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CELL-TO-MUSCLE HOMOGENIZATION. APPLICATION TO A CONSTITUTIVE
LAW FOR THE MYOCARDIUM ∗
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Abstract. We derive a constitutive law for the myocardium from the description of both the geo-
metrical arrangement of cardiomyocytes and their individual mechanical behaviour. We model a set
of cardiomyocytes by a quasiperiodic discrete lattice of elastic bars interacting by means of moments.
We work in a large displacement framework and we use a discrete homogenization technique. The
macroscopic constitutive law is obtained through the resolution of a nonlinear self-equilibrum system
of the discrete lattice reference cell.
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1. Introduction

Cardiac modelling is a field of rapid progress. Better knowledge of the heart anatomy and of the heart
functions is expected from today advances in accuracy of experimental data, in functional imaging, in mechanical
understanding, and in numerical simulation.

The myocardium is never at rest and its overall deformation results from the individual deformation of the
cardiomyocytes, or more precisely of their contractile units. From an anatomic point of view, recent work
has been devoted to better describe the geometrical arrangement of cardiomyocytes and of cardiac fibres.
Streeter [23], for instance, conjectured that cardiac fibres follow geodesic paths on a nested set of toroidal
surfaces. Such an organization, which is specific to the myocardium, should probably be taken into account in a
complete geometrical and mechanical heart modelling. Let us mention that this hypothesis was investigated from
a theoretical point of view by Peskin [20], who examined its validity in models containing a design constraint
on possible stress-strain laws. In [18], we were interested in checking Streeter’s conjecture against experimental
data on the fibre orientation obtained in polarized light microscopy by Jouk et al. [13].

From a mechanical point of view, several authors contributed in the derivation of constitutive laws for the
myocardium. Obviously, experimentation is difficult and the activation process adds to the modelling complexity.
We refer the reader to works by Arts et al. [1], Cai [5], Chadwick [7], Chapelle et al. [8], Fung [11], Humphrey
et al. [14,15], Lin and Yin [16], Nash and Hunter [19], Taber and Perucchio [24], Usyk et al. [27], Yin et al. [29]
among many others and to references therein. The approach is generally phenomenological. A basic way of
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Figure 1. Myocardial cells joined by anastomoses (left). A bidimensional lattice (right).

modelling consists in assuming that the stress tensor σ reads as the sum σ = −pI + Tτ ⊗ τ + σp of an active
tensor T τ ⊗ τ where τ denotes the unit vector of the fibre direction and where T is the active tension, of a
passive stress tensor σp, and of a term due to the incompressibility. Elastic energies can be used as well. Some
authors postulate that the myocardium is a hyperelastic homogeneous material. Isotropic energies were first
considered, then extended to more realistic orthotropic functions. Experiments that are necessary to fit the
material constraints can be performed either on the passive myocardium, or in a contracted state.

We propose to follow a different approach and we aim at deriving a global – or macroscopic – constitutive law
for the myocardium from microscopic mechanical models. By microscopic level, we mean the cardiac cell level.
Cardiac cells, or cardiomyocytes, are small, 60−100 µm long, cylindrical structures. In an adult myocardium, the
left ventricle is typically 8 cm long with a 5 cm inner diameter. Cardiomyocytes are connected into a network by
anastomoses making I-junctions or Y-junctions, see Figure 1. This specific organization drastically differs from
the cell organization into a skeletal muscle, where a fibre can consist in a single cell, or from the cell organization
into non-anastomic organs such as the liver. We propose to take advantage of the smallness of the ratio of a
cardiomyocyte length to the myocardium size in the one hand, and of the observed repetitive arrangement of
cells in the other hand, to derive a global constitutive law for the myocardial tissue. Such a procedure belongs
to the field of homogenization techniques whose general description can be found in Bensoussan et al. [2],
Cioranescu and Saint Jean Paulin [10], Sanchez-Palencia [22]. It allows to replace a genuine discrete model
of the myocardium equilibrium that would take into account all myocytes separately by a continuous medium
model. The method relies on the knowledge of the mechanical behaviour at the microscopical level. In other
words, we need to precise the mechanical modelling of both the cardiomyocytes and the interactions between
cardiomyocytes. Stretching of the cardiac cells is mainly responsible or the elastic behaviour of the myocardium.
But it cannot explain elastic effects that are transverse to the myocyte directions. In the present modelling,
transverse effects are taken into account through interactions between connected myocytes. More precisely,
we model myocytes by extensible bars that remain straight and interactions by moments between these bars.
These moments are partly due to the bending of myocytes that we do not explicitly introduce in our modelling.
Actually, bending effects seem to be weak and experimentally out of reach. From a purely formal point of view,
bending can be added at the expense of a much more complicated macroscopical model, see for instance [21].
Let us mention that from an experimental point of view mechanical data on isolated cells become available, see,
for instance, Zile et al. [30].

Homogenization methods were applied during the last decades to many physical settings, such as composite
materials or trusses. Several techniques for proving convergence results were developed altogether. Here, we
follow the discrete homogenization approach originated in Tollenaere and Caillerie [25], and in Moreau and
Caillerie [17]. This approach is designed for discrete structures. Let us mention that Briane [4] was, up to
our knowledge, the first to use homogenization techniques for a cardiac tissue modelling. In his work, the
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Figure 2. In bold, an elementary cell with three nodes colored in red and five bars:
NR = {n1, n2, n3}, BR = {b1, b2, b3, b4, b5}. There are twelve interactions: CR =
{c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12}.

microscopic level is the fibre level, and the framework is linearized elasticity. We restrict our analysis to a
formal derivation.

2. Myocyte arrangement and lattice geometry

2.1. Numbering and connections of lattice elements

We model a set of cardiomyocytes by a lattice of bars linked at their ends. The bar junctions are the lattice
nodes. In order to write the lattice equilibrium system, we first need to identify the elements of the mechanical
system – here, the lattice nodes and the bars – as well as their interactions. We introduce in the following a
way of numbering nodes, bars and pairs of interacting bars that will be convenient in the use of the discrete
homogenization method. It will allow to reflect the repetitive display of cardiomyocytes. These numberings are
the discrete analogs of reference configurations in continuum mechanics.

From now on we use the word “cell” with its classical meaning in the context of homogenization theory. No
confusion should arise with cardiac biological cells that we preferably call cardiomyocytes. Let us first describe
an infinite lattice. We consider lattices whose reference configurations (sets of numbers in our modelling) are
obtained by the repetition over Z

3 of a given elementary cell (a finite set of numbers in our modelling), that we
call the reference cell. See a bidimensional example in Figure 2. This cell contains “nodes” and “bars”. Their
respective numbers range over finite subsets NR and BR of N. With any ν = (ν1, ν2, ν3) ∈ Z

3, we associate the
ν-cell which also comprises CardNR nodes and CardBR bars. Therefore, nodes and bars of the whole of the
infinite lattice are now numbered by quadruples ñ = (n, ν1, ν2, ν3) in NR × Z

3, b̃ = (b, ν1, ν2, ν3) in BR × Z
3.

This means that the node (resp. bar) referred to by ñ (resp. b̃) is the node (resp. bar) with number n (resp. b)
in the ν-cell. We let Ñ∞ = NR × Z

3 and B̃∞ = BR × Z
3, and, in a slightly improper way, we say that Ñ∞

(resp. B̃∞) is the set of nodes (resp. bars) of the infinite lattice.
Let us now specify in which way nodes in Ñ∞ connect to each other. First of all, we assume that each bar

in B̃∞ links two nodes and with each bar b̃ we associate an origin node O(b̃) and an end node E(b̃). From our
above description, any node O(b̃) and any node E(b̃) can necessarily be written under the form of a quadruple.
We assume that the origin node O(b̃) of a bar b̃ = (b, ν1, ν2, ν3) associated with the cell (ν1, ν2, ν3) belongs
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Table 1. Bar numbering.

b b1 b2 b3 b4 b5

OR(b) n1 n2 n2 n3 n3

ER(b) n2 n1 n3 n1 n1

δ(b) (0,0) (1,0) (0,0) (0,1) (1,1)

to this very cell. Therefore, there exists n such that O((b, ν1, ν2, ν3)) = (n, ν1, ν2, ν3). Moreover, in order to
express the repetitivity of the lattice, we impose that the integer n depends only on b. It coincides with the
number of the origin node of the bar b in the reference cell and can be denoted by OR(b). On the contrary, the
end node E(b̃) that we can write under the form (m, µ1, µ2, µ3) does not necessarily belong to the same cell as
b̃. In all cases, it belongs to a cell that can be numbered by (ν1 + δ1, ν2 + δ2, ν3 + δ3), where (δ1, δ2, δ3) ∈ Z

3.
Again, as the lattice is repetitive, m, δ1, δ2 and δ3 depend only on b and they are denoted by ER(b), δ1b, δ2b

and δ3b. In other words,

O
((

b, ν1, ν2, ν3
))

=
(
OR(b), ν1, ν2, ν3

)
, E

((
b, ν1, ν2, ν3

))
=

(
ER(b), ν1 + δ1b, ν2 + δ2b, ν3 + δ3b

)
.

An example of such a numbering for the bidimensional example of Figure 2 is given in Table 1.
Notice that we could have described the lattice in the following equivalent way. Consider two finite subsets NR

and BR of N, respectively called the set of (numbers of) reference nodes and the set of (numbers of) reference
bars. Choose two mappings OR, ER : BR �→ NR and a mapping δ : BR �→ Z

3 such that for any b ∈ BR,
(OR(b), 0) �= (ER(b), δ(b)) and such that the mapping OR × (ER, δ) is one-to-one. Then, the set of (numbers of)
nodes (resp. bars) of the associated infinite lattice is defined by Ñ∞ = NR×Z

3 = {ñ = (n, ν); n ∈ NR, ν ∈ Z
3}

(resp. B̃∞ = BR × Z
3 = {b̃ = (b, ν); b ∈ BR, ν ∈ Z

3}). Any ν ∈ Z
3 is said to define the ν-cell whose set of

nodes (resp. bars) is given by {(n, ν); n ∈ NR} (resp. {(b, ν); b ∈ BR}). The overall origin and end mappings
O, E : B̃∞ �→ Ñ∞ are defined by

∀ b̃ = (b, ν) ∈ B̃∞, O((b, ν)) = (OR(b), ν), E((b, ν)) = ((ER(b), ν + δ(b)).

When a bar belongs to a cell numbered by ν, its origin belongs to this very cell as well.
With the above numberings for nodes and bars, a reference configuration of an infinite lattice is well defined.

For future use, let us introduce a way of numbering interactions between bars. Such a numbering can necessarily
be written in terms of the previous definitions, but this would lead to cumbersome notation. When writing
mechanical balance in an actual configuration, we will assume in the sequel that any two bars sharing a common
end mechanically interact. From the repetitivity of the reference configuration, any given bar (b, ν) in B̃∞

interacts with a finite number of bars, and this number does not depend on ν. It depends on b only. Moreover,
if a bar (b, ν) interacts with (b′, ν′), then for any µ in Z

3, (b, µ) interacts with (b′, µ + ν′ − ν). It follows that
the overall set of interactions between connected bars can be numbered by a set

C̃∞ = {(c, ν); c ∈ CR, ν ∈ Z
3},

where any c ∈ CR ⊂ N refers to the interaction between bars that can be written (b(c), ν) and (b′(c), ν + γ(c)).
In such a numbering, care is devoted not to take into account an overall interaction twice. To this aim, it is
convenient to consider that all interactions c̃ in the lattice occur between a first bar P (c̃) and a second bar D(c̃).
A repeated interaction referred to by c operates between a first bar (PR(c), ν) and a second bar (DR(c), ν+γ(c)).
To sum up, all interactions c̃ = (c, ν) read alternately c̃ = (P (c̃), D(c̃)) with

P (c̃) =
(
PR(c), ν1, ν2, ν3

)
, D(c̃) =

(
DR(c), ν1 + γ1c, ν2 + γ2c, ν3 + γ3c

)
.

An example of such a numbering is given in Table 2. Notice that our method easily extends to other cases.
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Table 2. Bar interaction numbering.

c c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12

PR(c) b1 b1 b2 b3 b3 b4 b1 b1 b1 b2 b2 b4

DR(c) b2 b3 b3 b4 b5 b5 b2 b4 b5 b4 b5 b5

γ(c) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (−1,0) (0,−1) (−1,−1) (1,−1) (0,−1) (−1,0)

For instance, we could assume that some connections between bars are activated and some others are not. In
so far that this pattern is repetitive, it can be easily included in the definition of the set CR ⊂ N and of the
mappings PR, DR : CR �→ BR and γ : CR �→ Z

3.
We now turn to finite lattices that we will actually consider in the remaining part of this work. Following

the general homogenization technique, we introduce a sequence of reference configurations parametrized by ε.
Let ω be a domain in R

3. For any ε, we define a subset Zε of Z
3 by

Zε =
{
ν =

(
ν1, ν2, ν3

) ∈ Z
3; ε ν ∈ ω

} · (1)

This defines the cells of a finite net. We define a reference configuration associated with ε by its set of nodes
Ñ ε = NR×Zε and by its set of bars B̃ε = {b̃ = (b, ν) ∈ BR×Zε; E(b̃) ∈ Ñ ε}. The overall interactions are then
described by C̃ε = {c̃ = (c, ν) ∈ CR × Zε; D(c̃) ∈ B̃ε}. Notice that ν-cells “close to the boundary” of ω are not
the exact repetition of the reference cell. Some bars and some interactions are ignored on purpose. This is of no
consequence for the homogenization process which deals with inner cells and disregards boundary conditions.

In the sequel, we will use the notation λε = (εν1, εν2, εν3). The cells of an ε-lattice are, according to Truesdell
terminology [26], labelled either by ν ∈ Zε or by λε ∈ ω. Therefore, ν or λε play the role of discrete Lagrangian
variables. The Lagrangian configuration of the continuous medium to be defined will be ω and its Lagrangian
variable will be λ = (λ1, λ2, λ3).

2.2. Actual geometry description

In the previous subsection, we defined the mechanical elements of the lattices and we identified them with
numbers. The geometry of a lattice in a given state is then fully defined once positions of nodes are given.
We choose an origin in the physical space identified with R

3 and we denote the position of any node ñ ∈ Ñ ε

by Rε(ñ). For any bar b̃ ∈ B̃ε, we define a branch vector Bεb̃, a length lεb̃ and a unit vector eεb̃ by

Bεb̃ = Rε(E(b̃)) − Rε(O(b̃)), lεb̃ = ||Bεb̃||, eεb̃ =
Bεb̃

lεb̃
· (2)

3. Mechanical modelling

3.1. Internal and external forces

The lattice is a mechanical system which consists of nodes and bars. Let us describe the internal efforts it
can undergo. We momentarily drop out the ε exponent.

Nodes are points. Therefore, they can be submitted to forces only. We assume that they interact with the
bars they are linked to. Consider a bar b̃ with an end ñ . We denote by f b̃/ñ the force exerted by b̃ onto ñ.
Then, by virtue of the action-reaction principle, the force f ñ/b̃ = −f b̃/ñ is exerted by the node ñ onto the bar b̃.
As for pairs of bars (b̃, b̃′) sharing a common end, we assume that they interact by means of moments. Let
Mb̃/b̃′ be the moment exerted by b̃ on b̃′ at their common end, then the action-reaction principle states that
Mb̃′/b̃ = −Mb̃/b̃′ .

We assume that the only external efforts acting on the lattice are forces fe/ñ exerted on nodes.
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3.2. Balance equations

We restrict our analysis to a static framework, which means that we neglect the inertia terms. The lattice
equilibrium comes down to the equilibrium of each element of the mechanical system. Let us first consider the
balance of nodes. For any ñ, it reads ∑

b̃∈O−1(ñ)∪E−1(ñ)

f b̃/ñ + fe/ñ = 0. (3)

The equilibrium of any bar b̃ results from the balance of forces and from the balance of moments it is submitted
to. The balance of forces reads

fO(b̃)/b̃ + fE(b̃)/b̃ = 0. (4)

Setting, for each b̃, Tb̃ = fE(b̃)/b̃, we immediately see that fO(b̃)/b̃ = −Tb̃. Inserting this relation in (3) and
using the action-reaction principle for forces, equations ((3)–(4)) simplify in

∀ñ ∈ Ñ ,
∑

b̃∈O−1(ñ)

Tb̃ −
∑

b̃∈E−1(ñ)

Tb̃ + fe/ñ = 0. (5)

The balance of moments exerted by all bars interacting with b̃ can be expressed at any point in R
3. We choose

to express it at O(b̃). Setting, for each c̃, Mc̃ = MD(c̃)/P (c̃), and using the action-reaction principle for moments,
it reads

∀b̃ ∈ B̃,
∑

c̃∈P−1(b̃)

Mc̃ −
∑

c̃∈D−1(b̃)

Mc̃ + lb̃eb̃ ∧ Tb̃ = 0. (6)

Equations ((5)–(6)) are the strong formulation of the balance equations. For an easy use of the homogenization
technique, they are preferably written in their weak formulation, also called virtual power formulation. This
weak formulation is classically obtained by multiplying (5) by virtual translations v(ñ) ∈ R

3, by multiplying (6)
by virtual rotation velocities w(b̃) ∈ R

3 and by summing over ñ and b̃. A change of summation which can be
seen as a discrete integration by parts yields the following system

∀v(·) : Ñ �→ R
3,

∑
b̃∈B̃

Tb̃ · [v(O(b̃)) − v(E(b̃))] +
∑
ñ∈Ñ

fe/ñ · v(ñ) = 0, (7)

∀w(·) : B̃ �→ R
3,

∑
c̃∈C̃

Mc̃ · [w (P (c̃)) − w (D(c̃))] +
∑
b̃∈B̃

lb̃
(
eb̃ ∧Tb̃

)
· w(b̃) = 0, (8)

where · is the inner product in R
3.

3.3. Constitutive equations

We can uniquely decompose the effort Tb̃ into its axial (or normal) and transversal components with respect
to eb̃ and write

Tb̃ = N b̃eb̃ + Tb̃
t , with Tb̃

t · eb̃ = 0. (9)

We assume that the axial force N b̃ in any bar b̃ depends on the actual positions of both its ends. The principle
of frame invariance then implies that N b̃ is a function of their distance lb̃ only. We express the repetitivity of
the lattice by assuming that a single such constitutive function N b is valid for all bars b̃ with a same b ∈ BR.
More precisely, we assume that

N b̃ = N b
(
lb̃, lb̃0

)
, (10)

where we make the constitutive equation for N b̃ depend explicitly on a parameter lb̃0 that allows to model the
cardiomyocytes contraction. This parameter is the length at rest of b̃ defined by N b

(
lb̃0, l

b̃
0

)
= 0. A simple and
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mechanically meaningful choice consists in assuming that there exists a function N̄ b defined on R
+ satisfying

N̄ b(1) = 0 and such that

∀(l, l0) ∈ R
+2, N b(l, l0) = N̄ b

(
l

l0

)
, (11)

or, equivalently, that
∀(l, l0) ∈ R

+2, ∀k ∈ R
+, N b(k l, k l0) = N b(l, l0). (12)

Similarly, we assume that moments Mc̃ between interacting bars depend on the unit vectors eP (c̃) and eD(c̃).
From the principle of frame invariance again, and from the repetitivity hypothesis, we obtain that the consti-
tutive equations read

Mc̃ = Mc
(
pc̃

)
eP (c̃) ∧ eD(c̃), where pc̃ = eP (c̃) · eD(c̃). (13)

As will be seen in the sequel, the shearing component Tb̃
t can be eliminated from the set of equations ((7)–(8)).

It is a Lagrange multiplier of this formulation. It is therefore natural that it is not involved in any constitutive
relation.

3.4. Deformation problem

When submitted to external forces and to some boundary conditions, the lattice deforms. The deformation
problem consists of balance equations ((7)–(8)), of constitutive equations ((10) and (13)), and of possible
conditions on some node positions. The primary unknowns are the node positions R(ñ).

It has to be stressed out that the shearing forces Tb̃
t are unknowns as well. As usual in the analysis of a problem

with Lagrange multipliers (see Brezzi and Fortin [3], for instance) they can be eliminated by taking in ((7)–(8))
kinematically admissible virtual velocities. In the present lattice problem, the admissibility condition comes
from the fact that, by equation (2), the branch vectors Bb̃ are completely determined from the node positions
R(ñ) and, that the rotation velocities of bars are, in turn, determined from the node velocities. Therefore, the
kinematical admissibility condition for virtual velocities is expected to be

w
(
b̃
)

=
1(

lb̃
)2

[
Bb̃ ∧

(
v

(
E

(
b̃
))

− v
(
O

(
b̃
)))]

. (14)

That such a choice for the test-functions actually allows to eliminate Tb̃
t can readily be seen by adding (7) and (8)

restricted to pairs (v(·),w(·)) satisfying the compatibility condition (14). Terms containing Tb̃
t cancel out.

Once the shearing forces eliminated, the only unknowns are the node positions. Assuming that the resulting
problem is well-posed and is solved, then it remains to go back to the equilibrium system and to solve in Tb̃

t .
The vectorial multiplication of equation (2.6) by eb̃, for instance, gives

∀ b̃ ∈ B̃, Tb̃
t =

1
lb̃


 ∑

c̃∈D−1(b̃)

Mc̃ −
∑

c̃∈P−1(b̃)

Mc̃


 ∧ eb̃. (15)

4. Asymptotic expansions

4.1. Asymptotic expansions of node positions

As explained in the introduction, we intend to take advantage of the scale separation to model cardiomyocyte
lattices by a continuous medium. We already introduced the homogenization procedure which consists in
considering a sequence of lattices parametrized by ε and in identifying the unknowns, and, more importantly,
the model that their leading terms satisfy by means of asymptotic expansions.
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We recall that ω is a domain in R
3, and that, for any ε > 0, Zε and Ñ ε are defined by Zε = {ν = (ν1, ν2, ν3) ∈

Z
3; ε ν ∈ ω} and Ñ ε = NR × Zε. When considered for an ε-lattice, the equilibrium equations or constitutive

equations that we gave in ((7)–(8) and (10)) and (13) will be called ((7ε)–(8ε) and ( 10ε)) and (13ε). We assume
that in any deformed state the lattices stay quasiperiodic. Then, the discrete homogenization method relies on
the Ansatz that, for any n ∈ NR, there exist vector functions R0, Rn1, Rn2, . . . defined on ω such that, for any
ε > 0 and for any ñ ∈ Ñ ε, the actual node positions can be expanded as

Rε(ñ) = R0(λε) + εRn1(λε) + ε2Rn2(λε) + · · · , (16)

where ñ = (n, ν) and λε = εν. Notice that we assume that R0 does not depend on n. This means that this
leading term is the same for all nodes in the cell numbered by ν. Therefore, it locates the actual position of
this cell, and consequently will be interpreted as the deformation function of the equivalent continuous medium.
The following terms Rn1, Rn2, . . . of the expansions depend on n, they give at different orders the position of
the node n of the cell ν relatively to R0(λε).

Expansion (16) easily induces expansions for the branch vectors Bεb̃ = Rε(E(b̃)) − Rε(O(b̃)). Indeed,
from (16), we have simultaneously

Rε(O(b̃)) = R0(λε) + εROR(b)1(λε) + ε2 ROR(b)2(λε) + · · · , (17)

and
Rε(E(b̃)) = R0

(
λε + εδb

)
+ εRER(b)1

(
λε + εδb

)
+ ε2 RER(b)2(λε + εδb) + · · · (18)

Adding some regularity assumptions on R0, we can write that

R0
(
λε + εδb

)
= R0(λε) + ε

∂R0(λε)
∂λj

δjb + · · · (19)

It follows that
∀ε, ∀b̃ ∈ B̃ε, Bεb̃ = εBb0(λε) + ε2 Bb1(λε) + · · · , (20)

where Bb0 : ω �→ R
3 is defined by

∀λ ∈ ω, Bb0(λ) = RER(b)1(λ) − ROR(b)1(λ) +
∂R0(λ)

∂λj
δjb. (21)

This immediately yields asymptotic expansions for lεb̃ and eεb̃. Namely,

∀ε, ∀b̃ ∈ B̃ε, lεb̃ = ε lb0(λε) + ε2 lb1(λε) + · · · , and, eεb̃ = eb0(λε) + εeb1(λε) + · · · , (22)

where lb0 : ω �→ R and eb0 : ω �→ R
3 are defined by lb0 = ||Bb0||, and eb0 =

Bb0

lb0
·

In order to be consistent with (22), we assume moreover that, for any b ∈ BR, there exists lb0 : ω �→ R
+ such

that the length at rest lb̃0 of any b̃ ∈ B̃ε can be written as

lb̃0 = ε lb0(λ
ε). (23)

4.2. Asymptotic expansions of tensions and moments

The expansions of lεb̃ and eεb̃ that we obtained in the previous section provide expansions for the efforts by
means of the constitutive equations (10ε) and (13ε). Nevertheless, we first need to state how the constitutive
laws N εb and Mεc depend on ε. In the same way the dependence on ε of the external forces fεe/ñ has to be
precised.
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We assume that, for any b ∈ BR, the constitutive law N εb is, as a mapping from R
2 into R, of order 0 in ε.

Recall that the second variable, which is present to take into account the length at rest, is in fact a parameter.
More precisely, we assume that there exists N b0 : R

2 �→ R such that

∀ ε, ∀ b ∈ BR, ∀(l, l0) ∈ R
+2, N εb(l, l0) = N b0(l, l0), (24)

where, following (12),

∀(l, l0) ∈ R
+2, ∀k ∈ R

+, N b0(k l, k l0) = N b0(l, l0). (25)

This is an arbitrary choice with no consequence on our analysis. What is important and can lead to several
continuous models is the relative weight of the orders of magnitude in ε of N εb in the one hand, and of Mεc in
the other hand. If the moments stiffness is too weak with respect to the tensions stiffness, then the moments do
not appear in the equivalent continuous model, and, if in addition the lattice is not triangulated, the equivalent
continuous model is singular due to the internal mechanisms. On the contrary, if the moments stiffness is
too strong, then the continuous model does not take into account the bar tensions. The choice that gives
the “richest” continuous model incorporating both bar tensions and moments consists in choosing an order of
magnitude of 1 for the moments. In other words, we assume that there exists Mc0 : [−1, 1] �→ R such that

∀ ε, ∀c ∈ CR, ∀ p ∈ [−1, 1], Mεc(p) = εMc0(p). (26)

Finally, we take fεe/ñ of order 1 and such that

∀ ε, ∀ñ ∈ Ñ ε, fεe/ñ = εfe/n(λε). (27)

Let us examine the consequences of choices (24) and (26), and of the asymptotic expansions obtained in Sec-
tion 4.1, on the orders of magnitude of tensions and moments. From (22) and (24), and making use of prop-
erty (25), we obtain that

∀ ε, ∀b̃ ∈ B̃ε, Nεb̃eεb̃ = N b0
(
lb0(λε), lb0(λ

ε)
)

eb0(λε) + ε [· · · ] + · · · (28)

Using (22) and (26), we obtain that

∀ ε, ∀c̃ ∈ C̃ε, Mεc̃ = εMc0(pc0(λε)) ePR(c)0(λε) ∧ eDR(c)0(λε) + ε2 [· · · ] + · · · , (29)

where pc0 = ePR(c)0 · eDR(c)0 : ω �→ R. We recall that, as explained previously in Sections 3.3 and 3.4, the
shearing forces can be eliminated and can be obtained by solving the balance equations. This shows that (up
to their free component) they have the same order of magnitude in ε as the tensions Nεb̃eεb̃. We conveniently
assign the same order to the possible free component. Then, we can write

∀ ε, ∀b̃ ∈ B̃ε, Tεb̃
t = Tb0

t (λε) + ε [· · · ] + · · · (30)

Finally, letting

Tb0 = N b0
(
lb0, lb0

)
eb0 + Tb0

t : ω �→ R
3, and, Mc0 = Mc0

(
pc0

)
ePR(c)0 ∧ eDR(c)0 : ω �→ R

3, (31)

we obtain the expansions we aimed at

∀ ε, ∀b̃ ∈ B̃ε, ∀c̃ ∈ C̃ε, Tεb̃ = Tb0(λε) + ε [· · · ] + · · · , Mεc̃ = εMc0(λε) + ε2[· · · ] + · · · (32)
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5. Cauchy stress tensor and balance equations

of the equivalent continuous medium

The internal efforts in the lattices are tensions and moments. In a continuous medium, all efforts are described
by a stress tensor field, that is a mapping defined on a reference configuration (or on the deformed configuration)
with values in (R3)3 (or in the set M3 of real 3 × 3 matrices). This section is devoted to define a stress tensor
from the discrete sets of bar tensions and moments. In the same time, we derive the partial differential balance
equations fulfilled by the stresses. First, we obtain the internal efforts of the continuous medium and its balance
equations in the curvilinear Lagrangian representation given by the variable (λ1, λ2, λ3). Then, we write our
results in the usual space representation.

5.1. Curvilinear Lagrangian representation

Balance equations. The balance equations of the continuous medium are obtained by letting ε go to 0 in the
virtual power formulation ((7ε)–( 8ε)) of the lattices equilibrium. They will yield the definition of the internal
continuum efforts.

To this aim, we choose in (7ε) virtual velocities vε(ñ) that coincide with the values at λε of a smooth virtual
macroscopic velocity field and we let ε go to 0. Notice that a technical difficulty arises. Indeed, equations (7ε)
involve sums

∑
ñ∈Ñ ε (resp.

∑
b̃∈B̃ε) over the sets of all nodes (resp. bars) of the lattices, whose cardinals tend to

infinity when ε goes to zero. To settle this question, we split such sums in two successive sums
∑

νi∈Zε

∑
n∈NR

(resp.
∑

νi∈Zε

∑
b∈BR) over all cells and over all nodes (resp. bars) of each cell. Upon multiplication by ε3,

any sum
∑

νi∈Zε over all cells may be interpreted as a Riemann sum of an integral over ω. Therefore, for any g

smooth enough, ε3
∑

νi∈Zε g(νiε) goes to
∫

ω g(λ) dλ, when ε goes to 0.
More precisely, let v : ω �→ R

3 be a macroscopic virtual velocity field equal to zero on ∂ω, and, for any ε, for
any ñ ∈ Ñ ε, let vε(ñ) = v(λε). A Taylor expansion yields:

vε
(
O

(
b̃
))

− vε
(
E

(
b̃
))

= v(λε) − v
(
λε + εδib

)
= −ε

∂v
∂λi

(λε) δib + · · · (33)

Inserting in (7ε), making ε go to 0, and letting f =
∑

n∈NR fe/n, we obtain the virtual power formulation of the
balance equation of the equivalent continuous medium. It reads:

∀v : ω �→ R
3, v|∂ω = 0, −

∫
ω

Si0 · ∂v
∂λi

dλ +
∫

ω

f · v dλ = 0, (34)

where, for any i = 1, 2, 3, we define Si0 : ω �→ R
3 by

Si0 =
∑

b∈BR

Tb0δib. (35)

The three vectors Si0 have to be interpreted as the stress vectors describing the internal efforts of a continuous
medium in a parametric Lagrangian representation, see Washizu [28]. Equation (35) gives their definition in
terms of the internal forces of a discrete structure. For more detail about this definition, see [6].

A first symmetry property. We deal with (8ε) in the same way. Let w : ω �→ R
3 be a macroscopic rotation

velocity field and, for any ε, for any b̃ = (b, ν) ∈ B̃ε, let wε(b̃) = w(λε). Then, the difference wε(P (c̃))−wε(D(c̃))
is of order 1 and, from (32), Mεc̃ · [wε(P (c̃))−wε(D(c̃))

]
is of order 2. Therefore, the expansion of (8ε) yields,

in the set of mappings from ω into R
3, the identity

∑
b∈BR

Bb0 ∧ Tb0 = 0. (36)
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Denoting by LA the skew-symmetric part of an endomorphism L, equation (36) is equivalent to

∑
b∈BR

(
Bb0 ⊗ Tb0

)A
= 0. (37)

Indeed, for any a and b in R
3, a ⊗ b is defined by: (a ⊗ b)c = (b · c)a for any c in R

3. Therefore,

(a ∧ b) ∧ c = (a · c)b − (b · c)a = (b ⊗ a)c − (a ⊗ b)c = 2(b ⊗ a)Ac, and, [a ∧ b = 0] ⇔ [(b ⊗ a)A = 0].

Result (37) will be used in the proof of the symmetry of the Cauchy stress tensor, see Section 5.3.
Another expression of the stress vectors. The stress vectors Si0, i = 1, 2, 3, have been defined by equa-
tion (35), where any Tb0, b ∈ BR, is given by equation (31). This equation contains terms Tb0

t which cannot
follow a constitutive law, and that will actually be unknowns on the lattice problem on the reference cell, see
Section 6.2. Let us write out another expression of Si0, i = 1, 2, 3, that does not involve these terms.

Let vi : ω �→ R
3, i = 1, 2, 3, be three macroscopic vector fields and now choose in (8ε) virtual rotation

velocities wε(b̃) such that, for any ε, for any b̃ = (b, ν1, ν2, ν3),

wε(b̃) = ε
1
lb̃

eb̃ ∧ vi(εν) δib. (38)

We know from (22) that wε(b̃) expands as

wε
(
b̃
)

=
(

1
lb0

eb0 ∧ vi δib

)
(λε) + · · · (39)

Therefore, the two terms of (8ε) expand as

Mεc̃ · [wε(P (c̃)) − wε(D(c̃))] = εMc0 ·
[(

ePR(c)0

lPR(c)0
δiPR(c) − eDR(c)0

lDR(c)0
δiDR(c)

)
∧ vi

]
+ · · ·

= ε

[
Mc0 ∧

(
ePR(c)0

lPR(c)0
δiPR(c) − eDR(c)0

lDR(c)0
δiDR(c)

)]
· vi + · · · ,

(40)

and

lb̃
(
eb̃ ∧Tb̃

)
· wε

(
b̃
)

= ε
(
eb0 ∧ Tb0

) · (eb0 ∧ vi δib
)

+ · · · = ε
[(

eb0 ∧Tb0
) ∧ eb0

] · vi δib + · · ·

= ε
[
Tb0 − (

Tb0 · eb0
)
eb0

] · vi δib + · · · = εTb0
t · vi δib + · · ·

(41)

Summing over C̃ε and B̃ε, and using the convergence of Riemann sums towards volume integrals, we obtain
the expected relation between the leading terms of the moments and the leading terms of the shearing forces.
Namely,

∀vi : ω �→ R
3, i = 1, 2, 3,

∫
ω

[ ∑
c∈CR

Mc0 ∧
(

ePR(c)0

lPR(c)0
δiPR(c) − eDR(c)0

lDR(c)0
δiDR(c)

)
+

∑
b∈BR

Tb0
t δib

]
· vi dλ = 0,

(42)
or equivalently, ∑

b∈BR

Tb0
t δib = −

∑
c∈CR

Mc0 ∧
[
ePR(c)0

lPR(c)0
δiPR(c) − eDR(c)0

lDR(c)0
δiDR(c)

]
. (43)
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Definition (35) of Si0, which can be written as Si0 =
∑

b∈BR

(
N b0eb0 + Tb0

t

)
δib, now becomes

Si0 =
∑

b∈BR

N b0eb0 δib +
∑

c∈CR

Mc0 ∧
[
eDR(c)0

lDR(c)0
δiDR(c) − ePR(c)0

lPR(c)0
δiPR(c)

]
. (44)

5.2. Space representation and Cauchy stress tensor

In the homogenization process, the discrete variables (λ1ε, λ2ε, λ3ε) = (εν1, εν2, εν3), ν ∈ Zε, become con-
tinuous variables (λ1, λ2, λ3) which label the material points of the equivalent continuous medium. From (16),
we can see that the position in the physical space of a material point labeled by (λ1, λ2, λ3) is R0(λ1, λ2, λ3),
and that the deformed space configuration of the continuous medium is Ω = R0(ω). The primary description
of the internal efforts of a continuous medium is given by a Cauchy stress tensor which is defined at each point
of the deformed configuration and, at each point, is a linear operator of the physical space. Let us explain how
the Cauchy stress tensor σ0 : Ω �→ L(R3) of the equivalent continuous medium can be expressed in terms of the
vectors Si0 : ω �→ R

3, i = 1, 2, 3.
It suffices to use R0 as a change of variables between the parametric Lagrangian configuration ω and the

deformed space configuration Ω = R0(ω). Let g(λ) = (∂R0

∂λ1 , ∂R0

∂λ2 , ∂R0

∂λ3 )(λ) be the mixed product of the partial
derivatives of R0. The usual space coordinates are denoted by x. With any v : ω �→ R

3, we can associate
v ◦ (R0)−1 : Ω �→ R

3. We loosely keep the same notation for both fields v and v ◦ (R0)−1, and we denote by
∇xv the gradient tensor of v with respect to x. Obviously,

∂v
∂λi

= ∇xv
∂R0

∂λi
, (45)

and the virtual power formulation (34) becomes:

∀v : Ω �→ R
3, −

∫
Ω

(
Si0 ⊗ ∂R0

∂λi

)
: ∇xv

1
g

dx +
∫

Ω

f .v
1
g

dx = 0, (46)

where : denotes the scalar product of two tensors. Therefore, the Cauchy stress tensor σ0 is given by

σ0 =
1
g

Si0 ⊗ ∂R0

∂λi
, (47)

and satisfies the virtual power formulation of the continuous medium equilibrium

∀v : Ω �→ R
3,v|∂Ω = 0, −

∫
Ω

σ0 : ∇xv0 dx +
∫

Ω

1
g
f · v dx = 0. (48)

5.3. Symmetry of the Cauchy stress tensor

In continuum mechanics, the existence of a Cauchy stress tensor and the fact that it is symmetric are derived
from first principles. Here, we recovered a Cauchy stress tensor from discrete tensions and moments. Let us
check that it is actually symmetric.

Result. The Cauchy stress tensor σ0 coincides with 1
g

∑
b∈BR Tb0 ⊗ Bb0 and is symmetric.

Proof. Let A(·) : ω �→ M3 be a smooth field of second order tensors and choose v(ñ) = A(λε)Rn1(λε) in (7ε).
The expansion of (7ε) leads to

∫
ω

[ ∑
b∈BR

Tb0 ⊗
(
RER(b)1 − ROR(b)1

)]
: Adλ = 0, (49)
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or, equivalently, ∑
b∈BR

Tb0 ⊗
(
RER(b)1 − ROR(b)1

)
= 0. (50)

From the definitions (47) and (35) of σ0 and Si0, and from (21), we have that

σ0 =
1
g
Si0 ⊗ ∂R0

∂λi
=

1
g

∑
b∈BR

Tb0 ⊗
(
Bb0 − RER(b)1 + ROR(b)1

)
, (51)

so that (50) yields σ0 = 1
g

∑
b∈BR Tb0 ⊗ Bb0, which by (37) is symmetric. �

6. Constitutive equations of the equivalent continuous medium –

self-equilibrium equations

To complete the equivalent continuum model of the lattice, we need to determine the stress-strain relation of
the continuous medium. In the elastic setting we are dealing with, this means that we search for a constitutive
relationship (λ, F = (F1,F2,F3)) ∈ ω × (R3)3 �→ Ŝ0(λ,F) ∈ (R3)3 such that, for any deformation R0 :
ω �→ R

3, the stress vectors Si0, i = 1, 2, 3, are given, at any λ ∈ ω, by S0(λ) = (S10(λ),S20(λ),S30(λ)) =
Ŝ0

(
λ, ∂R0

∂λ1 (λ), ∂R0

∂λ2 (λ), ∂R0

∂λ3 (λ)
)
. We actually gave in (35) and (44) expressions for Si0. The reader remembers

that terms in the right-hand side of these equations contain both ∂R0

∂λ and differences RER(b)1−ROR(b)1, b ∈ BR,
see (21), (31). Therefore, we must go a step further and be able to express RER(b)1 −ROR(b)1, b ∈ BR, in terms
of ∂R0

∂λi .
As usual in the homogenization of periodic media (see Sanchez [22], for instance), this is done through the

solution of a mechanical problem “at the elementary cell level”. This problem consists of the leading constitutive
equations for bars and pairs of interacting bars that were obtained in Section 4.2, and of so called self-equilibrium
equations of the reference cell. We begin by making out these balance equations.

6.1. Self-equilibrium equations

The reference cell self-equilibrium equations are derived from the lattice equilibrium equations, by means of
convenient choices of the test-functions. Namely, for any n ∈ NR, choose vn in R

3, and for any b ∈ BR, choose
wb in R

3, then, in ((7ε)–(8ε)), take vε(ñ) = ε θ(λε)vn and wε(b̃) = η (λε)wb where θ and η are smooth scalar
fields defined on ω. Then,

∀ε, ∀b̃ ∈ B̃ε, vε
(
O

(
b̃
))

− vε
(
E

(
b̃
))

= ε
[
θ(λε)vOR(b) − θ

(
λε + εδb

)
vER(b)

]
, (52)

and, by a Taylor expansion,

∀ε, ∀b̃ ∈ B̃ε, vε
(
O

(
b̃
))

− vε
(
E

(
b̃
))

= εθ(λε)
[
vOR(b) − vER(b)

]
+ · · · (53)

In the same way, we have:

∀ε, ∀c̃ ∈ C̃ε, wε(P (c̃)) − wε(D(c̃)) = εη(λε)
[
wPR(c) − wDR(c)

]
+ · · · (54)

Expanding ((7ε)–(8ε)), we obtain by identification of the leading terms the following two equations:

∀ θ : ω �→ R, ∀vn ∈ R
3,

∫
ω

θ(λ)
∑

b∈BR

Tb0(λ) ·
[
vOR(b) − vER(b)

]
dλ = 0, (55)
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∀ η : ω �→ R, ∀wb ∈ R
3,

∫
ω

η(λ)

{ ∑
c∈CR

Mc0(λ) ·
[
wPR(c) − wDR(c)

]
+

∑
b∈BR

(
Bb0(λ) ∧ Tb0(λ)

) · wb

}
dλ = 0.

(56)
They are trivially equivalent to the following identities in the space of scalar functions defined on ω:

∀vn ∈ R
3, n ∈ NR,

∑
b∈BR

Tb0 ·
[
vOR(b) − vER(b)

]
= 0, (57)

and,
∀wb ∈ R

3, b ∈ BR,
∑

c∈CR

Mc0 ·
[
wPR(c) − wDR(c)

]
+

∑
b∈BR

(
Bb0 ∧ Tb0

) · wb = 0. (58)

Equations (57) and (58) are similar to the full lattice equilibrium equations ((7)–(8)) we started with. Instead
of involving summations over the whole set of bars B̃ε or over the whole set C̃ε, they only involve the sets BR
and CR that are associated with the reference cell. Moreover, they do not contain any external loading, hence
the denomination self-equilibrium equations.

6.2. The reference cell problem. Derivation of the constitutive law

The full reference cell problem consists of the above self-equilibrium equations and of the leading constitutive
equations in the space of scalar or vector functions defined on ω

N b0 = N b0
(
lb0, lb0

)
, Mc0 = Mc0

(
ePR(c)0 · eDR(c)0

)
ePR(c)0 ∧ eDR(c)0, (59)

where N b0 = Tb0 ·eb0 and where, for any b ∈ BR, Bb0 = RER(b)1−ROR(b)1+ ∂R0

∂λj δjb, lb0 = ||Bb0|| and eb0 = Bb0

lb0
.

In the self-equilibrium equations ((57)–(58)), the space variable obviously acts as a parameter. Indeed, for any λ
in ω, the vectors Tb0(λ), Mc0(λ) and Bb0(λ) satisfy equations ((57)–(58)) taken at λ. A similar remark applies
when equation (59) is added. For a given λ and for a given value of ∂R0

∂λi (λ), i = 1, 2, 3, the whole set of equations
determine, upon well-posedness, vector values that we can call Bb0(λ), Tb0(λ), b ∈ BR , Mc0(λ), c ∈ CR , which
in turn determine (S10(λ),S20(λ),S30(λ)). As ∂R0

∂λi (λ), i = 1, 2, 3, can be any (F1,F2,F3) in (R3)3, we have in
fact built a mapping from ω × (R3)3 into (R3)3. This mapping is nothing but the constitutive law.

Let us, for convenience, and because this is the result we mainly aimed at, sum up the construction of this
constitutive law. It reads: Let λ be in ω, and let F = (F1,F2,F3) be in (R3)3. Find Rn1 ∈ R

3, n ∈ NR,
Tb0 ∈ R

3, b ∈ BR, Mc0 ∈ R
3, c ∈ CR, such that, letting, for any b ∈ BR , Bb0 = RER(b)1 − ROR(b)1 + Fjδjb,

lb0 = ||Bb0|| and eb0 = Bb0

lb0
, the following equations in R or R

3 are satisfied:

∀vn ∈ R
3,

∑
b∈BR

Tb0 ·
[
vOR(b) − vER(b)

]
= 0, (60)

∀wb ∈ R
3,

∑
c∈CR

Mc0 ·
[
wPR(c) − wDR(c)

]
+

∑
b∈BR

(
Bb0 ∧ Tb0

) ·wb = 0, (61)

N b0 = N b0
(
lb0, lb0(λ)

)
, Mc0 = Mc0

(
ePR(c)0 · eDR(c)0

)
ePR(c)0 ∧ eDR(c)0, (62)

where N b0 = Tb0 · eb0. Then, define

∀i = 1, 2, 3, Si0 =
∑

b∈BR

N b0eb0 δib +
∑

c∈CR

Mc0 ∧
[
eDR(c)0

lDR(c)0
δiDR(c) − ePR(c)0

lPR(c)0
δiPR(c)

]
. (63)

As usual, the shearing vectors Tb0
t can be eliminated and we are left with a problem whose unknowns are the

vectors Rn1, n ∈ NR. It is readily seen that a solution cannot be unique since these vectors appear only through
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their differences RER(b)1 −ROR(b)1. They can be, at best, uniquely determined up to an additive vector. Other
singularities and loss of uniqueness or existence may appear, linked, for instance, to buckling or collapsing of
the reference cell.

The set of the last four equations associates with any (λ,F = (F1,F2,F3)) ∈ ω × (R3)3 three vectors
Ŝi0(λ,F) in R

3. It defines the constitutive relationship of the continuous medium, which as expected is elastic.
The variable λ came into play through the length at rest and can make the constitutive law nonhomogeneous.
Other nonhomogeneities could have been included in the myocyte laws.

It may be proved directly that, due to the frame invariance of the constitutive equations ((10) and (13)) for
bars and for pairs of interacting bars, the equivalent medium constitutive equation is frame invariant as well.
This feature can also be seen as a consequence of the frame invariance of the elastic potential determined in
Section 7.

6.3. Computation of the constitutive law

Nonlinearity is present in two ways in problem ((60)–(62)). First, the constitutive laws are nonlinear. Second,
as we deal with large displacements, we did not linearize in our modelling terms such that Bb0∧Tb0, or lb0. This
nonlinear problem can be solved, possibly after eliminating the shearing terms, with an iterative procedure. We
implemented its resolution by Newton’s method.

7. Hyperelasticity

We prove in this section that the equivalent continuous medium is hyperelastic, which means that its consti-
tutive law derives from a potential, see, for instance, Ciarlet [9], Gurtin [12].

The constitutive equations for bars and for pairs of interacting bars have been defined in (10) and in (13)
as mappings l �→ N b0(l, lb0) from R

+ into R and p �→ Mc0(p) from [−1, 1] into R. When performing asymp-
totic expansions, we already implicitly assumed that these mappings are continuous which is a mechanically
sound hypothesis. Therefore, they are trivially the derivatives of some smooth functions. Let us define the
potentials W b(·) and W c(·) by

∀l ∈ R
+, N b0(l) =

dW b

dl
(l), ∀p ∈ [−1, 1], −Mc0(p) =

dW c

dp
(p),

where we omit, for convenience, the dependence in lb0. As mentioned in Section 6.2, the set of equations ((60)–
(62)) that defines the constitutive law associates (upon well-posedness) with any F = (F1,F2,F3) ∈ ((R)3)3 a
set of vectors Bb(F) = RER(b)1−ROR(b)1 +Fjδjb, where b ∈ BR. With obvious notations, equations ((60)–(62))
define for any b ∈ BR and for any c ∈ CR mappings

F �→ lb(F) and F �→ pc(F) = ePR(c)(F) · eDR(c)(F).

It is well known that in a mechanical system energies are additive. This leads us to expect that an energy, if
any, for the continuous medium is given by

W (F1,F2,F3) =
∑

b∈BR

W b
(
lb

(
F1,F2,F3

))
+

∑
c∈CR

W c
(
pc

(
F1,F2,F3

))
. (64)

Result. The mapping W =
∑

b∈BR W b(lb(·)) +
∑

c∈CR W c(pc(·)) defined on (R3)3 and with values in R is an
energy for the equivalent continuous model.

Proof. We have to prove that, for any F in (R3)3, and for any i = 1, 2, 3 , Ŝi0(F) = ∂W
∂Fi (F) where Ŝi0 is defined

by equations ((60)–(63)). From definition (64), we see that we mainly have to differentiate lb and pc with respect



696 D. CAILLERIE ET AL.

to Fi, i = 1, 2, 3. We use incremental notations. For any b ∈ BR, let Ub = RER(b)1 − ROR(b)1 and let us define
dUb, for any b ∈ BR, by

dUb = Ub
(
F1 + dF1,F2 + dF2,F3 + dF3

) − Ub(F1,F2,F3).

Analogous definitions apply to dBb, dlb, deb, b ∈ BR, and to dpc, c ∈ CR. Then, from the definitions of all
mappings, we first obtain

dBb = dUb + dFi δib + · · · , dlb = eb · dBb + · · · , (65)

which provides
dlb = eb · dUb + eb · dFi δib + · · · (66)

Then, we obtain

deb =
1
lb

[
dBb − (

dBb · eb
)

eb
]
+ · · · , dpc = ePR(c) · deDR(c) + dePR(c) · eDR(c) + · · · , (67)

from which we derive that

dpc =
[
ePR(c) −

(
ePR(c) · eDR(c)

)
eDR(c)

]
· dBDR(c)

lDR(c)
+

[
eDR(c) −

(
eDR(c) · ePR(c)

)
ePR(c)

]
· dBPR(c)

lPR(c)
+ · · ·

=
(
ePR(c) ∧ eDR(c)

)
·
[
ePR(c) ∧ dBPR(c)

lPR(c)
− eDR(c) ∧ dBDR(c)

lDR(c)

]
+ · · ·

=
(
ePR(c) ∧ eDR(c)

)
·
[(

ePR(c)

lPR(c)
δiPR(c) − eDR(c)

lDR(c)
δiDR(c)

)
∧ dFi

+
ePR(c)

lPR(c)
∧ dUPR(c) − eDR(c)

lDR(c)
∧ dUDR(c)

]
+ · · · ,

(68)

where we used (65) in the last identity. Let us now differentiate W . By means of the chain rule, and using (66)
and (68), we have

dW b = N b0
(
lb, lb0

) (
eb · dFi δib + eb · dUb

)
, (69)

and

dW c = −Mc0(pc)
(
ePR(c) ∧ eDR(c)

)
·
[(

ePR(c)

lPR(c)
δiPR(c) − eDR(c)

lDR(c)
δiDR(c)

)
∧ dFi

+
ePR(c)

lPR(c)
∧ dUPR(c) − eDR(c)

lDR(c)
∧ dUDR(c)

]
+ · · · (70)

Letting N b0 = N b0(lb, lb0) and Mc0 = Mc0(pc) ePR(c) ∧ eDR(c), we can conclude that

dW =
∑

b∈BR

dW b +
∑

c∈CR

dW c

=

[ ∑
b∈BR

N b0ebδib +
∑

c∈CR

Mc0 ∧
(

eDR(c)

lDR(c)
δiDR(c) − ePR(c)

lPR(c)
δiPR(c)

)]
· dFi

+
∑

b∈BR

N b0eb · dUb +
∑

c∈CR

Mc0 ·
[
eDR(c)

lDR(c)
∧ dUDR(c) − ePR(c)

lPR(c)
∧ dUPR(c)

]
+ · · ·

(71)
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From (44), the second line in (71) coincides with Si0 · dFi. The third one can be proved to be equal to 0 by
choosing vn = dRn1 in the virtual power formulation of the reference cell equilibrium, when the shearing forces
are eliminated. Therefore, we have actually proved that, for any i = 1, 2, 3 , Si0 = ∂W

∂Fi (F1,F2,F3). �

Conclusion

We proved that a repetitive lattice of elastic bars interacting by elastic moments is equivalent to a continuous
medium when the number of its elementary cells is large. We obtained a definition of the equivalent medium
stresses in terms of the bar tensions and of the moments between interacting bars, and we determined the
equivalent medium constitutive law. This law is obtained through the solving of a lattice problem on the
reference cell. Moreover, we proved that the law is frame invariant, hyperelastic, and easy to compute. This
work is directly applicable to the myocardium modelling, where data on the behaviour of isolated cardiomyocytes
become available. In this particular case, it will be of interest in future work to take into account the extra-
cellular matrix which is mainly responsible for the material global incompressibility.
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