |<yu(x)7£>|dHN_1({17)
N B

Compactness. Eventually, we mention the following compactness and lower semi-continuity result that is
proved in [1] (see also [2,3]):

Theorem 3 (Ambrosio). Let Q be an open subset of RN and let (u;) be a sequence in GSBV (Q). Suppose that
there ezist p € [1,00] and a constant C' such that

[ IVus e + 1Y HS.,) + sl < O < +oo
Q
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for every j. Then there exist a subsequence (not relabelled) and a function uw € GSBV (Q) N LP(Q) such that
uj(z)—=u(z) a.e. in €,
Vu;—Vu weakly in L*(Q,R"Y),
HNT(S,) < liminf HYTY(S,,).

Jj—oo
Moreover

/ (v, €)] dHY 1 < lim in / (v €) | AN
S,

J—00
u

for every ¢ € SNL,

Remark. In many works (see for instance [3]), according to De Giorgi’s original definition, the space GSBV ()
is the larger space (here denoted by GSBVi,.(2)) of functions u such that for every k& > 0 the truncated u”
belongs to SBV (A) for any open set A CC (2, i.e. such that A is compact and contained in Q. We preferred here
to specify explicitly when we localize in the space variable by means of the notation GSBV),.. Notice that by
a standard diagonalization technique Theorem 3 extends easily to the case where u; and u are in GSBVjo(2).

A.2. An application: the Mumford-Shah functional

The functional originally introduced by Mumford and Shah, in order to modelize the image segmentation
problem in a continuous setting, is the following

G(u, K) :/ Vu(@)|? do + HN /|u (2)|? da,
Q\K

where g € L*() is a given “original image”, K is a closed set and u € C1(Q\ K). Ambrosio and De Giorgi
introduced the weak formulation in G.SBV,.(€2)

G(u) = /Q|Vu(m)|2dx + HN Y /|u (z)|? d,

and proved the existence of a minimizer for G using Theorem 3. Then, De Giorgi, Carriero and Leaci established
the existence of a minimizer for G by proving that if u minimizes G, then HY¥-1(Q NS, \ S,) = 0 and
u € CHQ\ S,), so that (u,S,) minimizes G [13].

Adapting the proofs in [13], we can prove the following lemma (F is given by equation (2)):

Lemma 3. Let g € LP(Q) N L*°(Q) and consider the minimum problem

min / |u(z z)|P dz. (23)

UEGSBV0:(02

Then:
e problem (23) has a solution;
o if u € GSBV0c(Q) solves (23), then HN 12N S, \ Su) =0 and u € C1(Q\ S,,).

The existence of a solution comes from a direct application of Theorem 3, once we have noticed that we may
consider minimizing sequences uniformly bounded in L>(€2) by [|g||z(q) (so that in fact the solution u is in
SBVic(£2)). To get the semicontinuity of the surface term

/ S (6Bl (rula), O dHY 1) = 3 (e ﬂs/ (), )] dHY ()

Su EGZN fEZN
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we use the last semicontinuity inequality in Theorem 3 and Fatou’s lemma.
For the second part of the lemma, we notice that F' may be written in the following way

Flu) = /Q Q(Vu(z)) dz + /S Nva(z)) dHN 1 (),

where for any X € R,

QX) = > ach(§(X,

gezN
and
N(X) =) Bed(OIX, 8
geN
Since ¢(e;) >0 for i =1,...,N, Q is a positive definite quadratic form and N is a norm in RY, and there exist

v, > 0 such that for any u € SBVj,:(Q) and any Borel set B,

YHN (BN S,) < / N(va(z)) dHN () < vHY 1B A S).
BNS,

This property is sufficient to adapt the proof in [13] to this particular problem.

APPENDIX B. THE ['-CONVERGENCE

We shortly define the I'-convergence of functionals (in metric spaces) and its main properties. For more
details we refer to [12].

Given a metric space (X,d) and Fj : X —[—00, +00] a sequence of functions, we define for every u € X the
I-liminf of F

F'(u) =T — liminf Fi(u) = inf liminf F(u)

k— o0 U —u k—>00

and the I'-lim sup of F

F"(u) =T — limsup Fy(u) = inf limsup Fy(ug),

k— o0 UR U koo

and we say that Fj DI-converges to F' : X—[—o00,4o00] if F/ = F’" = F. F', F”, and F (if it exists) are lower
semi-continuous on X. We have the following two properties:

1. Fy I'-converges to F if and only if for every u € X,
(i) for every sequence uy converging to u, F(u) <liminfy_, o Fi(ug);
(ii) there exists a sequence uy that converges to u and such that limsupy_, . Fi(ur) < F(u);
2. If G : X—R is continuous and Fy, I'-converges to F, then Fy, + G T'-converges to F + G.
The following result makes clear the interest of the notion of I'-convergence:

Theorem 4. Assume Fy, I'-converges to F and for every k let ux be a minimizer of Fj, over X. Then, if the
sequence (or a subsequence) uj converges to some u € X, u is a minimizer for F' and Fy,(ug) converges to F(u).

Eventually, we give the following definition of I'-convergence in the case where (F})n>o is a family of func-
tionals on X indexed by a continuous parameter h: we say that F}, I'-converges to F' in X as h | 0 if and only
if for every sequence (h;) that converges to zero as j—oo, Fj,; I'-converges to F.
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