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CONVERGENCE ANALYSIS FOR AN EXPONENTIALLY FITTED
FINITE VOLUME METHOD

REINER VANSELOW !

Abstract. The paper is devoted to the convergence analysis of a well-known cell-centered Finite
Volume Method (FVM) for a convection-diffusion problem in R?. This FVM is based on Voronoi boxes
and exponential fitting. To prove the convergence of the FVM, we use a new nonconforming Petrov-
Galerkin Finite Element Method (FEM) for which the system of linear equations coincides completely
with that of the FVM. Thus, by proving convergence properties of the FEM we obtain similar ones for
the FVM. For the error estimation of the FEM well-known statements have to be modified.
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1. INTRODUCTION

In this paper we analyze the convergence of a cell-centered FVM applied to the convection-diffusion boundary
value problem:

—div[egradu+bu] = f in Q C R? u=0 onI =090 (1.1)

The coefficient € is a positive parameter, b is a given constant vector, f € Lo()) is a given function and §2
is an open and bounded domain with a smooth boundary. In order to simplify the presentation we restrict
ourselves to a convex domain €2 and to homogeneous Dirichlet boundary conditions.

For an equation in the conservative form (1.1), FVMs are often used, because these methods obviously
conserve a significant property of the exact solution (see Rem. 3.2).

The FVM considered in our paper uses Voronoi boxes and is based on a finite difference approximation,
which is exact for functions that solve the ordinary differential equation eu” + (e?b)u’ = 0 along a straight
line (e denotes the unit vector in the direction of this straight line). This FVM is well-known and is successfully
used in different applications, e.g. for the numerical solution of the semiconductor equations (cf. e.g. [2]).

Convergence results for FVMs applied to the convection-diffusion equation (1.1) are given in discrete norms
e.g. in [10-12]. In contrast to those papers, we follow another approach and prove the convergence of a FVM
by analyzing a corresponding FEM as e.g. in [23] for the Poisson equation. This gives convergence results in
stronger norms (see Rem. 4.2).
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Furthermore, it is well-known that a FVM can be interpreted as a FEM, if suitable ansatz and test functions
are used. We consider a new FEM, which generalizes that given in [23] for the Poisson equation. The advantage
of this FEM is that it provides an error estimate, if we follow the methodology given e.g. in [6], which consists of
applying the second Strang lemma and usual techniques for the estimation of the approximation and consistency
error terms. Differences with respect to other FEMs for convection-diffusion equations and their analysis are
discussed later.

However, modifications of some well-known statements are necessary to make the approach workable. One
of these modifications concerns the second Strang lemma because we use a Petrov-Galerkin FEM. Furthermore,
because we use exponentially fitted ansatz functions, we substitute the vector space P;(A) of polynomials of
first degree and the seminorm |.|, , of the Sobolev space H?(A) by other ones, where A denotes an arbitrary
finite element or finite volume (see Sects. 6.3 and 6.4). This modification is fundamental for the estimation of
the error terms.

To obtain constants independent of € in the estimates, for h in general we assume an upper bound which
depends on ¢ (see (6.2)). This is a restrictive assumption for singularly perturbed problems, where & is small.
However, we do not need any information about the location or the type of boundary layers in the singular
perturbed case. This information is necessary in the standard analysis of singular perturbed problems.

An overview of discretization methods for the problem (1.1) and the corresponding analysis is given in [14,16].
Here, we want to discuss only some references in detail which are closely related to our paper.

In [1,17] FEMs are considered which lead to systems of linear equations whose coefficient matrices are different
with respect to the one discussed in our paper. However, our approach coincides in some details with those
ones.

In [1] a Galerkin FEM is analyzed which uses triangles and conforming linear finite elements. The estimates
are given in the H'-seminorm, which implies a stronger convergence result. However, an important conservation
property of FVMs is in general not satisfied by the discretization obtained by Angermann [1] (see Rem. 3.3).
Thus, the results deduced for that FEM cannot be in general extended to FVMs.

Another approach is given by Sacco and Stynes [17]. They point out the well-known fact that good results
are obtained when using a FEM whose trial functions lie locally in the null space of the differential operator.
These functions are the so-called L-splines (cf. [20]). To extend this approach to the two-dimensional case with
a given triangulation, in [17] a new nonconforming Petrov-Galerkin FEM is considered. The test functions are
polynomials. The ansatz functions are L-splines in the direction of the vector b and linear functions in the
direction which is orthogonal to b. A corresponding convergence analysis for that FEM is given in [18].

In the following references FEMs are investigated which lead to systems of linear equations, where the
coefficient matrices are the same as in our paper.

In [12] a nonconforming Petrov-Galerkin FEM is considered, too. However, as mentioned above, a weaker
norm is used, which only results in an error estimate for the difference between the FEM solution u; and an
interpolant of the exact solution u.

In [8,25] new FEMs are presented and analyzed, which use triangles and conforming linear finite elements.
Unlike the present paper, the estimates are given in other norms and other techniques are used to obtain those
estimates (see Rem. 5.1).

Bank et al. [3] extend the results of Xu and Zikatanov [25] to a FVM, which is the same as that in our paper.

Our paper is organized as follows. In Section 2 a new nonconforming FEM is introduced. The FVM for which
the convergence analysis is presented and its relations to the new FEM are described in Section 3. Section 4
gives the application of the second Strang lemma. The convergence theorem, which is the main result of this
paper, is presented in Section 5. In Section 6 assumptions and useful tools are given, which are needed in
Section 7 to estimate the different error terms.

More details about the partitions of the domain €2 (see Sect. 2.1), the assumption (A) (see Sect. 2.1) and the
affine mapping defined in Section 6.2 can be found in [23].
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2. A NONCONFORMING PETROV-GALERKIN FEM

2.1. Box and dual box partition

In the following, let M := {P} be a finite set of given points with P € Cl (). Further, we use the notations
M; .= MNQand My := M NT, where m := card (M;) > 0 and card (M;) > 2 have to be satisfied.
Now, for P € M the Voronoi box bp is defined by

bp={ZeCl(Q):|Z—-P|<|Z-Q| ¥Q e M},

and the set By, := Bp(M) := {bp : P € M} is called box partition of .

If for different points P, Q) € M the intersection bp Nbg is non-empty, the endpoints of bp Nbg are denoted
by F1 = El(P,Q) and Fy = EQ(P,Q), i.e. m =bpnN bQ .

For P € M, we use the notations

NP)={QeM:Q#P,bpnNbg #0},
Brg :=|P—Q| and ~pg:=|E1—Es| foral@ e N(P),
NN(P):={Q e N(P) :vpo >0} and NNi(P):= NN(P)NQ.

Further, we need another partition of the domain 2. Therefore, for P € M; and @ € NN(P) the dual Voronoi
box dbpg is defined by

dpr :=AFE\PE; UAEQFEs,

and the set dB}, := dBr(M) := {dbpg : P € M; and Q € NN(P)} is called dual box partition of (2.
Henceforth, we assume that the following property is satisfied:

?{dl“: > / dr' VP e M;. (A)
obp QENN(P) bpﬁbQ
2.2. Description of the FEM

A weak formulation of the boundary value problem (1.1) reads as follows:

Find u € V := H}(Q2) such that

a(u,v) := //(5 gradu + bu) gradv dQ = // fodd=:d(v) YveVW. (2.1)
Q Q
For the new Petrov-Galerkin FEM we define finite-dimensional vector spaces V;! and V;? by
Vii == {v € Vi 1 0 | 1ng (dbpo) € LE(P,Q)} (2.2)
and
Vi = {’U € Vi 1V |1t (dbpo) € JB(RQ)} (2.3)

with Vj, :={v € Ly(Q) : v is continuous at P € M and v(P)=0 VP e M,}.
TherebY7 LKE(Pa Q) and P(Pa Q) with P = (iL'p,yp)T, Q = (anyQ)Ta P 7& Qa
lepa] b

Fio(z,y) = exp(sz(x,y)), Fy(z,y) == [(zp—zq)(x—zp)+(yp—yQ)(y—ypr)]
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and the vector

epQ ‘= ﬂ = L(ﬂfoilﬂP, yQ*yP)T,
Q—P|  Brq
denote the vector spaces
LK (P Q) L Spa’n{la FLE(I'; y)} 9 if [ePQ]Tb # 0
T U span{L By(n,y)},  if [epq]Thb=0

and

P(P,Q) :=span {1, Fy(z,y)} .

As degrees of freedom we choose the function values at the points P € M;.
Obviously, dim (V) =m and Vi ¢ V,i=1,2.

Remark 2.1. In Int (dbpg) the following characterization is true:

(2.5)

(2.6)

the function which in the direction of P — ) is the solution of the
vp € Vi ordinary BVP  eu” + Bpq ([epg)Tb) v/ =0, u(0) =up, u(l) =ug
(L-spline) and which is constant on lines orthogonal to P — Q.

Let us now consider the nonconforming Petrov-Galerkin FEM:
Find up, = up(M) € V;} such that

an(un, vn) = % S™ on(R) D(R) = di(vn) Vor, € V7

ReM;

with

ap(up,vp) == Z // (e gradup + buh)Tgradvh dQ,
dbPQ €dBp, dbPQ

which is defined on [V @ V}}] x V;2, and

D(P) = //f an.

The nodal basis functions ® and ¥ of V;! and th are respectively given by

Opo(Z), if Q€ NN(P)and Z € Int (dbpg)
Op(Z) := 1, if Z=P for P € M;
0, otherwise
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with © € {®, ¥}, Z = (a,9)7,

1 Brag

T .
~ exp(@[ep 51 —1+eXP(T[€PQ] b) Fio(z,y)|, if [epg]Tb#0
e L (2.10)
1
Y GroP By(z,y), i lepolTh = 0
and
ProlZ) =i [ﬁplcz]2 s (2.11)

Using the nodal basis a system of linear equations arises, which has the form
LEyE =P, (2.12)
The stiffness matrix L, the vector u” = v (M) € R™ and the right-hand side b¥ are given by
LIE;Q =an(®g,¥p), ul=wupn(P) and bE=d,(Vp) for P,Qc M.

3. THE FVM
3.1. Description of the FVM

If we integrate both sides of (1.1) over the Voronoi box b, € By, apply Green’s formula and use a relation
like (A), we obtain the equations

- Z lepg]” (egradu +bu)dl = D(P) VP € M;, (3.1)
QENN(P) b 10,

where epg and D(P) are defined by (2.4) and (2.9), respectively.
The integrand [epg]T (e gradu +bu) is then substituted on each straight line bp Nbg by the constant finite
difference approximation

[epQ]T(€ gradu + bu) ~ { B(— ﬁp% [epQ]Tb) u(@Q) — B(@'% [epQ]Tb) u(P) } (3.2)

Brq
(cf. e.g. [21]), where the Bernoulli function B is defined by

z
iz £0
B(z):={ exp(z)—1 (3.3)
1, if z=0.
Remark 3.1. The approximation (3.2) is exact for functions v € LK (P, Q).

(3.1) and (3.2) give rise to the following well-known FVM (cf. e.g. [2]):

Find u" = u" (M) € R™ such that LVu" =b", (3.4)
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where the matrix LY and the right-hand side b" are given for P,Q € M; by

—e1Q g Brq lepo]Th), if Q e NN,(P)
Bro 5
LYg= S e MB(@ lerr]Tb), if Q=P and by, = D(P).
RenN(P) BPrR €

0, otherwise

Remark 3.2. For convection-diffusion problems in conservative form (1.1) the following property of the exact
solution is significant: We consider an arbitrary polygonal partition 75, = {t} of the domain 2, i.e. ¢ is bounded
by a polygon for all ¢ € 7, and it holds C1(Q2) = |J Cl(¢) as well as t; Nty = O for all ¢1,ty € T, with t1 # to.
teTy
Further, we define the flux F by F(u) := egradu + bu and denote the outer normal direction of t € 7, by
n(t). Then for two arbitrary elements ¢1,t2 € 7p, with ¢1 # to and T'(t1,t2) := 0ty N Oty # O the outflow of ¢
through I'(t1,t2), which is defined by [ [n(t1)]” F(u)dT, is equal to the inflow of ¢ through I'(¢1,t5), which
F(tl,tg)
is defined by — [ [n(t2)]” F(u)dl.
F(tl,tg)
Obviously, the FVM (3.4) conserves that property for the box partition.

3.2. Relations between the FVM and the nonconforming FEM

Theorem 3.1. The matrices L¥ and LV of the systems of linear equations (2.12) and (3.4) are related by
LF =1LV,
2

Proof. We cousider points P, € M; and have to distinguish three cases: Q € NN;(P), Q ¢ NN;(P) with
Q@ # P and P = Q. Straightforward calculations for each of these cases prove the statement.
For instance, in the case Q € NN;(P) we obtain

LEq = an(®q,Vp) = // (cgrad ®gp +bdop) grad W pq dQ.

dbpg

Using (3.3) and B(—z) = B(z)exp(z), easy calculations show

~ ~ ~ €
(E grad(I)Qp + b@Qp)Tgrad \IJPQ = — 3 B(— ﬁPQ [epQ]Tb).
[BpPq] €
Therefore, in that case we obtain the statement (see also (4.14)). O

Remark 3.3. In [1], where a class of FEMs is studied, the coefficient matrix for the arising system of linear
equations has the form

e ZP;Q K(@%Q lepo]Tb), if @ € NN;(P)
PQ
o=\ 3 K fepf), Q=P for P,Q € M;
€
0, otherwise

for a suitable function K. The choice K = B is possible, but leads to a method which is different to that
considered in this paper.

Moreover, we notice that in general the FEMs given in [1] do not conserve the property described in Re-
mark 3.2.
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Corollary 3.2. The problems (2.12) and (3.4) are equivalent, i.e. u" and u® coincide.

Proof. Theorem 3.1 and the relation b¥ = %bv establish the statement. O

Remark 3.4. A system of linear equations with the same coefficient matrix as that of the FVM (3.4) arises
for the FEM which was studied in [12]. They remarked that such matrices are M-matrices, so that the FVM
(3.4) and, because of Corollary 3.2, also the FEM (2.12) have a unique solution. The uniqueness of the solution
of problem (2.12) is used later in the application of Lemma 4.1.

3.3. The notion of convergence for the FVM (3.4)

We follow the approach given for the Poisson equation in [23].

At first, Corollary 3.2 establishes a bijective correspondence between vectors u" € R™ solving (3.4) and
functions up € V;! solving (2.7). Additionally, the interpolation property is satisfied, i.e. uj(P) = u} for all
P e M;.

Now, let a sequence {M,,} of sets be given, which satisfy the assumptions of Section 2.1, and let the corre-
sponding maximum stepsize of each set M,, be defined by

hp = hn(M,) :=

= . 3.5
dbpq grliaé);i(lwn) ﬁPQ ( )

Further, let {u" (M)} be the sequence of approximate solutions defined by the FVM (3.4), let {us,} = {un(My)}
be defined by the FEM (2.7) and let |.|[,, be the norm in V}! = V}}(M,,), which is a seminorm on V @V},
too. We finally assume that lim h, = 0.

Definition 3.3. The FVM (3.4) is called convergent with respect to V;! and ||.[,,, iff lim |ju—upl,, =0
n—oo
for the solution u of (2.1).

4. APPLICATION OF SECOND STRANG LEMMA

4.1. A modified second Strang lemma for Petrov-Galerkin FEMs

A standard approach to prove convergence of nonconforming Galerkin FEMs is the application of the well-
known second Strang lemma (cf. e.g. [6,22]). However, for the nonconforming FEM (2.7), which is a Petrov-
Galerkin FEM, a modified formulation is necessary as it is given in Lemma 4.1.

Let a Hilbert space V, a continuous bilinear form a : V x V — R! and d € V' be given.

The variational problem:

Find w € V' such that a(u,v) =d(v) Yo eV (4.1)

is substituted by the following family of problems:
Find up, € V3! such that  ap(un,vn) = dn(vn) Vo, € V2. (4.2)
The settings in this context are: V}f with V}f ¢ V,i=1,2, are finite-dimensional Hilbert spaces, whose norms
|ll,; and |.||,,, are seminorms in V@ V! and V @ V;2, respectively; aj, : [V @ V;!] x V2 — R! is a bilinear

form; dj, belongs to the dual space of V;2.
Further, let a linear mapping P}f V= th be given which has the property

PZ(vp) #0 Yo, € V3! with vy, # 0. (4.3)

Additionally, we assume that the variational problem (4.1) and each problem (4.2) have a unique solution u
and uyp, respectively.
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Lemma 4.1. Assume that the bilinear form ay, satisfies

lan(v,wp)| < ¢ [[vlly lwnlle Vo € VeV, w, € Vi (4.4a)
and
2
an(vn, P2 (vp)) > « HP}f(vh)th Yoy, € Vi (4.4b)

with some positive constants ¢ and o independent of h.
Then there exist positive constants C1 and Co independent of h such that

. |lan (u, wp) — dp(wn)|
HU—Ph Up, HhQ 1251 {H“_Ph Uh th"'a = onllu } + C wi?\)ﬂ - H"Z)h“th =

(4.5)
Proof. The proof is substantially the same as for the standard second Strang lemma. Therefore, we refer to [24],
where the details are given. [l

Remark 4.1. In [12] a different approach is used to prove the convergence of Petrov-Galerkin FEMs. By a
linear mapping the Petrov-Galerkin FEM was transformed into an equivalent Galerkin FEM, which was analyzed
by the standard second Strang lemma. But an advantage of Lemma 4.1 is that in contrast to the standard
second Strang lemma two different Hilbert spaces can be used, one for the ansatz functions and another one for
the test functions.

In the application of the second Strang lemma the following inequality is often used to estimate the terms
on the right-hand side

inf Jlu—wnll, < flu =), (4.6)

vp €V}

where II denotes a linear mapping with II: V =V, or II: W CV — V},.
To extend this approach to the term

ot (= PR+ o = vl

we assume that a subspace W C V and a linear mapping P} : W — V;! are given.

Corollary 4.2. Let be w € W and let the assumptions of Lemma 4.1 be satisfied.
Then there exist positive constants C1 and Co independent of h such that

L Oy swp |an(u, wn) — dn(wa)|

— P < PP
|| — Pi(un HhQ [ i (P wn €V lwn o

+ C1|ju— (4.7)

Wll1a (@)l

4.2. The application to the problems (2.1) and (2.7)

We start by defining P? and P} .

If the exact solution of the continuous problem is sufficiently smooth, then in (4.6) the mapping II is usually
chosen as the Vj-interpolation operator. Following this approach we assume that for the solution u of (2.1)
there holds u € W with

W:=H*(Q)NV =H*(Q)NHQ), (4.8)
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and we define the linear mappings P2 : W@V, — V2 and Pl WP V2 — V! by

Pi+won) = Y [(P)+uw(P)¥p Vo e Won = Y vn(P)®p €V} (4.9)
PeM; PeM,;
and
Pr(v+uvn) =Y [v(P)+va(P)]®p Vo e Wun= Y vn(P)¥p eV, (4.10)
PeM; PeM;

where ® and ¥ are the nodal basis functions in V;! and V;2, respectively.
Obviously, the mapping P,f satisfies the property (4.3), and, especially, it is such that:

P2(Pl(v)) = PX(v) YoeW. (4.11)

Further, we define norms ||, in V}! and ||.||,, in V}? by

ol =14 = Z (lepo]” [e gradv + bv])2 dQ (4.12a)
€ bpoedB, o

and

[0llpe == // lepq) gradv) de s - (4.12b)

dbPQ €dBL Jipg

Obviously, V;! and V;? are Hilbert spaces, and |.,, and ||.|,, are also seminorms on V& V;! and V@ V2,
respectively.

Remark 4.2. Our convergence result given in Section 5 is presented in the form of an estimate for
Hu — P2 (up, H ho- Lhis does not imply that uj, converges to w in any norm in V. However, our convergence
result is stronger than that obtained by Lazarov et al. [11], by Eymard et al. [7] or by Miller and Wang [12].
Because of (4. 15) e.g. the estimates by Lazarov et al. [11] and by Eymard et al. [7] are only estimates for
1752 () = P (an) |-

Remark 4.3. In the following proofs, we simplify some notations. Sometimes, Spg and ypg are replaced by
B and v, respectively. Further, e and ¢ are used, which on the dual Voronoi box dbpg have the meanings epg
defined by (2.4) and tpg defined by (6.15), respectively.

Theorem 4.3. Let |||, and ap be defined by (4.12b) and (2.8), respectively.
Then (4.4b) holds with o = 1.

Proof. Obviously, in Int (dbpg) it holds

wp(Q) — wi(P)

epqg Ywy € Vh2- (4.13)
Brq

grad wy, =

Hence, because of (4.9) for each vy, € V! we obtain

1
ap(vp, P}%(vh)) = Z = [vn(Q) — vp(P // [e grad vy, + bop] dQ.

dbpo€edBy, Tro
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Using
1
dQ = 5 ﬂpQ YPQ (4.14)
dbpo

easy calculations show (see also proof of Th. 3.1) that

o) =5 5 F B nue) - 52 u@)| e - wQ

g g
dbpg€dBy,

The proof of Theorem 4.1 in [12] takes advantage of the equality

2un(P) — exp (2) n (@)][on (P) — 0n(Q)] = [1 + exp (] [on(P) — va (Q)?
11— exp ()] {{on(P)? ~ [0h(Q)?} V=€ R

Using B(—z) = B(z) exp (z) and B(z)[l — exp (z)] = —=z this yields

2[B(2) vn(P) — B(—2) vn(Q)][vn(P) — va(Q)] = B(2)[1 + exp (2)][vn (P) — vn(Q)]?
— 2 {[on(P)? — [ (Q)?} VzeR

Hence, we deduce that

oo =5 X BE 1o ] 3 ine) - a@P

dbPQEdB;L 5
1
1 2 e {P) -~ @F}
dbpoedBy,
Since epg = —eqgp, for all v, € Vh1 it follows that

> pqlere) b {[vn(P))? — h(Q)P} = > {[vh(P)]2 > e [€PQ]Tb} :
Q

dbpo€dBy, PeM; ENN(P)

Using (A), the fact that n(bp) |v,nbo= epq for the outer normal direction n(bp) of the Voronoi box bp and
recalling that b is constant, we have

> wpqlerq)"b= ¢ [n(bp)"bdl = [[divbdQ2=0 VP e M,
f o f

QENN(P) obp

This yields

alon 2o =5 ¥ B [Lren ] e - n@p
dbpg€dBy,
Further, because of (4.13) and (4.14) we obtain
lonlia=3 30 5 lun(P) - wn(@  Van € Vi (4.15)

dbpg€dBy,
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Observing that
B(z)[l+exp(2)] >2 VzeR! (4.16)

(which can be proved by easy calculation), the statement follows by (4.15) and (4.9). O

Remark 4.4. In [12] the inequality B(z) [l +exp (z)] > |2| Vz € R! is applied instead of (4.16) to estimate

> B(g eTb) [1+ eXp(g eT0)] L [on(P) — vn (Q)]*.

dbpg €dBy, 5
Moreover, two restrictive assumptions are used in [12], namely, a quasi-uniform mesh and the assumption
llepo]Th] > by >0 Vdbpg € dBp,.

Theorem 4.4. Let |||, [|||l,2 and an be defined by (4.12) and (2.8), respectively.
Then (4.4a) holds with ¢=1.

Proof. From (4.13) we infer that

o) <Y - (@) — wn(P) // ¢T [ gradv + bu] dQ

dbPQEdB;L 5 dbPQ
2y 3 1
2
2 1 T £ gl 2
< R Z i e’ [egradv + bv]dQ 3 Z 3 [wi(P) — wp(Q)]
dpr €dByp, ’Y dbPQ dpr €dByp,

By (4.14) we deduce that

// el [e gradv + bv] dQ S{%ﬁ’y} // (eT[ggradv—i—bv])? dQ

dbpg dbpg

Using (4.15) and (4.12) concludes the proof of the theorem. O

Corollary 4.5. Let u € H?(Q2) N H(Q) be the solution of the continuous problem (2.1) and let uy, € V2 be a
solution of the FEM (2.7).
Then, with ||.]|,1: |-l P and P? defined by (4.12), (4.10) and (4.9), respectively, it holds

, —d
o PGy < s = PR+ [l — PR, + sup 12t aln]]

(4.17)
wpEVE llwn

Proof. The statement is an easy consequence of (4.11), Corollary 4.2 and Theorems 4.3 and 4.4. |
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5. THE CONVERGENCE RESULT

Corollaries 4.5, 7.5 and 7.9 result in:

Theorem 5.1. For a sequence {M,} of sets satisfying the assumptions of Section 2.1 let {up} := {un(M,)} be
the corresponding sequence of FEM solutions defined by (2.7).

Additionally, let (6.1) and (6.2) be satisfied.

Further, we assume that lim h, =0 with h, defined by (3.5).

n—oo

If uw e H2(Q) N HE(Q) is the solution of (2.1), there exist positive constants Cy and Cy independent of n, €
and b, such that

HU - Pf?(uh)HhQ <\e <C1 I |ul2,0 + Co Z [5PQ]2 |u|§,2,dbPQ ) ) (5.1)

dpr EdB;L(Z\/In)

Thereby, P?, ||.|l,e and |.|c.2,465, are defined by (4.9), (4.12b) and (6.14), respectively.

Because of (6.18a), Theorem 5.1 states the linear convergence of the FEM (2.7) for each fixed e.
Moreover, using Corollary 3.2 and Definition 3.3 the estimate (5.1) as well as the resulting convergence
properties of the FEM (2.7) can be extended to the FVM (3.4).

Remark 5.1. In [25] a new FEM is presented for convection-diffusion problems. This method uses Delaunay
triangulations and conforming linear elements.

In the two-dimensional case and for the problem (1.1), the coefficient matrix of the arising system of linear
equations coincides with that of the FVM (3.4) and the estimate obtained by Xu and Zikatanov [25] has the
form

1

2
M0 (w) — unly g < C h { S |egradu + buﬁ,t} (5.2)

teTy,

where {T},} is a sequence of Delaunay triangulations and II,, denotes the interpolation operator. Since the FEM
in [25] is a conforming one, they use other techniques to prove their results.

At first sight, the estimate (5.2) seems to be better than (5.1) as far as the dependence on ¢ is concerned.
However, this is not clear, since the constant C in (5.2) may depend on €.

In [8] a new FEM for convection-diffusion problems which is based on Delaunay triangulations and con-
forming linear elements is presented and analyzed, too. Under the additional assumption of a quasi-uniform
triangulation, they can prove estimates which are comparable to (5.2).

6. PRELIMINARIES

6.1. Assumptions concerning the partition

To obtain estimates for the terms on the right-hand side of (4.17) we make the following assumptions:

There exist positive constants ¢;, ¢ = 1,2, 3, such that

Ei(P,Q)—P
o < ZLQ <e¢;  and [E\(P.Q) = P| <ecz  Vdbpg € dBy. (6.1)

PQ Brq

(6.1) guarantees that for a sequence of dual box partitions all constants which depend on dbpg have an upper
bound independent of dbpg (see e.g. proof of Corollary 7.5).
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Remark 6.1. Assumption (6.1) can be weakened at the price of a more complicated mapping F in (6.3)
(¢f. [23]). In order to simplify the presentation we restrict ourselves to the simple mapping.

We also notice that (6.1) is nearly the same as the minimal angle condition for a sequence of corresponding
Delaunay triangulations (see again [23]).

To obtain estimates independent of ¢ we additionally assume that:
There exists a positive constant C' such that Bpg |[epg] bl < Ce Vdbpg € dBy,. (6.2)

Remark 6.2. Obviously, for each fixed ¢ the assumption (6.2) is not restrictive. However, in the case of
singularly perturbed problems, where the parameter ¢ is small, it requires meshes of the size h = O(e) in the
whole domain.

6.2. The affine-equivalent reference element cipr

To obtain uniformly bounded constants in the error estimates, for each dbpg we define bijective affine
mappings F : R? — R? and F': R? — R2 by

Z=FZ):=GZ+g and Z=F(Z):=FY2). (6.3)

The matrix G and the vector g are given by

__ Bpg [ cos¢ —sing
G== ( sing  cos¢ ) (6.4)

and g := %(P + Q) , respectively, with the angle ¢ :=4(Q — P, E,), where E, = (0,1)7 denotes the unit vector
in the y-direction.
Now, the reference element cfpr, which corresponds to the Voronoi box dbpg, is defined by cipr =
F(dbpg). In the following, dbpg and dbpg are called affine-equivalent domains, too.
There holds F(E;) =: (&;,0)T, i = 1,2, as well as
YPQ

YpQ =T — X1 =2 —, (6.5)
Brq

where F1 = F1(P,Q) and Ey = E5(P,Q) are the points defined as in Section 2.1, but henceforth such that

ﬁ (EQPEl) > 0.
We have that

1
det(@) = § [Bral’ (6.6a)
and that the spectral norms |.| of G and G~!, respectively, can be estimated by

|G|g%ﬁpQ and |01 <2 1

<3 g (6.6b)

These affine transformations also yield an unique correspondence between functions v : dbpg — R! and
0 :dbpg — R!, which is defined by

0(Z)=v(Z) with Z=F(2). (6.7)
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In particular,

ve LK. (P,Q) — 9e€LK.(P,Q) and wveP(PQ) < i¢c P= span {1,7}

with
A Spa‘n{la F3,€(:g)} ) if [ePQ]Tb 7é 0
LKE(P’ Q) = ~ . T (6'8)
span{l,7} , if [epq]"0=0
and
Fi () = o5 (~ 5 22 epq]h) (6.9)
Further, we obtain e.g. (with Z = (z,9)T)
1
{1 + exp (ﬁr;Q lepq]”b) Fge(gj)] , if [epg]Tb#0
s e (2 epg) ) — 1 2
(pr(Z) = 3 (610)
“Ty, if [epo)Th=0.

We conclude this subsection by noting that

~ ~ 1 N ~
// dQ:// a0 = - // Q=22 and / df =222 (6.11)
S ) 2 ) Brq Brq
dprﬂbp dprﬁbQ dpr dhb}fQ

with bp := F(bp), bg := F(bg),

dbp = bp Nbg, (6.12)

and dAbjDQQ = F(db}?Q).
6.3. Suitable Hilbert spaces and relations with Sobolev spaces

For our purpose, it is useful to substitute the Sobolev space H'(dbpg) by the space H L(dbpg) defined by

H'(dbpg) := {q € La(dbpg) : [erg)  grad q € La(dbpq)} .

which is a Hilbert space with respect to the norm and the seminorm

1

2 2 2
HQHHl(dbPQ) ::{Hq||0,dpr+ |q|H1(dbPQ)} and |q|H1(dpr) = H[‘?PQ]TgradQHOdePQ )

respectively (cf. [23]). Besides, we will also use some other norms and seminorms in H'(dbpg) and H?(dbpg),
which depend on e and [epg]Thb. Those ones are defined by

1

2 2 2
gl aomgy = (Nl g+ 192 i1 apy } lal

W=

2 2
cnibrg = L1 o+ 19 2t }

lepq]” [grad g + % by (6.13)

|q|€,ﬁ1(dbPQ) =

0,dbpo
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and
T 2 T erel™® 7 ’
0. 2,000 = |ltrl" Hatrall g, 2 ||leral Hytro + ——— [tro] " gradg
0,dbpq
lepq]™® ’ :
+|[lerql Hyepq + lepq] grad g : (6.14)
0,dbpg

Thereby, H, denotes the matrix of weak second derivatives of ¢ and the vector tpg is defined by

_ BPQ) -E(PQ) _ 1 ,
o= |E2(P,Q) — Er(P,Q)|  Bro (y@ —yp,zp—2q)", (6.15)

such that there holds [epg]Ttpg = 0.
Obviously, |||, g1 (abpe) and |-ll- 2,45, are based on scalar products, such that H'(dbpg) and H?(dbpg)
with these norms are Hilbert spaces, too.

Remark 6.3. In the case [epg]Th = 0 the seminorms defined by (6.13) and (6.14) are independent of e.
Then there even hold [|ql. g1 (ap,q) = 9]l 71 (avpe) for all ¢ € H'(dbpg) and lall 2,060 = lldllo,gpy for all
q € H*(dbpq).

Since we want to follow standard techniques for error estimations it is necessary to introduce corresponding
spaces, seminorms and norms on the reference element dbpg .
The space H'(dbpg) is defined by

Y (dbpo) == {q € Ly(dbpo) : 45 € Lg(dpr)} ,

the norms and seminorms in H 1(clApr) and H Z(Cipr) , respectively, are defined by

1

. 112 12 2 . 112 12 2
Il i (dbpo) = {||Q||O,(ibPQ+ Iqla,gl(dq,m)} : [ {HQHL&PJ |q|6,2,prQ} :
. ., . Bpro
|Q|E,ﬁ1(d“bPQ) =95 + 4 o lepq)™b ) (6.16)
0,dbpo
and
1
5PQ T 2 5PQ T 2 :
A A~ 2 A ~ A ~
|9z 2,400 = | 9220, dp, ot 2 || G20+ 2 Y lepql bl  + qgg+QQ2—[€PQ] bl| . (6.17)
< 0,dbpg € 0,dbpo
Lemma 6.1. It holds
2 2 [ePQ]Tb ? 2 2
V22,0600 < 200[2,dpp, T4 — V1,abpy Y0 € H(dbpq), (6.18a)
BpQ 2
~12 ~12 T ~12 ~ 2 7
191 5 dopg < 20005 gop, + {—E lerq] b] [0} 4., Y0 € H?(dbpq), (6.18b)

and

. . 1 [ Bpqg S . 5
|U|§,I:Il((ipr) < 2|U|idpr + 3 {T [ePQ]Tb] Hv||07d~bPQ Vo € H' (dbpg). (6.18c¢)
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Proof. Due to inequalities like
Tb 2 Tb 2
(eTHUt + {%} tTgradv) <2 (GTHU t)2 +2 [e?] (tTgradv)2
we obtain

T 2 T e T ’ T b T ’
(t Hvt) +2le Hyt+ — t'gradv| + (e Hye+ — e’ gradv

2 2 eTh]? 2 2
<2 {(tTHU t)2—|—2 (eTH@ t) + (eTHU e) }—|—4 [?} {(tTgradv) + (eTgradv) } .
Using (2.4) and (6.15) easy calculations show that
(tTgradv)2 + (eTgradv)2 =vZ + v} and (t"H, t)2 +2(eTH, t)2 + (e"H, 6)2 =02, +202, + v,

which proves (6.18a). In the same way (6.18b) and (6.18¢) can be proved. O

Lemma 6.2. Assuming (6.2), then the norms ||.||. 2.dbpg 0N Il-1l5 dvp 0T equivalent independently of € and
Brq.

Proof. To obtain the desired norm equivalence we have to show that
Gy Hﬁ”QQ,JbPQ < ”ﬁHQ,chPQ < Cy HﬁHQQ,JbPQ Vo € HQ(dbPQ)

for some constants C; = Ci(CZbPQ) , 4 =1,2, independent of € and Bpg.
The left inequality is an easy consequence of (6.18b) and (6.2).
To prove the rest, we use inequalities like the following one

which is true for all positive constants a.
If we choose a = C?/[2 + C?] with C from (6.2), there hold 0 < a < 1 and, since (6.2),

1.[8 S|
1+(15)[2—€€Tb] >

Altogether, this implies
2
o2 + <vyy + By 2% eTb) > Cs [0F + 93]

with a positive constant Cs independent of € and Bpgq.
From this and analogous considerations the statement follows. O

6.4. Statements for the case [epg]T b # 0
To derive error estimates it is necessary to generalize some well-known results in the space H?(dbpg) for the

seminorm |.|, 4, . and the vector space Py := span {1,z,y} like the statement

inf < ¢(db Vo € H?(db
pePlu(ﬂdpr) [lv +p||2,dbPQ < c(dbpq) |U|2,dbPQ v (dbpq)
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(¢f. Th. 14.1 in [6]) and the Bramble-Hilbert lemma (¢f. Th. 28.1 in [6]) to the seminorm |[.|_ , 4., and the

vector space
Ry .(dbpg) :=span {1, F5.(9), & F5.(9)}

with F3 . defined by (6.9).
The basis is the following lemma, which extends the well-known statement

For all # € H(dbpq) it holds: ||, 4,,, =0 <= 7€ Pi(dbpg),
which is a statement for the pair (|.|2,JbPQ,P1(dApr)), to the pair (|.|572’d»bPQ,RLE(dApr)).
Lemma 6.3. With Ry .(dbpg) defined by (6.19) it holds for all # € H?(dbpg)

Plenippy =0 < FE€ Ry (dbpg).
Proof. Easy calculations show that 7 € Ry . (afpr) yield |72|a,2,(ipr =0.
(A) # € C?(dbpg).
Let |7, 5 gp,, =0 be satisfied, z.e. we have
173 l0,dbpe = 0 |2¢ sy + 72 ﬁeTbHO’JbPQ =0 and |2e gy + 75 ﬁeTmePQ =0.
The last two conditions imply that 2e#; +73elb is constant, so that # has the form
#(Z,9) = C1 + C2(2) F3 (1)
Hence, |[733llg gy, =0 results in Cy(#) = C3 4+ Cy & and, therefore, in 7 € Ry (dbpg) .

(B) 7 € H%(dbpg).

We define the variable transformation Z = (&, )7 = F(Z) with Z = (&,§)7 by
2¢ 1
b=, ::exp(QQ—ieTb) — i=% §= 76 7 (),

which maps chpQ into chpQ = F(cipr).
Now, corresponding to 7 we define the function 7 by

H9) = 7(0,0) oxp (4 -€TD) = #(E9) = #(59)

Easy calculations prove that

1
BeTh

{25?5;@ + 7z ﬁeTb}

and

. 2¢ . R B
Fyy = e {2etg; + 7y 56Tb} exp(fy2—€eTb),

(6.19)

(6.20)
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from which we get
P € H*(dbpg) <= ¥ € H*(dbpg)  and  [Fl g 4, =0 <= [Fly 4, =0
The above transformation and (6.20) prove the lemma. O

Remark 6.4. Part (B) proves Lemma 6.3. Part (A) only motivates the choice of RLE(dApr).

Lemma 6.4. Assuming (6.2), then with Rl,g((jpr) defined by (6.19) there exists a constant ¢ = c(afpr)
independent of € and Bpq, such that

inf 6+l gy, < €10l iy, V0 € H(dbpg).
ﬁERlye(dﬂbPQ) H ||E,2,dpr | |5,2,dbPQ ( Q)

Proof. Using Lemmas 6.2 and 6.3, for a fixed & the proof follows that of Theorem 14.1 in [6], where Pi(dbpg)

has to be replaced by R; .(dbpg) defined by (6.19). Because of assumption (6.2) the constant ¢ is independent
of € and Bpg. O

Lemma 6.5. Let I. be a linear form on H?(dbpg), which is continuous with respect to the norm Il1l. o dbro
and which satisfies

I.(F)=0 Vi€ Ry (dbpg),

where RLE(dApr) is defined by (6.19).
Assuming (6.2), then there exists a constant ¢ = c(cfpr) independent of € and Bpg, such that

I.(9)] < Hl
@) < e L e,2,dbpq

(0l ndypy V0 € H*(dbpg),

where ||H; 2.dbp 05 the norm in the dual space of H?(dbpg) normed by II.1l. o dbpo

Proof. The proof is substantially the same as for the standard second Bramble-Hilbert lemma. Therefore, we
refer to [24], where the details are given. O

We conclude this part with the following result. The change of variables Z = GZ + g and the related
correspondence between functions ¢, ¢ given in Section 6.2 result in

dQ = det(G) 9, (6.21)

2 2
GilepQ = E E;, G ltpg= EE@ , gradg = [G’l]T gradg and Hy;= [G*I]T H;G™!

(where E; = (1,0)" and E; = (0,1)7 denote the unit vectors in the #- and g-direction), from which it follows
that

2 . 4
[epQ]T gradg= ——¢g; and [epQ]THq erQ = T3 dis- (6.22)
Brq [BpPq]
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7. ESTIMATIONS

7.1. Estimation of the approximation error

In this section we deal with the estimation of the approximation error terms
Hu - Pﬁ(u)”m and Hu N Pg(u)th

with a function u € H*(Q) N Hg(2) and, at first, we consider |ju — P,%(u)“hl.
In the following II = Ilg,, denotes the restriction of P} to dbpg, i.e. there holds II : H?(dbpg) —
LK (P,Q) with LK.(P,Q) defined by (2.5). Hence, we have

W=

1
R Z // {lerq]” [egrad (u — Mgy pou) +b(u—HdbPQu)]}2 | - (7.1a)
dpr €dByp, dbPQ

H“ - Pé(u)”m =

With the seminorm in the Hilbert space H'(dbpg) defined by (6.13) we can also write

1

2

[u =Py, ={e Z |u_HdbPQu|§,I:11(dpr) ' (7.1b)
dbpg€dBy,

Since we want to follow standard techniques for error estimations we introduce the mapping II: H? (afb PQ) —
LK.(P,Q) by I = (ITv) with v and ¢ from (6.7), whereas LK.(P, Q) is defined by (6.8).

Lemma 7.1. Let cipr and dbpg be two affine-equivalent domains.
Then it holds

|U|a,1§r1(dpr) = |17|5A,H1(cipr) Vo € f{l(dAbPQ)-

Proof. Using the change of variables Z = GZ + g, (6.21), (6.22) and (6.6a), we get

4 B z
2 — ~ ~ T a2
1412 i1 @b pey) = det(G) EE // <q7;+q—2€e b) A2 =142 g1 (o)
dbpg

which is the statement. O

Lemma 7.2. Assuming (6.2), then there exists a constant ¢ = ¢(dbpg) independent of ¢ and Bpg, such that
[0 = T001, 11 (i) < €10l vy V0 € HE(dbpg)-
Proof. The proof follows that of Theorem 15.3 in [6].
First step:
|# = TPl g1 (dppy = 0 V7 € Ric(dbpg). (7.2)

Easy calculations prove the statement of the first step.
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Second step:

v

5H1<dbp> ca(dbpq) (0]l 5 by, V0 € H*(dbpg)  and

jﬁ@

iy = €2 PQ) Pl p by V0 € H (dbrg).

At first, because of Lemma 6.2 and the imbedding H?(dbpg) < C°(dbpg) there holds © € C°(dbpg) for all
b e H*(dbpg) .
Further, by easy calculations it can be deduced that

bop

1
o _Lplery 2.
E,Hl(dpr)

o
’ PQ E,HI(CZbPQ) 2 3 ﬁ

Now, using It = 6(P)®pg + ’U(Q)(I)Qp and the continuity of ¥ we obtain

G Tb 22
) UaHl(dbPQ) HUHOOdbPQ

This, together with (6.2), Lemma 6.2 and the imbedding used above, results in

115 < ey |0 Vi € H*(dbpg)

e, H(dbpo) ~ €,2,dbpq

with a constant co = CQ(JbPQ) independent of € and Bp¢g, which proves the statement for II.
For the identity mapping I the statement follows from (6.18¢c) and (6.2).

Third step:

inf f)—l—’FE S SCgCpr {}E R V{}EHQCpr .
e g < s dorQ)l iy (dbro)

This is equivalent to Lemma 6.4.
Now, because of the invariance (7.2), we obtain the identity

o — 11 =|(I -1 (o +7 Vi € Ry (dbpg).

e, H(dbpg) e, H (dbpg)

As for the remaining part of the proof, we refer to the proof of Theorem 15.3 in [6]. O

Lemma 7.3. Let cfpr and dbpg be two affine-equivalent domains.
Then it holds
Bprq

|@|E,2,d“bPQ =9 [v]e2,dbpq YV E H?(dbpg).
Proof. Using the change of variables Z = GZ + g, (6.21), (6.22) and (6.6a), we get
// €eTH e+ [eTv] el gradq dQ— // <€qyy+qy2 b) dQ.
dbPQ dpr

Easy calculations for the other terms prove the statement. [l
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Remark 7.1. Theorem 15.1 in [6] is comparable with Lemma 7.3, where the equality in Lemma 7.3 is replaced
by an inequality.

Moreover, a direct application of Theorem 15.1 in [6] is impossible, because in H?(dbpq) the norms ||.[|,, dbpo
and |||, 5 b, are equivalent; but this is not the case for the seminorms |[.|, 4, and [.|. 5 4. -

Obviously, the Lemmas 7.1, 7.2 and 7.3 yield:

Theorem 7.4. Let chpQ and dbpg be two affine-equivalent domains through the mapping F defined as in
Section 6.2.

Assuming (6.2), then there exists a constant ¢ = c(cipr) independent of € and Bpg, such that
[0 =T g1 appg) < €BPQ Ve 2,tbrg Yo € H?(dbpg).

Thereby, 11 = Iay,., denotes the restriction of P} defined by (4.10) to dbpg.

Corollary 7.5. Let a sequence {M,} of sets be given which satisfy the assumptions of Section 2.1 and let
{dBy} := {dBp(M,)} be the sequence of corresponding dual box partitions.

Additionally, let (6.1) and (6.2) be satisfied.

Ifu € H?(Q) N HE(Q), there exist positive constants C1 and Cy independent of n, € and b, such that

2

Ju=Pr),, <Cive | D [Brel [ull samg
dprEdBn

and

lu—Piu)]],, < C2ve P Brq ul2,0.

Thereby, ||.|n1s I-lhes |le2,.dbm0, Pr and P? are defined by (4.12), (6.14), (4.10) and (4.9), respectively.
Proof. Theorem 7.4 and (7.1b) result in

Ju—=Pi@),, <VE| D [eldbre)l® [Bra)® [ul? 2.0,
dbpq€dBy,

(6.1) yields Slrllp dbprgzg{iBn ¢(dbpg) = ¢ < 0o and therefore

=

[|lu— Pé(“)”;ﬂ <cye Z [Brq)? |u|§,2,dbPQ ;

dprEdBn
which is the first estimate.
Since b = 0 implies V! = V2, P} = P2, |.l2,dbp0 = |-le2.dbpo and ||.][,; = ||.]l0, the second estimate
obviously follows from the first one. O

7.2. Estimation of the consistency error

In this section we deal with the estimation of the consistency error term

sup lan (u, wn) — dp(wp)|

’LU},,GVh2 HwhHhQ

Y
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where u is the solution of (2.1) with u € H?(Q2) N H(Q).
Therefore, for wy, € V;? we study

On(u, wp,) := ap(u,wp) — dp(wp).

Remark 7.2. The approach in this section is substantially the same as for the Poisson equation in [23]. There-
fore, we give only the main ideas. For the reader who is interested in more details we refer to [24].

Since w is a solution in a weak sense, we obtain with (A) and wp(P) =0 for P € M,

- wh(P)//fdQ: S [n(P) - wn(Q)] / lepo]” [ gradu + bu] dT.
bp

bp€By, dbpq€dBy bpNbg

Further, from (4.13) we infer in Int (dbpg) that

wp(Q) — wr(P)

T T 2
[egradu+bu| gradwy, = lepo|” [egradu+bu] Yw, € V.

Bprq
Hence, using db}fQ defined by (6.12) we have
Sn(wwn) = > bappguwn) = > [wi(Q) — wa(P)] by (u) (7.3)
dprEch dbPQEdB;L
with
1 T 1 T
Ndbpe (U) 1= oo lepo]” [egradu + bu] dQ — 3 lerpo]” [egradu + bu]dT. (7.4)
P
© Wrq b1z,

Further, we define n dbro by

Ny, (1) ;:% // (6ﬁg+ﬂ%[ePQ]Tb)de /(eag+a5%@[epQ]Tb)df

dbpq (ibﬁ;,

Lemma 7.6. Let cfpr and dbpg be two affine-equivalent domains.
Then it holds

Navpg (V) = Mgy, (0) V0 € H(dbpg).

Lemma 7.7. Assuming (6.2), then there exists a constant ¢ = ¢(dbpg) independent of ¢ and Bpg, such that
Mg, (D] < el o gop, VO E H*(dbpg).

Proof. To prove the statement, we define a linear form Il on H 2(dApr) by

L) = 200 0) = [[ g+ 022 leral D) a— [ (0545722 fero")al (7.5)

dbrq b
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Easy calculations show for the basis functions in R1,e((fpr) that

9 B or, B 1 9 . B
S+ gm o= 2T B ()] + P ()] g b = 0

and
0
S Faci)] + [ Fac(9)] - 0 =0,

from which it follows that [.(7#) =0 V# € Ry .(dbpg) with (6.11).
Therefore, using (7.5) and Lemma 6.5 we get the desired result. [l

Obviously, the Lemmas 7.6, 7.7 and 7.3 result in:

Theorem 7.8. Let (fpr and dbpg be two affine-equivalent domains through the mapping F defined as in
Section 6.2. .
Assuming (6.2), then there exists a constant ¢ = c(dbpg) independent of € and Bpq, such that

|5dpr (’U,’u}h)| < CEﬁpQ |U|5,2,dpr |wh(P) — wh(Q)| Yv € H2(dpr),wh S IB(P,Q)

Thereby, dapp, is defined by (7.3).

Corollary 7.9. Let a sequence {M,} of sets be given which satisfy the assumptions of Section 2.1 and let
{Bn} :={Br(M,)} and {dB,} := {dBp(M,)} be the sequence of corresponding box and dual partitions, respec-
tively.

Additionally, let (6.1) and (6.2) be satisfied.

If u € H?(Q) N HE () is the solution of (2.1), there exists a positive constant ¢ independent of n, € and b,
such that

ap U, Wh —dh W,
sup Lanlun) —dlun)l o 2l S g2 i,
wn €V} Ilwonllnz dbpqedB,

Thereby, an, dn, V2, ||lha and |.|c.2,.d0p are defined by (2.8), (2.7), (2.3), (4.12b) and (6.14), respectively.

Proof. Using Theorem 7.8 and (6.1), for a solution u of (2.1) and all wy, in V;? in the same way as in the proof
of Corollary 7.5 we obtain

(60 (w,wn)| < ce Y Brq lulegdbpq [wn(P) = wi(Q)]:
dprGdBn

The rest is easy to prove and results in the statement. Thereby,

S ) -w@P <y g

dbpq€dB,

is used, which holds because of (6.1) and (4.15). O
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