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Abstract. In this paper we consider the Maxwell resolvent operator and its finite element approximation. In this framework it is natural the use of the edge element spaces and to impose the divergence constraint in a weak sense with the introduction of a Lagrange multiplier, following an idea
by Kikuchi [14]. We shall review some of the known properties for edge element approximations and
prove some new result. In particular we shall prove a uniform convergence in the L2 norm for the
sequence of discrete operators. These results, together with a general theory introduced by Brezzi,
Rappaz and Raviart [8], allow an immediate proof of convergence for the finite element approximation
of the time-harmonic Maxwell system.
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1. Introduction
In the last few years the interest of the mathematical community in the Maxwell system has increased and
important results have been obtained about its numerical approximation. In particular several papers consider
the approximation of Maxwell interior eigenvalues (see, for instance, [3, 6, 9, 14, 17]) and the related problem
of the approximation of the time-harmonic Maxwell equations (see [11, 16]). In this framework the edge finite
elements are the natural choice for getting performant schemes. In general the use of edge elements is the main
way in order to achieve convergence and optimal accuracy. A common tool for the edge element analysis of the
above mentioned models is to show a suitable convergence property of the discrete operators sequence. This is
the case, for instance, of the properties related to the Fortin operator [3–5], or to a discrete compactness [15,17].
The aim of this paper is to enlighten several theoretical properties of edge element spaces. In particular,
a more general convergence of the discrete operators sequence will be proven. Our proof relies on the theory
presented in [12] and [3, 5], together with a suitable modification of the techniques presented in [2]. The main
result requires minimal regularity hypotheses, and in particular standard shape-regularity for the mesh sequences
(no quasiuniformity is required). The regularity assumption (6) could be further weakened by making use of
recent results by Schöberl (see Rem. 1).

Keywords and phrases. Edge finite elements, time-harmonic Maxwell’s equations, mixed finite elements.
1
2
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As an application of our results, we shall consider the approximation of the time-harmonic Maxwell equations.
Given ω suitably chosen in R and F : Ω → C3 with div F = 0 in Ω, we look for u : Ω → C3 such that

curl µ−1 curl u − (ω 2 ε − jωσ)u = −jωF in Ω,
div((jωε + σ)u) = 0
in Ω,
u×n=0
on ∂Ω.

(1)

Here Ω is an open bounded Lipschitz polyhedron in R3 , ∂Ω its boundary, µ and ε are the usual electromagnetic
tensors; the hypotheses on them are quite general, we shall make them precise later on, but we stress that our
assumptions basically allow most practical situations to be set into this framework (see Rem. 1).
A finite element approximation of problem (1) has been analyzed by Monk [16]. In that paper it has been
observed that if σ is not zero then problem (1) is elliptic. On the other hand the case σ = 0 is more difficult to
handle: in particular the problem is not solvable for any value of ω. When σ = 0, it is clear that, if ω 2 equals
an interior Maxwell eigenvalue, then problem (1) is not well-posed.
We shall consider the finite element approximation of (1) with σ = 0. The divergence constraint is enforced
via a Lagrange multiplier according to the ideas of Kikuchi [14]. The existence and uniqueness of the continuous
and discrete solutions (under standard conditions) and the convergence of the approximating solution towards
the exact one follows easily from the results proved in this paper, together with the theory presented in [8].
Analogous results have been proven in [16] under stronger regularity assumptions (quasiuniform mesh and H 1
regularity). Also [11, 17] deal with the time-harmonic system (1). All these results, however, use an argument
which relies on an inverse inequality, so that a quasiuniformity of the mesh is assumed.
We point out that in the present work we do not aim on giving a short convergence proof for the approximation
of the time-harmonic Maxwell equations. To this aim, one could easily prove the convergence by putting
together the results of [11], where the main Theorem 6 relies on an estimate for the approximation of the
Maxwell eigenvalues and those of [3, 4, 6], where such estimate is proved. The main result of this paper consists
in proving the convergence of Th to T , where we are using the notation of Section 2. We observe that then one
can obtain the convergence result for the approximation of the time-harmonic Maxwell equations also by using
different techniques.
The arguments of our proofs hold for various edge element families, which share the same abstract properties
as the Nédélec ones [4, 18]. For instance, the hp-adaptive finite element families presented in [10] fit within our
analysis as well.
The outline of the paper is the following. In the next section we present the continuous and discrete operators
we shall deal with, for which we will prove a suitable convergence in Section 3. In Section 4 the application of
our results to the time-harmonic Maxwell equations is presented. Finally, Section 5 recalls the known families
of edge elements to which our results apply.

2. The Maxwell resolvent operator and its discretization
Let Ω be an open bounded Lipschitz polyhedron in R3 , ∂Ω its boundary and n the outward oriented normal
3×3
unit vector. As usual we denote by µ, ε : Ω → Rsym
the magnetic permeability and the electric permittivity,
respectively. These tensors are elliptic in the sense that
3
X
i,j=1

µi,j (x)ξi ξj ≥ µ0 |ξ|2

3
X

εi,j (x)ξi ξj ≥ ε0 |ξ|2

i,j=1

for any real vector ξ = (ξ1 , ξ2 , ξ3 ) and for almost any x ∈ Ω with µ0 and ε0 positive constants. Moreover, they
are symmetric and bounded, that is for i, j = 1, 2, 3 µi,j = µj,i ∈ L∞ (Ω) and εi,j = εj,i ∈ L∞ (Ω).
Some regularity assumptions on these coefficients will be made in order to get the inclusion (6). We shall
comment on these hypotheses later on.
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To fix the notation, we recall some commonly used functional spaces. Note that, since we will restrict our
analysis to the choice σ = 0, all our functions will be real-valued.
R
= {v : Ω → R | RΩ v 2 < +∞}
L2 (Ω)
L20 (Ω)
= {v ∈ L2 (Ω) : Ω v = 0}
1
H (Ω)
= {v ∈ L2 (Ω) | grad v ∈ L2 (Ω)3 }
1
H0 (Ω)
= {v ∈ H 1 (Ω) | v = 0 on ∂Ω}
H(curl; Ω)
= {v ∈ L2 (Ω)3 | curl v ∈ L2 (Ω)3 }
H0 (curl; Ω)
= {v ∈ H(curl; Ω) | v × n = 0 on ∂Ω}
(2)
H(curl; Ω; γ) = {v ∈ L2 (Ω)3 | curl(γv) ∈ L2 (Ω)3 }
2
3
2
H(div; Ω)
= {v ∈ L (Ω) | div v ∈ L (Ω)}
H(div0 ; Ω)
= {v ∈ H(div; Ω) | div v = 0 in Ω}
H(div; Ω; γ) = {v ∈ L2 (Ω)3 | div(γv) ∈ L2 (Ω)}
H(div0 ; Ω; γ) = {v ∈ H(div; Ω; γ) | div(γv) = 0 in Ω}
H0 (div0 ; Ω; γ) = {v ∈ H(div0 ; Ω; γ), | (γv) · n = 0 on ∂Ω}
The symbol γ in (2) generally denotes a tensor-valued function defined in Ω.
Then we consider the resolvent operator associated to the Maxwell equations, that is the linear operator
T ∈ L(L2 (Ω)3 ; L2 (Ω)3 ) defined as follows. For all g ∈ L2 (Ω)3 , T g = u ∈ L2 (Ω)3 is the first component of the
solution of the following problem:
find
(u, p) ∈ H0 (curl; Ω) × H01 (Ω) such that
 −1
(µ curl u, curl v) + (εv, grad p) = (εg, v) ∀v ∈ H0 (curl; Ω)
(εu, grad q) = 0
∀q ∈ H01 (Ω).

(3)

First of all let us prove the compactness of T from L2 (Ω)3 into itself.
Lemma 1. The operator T ∈ L(L2 (Ω)3 ; L2 (Ω)3 ) is compact.
Proof. We consider the following orthogonal decomposition of g with respect to the scalar product (ε·, ·) (see
Eq. (4.14) in [13])
g = α + grad ϕ,

with α ∈ H(div0 ; Ω; ε), ϕ ∈ H01 (Ω).

(4)

Notice that the following characterization of H(div0 ; Ω; ε) holds true
H(div0 ; Ω; ε) = {v ∈ L2 (Ω)3 : (εv, grad q) = 0 ∀q ∈ H01 (Ω)}.

(5)

Then we can split (3) into two subproblems taking in (3) first v = grad ψ with ψ ∈ H01 (Ω) and next v ∈
H(div0 ; Ω; ε)
find p ∈ H01 (Ω) such that
(ε grad ψ, grad p) = (ε grad ϕ, grad ψ) ∀ψ ∈ H01 (Ω);
find u ∈ H0 (curl; Ω) ∩ H(div0 ; Ω; ε) such that
(µ−1 curl u, curl v) = (εα, v) ∀v ∈ H(div0 ; Ω; ε).
Thanks to the fact that the bilinear form (µ−1 curl u, curl v) is symmetric, continuous and coercive on the space
H0 (curl; Ω) ∩ H(div0 ; Ω; ε) and to the compact embedding of H0 (curl; Ω) ∩ H(div0 ; Ω; ε) into L2 (Ω)3 (see [1,13])
the operator T is compact and self-adjoint.
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Let E be the space containing all u which solve problem (3). We assume that Ω, µ and ε are such that for
some s > 1/2 it holds
E ⊆ H s (Ω)3 .

(6)

This is our main assumption on the coefficients and on the domain. This hypothesis might be restrictive
(discontinuous coefficients ε and µ are not allowed), but it could be weakened with the arguments of [9]. In
addition to that, (6) is the minimal hypothesis for the standard edge element interpolant to be defined [1].
Remark 1. Recent results by Schöberl [20] show that it is possible to define a Clément-like interpolant for
lowest order edge elements on tetrahedra. Moreover, the operator can be set into the standard framework of
the commuting diagram (see (15) and the discussion below). By making use of this operator, the results of [3]
extend in a natural way to the more general situation E ⊆ H s (Ω)3 , with s > 0 and all the results presented in
this paper could be stated in this more general setting.
We now define the finite element spaces we shall work with and the discrete operator Th .
Let Th be a triangulation of Ω. For simplicity we consider a mesh of tetrahedra and Nédélec elements of the
first type [18]. Nevertheless, our results apply to a large part of the known families of edge elements. A list of
the available choices is given in Section 5.
Let k ≥ 0 be a fixed integer number, we define the following finite element spaces:
Eh = {v ∈ H0 (curl; Ω) : v|K ∈ Ek (K) ∀K ∈ Th }
Qh = {q ∈ H01 (Ω) : q|K ∈ Pk+1 (K) ∀K ∈ Th }

(7)

where Pk (K) is the set of the restrictions to K of polynomials of degree less than or equal to k and the elements
of Ek (K) have the form p(x) + r(x) with p ∈ Pk (K)3 and r ∈ Pk+1 (K)3 such that r · x ≡ 0.
We define the discrete operator Th ∈ L(L2 (Ω)3 ; Eh ) as follows. For all g ∈ L2 (Ω)3 , Th g = uh ∈ Eh is the
first component of the solution of the following problem:
find
(uh , ph ) ∈ Eh × Qh such that
 −1
(µ curl uh , curl v) + (εv, grad ph ) = (εg, v) ∀v ∈ Eh
(εuh , grad q) = 0
∀q ∈ Qh .

(8)

It is well-known [1, 3, 14] that problem (8) has a unique solution which is stable in the sense that
kuh k0 + k curl uh k0 + kph k1 ≤ Ckgk0 .

(9)

3. Convergence results
The aim of this section is to prove the uniform convergence of Th to T . We need to show that the following
property holds true: there exists ρ(h), tending to zero as h goes to zero, such that for any g ∈ L2 (Ω)3 one has
||T g − Th g||0 ≤ ρ(h)||g||0 .

(10)

In the case of g belonging to H(div0 ; Ω; ε) this result is a consequence of Theorem 1 in [3], as it will be shown
below for sake of completeness.
Let us recall some results on finite element spaces Eh and Qh which will be useful to prove the convergence
result (10) (see, e.g., [18, 19]). First of all, we introduce the interpolation operators in Qh and Eh and their
approximation properties.
1
We denote by ΠQ
h the usual nodal interpolation operator onto Qh : for each function q ∈ H0 (Ω) smooth
Q
enough, Πh q ∈ Qh is obtained using the values at the nodes. The following interpolation error estimate is
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well-known
r−1
kqkr
kq − ΠQ
h qk1 ≤ Ch

1 ≤ r ≤ k + 1.

(11)

s
3
Let ΠE
h be the standard interpolation operator which to each function v of H (Ω) associates the element
E
Πh v ∈ Eh using the following degrees of freedom: the moments of the tangential component of degree at most
k on each edge of K, the moments of the tangential component of degree at most k − 1 (k > 0) on each face of
K and the moments of degree at most k − 2 (k > 1) on the tetrahedron K.
The following approximation properties hold true for all v ∈ E (see [1])
s
kv − ΠE
h vk0 ≤ Ch (|v|s + | curl v|s ) 1/2 < s ≤ k + 1
t
k curl v − curl ΠE
vk
0 ≤ Ch | curl v|t 0 < t ≤ k + 1.
h

(12)

The first of (12) can be improved when curl v belongs to Fh in the following way:
s
kv − ΠE
h vk0 ≤ Ch |v|s

1/2 < s ≤ k + 1.

(13)

A property which will play an essential role in the proof of the convergence (10) is the commuting diagram
property. Let us introduce the Raviart–Thomas face discretization of H0 (div; Ω). We denote by Fh the k-th
order Raviart–Thomas space corresponding to Eh , that is
Fh = {v ∈ H0 (div; Ω) : v|K ∈ Fk (K) ∀K ∈ Th }

(14)

where Fk (K) contains the vector fields of the form p(x)+p(x)x, with p ∈ Pk (K)3 and p ∈ Pk (K). The standard
F
face interpolant operator ΠF
h associates to any smooth enough vectorfield v a discrete element Πh v ∈ Fh by
using the following degrees of freedom: the moments of the normal component of degree at most k on each face
of K and the moments of degree at most k − 1 (k > 0) on the tetrahedron K.
At the end, let Sh be the finite dimensional subspace of L2 (Ω) containing discontinuous piecewise polynomials
of degree not greater than k. The degrees of freedom used in order to define the interpolant operator ΠSh are
the moments of degree at most k on the tetrahedron K.
Then the commuting diagram property can be pictured in the following graph:
0→Q

grad

−−−→ E

↓ ΠQ
h
0 → Qh

curl

−−→ F

↓ ΠE
h
grad

−−−→ Eh

div

−−→ S/R → 0

↓ ΠF
h
curl

−−→ Fh

↓ ΠSh

(15)

div

−−→ Sh /R → 0

In the above diagram, the spaces Q, F , S are suitable smooth dense subspaces of H01 (Ω), H0 (div; Ω) and L2 (Ω),
respectively.
Let us now prove the uniform convergence (10). First of all, we observe that (10) holds true when g ∈
H(div0 ; Ω; ε), as it can be deduced from Theorem 1 of [3] as follows.
Let us consider the following mixed problem
given
G ∈ H0 (div0 ; Ω; µ1/2 ), find (σ, w) ∈ H0 (curl; Ω) × H0 (div0 ; Ω; µ1/2 ) such that

(εσ, τ ) + (µ−1/2 curl τ , w) = 0 ∀τ ∈ H0 (curl; Ω)
(µ−1/2 curl σ, z) = (G, z)
∀z ∈ H0 (div0 ; Ω; µ1/2 )

(16)
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and the corresponding approximation
given
G ∈ H0 (div0 ; Ω; µ1/2 ), find (σ h , wh ) ∈ Eh × Wh such that

(σh , τ ) + (µ−1/2 curl τ , wh ) = 0 ∀τ ∈ Eh
(µ−1/2 curl σ h , z) = (G, z)
∀z ∈ Wh .

(17)

Here Wh is the finite element subspace of H0 (div0 ; Ω; µ1/2 ) constructed using the face elements; more precisely
it can be characterized as Wh = µ−1/2 (Fh ∩ H(div0 ; Ω)) = µ−1/2 curl Eh .
Notice that if the data g in (3) and G in (16) are related by
εg = curl(µ−1/2 G),

(18)

then problems (3) and (16) ( (8) and (17), respectively) are equivalent in the sense stated by the following
proposition. We remark that, if G ∈ H0 (div0 ; Ω; µ1/2 ) ∩ H(curl; Ω; µ−1/2 ), then ε−1 curl(µ−1/2 G) belongs
to H(div0 ; Ω; ε). On the other hand, given g ∈ H(div0 ; Ω; ε), then there exists G ∈ H0 (div0 ; Ω; µ1/2 ) ∩
H(curl; Ω; µ−1/2 ) such that (18) holds true. This last claim can be proved, for instance, by considering the
following auxiliary mixed problem
find G ∈ H(curl; Ω; µ−1/2 ) and r ∈ H 1 (Ω) ∩ L20 (Ω) such that:

(curl µ−1/2 G, curl µ−1/2 γ) + (µ1/2 γ, grad r) = (εg, curl µ−1/2 γ) ∀γ ∈ H(curl; Ω; µ−1/2 )
∀s ∈ H 1 (Ω) ∩ L20 (Ω).
(µ1/2 G, grad s) = 0

(19)

The well-posedness of problem (19) can be shown by using the orthogonal decomposition
G = µ−1/2 curl ϕ + µ1/2 grad ψ

(20)

with ϕ ∈ H0 (curl; Ω) ∩ H(div0 ; Ω) and ψ ∈ H 1 (Ω) ∩ L20 (Ω) (see Prop. 6.1 of [13]).
Proposition 1. Let g ∈ H(div0 ; Ω; ε) and G ∈ H0 (div0 ; Ω; µ1/2 ) be such that relation (18) is satisfied. Let
(u, p) be the solution of (3), then u is the first component of the solution of (16). Conversely, if (σ, w) is a
solution of (16), then σ is the first component of the solution of (3) with datum g ∈ H(div0 ; Ω; ε).
Let (uh , ph ) be the solution of (8), then uh is the first component of the solution of (17). Conversely, if
(σ h , wh ) is a solution of (17), then σh is the first component of the solution of (8).
Proof. Since grad p belongs to H0 (curl; Ω), we can take v = grad p in the first equation of (3) and we obtain
that p = 0. Hence, using also relation (18), we can write
(µ−1/2 curl u, µ−1/2 curl v) = (curl(µ−1/2 G), v) ∀v ∈ H0 (curl; Ω).
Since µ−1/2 curl(H0 (curl; Ω)) = H0 (div0 ; Ω; µ1/2 ) an integration by parts gives
(µ−1/2 curl u, z) = (G, z) ∀z ∈ H0 (div0 ; Ω; µ1/2 ).

(21)

Now we need to show that there exists w ∈ H0 (div0 ; Ω; µ1/2 ) such that the first equation in (16) is satisfied
with σ = u, namely
(w, µ−1/2 curl τ ) = −(εu, τ ) ∀τ ∈ H0 (curl; Ω).

(22)

This last equation is clearly solvable, since the compatibility for the right-hand side reads (εu, grad q) = 0 for
any q ∈ H01 (Ω), which is exactly the second equation in (3).
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Conversely, using again the fact that µ−1/2 curl(H0 (curl; Ω)) = H0 (div0 ; Ω; µ1/2 ) we have that the second
equation of (16) implies the first equation of (3). Then taking z = grad q for all q ∈ H01 (Ω) in the first equation
of (16) gives the second equation of (3).
The proof of the equivalence between problems (8) and (17) is similar, thanks to the commuting diagram
property (15) and the definition of Wh .

A consequence of the main result in [3] is the following error estimate for the solutions of (3) and (8):
Proposition 2. Let us assume that (6) is fulfilled and that g ∈ H(div0 ; Ω; ε). Let u ∈ H0 (curl; Ω) and uh ∈ Eh
be the first components of the solutions of (3) and (8), respectively. Then
ku − uh k0 ≤ Chs kgk0 .

(23)

Proof. From Prop. 1, we have that u = σ and uh = σh , where σ and σ h are the first components of the solutions
of problems (16) and (17), respectively, with datum G ∈ H0 (div0 ; Ω; µ1/2 ) ∩ H(curl; Ω; µ−1/2 ) satisfying (18).
A direct consequence of Theorem 1 in [3] is that the following estimate holds true
ku − uh k0 = kσ − σ h k0 ≤ hs kGk0 .

(24)

Thanks to (18) and to the fact that G ∈ H0 (div0 ; Ω; µ1/2 ) ∩ H(curl; Ω; µ−1/2 ), we have that
kGk0 ≤ Ck curl(µ−1/2 G)k0 ≤ Ckgk0 .


Inserting the last inequality in (24) gives (23).

Let us now go back to the main result of this section, that is we need show that (10) holds true for any
g ∈ L2 (Ω)3 . We first observe that it suffices to prove the same property for any discrete function gh ∈ Eh ,
namely
||T gh − Th g h ||0 ≤ Chs ||g h ||0 .

(25)

This is a consequence of the results of [12] and of Theorem 5.1 in [5]. Indeed, the discretely uniform convergence (25), together with suitable approximation properties, implies the good convergence of the eigenmodes of
Th towards those of T . On the other hand, the good convergence of the eigenmodes is equivalent to (10), since
T is compact and self-adjoint.
More precisely, let ν 6= 0 be an isolated eigenvalue of T with finite algebraic multiplicity m, then there exists a
closed ball B, centered at ν, which does not contain any other element of the spectrum of T . Let ν1,h , · · · , νm(h),h
be the eigenvalues of Th contained in B and repeated according to their algebraic multiplicities. In Section 2
of [12] it has been proved that (25) and (12), (13) imply
m(h) = m

for h small enough,

lim νi,h = ν

for i = 1, · · · , m,

h→0

(26)

lim δ̂(X, Xh ) = 0,

h→0

where X and Xh denote the eigenspaces associated to ν and ν1,h , · · · , νm,h , respectively, and δ̂(X, Xh ) denotes
the gap between X and Xh as closed subspaces of L2 (Ω)3 .
Then, since the operator T is self-adjoint and compact (see [5]), we obtain as a consequence of (26) the
uniform convergence of Th to T , that is
lim kT − Th kL(L2 (Ω)3 ;L2 (Ω)3 ) = 0.

h→0

(27)
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The following lemma aims to prove the convergence (25)
Lemma 2. There exists C such that for all g h ∈ Eh (25) holds true.
Proof. Since grad(Qh ) is a subspace of Eh , we can split g h ∈ Eh , by a discrete Helmholtz decomposition, as
follows:
g h = αh + grad ϕh

with αh ∈ Eh , ϕh ∈ Qh and (εαh , grad q) = 0 ∀q ∈ Qh .

(28)

Thanks to the linearity of the operators T and Th we have
T gh = uα + uϕ with uα , uϕ ∈ H0 (curl; Ω)
Th gh = uα,h + uϕ,h with uα,h , uϕ,h ∈ Eh

(29)

where uα = T αh and uϕ = T grad ϕh are the solutions of (3) when g = αh and g = grad ϕh , respectively. In a
similar way uα,h = Th αh and uϕ,h = Th grad ϕh are the solutions of (8).
It is easy to check that uϕ = uϕ,h = 0. For example let us prove uϕ,h = 0. In (8) with g = grad ϕh we take
v = uϕ,h , then we have
(µ−1 curl uϕ,h , curl uϕ,h ) = (ε grad ϕh , uϕ,h )
(εuϕ,h , grad q) = 0 ∀q ∈ Qh .

(30)

Then curl uϕ,h = 0 and there exists χh ∈ Qh such that uϕ,h = grad χh (see [18]). The second equation in (30)
with q = χh gives uϕ,h = 0.
Hence (25) is proved if we estimate kuα − uα,h k.
We express αh as follows (see (4) and (5))
αh = α(h) + grad χ(h) with α(h) ∈ H0 (curl; Ω) ∩ H(div0 ; Ω; ε), χ(h) ∈ H01 (Ω).

(31)

Notice that by construction α(h) ∈ H s (Ω)3 due to (6) with the bound
kα(h)ks ≤ Ckαh k0 .

(32)

k(T − Th )α(h)k0 ≤ Chs kα(h)ks ≤ Chs kαh k0 .

(33)

Then Proposition 2 implies

It remains to estimate k(T − Th ) grad χ(h)k0 . Due to Lemma 1 and (9) we have
k(T − Th ) grad χ(h)k0 ≤ kT grad χ(h)k0 + kTh grad χ(h)k0 ≤ Ck grad χ(h)k0 .

(34)

An argument of [2] can be adapted to our situation in order to get a bound for k grad χ(h)k0
ε0 k grad χ(h)k20 ≤ (ε(αh − α(h)), αh − α(h))
E
= (ε(αh − α(h)), αh − ΠE
h α(h)) + (ε(αh − α(h)), Πh α(h) − α(h)).

(35)

Let us recall that Fh represents the k-th order Raviart–Thomas space corresponding to Eh (see (14)). From
the commuting diagram property (15) we shall make use of the identity
F
curl ΠE
h α(h) = Πh curl α(h),

where ΠF
h is the standard face interpolant operator.

(36)
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With this notation, equation (35) gets
F
F
curl ΠE
h α(h) = Πh curl α(h) = Πh curl αh = curl αh ,

(37)

where the last equality is due to the fact that curl(Eh ) is contained in Fh . Therefore
curl(αh − ΠE
h α(h)) = 0.
Hence there exists ξh ∈ Qh such that
αh − ΠE
h α(h) = grad ξh .

(38)

Since α(h) belongs to H(div0 ; Ω; ε), then there exists β such that
εα(h) = curl β

(39)

and, putting together (28), (37) and (39), it results
Z
(ε(αh − α(h)), αh − ΠE
h α(h)) = −(curl β, grad ξh ) = −

β · grad ξh × n = 0.
∂Ω

We use the last equality in (35) together with (12), (13) and the a priori estimate (32) and we get
k grad χ(h)k20 ≤ Ckαh − α(h)k0 kΠE
h α(h) − α(h)k0
≤ Ck grad χ(h)k0 hs kα(h)ks
≤ Ck grad χ(h)k0 hs kαh k0 .

(40)

The inequalities (33), (34) and (40), together with (28), give
k(T − Th )g h k0 = kuα − uα,h k0 ≤ Chs kαh k0 ≤ Chs kgh k0
which concludes the proof of the lemma.

(41)


4. Application to the time-harmonic Maxwell equations
Let us consider the time-harmonic Maxwell equations (1) in the case σ = 0. Given f ∈ H(div0 ; Ω) and ω ∈ R
our problem is to find u : Ω → R3 such that

curl µ−1 curl u − ω 2 εu = f in Ω,
(42)
div(εu) = 0
in Ω,
u×n=0
on ∂Ω.
A variational formulation can be obtained by using a Lagrange multiplier technique to enforce the divergence
free constraint as proposed by Kikuchi [14].
Find (u, p) ∈ H0 (curl; Ω) × H01 (Ω) such that

(µ−1 curl u, curl v) − ω 2 (εu, v) + (εv, grad p) = (f , v) ∀v ∈ H0 (curl; Ω)
(εu, grad q) = 0
∀q ∈ H01 (Ω).

(43)

It is not difficult to see that a solution to (42) solves also (43) with p = 0 and that if (43) has a regular solution
(u, p) then u fulfills equation (42).
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A finite element approximation of problem (43) is obtained by considering a sequence of finite dimensional
subspaces Eh ⊂ H0 (curl; Ω) and Qh ⊂ H01 (Ω) (see Sect. 3 for the case of Nédélec elements of the first type [18]).
The discrete problem reads as follows:
find
(uh , ph ) ∈ Eh × Qh such that
 −1
(µ curl uh , curl v) − ω 2 (εuh , v) + (εv, grad ph ) = (f , v) ∀v ∈ Eh
(εuh , grad q) = 0
∀q ∈ Qh .

(44)

As usual when dealing with mixed methods, the convergence properties of the discrete solution (uh , ph ) depend
on the choice of the spaces (Eh , Qh ). In particular we need some compatibility condition, namely the inf-sup
condition and the ellipticity in the kernel property (see [7]). These properties are generally satisfied by the finite
element spaces we shall consider (see Sects. 3 and 5).
In order to obtain the convergence of the discrete solution of (44) to the continuous one, we shall apply the
uniform convergence (27) that we have proved in the previous section. This will be done following an approach
to the problem which makes use of a new abstract setting. For our proof we adapt a part of the theory presented
in [8] for the approximation of regular branches of nonlinear problems. The solution to the problem (42) will
be defined implicitly via a suitable nonlinear equation.
Let us recall the abstract setting introduced in [8] for the analysis of the numerical approximation of nonlinear
problems. Let V and W be two Hilbert spaces, Λ ⊂ R a compact interval, G : Λ × V → W a C 1 mapping and
T ∈ L(W ; V ) a linear continuous mapping. We consider the equation
u + T G(λ, u) = 0

(45)

and we make the following assumptions on the nonlinear problem (45):
[A1] for all (λ, u) ∈ Λ × V , the operator T Du G(λ, u) ∈ L(V ; V ) is compact;
[A2] there exists a branch {(λ, u(λ)), λ ∈ Λ} of nonsingular solutions of (45), such that λ → u(λ) is a C 1
function from Λ to V . Moreover for all λ ∈ Λ u(λ) ∈ Z where Z ⊂ V is an Hilbert space;
[A3] the mapping (λ, u) ∈ Λ × V → DG(λ, u) ∈ L(R × V ; W ) is Lipschitz continuous on the bounded subsets
of Λ × V , i.e., there exists a function L : R+ × R+ → R+ monotonically increasing with respect to each
variable such that for all λ1 , λ2 ∈ Λ and all u1 , u2 ∈ V
kDG(λ1 , u1 ) − DG(λ2 , u2 )kL(R×V ;W ) ≤ L(|λ1 | + ku1 kV , |λ2 | + ku2 kV )(|λ1 − λ2 | + ku1 − u2 kV ).

(46)

Let Vh be a finite dimensional subspace of V and Th ∈ L(W ; Vh ) a linear operator with finite range, then the
discretization of equation (45) reads:
uh + Th G(λ, uh ) = 0.

(47)

The finite element space Vh and the discrete linear operator Th are assumed to satisfy the following conditions:
[D1] there exists a linear operator Πh : Z → Vh such that the function Πh u : λ ∈ Λ → Πh u(λ) ∈ Vh fulfills
kΠh u(λ1 ) − Πh u(λ2 )kV ≤ C|λ1 − λ2 | for all λ1 , λ2 ∈ Λ

(48)

and for some positive real number r
sup ku(λ) − Πh u(λ)kV ≤ Chr ,

(49)

λ∈Λ

with C independent of h;
[D2] the discrete operator Th converges uniformly to T as h goes to 0, that is
lim kT − Th kL(W ;V ) = 0;

h→0

(50)
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[D3] there exists a positive constant C independent of h such that
sup k(T − Th )G(λ, u(λ))kV ≤ Chr .

(51)

λ∈Λ

The following theorem establishes the existence of a branch {(λ, uh (λ)), λ ∈ Λ} of solutions of the equation (47)
which approximates the branch of nonsingular solutions of (45), see [8] for the details of the proof.
Theorem 1. Assume that hypotheses A1-A3 and D1-D3 hold. Then there exist h0 small enough and K > 0,
independent of λ, such that for all h < h0 there is a unique C 1 mapping λ → uh (λ) ∈ Vh such that for all λ ∈ Λ
uh (λ) + Th G(λ, uh (λ)) = 0,
ku(λ) − uh (λ)kV ≤ Khr .

(52)

We write problem (42) within this framework by means of the following identifications:
λ = ω2;
V = W = L2 (Ω)3 ;
G(λ, u) = −λu − ε−1 f ;
Z = E.

(53)

Then the linear operator T ∈ L(L2 (Ω)3 ; L2 (Ω)3 ) is the resolvent operator associated to the Maxwell equations
through (3).
First of all let us check assumptions A1-A3.
The partial derivative Du G(λ, u) ∈ L(R × L2 (Ω)3 ; L2 (Ω))3 is given by
Du G(λ, u) · v = −λv

∀λ ∈ Λ, u, v ∈ L2 (Ω)3 ,

(54)

hence it is a linear continuous operator from L2 (Ω)3 into itself. Then, T Du G(λ, u) is compact thanks to the
compactness of T from L2 (Ω)3 into itself (see Lem. 1).
The assumption A2 is satisfied if the operator I + T Du G(λ, u) is an isomorphism of L2 (Ω)3 into itself. This
holds true if 1/λ is not an eigenvalue of T due to the Fredholm alternative. Hence Λ can be taken to be a closed
interval contained in the resolvent set of T . Then for all λ ∈ Λ the solution u(λ) belongs to E.
Finally, assumption A3 is easily checked since G is linear with respect to each variable.
Let us now consider the discrete problem (44). We take Vh = Eh and the discrete operator Th ∈ L(L2 (Ω)3 ; Eh )
given by (8).
Let us check that assumptions D1-D3 are satisfied: taking Πh = ΠE
h , D1 is a consequence of (12), (13);
D2 corresponds to the uniform convergence (27). It remains to verify the validity of condition D3. From the
definition (53), we have
G(λ, u(λ)) ∈ H(div0 ; Ω; ε)

(55)

because u(λ) is a regular solution of (45) and f ∈ H(div0 ; Ω). Then we can apply again Proposition 2 and
obtain
k(T − Th )G(λ, u(λ))k0 ≤ Chs kG(λ, u(λ))k0

∀λ ∈ Λ.

(56)

Thanks to A2, Λ is a closed bounded interval in R and λ → u(λ) is a C 1 function from Λ to L2 (Ω)3 , then we
obtain that also D3 holds.
Hence, the hypotheses of Theorem 1 have been proven and we can summarize the results obtained so far in
the following theorem.
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Theorem 2. Suppose the regularity assumption (6) is satisfied and let Λ be a closed interval contained in the
resolvent set of T . Then, for h small enough, there exists a unique C 1 mapping λ → uh (λ) from Λ to Eh such
that for all λ ∈ Λ
uh (λ) + Th G(λ, uh (λ)) = 0.

(57)

In particular, for all ω 2 ∈ Λ there exists a unique solution uh of (44) with the following error estimate
ku(ω 2 ) − uh (ω 2 )k0 ≤ Chs .

(58)

5. Families of edge elements
In this section we briefly recall the known families of edge elements and generalize the results presented in
the previous section. We shall consider the finite element families of Raviart–Thomas–Nédélec [18, 19] and the
hp-adaptive families of Demkowicz–Vardapetyan [21].
For the sake of simplicity, the presentation of this section will be made under the assumptions µ = ε = 1 and
Ω simply connected. These hypotheses allow for an easier and shorter notation.
The hypotheses on the finite element spaces (Qh , Eh , Fh ), which have been used in order to prove Theorem 2,
can be summarized in the following list:
i) good approximation properties (cf. (12), (13));
ii) commuting diagram property (see (15));
iii) Theorem 1 of [3].
In [4] it has been proved that i) and ii) imply iii). Hence, we concentrate our attention on the commuting
diagram property.

5.1. Tetrahedra
It is well-known that first and second type Nédélec finite elements on tetrahedra enjoy the commuting diagram
property [18, 19].
Moreover, the commuting diagram property for the Demkowicz–Vardapetyan elements has been proved
in [10].

5.2. Hexahedra
The analysis of the general hexahedral case is not so immediate as for the tetrahedral one. In particular, it
is apparent that for the second type Nédélec elements the diagram cannot be written.
On the other hand, Demkowicz–Vardapetyan and first type Nédélec elements satisfy the commuting diagram
property on meshes of parallelepipeds. On meshes of general hexahedra the result is not so obvious; for instance,
for the standard Raviart–Thomas–Nédélec family, the diagram does not commute. However, a suitable definition
of the spaces (as suggested in [10]), makes the diagram commute; but good approximation properties for these
new spaces are not so obvious.

Conclusions
In this paper we considered the edge finite element approximation of the Maxwell resolvent operator and we
proved the uniform convergence in the L2 (Ω)3 -norm. The proof of convergence makes use of several interesting
features of edge element spaces which are highlighted. Another interesting result which we need in our proof
is the one by Descoulx, Nassif and Rappaz [12] which allows us to obtain (10) as a consequence of the weaker
property (25). Then we consider the time-harmonic Maxwell equations and the corresponding discretization.
The proof of convergence relies on the uniform convergence of the resolvent operator and on the theory of
Brezzi–Rappaz–Raviart [8] for the approximation of nonlinear problems.
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In the final section, a brief overview of the known edge element families is included; some problems remain
open for meshes of general hexahedra.
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