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ERROR ESTIMATES FOR SOME QUASI-INTERPOLATION OPERATORS

RUDIGER VERFURTH'

Abstract. We derive explicit bounds on the constants in error estimates for two quasi-interpolation
operators which are modifications of the “classical” Clément-operator. These estimates are crucial for
making explicit the constants which appear in popular a posteriori error estimates. They are also
compared with corresponding estimates for the standard nodal interpolation operator.

Résumé. Pour deux opérateurs d’interpolation de type Clément on donne des bornes explicites sur
les constantes dans les estimations d’erreur d’interpolation. Leur valeurs sont importantes pour le
calcul des constantes dans les estimations d’erreur a posteriori. Elles sont comparées aux estimations
correspondantes pour 'opérateur d’interpolation Lagrangien aux nceuds.
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1. INTRODUCTION

In the last decade adaptive finite element methods based on a posteriori error estimators have become an
important tool in scientific computing. The error estimators provide easy-to-compute upper bounds on the error
of the actual finite element approximation. These upper bounds are based on interpolation error estimates of
the following form (¢f. Sect. 1.1 and 1.2 in [11]):

= Tl gy < erh&lV¥ullp2n),

kf
|lu — InullL2(py < cehy 1/2||Vku||L2(@E)-

Here, k € {1,2}, 1} is some quasi-interpolation operator, T and E are a simplex and a face thereof, hy and
hr measure the size of T and E, and wr and wg are neighbourhoods of 7' and F which should be as small as
possible. Note that the interpolate I,u never needs to be computed explicitly. Moreover, for problems in two
and three space dimensions, one may choose for I;, the standard nodal interpolation operator if £ = 2. But the
case k = 1 is the most interesting one, since it does not require any additional elliptic regularity assumptions.
The constants cr, cg appearing in these interpolation error estimates are of great importance for a correct
calibration of the a posteriori error estimators. It is the aim of this article to give reasonable explicit estimates
of these constants. To this end we analyze two modifications of the quasi-interpolation operator of Clément [7].
The constants ¢y and cg depend on the element geometry. This dependence is made explicit and computable in
terms of a few element characteristics. Our main tools are a trace theorem and suitable Poincaré inequalities.
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As a by-product we obtain an apparently new lower bound for the smallest positive eigenvalue of the Laplace
operator with Neumann boundary conditions on non-convex domains (c¢f. Eq. (2.6) and Lem. 4.2 below).
For comparison, we also give similar error estimates for the standard nodal interpolation operator applied to
H2-functions.

The quasi-interpolation operators of Clément [7] and of Scott and Zhang [10] can be analyzed in a similar
way by comparing it with the modified Clément-operators. We do not follow this line since the analysis is rather
straightforward and since the resulting constants are larger than the corresponding constants for the modified
Clément-operators.

For related work we refer to [3,5,8]. Angermann [3] computes the constants ¢y and cg for the quasi-
interpolation operator of Scott and Zhang on a uniform triangulation consisting of right-angled isosceles triangles
of equal size. The resulting values are larger than the corresponding numbers of Example 2.5 (1) given below.
Duran [8] in particular derives estimates for the constant 5(;’), )z of inequality (4.1) below. His technique is different

from ours and is based on generalized Taylor expansions. The resulting estimates for E(Ig )x are larger than ours

(cf. the remark at the end of Sect. 4). Carstensen und Funken [5] also consider the quasi-interpolation operator
P, of equation (2.11) below. Their interpolation error estimates are also based on Poincaré estimates of the
form (4.1). But their technique for establishing these estimates is different from ours. Their approach is based
on suitable extension operators whereas our main tool is a reduction to inscribed circular segments (cf. Sect. 4).
The resulting interpolation error estimates are rather similar to ours. Carstensen and Funken only treat the two
dimensional case but consider general LP-spaces. With minor modifications the analysis of Sections 3—6 below
could also be performed within the LP-framework. But we choose to stay within the Hilbert space framework
since this simplifies the exposition and clarifies the analysis.

The outline of this article is as follows. In Section 2 we introduce the necessary notations and present our
main results. In Sections 3 and 4 we prove a trace theorem and give bounds on the constants appearing in some
Poincaré inequalities. In Sections 5-7 we prove the results which were announced in Section 2.

2. NOTATIONS AND MAIN RESULTS

Consider an open, bounded, and connected polyhedron €2 in R™, n > 2, with a Lipschitz boundary I". The
boundary I' consists of two disjoint parts I'p and 'y such that I' = T'p UT n; 'y may be void. Set

HLH(Q) = {u € H'(Q):u=0on FD},

where L?(Q) = H°(Q) and H*(Q),k € N, denote the standard Sobolev spaces (cf. [2]). For any 1 < p < oo
and any subset w of {2 which is measurable with respect to the n- or (n — 1)-dimensional Lebesgue measure, we
denote by ||.||p.w the standard LP(w)-norm. The k-dimensional Lebesgue measure is denoted by fu.

Consider an admissible partition 75 of ) into n-simplices. Here, as usual, admissible means that any two
simplices in 7}, share at most a complete k-face, 0 < k < n — 1. Moreover, 7, must be consistent with I'y, i.e.,
I'p and T'y each are the union of (n — 1)-faces of simplices in 7;. Denote by N}, and &, the set of all vertices
and (n — 1)-faces, resp. in 7,. Both sets can be decomposed as

N =NpoUNyNnUNwD, En=EnoU&ENU&ErD
with
Nh$N:{x€Nh:x€I‘N}, ./\fhp:{xe./\fh:xefp},

5h,N={Eegh:EcrN}, 5h,D={Eeeh:Ech}-

For any S € 7T, U &, we denote by N(S) and hg the set of its vertices and its diameter, respectively. Finally,
E(T) denotes the set of all (n — 1)-faces of T' € T;,. For any vertex x € N, denote by A, the nodal basis function
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corresponding to x, i.e., the continuous, piecewise linear function w.r.t. 7; which takes the value 1 at x and

which vanishes at all other vertices. Set w, := suppA;. w, is the union of all simplices which have z as a vertex.
Since w, is star-shaped w.r.t. « there is a closed subset ¥, of the unit sphere S*~! and a continuous function
« : Uz — R such that

wm:{x+ra:0621,0§r§rm(a)}~ (2.1)
Set
hy == max r2(0), poi= nin r4(0). (2.2)

If x is an interior vertex, we have ¥, = S"~!. Otherwise, 3, is a submanifold of S"~! and its boundary relative
to S"~! is a piecewise smooth (n — 2)-dimensional manifold. For a € R, set

B, (a) = {m o€, 0<r< a} , By, := By, (1). (2.3)

If z is an interior vertex, By, is the standard unit ball in R"”. Otherwise, it is a sector of the unit ball. Note
that, for vertices on the boundary, the shape of By, only depends on Q and not on the particular partition
Tr,. We split MV}, p and N}, n into disjoint subsets N}(L%, N(nc nd Nh N Nhn]f,), resp. corresponding to those
boundary vertices with a convex By, and those with a non- convex By.,. With every vertex = and every simplex
T we associate several quantities which describe the local geometry of 7p,:

h;c hT
Kl i= —, K2z i= Mmax -—,
TeT),
pm a‘,EN(}T) hm
Mn(Tl) Mn—l(E)
K3.p i= max ,  K4g = max ————h,. (2.4)
) Ty, To€Ty, T ’ TEeT),,E€E, T :
certin sty Fn(T2) ey Hn(T)
hr Un—1(E)hr
Kir:i= max —————, Kg7:!= max —————-
#172EN(T) |z1 — za|2’ Bee(T)  pn(T)
T1FT2

Here, |.|2 denotes the Euclidean norm in R™.
Moreover, we will frequently refer to the following Poincaré constant

u .
Cpg = Sup{ﬂ”ﬁ :uEHl(Bzm),/ UZO} (25)
thc

|Vull2;Bs,

Note, that cP -, is the smallest positive eigenvalue of the Laplace operator on By, with Neumann boundary
conditions on aBg The following estimates for cp, are given in Lemma 4.2 below

5/9 if x € Nio and n = 2,
2/m ifx € Mo and n > 3,
2/m 1fx€J\/( UJ\/(C) and n > 2,

CPa = { 1.884 ifr ¢ th) Uth) and n = 2, (2.6)
3.602 ifz e M"Y UM andn =3,
{10 2 L2 LT e nip N manza
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In order to formulate our main results in a compact form we introduce two functions K ,, K2, € C(R%,R)

and a number ¢, by

K n(2) =472 — 3272
max 1—12*2,1nz—1—|—12*2 , if n=2
2 2 2 2
Ksn(2) = 4 2 2] 2 [1.,, 1 +n—2 Ly 03 2.7)
maxq —————— — — = i .
& n(n + 2) n—2|n" 2 2n o B=
2/m, if w, is convex,
Cyp = 1/2
{c%’mKl,n(/ﬂ,x) + K27n(f-£17x)} ,  otherwise.
Denote by Pg, k € N, the set of all polynomials of degree at most k and set
Sh ::{v cO@):vlreP, Ve Th} c HY(9),
Sh.D ::{v €S, :v=0o0n I‘D} C H%)(Q).
For k € {0,1} and x € N, we define 7\ : L2(w,) — P}, by
1
7Oy = / u (2.8)
pn(Wz) Jo,
and
My = ag + Z a; x; (2.9)
i=1
with
a; = 1 / Ou 1<i<n
’ _,u'n(wﬂﬂ) W axl T ,
1 n (2.10)
ap = {u — aixi}'
Nn(wx) /wT ;
With the help of WQ(EO) and ﬂg(gl) we can define two quasi-interpolation operators P, and Qp, of H} () into Sy, p by
Pou = Ay (2.11)
TENL QUNG N
and
Quus= Y ArPDu(x). (2.12)

2ENR,QUNL, N

These operators are modifications of the quasi-interpolation operator of Clément (cf. [7]). The standard nodal

interpolation operato

r is given by

Mpu = Az (). (2.13)

>

zENL QUNL N
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Proposition 2.1. For allu € HL(Q), all T € Tp,, and all E € &, we have

lu— Prullar <Y clha||Val

pHERS)
zeN(T)
lu— Poullze < > G2 Vullw,
€N (E)
with
» Cas if v € NpoUNp N
I = 1/2 .
T e+ ke {eat1)s ifzeNip
) 1/2 .
- {554@} {Cm+1}7 if € NpoUNun,
Ex — 1 1/2
2{564,;5} {Cgc+1}7 ifl‘ENh,D'

Proposition 2.2. For allu € H*(Q)N HL(Q), all T € Tp,, and all E € &, we have

lu = Qrullar <Y R3]V

2w
zeN(T)
lu—Quullae < Y AR V?ullz,
zeN(E)
with
Q) _ {\/i—i—ﬁ}ci if © € NpaoUNn,
Crip = {\/§+ %ﬂ}ci +n{%+2,€3,w}1/2{c§ + :‘ig’mcz} if € Ny.p,
@ _ {\/5 + %}{”“4,:8}1/2{03 + H2,xcx} if © € NpoUNp N,
CEx = {2\/§ + %}{nm@}lﬂ{ci + ng,wcz} if € Ni.p-

Remark 2.3. Estimates similar to those of Proposition 2.1 can be proven for @)y, too. The constants, however,

are greater than cé@ and cgg)c.

Proposition 2.4. Assume that n € {2,3}. For allu € H*(Q)NHL(Q), all T € Tp,, and all E € E(T) we have

I
lu — yullzr <R3 V2ul 2

I),3/2
lu — yullz;s <c&ha? V2 2r

with
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TABLE 1.

Nuo | M| NS TR A

APVl 0637 | 0637 | 1456 | 3452 | 5.678
¢} | 2316 | 2316 | 4631 | 6.297 | 12.503

A2 1 o70 | 0710 | 2558 | 20.825 | 44.582

3T

A9\ rors | 7075 | 12301 | 90.949 | 158.142

)

T
AD 120486 | 20486 | 20.486 | 20.486 | 20.486

Example 2.5. (1) Consider a uniform triangulation, i.e. n = 2, consisting of isosceles, right-angled triangles
with short sides of length h. Then all triangles have equal area %h2 and

he € {h,V2h}, ps € {%hh}

This yields the estimates

R1,x § 27 K2,z S \/ia
R3,x = ]-7 R4,z < 47

13 3
K 2(k1,2) < T Koa(k1,z) < 3
R1,T = \/55 Ko, T = 4)

and

0.637, if x € Mo UN) UNSY,
3.452, if z € N5 UNSY.

cy <

Consequently, we obtain the following values for the constants of Propositions 2.1, 2.2, 2.4 (see Tab. 1).

(2) Consider a locally refined triangulation, i.e. n = 2, consisting of isosceles, right-angled triangles. (At first
sight this condition seems to be very restrictive. When using appropriate refinement rules (¢f. Sect. 4.1 in [11])
it, however, allows strongly refined meshes with very sharp refinement zones.) We first observe that, due to the
definitions of h, and p,, the shortest edge of any triangle T, which has = as a vertex, is not smaller than p,,
and not larger than h,. Hence, we have for all such triangles

1 1
hr < V2h,, 50326 < p2(T) < §hi-
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This implies that
2 2
R2 x < \/57 R3 2 < Hl,;m R4,z < 2K1,x'

Next, we look for a configuration which yields a x1 ., which is as large as possible. Elementary geometrical
considerations show that such a configuration is obtained as follows: Let 7} be a triangle such that x is on its
longest edge and such that this edge has length h,. Having constructed T;,7 > 1, we proceed in the counter-
clockwise sense to T;41 by gluing it to the shortest edge of T; which emanates from x such that this edge becomes
the longest edge of Tj, 1. Each step of this procedure reduces the length of the longest edge by a factor /2. If
x is a non-convex boundary node and if we admit slit domains, we thus obtain the maximal value x1, = 16.
If = is a convex boundary node, we thus get the maximal value k; ;, = 4. Finally, if = is an interior node, the
triangles 77 and T3 need to match. We therefore obtain in this case the maximal value k1 , = 4. Summarizing,
the maximal values for interior and convex boundary nodes are

R1,x S 47 K2,z S \/57
R3,x < 16, R4,z <32,
61
Ki2(k1,) < 16 K5 2(k1,2) <0.918;

for non-convex boundary nodes they are

"fl,a: S ]-67 52@ S \/57
K3,z S 2567 R4.2 S 5127
1021
Kl,g(lilx) < K272(I£17x) S 2275

~ 256
Hence, we have
0.637, if 2 € Nyg UN) UNA,

Cy <
4.054, if z € N{W UNLS).

The quantities k1,7 and k2 7, on the other hand, are the same as in the first part. Consequently, we obtain the
following values for the constants of Propositions 2.1, 2.2, and 2.4 (see Tab. 2).

(3) Note that in both tables, the numbers for non-convex boundary vertices correspond to the worst case of
a vanishing exterior angle, i.e., of a slit domain. If a positive lower bound for the exterior angle is given,

the value of ¢pg in (2.6) and, in the case of a non-uniform triangulation, the numbers K1 4, ..., K4,, diminish.

The quantities cgfi, ... are then reduced correspondingly. Both tables show that elements sharing a non-convex

boundary vertex should preferably be of equal size and shape.

3. A TRACE THEOREM

Denote by e;, 1 <4 < n, the ith unit vector in R™ and by T the reference n-simplex with vertices eq, ..., e,
and e, 41 := 0. Set

ol ::{xef:xizo}, 1<i<n,
En+1 ={x € T: |z]y = 1},

where |.|; denotes the standard {'-norm in R™.
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TABLE 2.
Nug | N% | Ny | MR A

¢ | 0637 | 0.637 | 3911 | 4.054 44.486
¢} | 6548 | 6.548 | 13.006 | 80.865 161.728
@ | o070 | 0710 | 8102 | 28.721 | 530.329
i) 20010 | 20.010 | 34.792 | 1357.906 | 2361.121
AP 3 3 3 3 3

AD 120486 | 20486 | 20.486 | 20.486 20.486

Lemma 3.1. For any v € Hl(f) which vanishes on En+1 and any i € {1,...,n} we have

ol < I3l

Proof. Fix ani € {1,....,n} and av € Hl(f) which vanishes on E, 1. Then we have for all 2’ € E;
o(a")? =[v(2’) = v(@’ +[1 = |2]1]es)

I-lz'h g , 2
:}/O axiv(m +tei)dt}

2

lf‘wl‘l 8
< v(a' + te;)| dt.
<[ g+
Integrating over Ez and invoking Fubini’s theorem, this proves the assertion. [l

Lemma 3.2. For any T € Ty, any E € E(T), any x € N(E), and any v € H'(T) we have

pn—1(E)\1/2
[[Azvll2:2 < {771” 1((T)) } {”'UHZ;T + h:cHV'UHQ;T}
n

and

wmﬂg{ﬁ%j%?F“{ s

Proof. Denote by F : T — T an affine mapplng which maps T onto T and én+1 onto . Then F is the image of
some Ez, 1<i<n,and \yoF = )\n+1 where )\n+1 is the (n+ 1)-st barycentric coordinate of T. Set 5 :=voF.
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Since /)\\n+li)\ vanishes on En+1 we may apply Lemma 3.1 and obtain

Hon— 1(E) /2~ ~
n—1 7
pn-1(E) V2, 0 ~
S{Mni(A)} H%(/\nﬂv)ﬂz;f
n—1(E; i
pn—1(E) /2 9 9
S{m} {||U oz, n+1||2T+ H)\n+1a v, T}
Since %Xnﬂ = —e¢; and ”XHHHOO'T =1 this yields
,unfl(E)
Aoz < {u—@)} {0l + 5 0lar
n—1 7

Transforming back to T we get

- (D) /2
7oz = {E Il

pn(T)
and
& . (D)2 A
I flen ={ 0} 190 DF il

pn(T) /2

< —

S i
pin (T)

1/2
S{%(T)} -

Here, y denotes the vertex of T, which is not a vertex of E, and |.|2 is the Euclidean norm in R™. Since
,un(f) = % and Mn—l(Ei) = ﬁ this proves the first estimate of the lemma.

Since in the first estimate of the lemma h, may be replaced by hr, the second estimate of the lemma follows
from the first one, the triangle inequality, and the identity

Z AyvonE.

yeN(E) O

4. SOME POINCARE INEQUALITIES

Consider an arbitrary vertex z € Ny, and a k € {0,1}. We want to derive explicit bounds on the quantity

E{If_ 38 in the Poincaré inequality

< IV ]y, Yu e HE (), (4.1)

Ju — =

Using the results of [9] this is an easy task when w, is convex. For general w,, however, the situation is
much more complex. A major difficulty lies in the fact that w, varies with the vertex x and that there is no
fixed reference configuration. One could overcome this difficulty by claiming that there is a small number of
reference configurations such that every w, is affine equivalent to one of them. Then one could estimate ¢ A( )
for the reference configurations. This approach seems not satisfactory to us. Another possibility would be to
imbed every w, into a simple larger domain, e.g., a ball, and to construct suitable extension operators from w,
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~(k

to the larger domain. Then one could estimate cP; for the larger domain. This is the approach of [5]. We

instead follow another strategy: in Lemma 4.1 we give an explicit estimate of the L?(w,)-norm by the H!(w,)-

semi-norm and the L?(x + By, (p,;))-norm. Thus, we only have to estimate E{If 38 for balls and segments thereof.

This is a relatively easy task and is accomplished in Lemma 4.2.

Lemma 4.1. For all x € N}, and all u € H' (w,) we have
||u||%,w,, S Kl,n(KLx)H‘%,CE||u||g;z+Bzw(pw) + KQ,"(Kl,x)hi”qu%;ww)

where the functions k1, and kg, are defined in equation (2.7).

Proof. Since the Lebesgue integral is translation invariant, we may assume that the vertex x is the origin. Let
0 < p < pg be arbitrary and set, for abbreviation, B, := By, (p). Obviously, we have

ull3, = lull3un 5, + lul3p,- (4.2)

From equation (2.1) we conclude that

72 (0)
||U||§;ww\Bp =/ / s" Hu(so)|*dsdS(o)
Xz Jp

T2 (o)
/2 / s"u(so) — u(po) + u(po)|*dsdS (o)

(4.3)
rz(0) r2(0)
< 2/ / s" Hu(so) — u(po)|*dsdS(o) + 2/ / s" Hu(po)|[*dsdS(o)
Xz Jp 3z Jp
=:51 + 5.
Here, dS denotes the (n — 1)-dimensional surface element on S"~'. From definition (2.2) of h, we get
rz (o)
Sa :2/ / s" Hu(po)|?dsdS (o)
e Jp
s (o) n—1
= [ oo [ (2)" as}ase)
e P P (4.4)

=2 [ a2 () - Jas(o)

2p[(ha\" 2
<220(B2)" ]l
=7, [( 0 ) ||U||2,aBp

On the other hand, we conclude from Cauchy-Schwarz’ inequality that

Sy =2 / / A s u(so) — u(po)|2dsdS (o)

T (o)
2/ / ”1‘/ —uradr’ dsdS(o)
e Jp
TL(U)
2/ / / ne 1|—u (ro) |2dr / r ”+1dr dst( )
P or P
J

TL(U)
2/2 /p "H%u(ro)ﬁdr}{s”l/p r7"+1dr}dsd5(o).

IA
M

x

IN

x
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An easy calculation and definition (2.2) of h, yield

T2 (o) s T2 (o)
/ {s/ r_ldr}ds :/ {slns — slnp}ds
p p p

_1 21 (T (0) 1 2 1
_27“1(0) ln( ) ) 47"95(0) —|—4p
1 hy 1 1
g§h§1n(7) — W40’ Voes
and, for n > 3,
ra(o) s ra(o) gn-1
/ {Sn 1/ 7“_”+1dr}ds—/ n_2[ 2—n 2—n]ds
p p p
_ 1 1 n  2-n 1 2 1 2
= { Sl = Gr(0) — Lo+ 507
1 1 1 n—2
< n 2-n Z13,2 2}
_n—2{ hzp 2hm+ o P Vo e X
Since | Zu(ro)| < |Vu(ro)|, we therefore obtain
i< Ko (D2 2 2 4
1> 8An ? chquQ;ww\Bp ( 5)
with
1 1
N ln(z)—§—|—§z ifn=2
Kn(2) =4 {1 o 1m0 _2} R (4.6)
— - = i :
n—2n" 2 om - 0 BT=
Next, we estimate the boundary integral in (4.4):
o, = [ 0" lulpo)Pas(o)
2
—/ n- 1‘/ K—) (ro)] dr‘ ds(o)
P 1
:/ e 1‘/ —u ro)—l—n u(ro dr‘ dS(o
n+1/ ’/ r’ —u ro) dr ‘/ nr u(ro dr‘ }dS(U)
(4.7)
2
<— / {/ prt 2u(ra) dr/ rHdr
p" s, U or 0

2 P n—1 2 P n—1
+n " Hu(ro)|*dr [ "7 drdS(o)
0 0

2 p7z+2 r n—1 0 2 n ’ n—1 2
:p"+1 . {n—|—2 ; r |EU(7"U)| dr +np | " Hu(ro)| dr}dS(g)
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Here, we have used the Cauchy-Schwarz inequality and the estimate |%u(ra)| < |Vu(ro)|. Combining esti-
mates (4.2-4.7) and recalling definition (2.7), we arrive at

2
2?“-’3@\39

2p (ha\" 2p 9 2, 4
1) -0l v, + i, |

(i) -]
s (2. () (2) .

K () 2Pl + Ko (2212l

Since 0 < p < p, was arbitrary, this establishes the assertion. |

~ hy
lull3.., <llul3p, +Kn(7)hiIIVUI

2
2;B,

Lemma 4.1 enables us to determine the quantity E(F]f l by computing the corresponding quantities for n-dimensional

balls and segments thereof.

Lemma 4.2. For any v € N}, and any r € R set

v:O}-

V|2 Bs, (r
cpp(r) = sup{m i€ Hl(Bz;m (7“)),/

Vvll2;By, (r) Bs, (r)

We then have for all r € R}

cp(r) =repy. (4.8)

Here, cpy = cp (1) is given by equation (2.5). Moreover estimate (2.6) holds for cp .

Proof. Let u € H'(By,) with [, w=0and r € R}. Set
v(y) =u(r™y), Yy e By, (n)

An easy calculation yields

[ s [ amo

||’U| 2;Bs (r) :r% ||U||2;B;w,
IV 0ll2: s, () =r% || Vull2;ps, -
Hence, we have
[vll2ps, ) llullibs,
IVollo;e, ) IVull2;Bs,

This proves that rep, < ¢pg(r). Interchanging the roles of w and v proves the opposite inequality and establishes
equation (4.8).
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In order to prove estimate (2.6) consider first an interior vertex . Since in this case By, is the unit ball, we
know from [9] that

9
pl :inf{:p ERY :all(x) — 3 (@) = o},

where J,, /5 is the Bessel function of order n/2. From [1] we conclude that the first extremum of .J; lies in the
open interval (1.8, 1.9). This proves the first estimate of (2.6). The second one follows from [9].

Next, consider a boundary vertex x. If By is convex, i.e. z € N ,EC])V UwN, }EC)D, the corresponding estimate of
(2.6) follows from [9]. Thus we remain with the non-convex case, i.e. © € N, }(Ln]f,) UN, f(fl;)' Since Q has a Lipschitz
boundary, By, satisfies an exterior cone-condition. Hence, there is an o € (0, 7) and a cone C' with base 0 and

opening angle « such that C' C R™\By,,. Without loss of generality we may assume that the positive z1-axis is
the axis of symmetry of C'. Then one easily checks that By, is star-shaped w.r.t. —%61 and that

h:

|+1 |_1{5+4 a}1/2<3
yeobs, Y T2 =5 oy =

s e L
min —e = =
yeoby, W T2 T g

where |.|5 is the Euclidean norm in R”. Consider an arbitrary function v € H'(By, ) with | B, &= 0. Denote
by B the ball with centre —ie; and radius p and set @ := u — m fB u. Now we may apply relation (4.8) and

2
Lemma 4.1 with &1 4, by, pe,ws, and By, replaced by & := %, h,p, Bs,,, and B, resp. and obtain

llull2;By, = inf |lu—plla:s, < |[@l2;s5s,

pEPy

<A{CHK1n (k) + Ko (W)} ?0| V2,

Here ¢p denotes the Poincaré constant (2.5) for the unit ball. It is bounded by the first two estimates of (2.6).
Since u was arbitrary this proves that

CpPx < {E%Kl,n(/f) + KQ,H(H)}l/Qh-

This establishes the last three estimates of (2.6). For completeness we note that one can also use the results
of [4] to estimate cp, for re-entrant corners, i.e. x € N, }(LZS) UN, }E"]\C]) The resulting upper bounds, however, tend
to infinity when the exterior angle o approaches zero. [l

Lemmas 4.1 and 4.2 enable us to determine the quantity ?:gC l of (4.1).

Lemma 4.3. For all z € N}, and all u € H'(w,) we have

flu— 7ra(co)u| 2, < Czha|| Va2, ,
where ¢, is given by equation (2.7)

Proof. As in the proof of Lemma 4.1 we may assume that the vertex x is the origin. If w, is convex, the result
follows from [9]. For the general case set

_ 1 /
U=U— ——F5 U
tn(Bs, (p2)) By, (p2)
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From Lemma 4.1 we obtain

lu = 73, <[[Tll3,.,

<K1n(f1.0)83 L l[Tl13: 5y, ) + K2in(k1,0) 03]V,

Since fBz,,(pw) u =0, Lemma 4.2, on the other hand, yields

[%ll2;Bs, (p.) < PPz lIVUll2;Bs, (p.)-

Since Vu = Vu, this proves the assertion. O

Lemma 4.4. For all x € N}, and all u € H?*(w,) we have

llu — Wa(:l)u”Q;Ww < 2h2 ||v2U||2;ww

— T T

and

IV (u = 7w 20, < cohal| Vullse,,
where ¢, is given by equation (2.7).
Proof. Since 0; (m(gl)u) = Wéo)(aiu) holds for all 1 < i < n, the second estimate follows from Lemma 4.3. Set
Vi=U—) <<, @i%i. Then we have u — ﬂg(gl)u =v— Wg(uo)v and V(u — ﬂg(gl)u) = Vwv. Hence, the first estimate
follows from the second one and from Lemma 4.3. [l

Lemmas 4.3 and 4.4 in particular imply that

inf ||V (u — p)|
PEP

Iy

25Wq <c 25wy

Yu € H™H(w,),m € {0,1},5 € {0,m}-

This estimate should be compared with the result of [8] which reads

. he\ % .
inf |V (u— p)aw, gcm,j,n(f)  (2ha)™ IV g,

pEP,
Vu € H" Y w,),m eN,0<j <m

with

2n'/?2 ifm=0, j=0,
Crjmn =13 V8n ifm=1 j=0,
2n3/2 ifm=1, j=1.

Here, the parameter p can be chosen in a maximal way such that w, contains a ball of radius p and is star-shaped
w.r.t. every point in that ball. If z is an interior vertex, we may choose p = p, and obtain h,/p = K15. If
n = 2 and z is a boundary vertex, an easy geometrical argument shows that

sin(a/2) h

1+ sin(a/2)
P=1y sin(a/2) Pa ol

o sin(a/2) b

Here, « is the interior angle of 2 at the vertex x. Note, that the resulting bound tends to infinity if @ approaches
0 or 27.
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5. PROOF OF PROPOSITION 2.1

In order to reduce technical difficulties with the treatment of Dirichlet boundary conditions, we introduce a
modification Pj of Pj, which ignores boundary conditions and which is given by

Phu= Z )\mwgo)u.
€N}

Fix an arbitrary simplex T' € 7 and an arbitrary face £ € £(T). Since ) . ~N(r) A =1 on T, we have

l|u— P2 =| Z Ao (=70 u) |7

zeN(T)
< Z H)‘IHOO;T||U_7T9(cO)u”2;T (5.1)
zeN(T)
= > = mPular
zeN(T)

From Lemma 4.3 on the other hand, we obtain for all x € N(T)

llu — 7T;ScO)U”Q;T <lu- Wg(cO)U”Q;ww < cphe || Vul

2, - (5.2)

If N(T) NNy p = 0, the functions Pru and P,u coincide on T'. Hence, equations (5.1, 5.2) prove that cgz =c,
ifz e Nh,Q U./V-h,N.
Next, we consider the case that N(T') N Np, p # 0. We then have

1Pvu—Prullar =l > AerOullor
zeN(T)NNu, b (5.3)
< D Pl ul.

CEEN(T)ﬂNhyD

Consider an z € N(T') NNy, p. Choose a face E, € &, p such that z € N(E,) and a simplex T, € 7}, such that
E, € £(T;) and x € N(T}). Since u vanishes on E, we have

R o v L R -,
i#a 5.
T e rf0 = )
Since
e = (g 0 I, = (e} (55)
Lemma 3.2 applied to u — W;O)u yields
e lair el < {(n%n!?)!”"@ 2((7;:11))" unjEx) %”Z?%) }1/2{”“ ~riPuls, + hel Vel (5.6)

_ { 1 ,un(T)

1/2 ©) N v
n+2Mn(Tx)} {”U—’]‘(‘I UHQ;T’”—F IH U’HQ;Tw}'
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Combining estimates (5.3, 5.6) with inequalities (5.1, 5.2) we finally arrive at

lu = Prullar <|lu—P Pyull2;r
1 T)\1/2
< Y eha|Vullzw, + Y {n+2un((T>)} {ca
2eN(T) 2N (T) N, b Hintta

Recalling definition (2.4), this proves the estimate for cgfz in the case N(T) NN, p # 0.
Next we consider the face E. Similarly to estimate (5.1) we have

lu—=Pruloe < Y (e —70u)||2 (5.7)
zeN(E)

Lemma 3.2 applied to u — 7\ u yields for all z € N(E)

1 i1 (E)y1/2
et = 7Ol < {5 2 -

x}- (5.8)
Since Pjpu and Pyu coincide on E if N (E) NN} p = 0, estimates (5.2, 5.7, 5.8) prove the estimate for cgi in
this case.

Finally, assume that N(E) NN, p # 0. As in estimates (5.3-5.6) we obtain with the same notations

|1 Pou = Phul|o;p < > (Ol (5.9)
zeN(E)NNy, b
and
Az ll2:
| 3(50)u| :wu/\ﬂg@
[ A2
=|7||)\ (10U — )2,
(5.10)
pn—1(F)
(Y e = ),
n— x
<{1L1(E)}1/2{”u_7r(0) }
“in Mn(Tx) ¢ n

Combining estimates (5.2, 5.8-5.10) we arrive at

1 o1 ()Y 1/2
lu — Prull2.r < Z {ﬁ (1) } {co + 1}he || V|20,
L (5.11)
NG |
! EN(EZ)W\/ { M"(Tx) } {CI ™ 1}hz|‘vu”2;ww-
z h,D

Recalling definition (2.4), this completes the proof of Proposition 2.1. O
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6. PROOF OF PROPOSITION 2.2

_ The proof of Proposition 2.2 is very similar to the one of Proposition 2.1. Again, we introduce a modification
Q;, of Qp which ignores boundary conditions and which is given by

Qnu= Z Ao Pu(z).

€N},

Fix an arbitrary T' € 7j, and an arbitrary E € E(T). Let 21 be any vertex of T. We then have

Ju— Qpullzir < lu—7uflor + |78 u — Qpull2ir (6.1)
and

Im$e = Quullzr =Il Y Aslnlu(e) — nlu(a)]|

2;T
TEN(T
N 1 ) (6.2)
< D) allerlimiu — 7P ufloorr
TEN(T)\{=1}

Let p € Py be arbitrary and set
z = (ple1), ..., ent1)) € R*H1.
We then have
1Pl soi7 = 12100
and
1Plly.7 = {2 A2}/? > Amin(A)/?[2]2 > Amin(A)"/?|2]oc.

Here, Amin(A) denotes the minimal eigenvalue of A and the (n + 1) x (n + 1) matrix A has diagonal entries
2/(n + 2)! and non-diagonal entries 1/(n + 2)!. Hence, 1/(n + 2)! is an n-fold eigenvalue of A and n +2/(n + 2)!
is a simple eigenvalue of A. Thus we have

1Pl < V(0 + 2)M[Pll 7

Let p € Py be arbitrary and consider an affine transformation F' of T onto T. With p:=po F we then have

pin (T) \ /2
Pl = 1Pl < VT F 2Bl = {0+ 2022 6:3)

Combining estimates (5.5, 6.3) we conclude that

1
Dy — ! u||ooT<{2n'un<T>} il

<V2{lu— 7D ullzr + lu— 7V

(6.4)

Since 7 was an arbitrary vertex of T', inequalities (6.1, 6.2, 6.4) imply that

_{ﬁ+L} S u— aDullar. (6.5)

n+l zeN(T)

lu—@Q
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From Lemma 4.4 on the other hand, we get for all z € N(T)

we < h |V (6.6)

lu = 7 ®ullair < - 7D

This proves the estimate for c(TQgZ in the case N(T) NNy, p = 0. Now, assume that N'(T) NNy, p # 0. We then
have

lQuu—Quullzr =1 Y- AemtDu(@)|ar
IGN(T)QN}LD

< Y Il

€N (T)NNi, b

(6.7)

Retaining the notations of Section 5 and using estimate (6.3) with n, 7T, and T replaced by n — 1, E,, and El,
respectively, we conclude that for all x € N(T) NN, p

mDu()] <[mtull oo,

pn1 (B2

< 1)! (1)

i )un,1<Ez>} Il (6.8)
fin—1(E1)\V .

_ M _ (1)

{(n—l— )anl(Ez)} lu— 7P ullo.k

Here, we have used that u vanishes on FE,. Let T, € 7} be such that E, € £(T,) and z € N (T,). Applying

Lemma 3.2 to u — ﬂ;gl)u and using Lemma 4.4 we get

2. <{n %(E))}l/ L — )

§{nun+(E))}l/ {cﬁ + ﬂg,mcm}hiHVzqu;%.

Jlu — )

V(= D), }

Combining estimates (6.5-6.9, 5.5), establishes the estimate for C;Qg in the case N(T') NNy, p # 0, too.
Next, we consider the face E. Choose an arbitrary vertex x; of E. Similarly, to estimates (6.1-6.4) we have

& Yo el lr®u— V) e (6.10)

zeN(B)\{z1}

lu—@Q

and, for all z € N(E)\{z1},

2(77’_ 1)' ,u'nfl(El) 1/2 (1 (1
Xellzszllme)u — mfD oo <{#n 1(B) 77 (n + 1)!7} I8 w — 7l ull e
( + 1! un 1(E) (6.11)
S\/ﬁ{Hu - }
Since z; € N(E) was arbitrary, we obtain the following analogue of (6.5)
— 1
lu=Quullze < {V2+ -} 3 fu—n) (6.12)

€N (E)
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Recalling definition (2.4) of k4 4, estimates (6.9) and (6.12) establish the estimate for CSEQBE in the case N (E) N
Nup =0.
Finally, we consider the case that N(E) NN}, p # 0. We then have

1Qnu —Quullae < > [NallzslmMu(z)].

T2EN(E)NNyL, D

The term |7r§cl)u(:1c)| is bounded in estimates (6.8) and (6.9). The term ||A\;|l2;r is given in equality (5.5).
Combining these estimates with those for ||u — Qpull2;r completes the proof of Proposition 2.2. O

7. PROOF OF PROPOSITION 2.4

From Exercise 3.1.2 in [6] we know that for m € {0,1}

m m 2
IV =T < {3 197 Ao e V20
zeN(T)

2;T-

Since T has n + 1 vertices and since for all € N(T)

1

A T = 1 5 VA T S max T — o]
[ Az | oo; IV A loo; yeN(D)\{z} |2 — yl2

this estimate and Lemma 3.2 prove Proposition 2.4.
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