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A SINGULAR PERTURBATION PROBLEM IN A SYSTEM OF NONLINEAR
SCHRODINGER EQUATION OCCURRING IN LANGMUIR TURBULENCE

CEDRIC GALUSINSKI!

Abstract. The aim of this work is to establish, from a mathematical point of view, the limit o — +oc0
in the system

iE +V(V.E) — o’V x V x E = —|E|*"E,
where E : R® — C3. This corresponds to an approximation which is made in the context of Langmuir
turbulence in plasma Physics. The L?-subcritical o (that is ¢ < 2/3) and the H'-subcritical ¢ (that
is o < 2) are studied. In the physical case o = 1, the limit is then studied for the H'(R*) norm.
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1. SETTING OF THE PROBLEM AND MAIN RESULTS

We are interested in the first Schrodinger system that describes the coupled motion of intermingled electrons
and ion fluids that compose the plasma without any magnetic field. The system satisfied by the electric field
envelope F is

_ _ _ on—
—iwnedE — 302 V(V.E) + 2V x V x E + wpe2n—”E =0, (1.1)
0

where wp. is the electron plasma frequency, vre the average thermal velocity of the electrons, c the velocity of
light, ng the mean density of electrons and dn, is the low frequency variation of electron density. A justification
for the time-envelope approximation can be found in [1].
Writing fL—z in terms of E in (1.1), we obtain
EowpeQ

= B, o & B
iwpeOr E + ivTev(v'E) T VXV xE+ 8nokpTe

|E|?’E =0, (1.2)
where gg is the dielectric permittivity of free space, kp the Boltzmann’s constant, and kg7, is the electron
thermal energy.
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The term %V x V x E is usually neglected in physics, the equation (1.2) becomes (see [3], p. 138),

2
E0Wpe

R
zwpeatE + E’UTeV(V.E) —+ m

|E|?E = 0. (1.3)
Equations that have the general form of (1.3) widely occur in physics and are generically known as the nonlinear
Schrodinger equation. The reader can refer to [3] for more details on the physical problem.

The goal of this paper is to verify, from a mathematical point of view, if the term %V x V x E can be simply
neglected in (1.2) or not. Since v%e < 2, the following model is considered

iE,+VV.E—a?’V xVxE=¢E*E,

(1.4)
E\t:O = Fo,
with @ > 1 and we investigate the case @ — oo.
The parameter ¢ takes the value 1 or —1. The complex variable E depends on ¢t € R and x € R3.
Rather than studying this problem for z € R3, we generalize this work to the case z € RN for N > 2. We
then replace (1.4) by

iEBay + VV.Ey 4+ 0?(A —VV.)E, = ¢|Eo|*’ E, in D' (RY),

(1.5)
FEaji=0 = Eo.
The following splitting will be useful in the sequel,
iB), + AEy =Py (|By + EL[*" (B + E1)) in D'(RY), wo)
_ 2N :
EH\t:O = PHEO eL (R ),
B+ a? NE, =P, (|E|| + EL|QU(EH + El)) in D/(RN), (17)

EJ_‘tZO =P, Ey € LQ(RN),

where P, denotes the Hodge projection from L2(R™) to the subspace of divergence free vector fields, P =
I-P,, E” = PHEa and £, =P, FE,.

The results about existence and uniqueness of a solution for (1.5) are similar to the ones concerning nonlinear
Schrodinger equations [2,4,5]. The first step is the study of the linear problem in order to obtain uniform (with
respect to ) estimates on F) and £, defined in (1.6), (1.7). The term E, being small in some sense for large
value of «, the limit of the solution of (1.5) can be evaluated.

The limit obtained here reads:

iEy + AE = P (|E|* E)

1.8
Eli=o = En| (-

and ' =P E. Remark that here, AL = VV.E.
Remark also that the equation (1.8) is quite different of (1.3) which corresponds to
iF; + VV.E =¢|E|*E.

In what follows, we establish the convergence of solutions of (1.5) to the ones of (1.8) for adequate norms.
Let us recall from [2] some results on (1.8).
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Theorem 1.1. Let Ey € L*(RYN) and o < £ ; there exists an unique solution E € C(RT; L2(RN))NLEL ([0, +oo[;
L27+2(RN)) to (1.8), where % =8-;5
Let Ey € HY(RY) and 0 < 2 there exist T* > 0 and a unique mazimal solution E € C(RT; H'(RN)).

There exist some initial data Eg € H'(RY) (when e = —1 and 0 > %) for which T* s finite.
The main results consist of the next Theorems whose proofs are developed in Section 4.

Theorem 1.2. Assume o < %. Let Ey € L*(RYN), there exists a unique global solution E, € C(RT; L2(RM))N

Lo ([0, +00[; L2 F2(RY)) (where 2 = 5 — 555) to (1.5).

Moreover,

2042
Eo(t) — e At Ey | — F in ([0, T[; LARY)) VT < +o00,

where E is the solution to (1.8) introduced in Theorem 1.1.

2 N N
E, — E in LY([0,T[; L**T*(R")) strongly <— =35~ ) .
q

Theorem 1.3. Assume o < ﬁ Let Ey € Hl(RN). Then there exist T, > 0 and a unique mazimal solution
E, € C([0,T,[; HY(RN)) to (1.5). Moreover liminf T, > T* where T* is the existence time of the solution E

a—+00
to (1.8) introduced in theorem 1.1 (ife =1 orife = —1 and 0 < % then T, = T* = +00). If PLEy — 0 in
HY(RN) when a goes to infinity, then,

2 N N
. 1,q 72042/ N Z = _
E, — E i W40, T[; L (R™)) strongly (q 2 2%+ 2) J

E,(t) — E in C([0,T[; H'(RN)) VT < T*.

Remark on notation. Throughout this article, the same letter C' (or sometimes ¢) shall denote constants
which may change from line to line.

The classical space LP(RY) is sometimes noted L? for conciseness. Some notations will be introduced in the
Preliminaries.

2. PRELIMINARIES

2.1. The linear group

In this section, we study the following linear groups, S (t) associated to

Z'E”t + VV.EH =0

(2.1)
By, = Eoj € L*RY),

and S (t) associated to

iEL, +a*(AN—-VV.)E, =0

o (2.2)
Elj—0=FEo, € L*(RY).

Simple computations with Fourier transform lead to
B0 = e~ 0T,

Ei(t)=e W LE, ],
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where M and L denote the following matrices (in the three dimensional case),

1 & &b && | [ 8+E —a&L —4&
= e Gé& & L& | L= 2 —&& G+EG —&H& =1-M.
L& && & —&&  —&& G+&

Remark 1. For E € L?(R") satisfying V.E = 0 then ME =0 and LE = E. That is
FHME)="PE F Y (LE)=P.E.
So, we have

S| (W) Eoy = F~H (M) « F~H (e 1) w (By ) = FH(e 1) (Byy),
S ()Eo, = F Y L)« F (e ety s (By ) = F 1 (e @16 w (B ).

We then remark that the group S () is associated to

iEHt + AEH =0
Ey,_, = Eo € L*RY (23)
lj1—=o = Eoy € L7 (RT),
and S (t) is associated to
iEL,+a* ANE;L =0
N (2.4)
Eij—o=Fo, € L*(RY).
We return to the expression of S)(t) and S, (¢) in the Fourier space. It is well known that
ffl(efia2\£\2t> _ %ei%.
(4mia?t)2
It then follows
S0 = (r [
1OF0) = 00T S 0 (¥)dy,
S (D ! / 5 By (y)d
= —— e 4a“t .
1 0L (47m'a2t)% - 0L \y)dy
From these last expressions and as the S (¢) and S, (t) are unitary groups on L*(RY), we have
19)1(t) Eoylz2wny = [Eojl 2y, [8) () Eoy| e @) < ey |Eo)j| )
and
ISLE)EoL|z2@nyy = |EoL|rz@yys [SL()EoL|pe@myy < ———x|Eoi|ri@n)-
(4rat)
By interpolation, we get for p > 2,
C
1S () Eo|Lemyy < |Eo) | Lo vy (2.5)

(47775)]\7(%*%)
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and

C
ISL(t)EoL|rr®y) < M—N(%—%)lEOJ-le/(RN)’

113

(2.6)

with % + % = 1. This last estimate is fundamental since the right-hand side goes to zero when a goes to infinity

(p>2).
2.2. Estimates with a right-hand side
Using the same splitting as the one used for (1.5), the solution of
iB; + VV.E +a*(AN - VV.)E = f,
E\t:O = EO?

where f depends on ¢t € R and = € R?, can be splitted in two equations,

’LE”t + AE” = E’Pnf in DI(RN),
_ 2 N
Ejjmo = P1E0 € L°(RT),

iE1y+a? AEL =ePyfin D'(RY),
EJ_‘tZO =P, Ey € LQ(RN).

We then have,

E” (t) = S” (t)E()” — Z/O SH(t — S)PH (f(s))ds,
EL(t) = S1(t)Eo, —i /Ot S (t— )P (f(s))ds.

The following result will be often used in the sequel:

Lemma 2.1. (see for example [6], p. 109). The operators P, PL are continuous on LP(RY) for all
1 <p<oo.

We also introduce the

Lemma 2.2. (see [6], p. 119). We denote

L(f) = /R Ly,

a |z —yld=e

for0<a<dandl<p<q< oo, where * =

L S. Then, there exists a constant Ay, 4 such that,
a P ’

Ha(f)Laray < Apglflemay-

Proposition 2.1. Let (q,r) two real numbers such that,

2N
N-2’

1< < N
<y -
2~ 2

=3

2
q

and let (¢',r") be the conjugate exponents of (q,r).

(2.7)
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If f € LY([0, T[; L" (RN)) then
/0 Syt = s)Py(f(s))ds € C([0, T}, L2(RY)) N L([0, T[; L"(RY))

and
/0 Sy (t— $)PL(f(s))ds € C((0,T), L2RN)) N LI([0, T[; L' (RV)).

Furthermore, there exists a real constant C' depending only on q and r such that,

’/ Sj(t = s)P(f(s))ds

< Clf oo oz vy
C(O.THLARN )AL, THL (RN))

< Ca~NO-2
C([0,T;L2(RN))NLa([0,T[;L™(RN))

([0, L™ (RN))-

/0 Sy(t— sYPL(f(s))ds

At last, if Ey € L*>(RY), then

191 )Py (Eo)|Lao, 7)) < CIP)(Eo)|p2mn)

and
_ _2
|SL(t)EOJ_|L(I([07T[;LT(RN)) <Ca N@ T>|EOJ_|L2(]RN).

Proof. According to (2.5), one has

t t
_2
‘/ S|t —s)Py(f(s))ds < C/ [t —s|" P f(s) L~ @®Nyds, (2.10)
0 LT (RN) 0
since % = % — %
In the same way, from (2.6), we have
t o [t )
/ S, (t—s)PL(f(s))ds < Ca~NO=7) / |t — |79 [PLf ()] L myds. (2.11)
0 L™ (RN) 0
It follows from Lemma 2.2 the first estimate of the proposition 2.1, (with d = 1, % =1 —a then % = % —a,

sop=¢'),

< CIPf e (oirser ev)-

t
'/ S”(t — S)P” (f(s))ds
0 La([0,T[;L™(RN))
We now compute

'/ St = s)Py (f(s))

o / / (St — $YPy(F(5)). )t — 8'YPy (F(5')))dsds’

= [P [ it - P ashas

where the brackets (.,.) denotes the classical inner product on L2(RY). We can show as previously that

t
/0 Si(s = YPY(f(s))ds" | Lao,rizr@v)) < CIPYfl Lo 0.0 L @y
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then,

2
< C|f|Lq'([o,T[;Lr'(RN))'

‘/ S)(t — )Py ( ())d

L2(RN)
To show the estimate

1S (&) Eoy|za(o,r L@y < ClEop)|L2 @),
we proceed by duality,

‘/ Si(=OPy(f (1))

/ / (Pyf(t), Syt = )Py (f(t)))dedt’
L2(RN)
< O'fl "([0,TL™ (RN))"

Then,

(Eo. / Sy (=P (F()dt)

‘/0 (S ()(Py Eo), Py (f(1)))dt| =

2

< [Py ol s @) / S)(—t)yPy (£ (1))

L2(RN)
< CIPyEol 2@ Py flpe qorpnr @))-
We then have proved,
1S () (Eo )| ago.rpzr@ny) < ClEo)|L2@ny)-
Due to the similarities between (2.11) and (2.10), the same estimates for the group S, (t) can be obtained by
replacing C' with Ca~N(1=2) In the same way, P is replaced with P .
We then have proved the estimates involving S (¢) of Proposition 2.1. O

3. THE CAUCHY PROBLEM

Let us recall the problem under studies,

iE; + VV.E + (A — VV.)E = ¢|E|* E in D'(RY),

(3.1)
Ej—o = Ey € L*(R").
This system is splitted as follows,
iE), + ABy =Py (1B + EL|* (B + Ev)) in D'(RY),
By, ="P)Eo € L*RY), (32)
and
iE1+0o> AE| =Py (|E + EL[* (B + EL)) in D'(RY), 53

Elj—o=PLE, € L*(RV).
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3.1. Global existence in L?(RY)

Theorem 3.1. Assume that 0 < % and Ey € L*(R"); then there exists a unique solution E of (3.1) in
C(RF; L2(RM)) 1 L, (R*: L2 2(RY)), where 2 = & — 200,
Also, E depends continuously on Eqg in the sense: if EY — Eqy in L>(RYN) then E™, the solution of (3.1) with

the initial data Ef converge to E in

Cloc(RT; L2 (RN)) N L

loc

(RJr; L20+2(RN)).
At last, E verifies
_No _ No -
|PJ_E|Lq([O,T[;L2U+2(]RN)) < Ca™ o+t |EOL|L2(]RN) + C(T)Oé o+l |E|iq?—[(1),T[;L2“+2(RN))' (3.4)

Proof. We first establish the local existence of a solution by a fixed point theorem.
Let us introduce the space

X(T) = L=(0, T[; L*(®R™)) 0 L2([0, T[; L*F*(R™)).
We note 7 the application

X(T) x X(T) — X(T) x X(T)

T (B, B1) = (T(E), EL), T2(E), E1))

where
T
'Tl(EH,EJ_) = S” (T)EOH — Z'E/O S” (T — S)(PH(|EH + EJ_|20(E” + EJ_)))dS,
(B, EL) = S.(T)Eoy —ie /0 SUT = s)(PL(E) + EL[* (B + EL)))ds.

It follows from Proposition 2.1 that
I T(Ey, E)|x (1) < ClEoj|2@v) + ClE) + EL* (B + EL)| 1 (o7 2o+ (mV))
and

_No
|T2(E), EL)|x(m) £ (1+Ca” 7+1)|[Eo | |2y

Ca . (3.5)
+Ca” 71| | B + ELI*(B) + EL)| Lo (o, 1142 @)

Adding these two last inequalities for o > 1 for example, we have,

TV (E), EL)|x 1) + | T2(E), EL)|x (1) <

c (|E0H|L2(]RN) +1Eo 2@y + || B+ EL* (B + EL)}Lq’([o,T[;L@wz)/(RN))) . (3.6)

Remark that (20 +2)" = (20 + 2)#, then,

— |E|| +EL|20+1

20
||EH + EL| (E“ + EL Lq/(2(7+1)([0,T[;L20+2(RN))'

)}Lq’([o,T[;L@MV(RN»
As o < %, after straightforward computations, we can verify that

¢(20+1)<q.



A SINGULAR PERTURBATION PROBLEM 117
Then, there exists # > 0 such that, by virtue of Holder inequality
|E|| + EL|Lq’(2a+1)([o,T[;L2o+2(RN)) < T9|EH + EL|L<1([0,T[;L%+2(1RN)) < T9|EH + EL|X(T)-

Returning to (3.6), we obtain

T (B, EL) x () + [ R=(E), EL)|x () < C (|E0|||L2(]RN) + |EoL|L2@myy + T(%H)e(lEHl?&JF) + |E¢|§?(J}1)) :

(3.7)
Lemma 3.1. If T is small enough, then T operates from the ball B(0, R) of X(T') x X(T') into itself as soon
as
R < 4AC|Ep|p2rn)y-
Proof. With R introduced in Lemma 3.1, inequality (3.7) becomes
R (20+1)6
IT(E), EL)|xTyxx(T) < 5t 20T (B BL)|x (1)< x (1)
So, for T small enough, the Lemma 3.1 is proved. O

Lemma 3.2. If T is small enough, then T is a contraction on Bpg.
Proof. Let (E),, E1,) and (Ey,, E1,) belonging to X(T) x X(T'),

T (B, Eir) — Ti(E)y, ELo)|x () + | T2(E), EL1) — T2(E),, E1o)|x (1)

< OBy, + ELal? (Byy + Ev) = |y + ol (Byy + Bro)| oy piaeser @y

As,
[[ul*7u = [v[*7v] < (20 + D)(Jul*7 + [v]*7)|u — ],
we have,

[T (B, Eir) = Ti(Eyy, Evs)|x ) + | T2(Ey , Ei1) — T2 (B, EL)|x (1)

< CIE* +|Bo*)(| By, — Byl +|EL1 — ELo])] (3.8)

L' ([0, 7L+ (RN))

From Hélder inequality, we obtain,

T (B, Eir) — Ti(E)y, ELo)|x () + 1 T2(E) [, EL1) — T2(E),, E1o)|x (1)

< OB + 1Bl oy o710 (Bt = Bllplresorpze) + 1 EL1 = Bialze(oriro),

wih 14} = g &+ £ = 3.
We choose v = 2‘;2 then § = 20 + 2 and we take q; = 5-.
Then, as 0 < %, we can verify that

_qq
g2 = 7{1 “20q

Then, there exists # > 0 such that

T (B, Ely) = Ti(Eyy, ELs)|x ) + | T2(Ey |, ELr) — T2 (B, ELs)|x (1)
= CT9(|E||1 +EL ¥ + 1B, + Eu@g(T)) (1B, = Bilglx(r) + By = Eva|xn))-

This last estimate with 7" small enough ensures the Lemma 3.2. O
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The existence of a solution in X (7T') follows from the Banach fixed point theorem. Furthermore 7' depends
only on |Ep|p2®n) (o fixed).

In fact T = 400 because the L*(RY)-norm of E(t) = Ej(t) + E_(t) is constant for all ¢. This is obtained,
formally, by inner product of (3.1) with Ej.

At this step, we know that To(E, EL) = E, then the estimates (3.5) shows (3.4). This ends the proof of
Theorem 3.1. O

3.2. Local or global existence in H'(R")
This section is devoted to the existence of solution for (3.1) in H(RY).

Theorem 3.2. Assume that o < ﬁ and Eg € HY(RYN); then there exist T, > 0 and a unique mazimal
solution of (3.1) in C([0,To[; HY(RY)) N LL ([0, To[; W27 H2(RYN)), where % = ¥ — 355, Furthermore, if
T, < oo, then

lim |E(t)|H1(]RN) = +o00.
t—Ty

Also, E depends continuously on Ey in the sense: if E} — Eo in H'(RY) then E™, the solution of (3.1) with
the initial data Ef converge to E in

C([0,T[; H*(RM)) n LI([0, T[; WH27 2RV ) V T < T
At last the following estimate holds
|VIPJ_E|LL1([07T[;L2U+2(]RN)) < CO{iUNifl |VEOL|L2(]RN) + C(T)Oéif’Nifl |E|§/U(—7t§), (3.9)

with
Y(T) ={E such that E € X(T), VE € X(T)}.
Proof. We keep the same notations as in the proof of Theorem 3.1. As before, we assume that a > 1. We prove
this theorem by a fixed point method on the space Y (T') x Y(T"). We saw that
T (B, ED) x ) + [ R=2(E), B x ) <
c <|E0\||L2(]RN) +|EoLlr2@ny + || By + B (B + EJ-)|Lq'([O,T[;L(20+2)’(]RN))> , (3.10)

=1 _ 20 1.
T 2042 + 20+2

and we remark that, since (20 + 2)

||E|20(E)|L<1/([O,T[;L(2f’+2)'(]RN)) < ’|E|%%"+2(RN)’ |E|Lq/([0,T[;L2°+2(RN))'

L>(0,T)
As H'(RY) imbeds in L27F2(R"), as soon as o < 2, we have
T (B, B x ) + [ R=2(E), EL)|x 1) <

C (|E0|| L2y + [BoLl2@yy + 1By + BLl7% o mppm ey [ B) + Eﬂm’([o,T[;LW(RN))) '

Then, from Holder’s inequality, we obtain,

T (B, B x ) + [ R=2(E), EL)|x ) <
C (|E0H|L2(]RN) + |E0J_|L2(]RN) + |E|| + EJ_|%O;O([07T[;H1(RN))T77;|E” + EJ_|X(T)> . (311)



A SINGULAR PERTURBATION PROBLEM 119

As,
V(B + EL*(By + Ev)| < (20 + 1)| By + EL[*|V(E) + EL)],
an estimate on V71 (E), EL) and V73(E), £1) with X (T)-norm leads, in the same way as (3.11), to

IVTL(E, EL)|x () +IVT(E), EL)|x 1)
1 _ 1
< C <|VE0H|L2(]RN) + |VEOL|L2(RN) + |E|%&([O,T[;H1(RN))T‘7' a |VE|X(T)> . (312)

Estimates (3.11) and (3.12) establish the

Lemma 3.3. Let R = 4C(|Eo || g1~y + [EoL | wyy), if T is small enough, the application T operates from
the ball B(0,R) of (Y(T) x Y(T)) into itself.

Lemma 3.4. If T is small enough, T is a contraction on Br (Y (T) x Y/(T)).
Proof. Let (E),, E11) and (Ej,, E12) belonging to Y (T) x Y/(T)). Starting from (3.8) and using the same idea

as for the proof of Lemma 3.3, we have

|T(E), Eiy) = Ti(E)y, ELg)|x () + 1 R2(E), Err) — T2(E),, E1o)lx (1)

2

1

<CO B, + Evili% o rpm@yy) T
=1

_1
(1B, = Ejylxr) + 1B — Evalx(m))-

At this step, we have shown that, for T small enough, 7 is a contraction on Bgr/(Y(T) x Y(T)) for the
X(T) x X(T) topology. The Theorem 3.2 is thus proved by fixed point method on X (T') x X(T'). In fact, we
can estimate 71(E) , E11) — T1(E),, E1) with the Y/(T') x Y (T')-norm,

V(T (B, Ery) — Ti(E),, ELa)) I x ) + V(T2(E), E1y) — Ta(Ey,, E12))|x (1)

(3.13)
SCOWVI(E), +ELy) = VI(E), + Bl o+ ®y)
with f(u) = |u|*u.
Remark that
/()] < (20 + 1)[ul*,
If"(u)] < 20(20 + 1)[ul* . (3.14)

Let us write u = By, + E; and v = E), + E,

Viu) = Vi) = fw)Vu+ f(©)Vo = f'(u)(Vu = Vo) (f'(u) — f'(v)) Vo

= f'(u)(Vu — Vo) + /0 /" (u+6(v—u)(v—u)dfVo.

. 20 11 20-1 1 11
So, since 5755 + 505 = Gy A 305 F s T % T e

IVf(w) = V)| Lo (orppeey < CLF (u)]
+C sup |f"(u+0(v—u))
0€(0,1)

Loo([o,T[;L%ﬂvf(u) n vf(v)|Lq/([07T[;L2"+2)

- V — U|f o0 12042y | Vv .
Loo([o,T[;L%ﬂ |z o, 722042 [ VOl Lot (0,20 +2)
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Using this result in (3.13), we obtain, by virtue of (3.14),

IVT(Ey,, Ei1) = VTi(E),, ELo)lx ) + IVR(E)|,, EL1) = VR(E),, Ei1o)|xm)
< CIB)y + B[ (o rpperve @y V() = Byy) + V(ELL = BLo)lpe (o rpree+2@vy)
2
+ O 1B, + ELili% (o rprze2@vy |V (Ely + BL2)l Lo (o pee+2 )

i=1

X (1), = Blglo(oriLerr2@y)) + [EL1 = Ela|reqorpz2e+2@y))-
As HY(RY) imbeds in L2°+2(RY), and from Hélder inequality, we obtain

IVTU(Ey, EL1) = VTi(E),, ELs)|xr) + IVR(E) |, EL1) — VI (E|,, ELs)|xT)

2
<C <|E|1 + Bl qompay + D 1B, + ELi|2LZ°7(}O,T[;H1)|V(E||2 + El2)|L<1([O,T[;L2f’+2)>

=1
L,l
X T7 70 (|By, — Eply ) + |Eir — Evaly(r)) -

This ensures that, for 7' small enough, 7 is a contraction on Br/(Y (T') x Y (T')) for the Y(T') x Y(T) topology.
Then, the Banach fixed point theorem shows that E depends continuously on the initial data Fy for the Y (T')
topology.

The estimate (3.9) follows from Proposition 2.1, as the estimate (3.12). The Theorem 3.2 is then proved.

Theorem 3.3.
e Ife =1 and 0 < 125 then the solution of (3.1) with Ey € H*(RN) belongs to C([0,00[; HL(RN)) N

L?OC([()?OO[; W1’20+2(RN)); where % - % - 20]\J]rg'.
e Ife = —1 and o < %, then the solution of (5.1) with Ey € H*(RY) belongs to C([0,00[; H(RY)) N
L?OC([()?OO[; W1’20+2(RN)); where % = % - 2:7]\—]i-2'.

Proof. These results follows from the energy conservation,

E (e
IVE ()| Z2@y) + 2 IVEL() 2@y + 5 2% 1 2|E\|( )+ EL(t )|L2;‘FEQ(RN =

€

IV EojlZ2@y) + @’ IVEo L [Le@y) + 55,5

|Eo + EOJ_ligj_f2(RN)' (3.15)
This last is obtained, formally, by taking the real part of the inner product of (3.2) with E—Ht’
4vgp2 = P(|E* E)E;, = E*EEy,
“qVElen =< | PIETEE, =< | |ETER,
by taking the real part of the inner product of (3.3) with E ,,
d - .
SNV =< [ PL(BFBEL = [ (B EEL

Then, adding and integrating these two estimates, we obtain (3.15). e The first part of the theorem (¢ = 1) is
then obvious, since the solution, bounded in H*(RY) c L2°+2(RY), can not blow up.
e Assume that ¢ = —1, we have

VB (8) F2@n) + 0* [ VEL(®) Fa@n) = C+ 17— — B + By (7552 @ry- (3.16)
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We recall the Gagliardo-Nirenberg inequality,

Lemma 3.5. Let u be in H*(RY),

. - 2((2—N)o+2
|u|inEQ(RN) < C|vu|iv2(]RN)|u|L(2((]RN)) )'

Assume that o < %, then, since the L2(R™)-norm of E is conserved,

o L 2((2—=N)o+2
|E\|(t) + El(t)|i2jf2(RN) < C|V(EI| (t) + EL(t))|lL2(]RN)|EO L(2((]RN)) * )7

with g < 2. Finally, if o > 1, the estimate (3.16) leads to
IV ER gy < IVE) 0y, + 02IVEL (W) Eagr) < CIVEI g, + Cla).

Then, assume that E blows up in H!(RY), this is clearly impossible by virtue of the following inequality,

2 Clo)
VE| o) < €+ roprie—-
L2(RN) |VE|5:2(]RN)

Then, the second part of Theorem 3.3 is proved.

4. THE CONVERGENCE WHEN &« GOES TO INFINITY
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The estimates (3.4) and (3.9) are the main point to study the convergence of the solution when « goes to

infinity.

4.1. Convergence in L?(R")

Theorem 4.1. Assume o < % Let us denote E,, the solution of (3.1), passing to the limit, we have

5 N N
. q . 72042 N - - _ -
Eo — E in LU([0,T[; L75(R™)) strong (q 2 20+2) ’

E,—S1()(Ey,) — E in L>([0,T[; L2(RN)) VT < 400,
where E wverifies

iEy + AE = P)(|E|* E)
Elt=0 = Eo-

(4.1)

Proof. Remark that F, the solution of (4.1) can be estimated as for the solution of (3.1), that is to say, E

belongs to L4([0, T'[; L2*2(RY)) N L>°([0, T[; L*(RYN)) for all T > 0.

Let us modify the notations of the previous sections. The solutions of (3.1), (3.2) and (3.3) are indexed by «

(Eo, Eo) and E, | respectively):

iEBay + VV.Ey 4+ 0?(A —VV.)E, = ¢|E|*’ E, in D' (RY),
Eaji—o = Eo € L*(RM).

(4.2)
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This system is splitted as follows,

Z'EaHt + AEQH = EP” (|EQH + EaJ_|2o-(EaH + EaJ_)) in DI(RN), (4 3)
_ 2 N .
Ealjzg = Py Eo € L*(RY),
iBoiy+ 0> ANEq| =ePL (|Ea)+ Eai[* (Eaj + Eay)) in D'(RY), (4.4)

Ealj—o = PLEy € L*(RY).
In the previous section, with (3.4), we have shown that
E,, —0in L([0, T[; L***(RY)).

Also,
Eoi —S1()Ey, — 0in L>®([0, T[; LA(RY)).
To establish the theorem, we just have to prove that

Eqp — E in LY([0,T[; L*T(RY)) N L>([0,T[; L*(RY)).
Let Do = Eqo) — E, D, verifies the partial differential system

iDay + ADo = Py(|Eay + EaL*? (Eay + Eay) — |E|*E)
Doe\t:O =0.

This last is equivalent to
t
20 20
Da(t) :/0 SH(t — S)’PH(|EQH + EaJ_| (EaH + Eaj_) — |E| E)(s)ds.
Applying the proposition 2.1, we have
|Dal (0,7 p20+2)nLo= (0,7 L2@N)) < C “Eau + Eaﬂ%(EaH +Eay) - |E|20E’Lq/([O,T[;L(2“+2)’) :
The right-hand side is estimated in the same way as in the previous section to establish the Lemma 3.2.

20 20
HEQH + EaJ_| (Ea\l + EaJ_) - |E| E|Lq/([O,T[;L(20+2)I(RN)) =

¢||Baj + Ball” + |E|2U|LQ1([0,T[;L’Y) Do+ Ea Lo o009

i 1 1 _ 1 14,1 _ 1
with vy + B (2042) @1 + q2 q"

We choose v = 2‘;2 then § = 20 + 2 and we take q; = 5-.

Then, as 0 < % we can verify that

qq

= —— <q.
q—20q 1

q2

Then, there exists 6 = q% - % > 0 such that

|Dalra(o, 2o +2)nLee ((0,7;22) <

Cr’ (|Ea|2LZ<[o,T[;L26+2> + |E|2L‘5<[0,T[;L26+2>> (IDalraqo,rpr2e+2) + |Bai|agorinee+2))-
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That is, if T < T, < 00,

| Dal oo ree+2@vynre(o,riL2 @) < C(Tm)T? (1DalLaqo,rpree+2 @) + |1 Bat|Lago,rizae2@y))) -

So, if we choose T' small enough,

1 1
[Dalraqo,rrao2@ynreso,ri2@y)) < 5lDalra(orirzor2@y)) + 5 1Ea il La(o,rpee+2@v))-

That is,
| Do La(o, 120 +2 )L (0,7L2RN)) < [Eat|La(o, 1120 +2RN))-
We then have shown that D, goes to zero when a goes to infinity on L4([0, T'[; L2 F2(RY))NL>([0, T[; L*(RY))

if T is small enough. In fact, we have the same results for all ' < co. Assume that there exists 7T}, < co such
that

D, — 0 in L([0, T[; L** T2(RN)) n L>=([0, T[; L*(RN)) VT < T

4.5
Dy - 0 in LY([0, T, +n[; L* T2(RY)) 0 L2([0, Ty, + n[; L2(RY)) Vi > 0. (4.5)

As previously, we show that there exits § > 0 such that
|Dalpa(r,r+s;020+2)npe (1, 7+5:22) < ClDo(T) L2 + [Ea i |pa(r,r+6;020+2)- (4.6)

From the first part of (4.5), we know that:
Do (T) — 0 in L2(RY), (T < T,)
Eo — 0in LY([T, T + §[; L* T2(RM)).
Then, let us choose T =T, — g and the second relation of (4.5) is false. The Theorem 4.1 is so proved. O

4.2. Convergence in H!(RY)
Let us now formulate a result on convergence of solution of (4.2) when a goes to infinity in H*(RY).

Theorem 4.2. Assume that 0 < 52—, if PL1Ey — 0 in H'(RY) when « goes to infinity, then

5 N N
. 1,q . 7204+2/mMN Z = _
Eo — E in WH9([0,T[; L* T*(RY)) strong <q 2 2%+ 2) ’

E, — E in L>([0,T[; H'(R)) VT < T*,
where E verifies (4.1) and T* is the existence time of the solution of (4.1) in
([0, T[; H'(RY)) nwh4([0, T[; L (RY)),

see theorem 1.1, also liminf T, > T*.
a——+00

Ife=1orife=-1 anda<% then T* = 4o0.

Proof. Remark that E, the solution of (4.1) is well defined in L>°([0, T'[; HL(RN)) n Wt4([0, T[; L2 +2(RY)),
for T' (eventually) small enough. This can be shown as for Ey |, see [2].
In the previous section, with (3.9), we have shown that

Eo. — 0in Whe([0, T[; L T2(RN)) vT < T*.
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Also,
Eoi — S (t)Eo, — 0in L([0,T[; HY(RN)) VT < T*.
It remains to be shown that

Eqp — E in WY([0,T[; L*T2(RY)) n L>=([0, T[; H'(RY)) VT < T*.

We introduce again D, = EQH - F,

t
Da(t) :/0 S1(t = )Py (| Eaf + Eot [ (Eay + Eot) — | E)(s)ds.
The proposition 2.1 ensures that

| Dal Lo, rem+2 @ pare(o,rir2 @) < C |1 Bal® (Ba) = |EP E| Ly (o rppeerar @y -

That is,
|Dalpa(o.ric2e+2@¥y)nLes o, ric2 @) < C |[(|Bal* + |E|20)|Da||Lq/([0,T[;L(2°’+2)’(RN))

< C (1Bal3% o rz2m vy + B3 o, sam2(govy ) 1Ba = ElLa o risnamsaqeny)
As HY(RN) C L*T2(RY) (0 < 525), and from Holder inequality, we have
|DalLa(o,ri2e+> @)L= (0,12 @)
=0 (lEalii"([O,T[;Hl) + |E|%i°([0,T[;H1)) T 9|Da + Eay|raqorprret2).  (47)

As previously, at this step, we can conclude that the left-hand side of (4.7) goes to zero. It remains to be shown
that

VD, — 0in L([0, T[; L>**T2(RN)) n L>°([0, T[; L*(RN)) VT < T*.
As,

VD, (t) = /Ot S|t = $)VP(|Ea) + Ea 1 1* (Eaj + Eay1) — |E[* E)(s)ds,
applying the proposition 2.1, we have
|V Dol pao,rz2e 2@z (o522 < C[V(Eal* Ea = B E)| Ly (o rpeesar @ny -
The right-hand side is treated as in the previous section to establish the Lemma 3.4. We recall these estimates.
IV(Eal? Ea = |E*" B)| L (o rs o2y < €l Bal o, 15020+2) [V (Ea = B)| o (0 11220+
+c (|Ea ozt T IE iZS(}O,T[;L%J&)) IVE| Lo (jo,7;120+2) | Ea — El 2o ((0,7[;120+2).

As HY(RN) C L¥*+2(RY) (since 0 < 125), and from Holder inequality, we obtain

IV Dal La(o,rp;L27+2@N )AL (0, 7L2(RY)) <

¢ (1Bal3% o s vy + (a3 rpam oy + 1B oz ams eory | VElao.zizaesacay

x T4d " a |Ea — E|Loo([07T[;H1(]RN)). (48)
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As ¢’ < g, if we choose T small enough (4.7) and (4.8) ensure that

~—

N | =

[Dalwraqo,rprzer2 @y )nre (0,738 @) < 5|1 Da + Eoi|La(o, 120 +2@®N )L (0,7 H (RY)) -

That is,
| Dalwra(o,rL2e+2 @y )nLee (0,730 ®)) < [EaLlLa(o,r)L2e+2@y))nLe (o1 H1RY))-
We then have shown that D, goes to zero when « goes to infinity in

Wha([0,T[; L*T2(RN)) N L=([0, T[; H(RY))

as soon as T is small enough. In fact, we have the same results for all T' < T*. Assume that there exists
T,, < T* such that

Dy — 0 in Wh([0, T[; L2 T2(RN)) n L ([0, T[; H'(RY)) VT < Tp,

4.9
D, - 0 in WH4([0, T, + n[; L*T2(RN)) N L°°([0, T}, + n[; HY(RN)) ¥y > 0. (4.9)

As previously, we show that there exits 6 > 0 (§ < T™* — T;,,) such that

| Dalw (1,7 46;L20+2 (RN)\Loo ([T,7+5[ HL (RN ))
S ClDa(T) 1wy + | Ba Ll Loo (1,148 H (RN ))ALa([T,T+6[L20+2 (RN )) -
By virtue of the first part of (4.9), we have
Do (T) — 0in H'RN), (T < T,,).

Also,
Eo. — 0in L®([T, T + §[; H*(R™N)) n LY([T, T + §[; L** T2(RV)).
Let us choose T' = T,,, — g, then the second relation of (4.9) is false. The Theorem 4.2 is so proved. O

The author wish to thank the professors T. Colin and P. Fabrie, for their helpful remarks and their suggestions.
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