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FINITE ELEMENT APPROXIMATION OF KINETIC DILUTE
POLYMER MODELS WITH MICROSCOPIC CUT-OFF

JOHN W. BARRETT! AND ENDRE SULI?

Abstract. We construct a Galerkin finite element method for the numerical approximation of weak
solutions to a coupled microscopic-macroscopic bead-spring model that arises from the kinetic theory
of dilute solutions of polymeric liquids with noninteracting polymer chains. The model consists of
the unsteady incompressible Navier—Stokes equations in a bounded domain Q@ C R%, d = 2 or 3, for
the velocity and the pressure of the fluid, with an elastic extra-stress tensor as right-hand side in the
momentum equation. The extra-stress tensor stems from the random movement of the polymer chains
and is defined through the associated probability density function that satisfies a Fokker—Planck type
parabolic equation, crucial features of which are the presence of a centre-of-mass diffusion term and a
cut-off function 8% (-) := min(-, L) in the drag and convective terms, where L >> 1. We focus on finitely-
extensible nonlinear elastic, FENE-type, dumbbell models. We perform a rigorous passage to the limit
as the spatial and temporal discretization parameters tend to zero, and show that a (sub)sequence
of these finite element approximations converges to a weak solution of this coupled Navier—Stokes—
Fokker—Planck system. The passage to the limit is performed under minimal regularity assumptions
on the data. Our arguments therefore also provide a new proof of global existence of weak solutions
to Fokker—Planck—Navier—Stokes systems with centre-of-mass diffusion and microscopic cut-off. The
convergence proof rests on several auxiliary technical results including the stability, in the Maxwellian-
weighted H' norm, of the orthogonal projector in the Maxwellian-weighted L? inner product onto
finite element spaces consisting of continuous piecewise linear functions. We establish optimal-order
quasi-interpolation error bounds in the Maxwellian-weighted L? and H' norms, and prove a new elliptic
regularity result in the Maxwellian-weighted H? norm.
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1. INTRODUCTION

This paper is concerned with the construction and convergence analysis of a Galerkin finite element approxi-
mation to weak solutions of a system of nonlinear partial differential equations that arises from the kinetic theory
of dilute polymer solutions. The solvent is an incompressible, viscous, isothermal Newtonian fluid confined to
an open set Q C R? d =2 or 3, with boundary 99Q. For the sake of simplicity of presentation we shall suppose
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that € has ‘solid boundary’ 9%2; the velocity field u will then satisfy the no-slip boundary condition 4 =
on Jf). The polymer chains, which are suspended in the solvent, are assumed not to interact with each other.
The conservation of momentum and mass equations for the solvent then have the form of the incompressible
Navier—Stokes equations in which the elastic extra-stress tensor T (i.e., the polymeric part of the Cauchy stress
tensor,) appears as a source term:

Find u : (z,t) € Qx [0,T] — u(z,t) € R and p : (z,t) € Q x (0,T] — p(z,t) € R such that

21: (EL Va )’lNl,fl/A u+Vep= f+V T in Q x (0,71, (1.1a)
Ve -u= O in Q x (0,77, (1.1b)
i ’lNl, =0 on 09 x (0,71, (1.1c)
u(z, ON) = ;O(JNU) Vo e (1.1d)

where y is the velocity field, p is the pressure, v € Ry is the viscosity of the solvent, and f is the density of
body forces acting on the fluid. -

The extra stress tensor 7 is defined wvia a weighted average of 1, the probability density function of the
(random) conformation vector of the polymer molecules (cf. (1.3) below); the progressive Kolmogorov equation
satisfied by v is a Fokker—Planck type second-order parabolic equation whose transport coefficients depend on
the velocity field u.

Kinetic theories of polymeric fluids ignore quantum mechanical and atomistic effects, and focus on ‘coarse-
grained’ models of the polymeric conformations, i.e., the orientation and the degree of stretching experienced
by polymer molecules. The coarsest in the hierarchy of kinetic models of dilute polymers is the dumbbell model,
which describes the polymer molecule by two beads connected by a massless elastic spring [8]; the elastic force
F : D CR? — R? of the spring connecting the two beads is defined by a (sufficiently smooth) spring potential
U : R>9p — Rxq through

Flg)=HU'(3ldP)¢.  g¢€D, (1.2)
where H € Ry is a spring constant. The elongation (or conformation) vector ¢, whose direction and length
define the direction and length of the polymer chain represented by the dumbbgll7 is assumed to be confined
to a balanced convex open set D C RY; the term balanced means that 0 € D, and —q € D whenever q € D.
Typically, D is an open d-dimensional ball of fixed radius rp > 0, or an ellipse with fixed half-axes, or the whole
of R%. Our analytical results in this paper are concerned with the physically realistic case when D is bounded,
although we shall also comment on the idealized situation when D = R<.

The governing equations of the dumbbell model considered here are (1.1a—d), where the elastic extra-stress
tensor T is defined by the Kramers expression:

3

(z,t) =kp (/D qq" U’ (%lng) ¥(z,q,t)dg — plz, 1) £) ; (1.3)

here k is the Boltzmann constant and p is the absolute temperature. Further,

plz,t) 1/) z,q,t)dg (1.4)
signifies density, and the probability density function w q q,t) is a solution to the Fokker—Planck equation
oY /
O (Ve )+ Vi - (V) q) = £ At o ¥y - (V4 U ). (15)
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Here A\ € Ry and € € R+ are fixed positive real numbers, called the relazation time and the centre-of-mass
diffusion coefficient, respectively. We refer to [4] for the derivation of the model; see also the recent paper of
Schieber [42] for a justification of the presence of the z-dissipative centre-of-mass diffusion term € A, on the
right-hand side of (1.5).

When D is B(Q,b%), a ball of radius b2 in R? centred at the origin, a typical spring force E(g) for a
finitely-extensible model, such as the FENE (finitely-extensible nonlinear elastic) model for example in which

2
Uls) = —gln (1_ f) sel0,b),

explodes as ¢ approaches dD; see Section 2.2 below. Parabolic PDEs with unbounded coefficients are studied,
for example, in the monographs of Cerrai [12] and Lorenzi and Bertoldi [36]; see also the article of Da Prato and
Lunardi [15] and references therein. We note in passing that, on letting b — +o0o, the FENE potential converges
to the (linear) Hookean spring potential U(s) = s while D then becomes the whole of R? — corresponding to
a mathematically simple(r) albeit physically unrealistic scenario in which a polymer chain can have arbitrarily
large elongation.

We note in passing that in contrast with the case of Hookean dumbbells, the FENE model does not have
an exact closure at the macroscopic level, though Du et al. [17] and Yu et al. [47] have recently considered
the analysis of approximate closures of the FENE model. Previously, El-Kareh and Leal [19] had proposed a
macroscopic model, with added dissipation in the equation which governs the evolution of the conformation
tensor A(z,t) = fD ggTd)(g, g,t) dg in order to account for Brownian motion across streamlines; the model
can be thought of as an approximate macroscopic closure of a FENE-type microscopic-macroscopic model with
centre-of-mass diffusion.

An early effort to show the existence and uniqueness of local-in-time solutions to a family of bead-spring type
polymeric flow models is due to Renardy [41]. While the class of potentials F'(q) considered by Renardy [41]

(cf. hypotheses (F) and (F’) on pp. 314-315) does include the case of Hookean dumbbells, it excludes the
practically relevant case of the FENE model (see Sect. 2.2 below). More recently, E et al. [18] and Li et al. [33]
have revisited the question of local existence of solutions for dumbbell models.

The existence of global weak solutions to the coupled Navier—Stokes—Fokker—Planck systems of the form
(1.1a)—(1.5) with FENE type potentials, and related systems of partial differential equations, have been studied
by Barrett et al. [7], Constantin [14], Lions and Masmoudi [35], Barrett and Siili [4,5], Otto and Tzavaras [40],
and Masmoudi [39]. We refer to [5] for a detailed survey of the relevant literature.

For a review of numerical algorithms for the approximation of kinetic models of dilute polymers see, for
example, Section 4 of the survey article of Li and Zhang [32]; for recent progress on deterministic algorithms
for the approximation of Fokker—Planck and coupled Navier—Stokes—Fokker—Planck systems, see, for example,
Lozinski et al. [37,38], and Knezevic and Siili [26,27].

The present paper is a continuation of our recent work [6]; there, under very general assumptions on the finite-
dimensional spaces used for the purpose of spatial discretization, including, in particular, classical conforming
finite element spaces and spectral Galerkin subspaces, we showed the convergence of a (sub)sequence of numerical
approximations to a weak solution of the coupled Navier—Stokes—Fokker—Planck system (1.1a)—(1.5), for a large
class of unbounded spring potentials, including the FENE potential, in the case of the corotational model, where
V. u in the Fokker—Planck equation is replaced by its skew-symmetric part 1(Veu — (Vo u)7T).

Here, we shall be concerned with the general noncorotational model (1.1a)—(1.5), but where a cut-off function
BE(-) := min(-, L), with L > 1, is introduced into the drag and convective terms of (1.5). The paper is organized
as follows. Section 2 is devoted to the statement of the problem, including our structural assumptions on the
admissible class of nonlinear spring potentials. In addition, we review the energy law satisfied by the system.
In Section 3, we introduce the appropriate function spaces for the problem. Finally, in Section 4 we introduce
our Galerkin finite element method for this coupled Navier—Stokes—Fokker—Planck system with microscopic
cut-off, which involves an additional regularization parameter § > 0. We show the existence of this numerical
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approximation, and that it satisfies a discrete analogue of the energy law for the continuous system. We then
pass to the limit as the spatial discretization parameter h and the time step parameter At, as well as the
regularization parameter 4, tend to zero; using a weak-compactness argument in Maxwellian-weighted Sobolev
spaces we show that a subsequence of the sequence {{gﬁﬁ, @Zfﬁ}}5>07h>07m>0 of numerical approximations to

the velocity field y and the scaled probability density function ’KZ = ¢/M, where M is the normalized Maxwellian
M(q) = Z texp (—U(%|q|2)> , where 7 = / exp (—U(%|q|2)> dg, (1.6)
2 Z . kS Z

converges to a weak solution {y,{/;} of the coupled Navier—Stokes—Fokker—Planck system with microscopic
cut-off. We close the paper with an Appendix, where we use the Brascamp-Lieb inequality to construct a
quasi-interpolation operator in Maxwellian-weighted Sobolev spaces. By applying an extension of the Bramble—
Hilbert Lemma due to Tartar, we prove sharp approximation error bounds; we also establish an, apparently
new, elliptic regularity result in the Maxwellian-weighted H? norm on D; we then use these results to show that
the orthogonal projection operator in the Maxwellian-weighted L? inner product is stable in the Maxwellian-
weighted H! norm — a result that plays a crucial role in our convergence proof of the numerical method.

The passage to the limit in the paper is performed under minimal regularity assumptions on the data. Our
arguments therefore also provide a new proof of global existence of weak solutions to the general noncorotational
Fokker—Planck—Navier—Stokes system with centre-of-mass diffusion and microscopic cut-off. The definition of
the sequence of approximating solutions is completely constructive in the sense that it is based on a fully-discrete
and practically implementable Galerkin finite element method. To the best of our knowledge this is the first
rigorous result concerning the convergence of a sequence of numerical approximations to a global weak solution
of the coupled Navier—Stokes—Fokker—Planck model in the case of a general, noncorotational, drag term.

A key ingredient in our convergence proof is a special testing procedure based on a discrete counterpart of
the convex entropy function

s€R>g— F(s):==(Ins—1)s+1€Rxg

in the weak formulation of the Fokker—Planck equation. This leads to a fortuitous cancellation of the extra
stress term on the right-hand side of the finite element approximation of the Navier—Stokes equation with the
drag term in the finite element approximation of the Fokker—Planck equation, and results in an L>(0,T; L'(Q))
bound on the discrete counterpart of the Kullback relative entropy Ens() of ¢ with respect to M, where

Enr() = /D]-‘ (%) M(q)dg.

The choice of the entropy function F in the present context has been motivated by recent papers of Arnold
et al. [2], Desvillettes and Villani [16], Chapter 8 in the Ph.D. Thesis of Lelievre [31], the subsequent paper by
Jourdain et al. [25], and the work of Lin et al. [34].

It is important to note that the cut-off function 3% and the entropy function F are closely related, viz. 3% (s) :=
min{1/F"(s), L} for s > 0, and this connection will play a crucial role in our argument. Due to the fact that
F"(s) is unbounded at s = 0, in Section 2 the strictly convex entropy function F will be replaced by a strictly
convex regularization F ({“ whose second derivative is bounded above by 1/6 and bounded below by 1/L, 6 € (0, 1),
L > 1; at the same time the cut-off function S will be replaced by a strictly positive cut-off function ﬁ(% defined
by BE(s) = 1/[FL]"(s). Ideally, one would like to replace 8 (s) := min{s, L} by 3(s) := s in the Fokker—Planck
equation. However, our current proof of convergence of a subsequence of finite element approximations to a
weak solution of the coupled Navier—Stokes—Fokker—Planck system with center-of-mass diffusion, in the general
non-corotational case, requires the presence of the microscopic cut-off function 3% on the drag and convective
terms in the Fokker—Planck equation. Nevertheless, we showed in [5] that, in the case of a corotational drag term
at least, passage to the limit L — oo recovers the Fokker—Planck equation with centre-of-mass diffusion (1.5),
without cut-off.
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2. POLYMER MODELS

We term polymer models under consideration here microscopic-macroscopic type models, since the continuum
mechanical macroscopic equations of incompressible fluid flow are coupled to a microscopic model: the Fokker—
Planck equation describing the statistical properties of particles in the continuum. We first present these
equations and collect the assumptions on the parameters in the model.

2.1. Microscopic-macroscopic polymer models
Let © € R? be a bounded open set with a Lipschitz-continuous boundary 99, and suppose that the set
D C R d = 2 or 3, of admissible elongation vectors ¢ in (1.5) is a balanced convex open set. For the sake

of simplicity of presentation, we shall suppose that D is a bounded open ball in RY. Gathering (1.1a-d), (1.3)
and (1.5), we then consider the following initial-boundary-value problem:

(P) Find u : (z,t) € Qx [0,T] = u(z,t) € R and p : (z,t) € Q x (0,T) — p(z,t) € R such that

%_‘_(g.yx)g—y&tg—i—yxp:{-i-yx'L’(w) in Q x (0,7], (2.1a)
V., cu=0 in Q x (0,77, (2.1b)
) 1; 0 on 9 x (0,7, (2.1¢)
g(ffvo) _ ELO(Z) Vo e (2.1d)

where v € R+ is the given viscosity, f is the given density of the body forces acting on the fluid, and

(¥) : (2,1) € A% (0,T) — () (z,t) € R%*4 i5 the symmetric extra-stress tensor, dependent on a probability
density function ¢ : (z,q,t) € @ x D x (0,T) — 9(x,q,t) € R, defined as

() =kpu(CW) —p() I). (2.2)

Here k, u € R>¢ are, respectively, the Boltzmann constant and the absolute temperature, [ is the unit d x d
tensor,

Q(w)(fgat)=/Dw(f£7g,t)U’(%|gl2)ggng and p(w)(ﬂg7t)=/]3w(ﬂg7g7t)dg- (2.3)

In addition, the real-valued, continuous, nonnegative and strictly monotonic increasing function U, defined on
a relatively open subset of [0, 00), is an elastic potential which gives the elastic force F': D — R? on the springs
via (1.2).

The probability density (g, q,t) represents the probability at time ¢ of finding the centre of mass of a
dumbbell in the volume elementwawc + dgz and having the endpoint of its elongation vector within the volume
element ¢ + dg. Hence p(3)(z,t) is the density of the polymer chains located at z at time ¢. The function ¢
satisfies the foTlowing Fokker—Planck equation, together with suitable boundary and initial conditions:

b Ve )y + Vo (Vo w)a ) = 55 Vo (Ve 4 U ) +eduth mQxDx (0,T),  (2.40)
%(qu+U'qw)f(ymg)qw “nop =0 onQx D x (0,T], (2.4D)
ENVM/J - 190 =0 on 0 x D x (0,T], (2.4c)

(2, q,0) = ¥°(z,q) > 0 V(@,q) € Q x D; (2.4d)
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where nop and noo are the outward unit normal vectors to dD and X, respectively, and U’ := U’(3|q[?).
Here [, ¢°(z ,q)dg =1 for a.e. z € Q. The boundary conditions for ¢ on Q x 9D x (0,T] and 92 x D x (6, T]
have been chosen so as to ensure that p(v = [pv(z 1q,t)dg = 15 wo(g,g)dg =1 for a.e. (z,t) € Qp.
In (2.4a—c) the parameters €, A € Ry, Wlth )\ Characterlzmg the elastic relaxation property of the fluid, and

(Vo 0)(z. 1) € RO with {V, u}y = 24
- = al‘j

On introducing the (normalized) Maxwellian (1.6), we have that
MY M ™' =-M"'V,M=Y,U=U'q. (2.5)

Thus, the Fokker—Planck system (2.4a—d) can be rewritten in terms of the scaled probability density function
Y =19/M as

M %zfﬂgym)& +~vq-((ymg)quZ):%yq.(Mqu@Z)HMANZ inQxDx(0,T], (26a)
M {%yqﬁ(ymg)qﬂ ‘ngp =0 on Q x OD x (0,T], (2.6b)

eM YV, ¢ - nag =0 on 0Q x D x (0,T], (2.6¢)

M (,9,0) = MyP(2,q) = " (x,q) > 0 V(z,q) €2 x D.  (2.6d)

2.2. FENE model

We present an example of a spring potential: the FENE potential, where D is a bounded open ball in R?.
In this widely used model

1 b 2 —U(%|1q|? q
D =B(0,b2) and U(s)= —§1n (1 - Ts) , and hence e viEIah - (1 - NT) : (2.7)

Here B(0Q,s) is the bounded open ball of radius s > 0 in R? centred at the origin, and b > 0 is an input
parameter. Hence the length |q| of the elongation vector q cannot exceed bZ.
Letting b — oo in (2.7) leads to the so-called Hookean dumbbell model where

2 2
D =R and U(s) =s, and therefore e 0 (=14 — o721qF, (2.8)

This particular kinetic model, with & € Rs, corresponds formally to a dissipative Oldroyd-B type model; see [4]
for details.

2.3. General structural assumptions on the potential

As has been noted above, the choice of D = R? (corresponding to the Hookean model) is physically unrealistic;
thus, we shall henceforth suppose for simplicity that D = B(0,rp) is a bounded open ball in R? of radius
rp € Rxo centred at the origin. We assume that ¢ — U(l|q|2) € C>=(D); that ¢ — U(%]q|?) is nonnegative,

convex and has a positive definite Hessian at each ¢ € D; that ¢ — U ! ( |q| ) is positive on D; and that there
exist constants ¢; > 0, ¢ = 1 — 5, such that the Maxwellian M and the associated elastic potential U satisfy

c1 [dist(q, dD)]¢ < M(q) < ¢y [dist(q, D)) Vq € D, (2.9a)
cs < [dist(q, OD)| U'(3lqf*) < es,  [U'(5lal))? <esU"(510*)  ¥q € D. (2.9b)
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It is an easy matter to show that the Maxwellian M and the elastic potential U of the FENE dumbbell model
satisfy conditions (2.9a,b) with D = B(0,b2) and ¢ = b. Since [U(g))? = (~InM(q) + Const.)?, it follows
from (2.9a,b) that if ¢ > 1, then

/ M[1+U?+|U']*] dg < <. (2.10)
5 q

We shall therefore suppose that ¢ > 1. For the FENE model (2.7), ( = %, and so the condition ¢ > 1 translates
into the requirement that b > 2. It is interesting to note that in the, equivalent, stochastic version of the FENE
model, a solution to the system of stochastic differential equations associated with the Fokker—Planck equation
exists and has trajectorial uniqueness if, and only if, b > 2 (¢f. [24] for details). Thus, the assumption ¢ > 1
can be seen as the weakest reasonable requirement on the decay-rate of M as dist(g, 0D) — 04.

2.4. Formal estimates

We end this section by identifying formally the energy structure for (P). Multiplying (2.1a) by u, integrating
over 0, and noting (2.1b,c) yields that

li{/|u|2d:ﬂ]+1//|Vzu|2d:ﬂ f- ud:c*f/ (M@/}) Vzudx
2dt | Jo'~ T~ I L sl

=—kp | C(MY):V,udz. (2.11)
o~ N

Let F(s) :== (Ins — 1)s + 1 for s > 0, with 7(0) := 1. Multiplying the Fokker-Planck equation (2.6a) by
f’(w) In 1, on assuming that 1 > 0, integrating over © x D and noting (2.6b,c) yields that

%[QxDMf@d‘zdf%/mD LAY DV [F @) +eVad -V, [F@)]| dgde

= [ MO0V, F D) dgda. (212)

It follows, on noting that F”(s) = s=! > 0 for s > 0 and hence that QZNVQ [F' ()] = V., (2.5), (2.1b) and
M =0 on 0D that

M4 [(Vou)q)- Vo [F ($)] dgda = M{[(V,u)q] - Vgipdgda
QxD T~ ~ QxD APV oo~

= MU' q-[(Vou)q)vdgde
QxD ~ R Y ~o

= [ C(MY): V,udz, (2.13)
o~ S TR

on recalling (2.3). Combining (2.11)—(2.13), we obtain the following energy law for (P):

d[1 ~
= {5/ |u|? dz + k p M]-'(z/;)dqu} +1// |V, ul? da
Q- ~ QxD ~ Q= ~ ~

”fﬂ/mD {MY V-Vl F ()] +eVath- Vo [J-"(@)]} dgde = | f-udz. (2.14)

~ ™ Q~ ~
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To make the above rigorous, and for computational purposes, we replace the convex function F € C(Rxq) N
C*>(Rsg) by its convex regularization Ff € C*!(R) defined, for any § € (0, 1) and L > 1, as follows:

822_552 +(néd—-1)s+1 s <9,
Fl(s):={ F(s)=(ns—1)s+1 0 <s<L, (2.15)
5227LL2 +(InL-1)s+1 L<s.

Hence, we have that

S4+lmo-1  s<g, ot s <,
[FE/(s) =< Ins §<s<L, and [FF]"(s)={ s! §<s<L, (2.16)
7+InL -1 L <s, Lt L <s.
In addition, we introduce
1) s <9,
By (s) = [[F{"(9)) =< s  d<s<L, (2.17)
L<s

It follows from (2.17), for any sufficiently smooth @, that

B @) Ve (F51(®)=Vad  and 57 (@) Ve ((F5)(®)) = V& (2.18)

~

{
Vg - (Vau) g M) in the Fokker-Planck equation (2.6a) is replaced by

Vo (V2 u5)a M G5 (97)). (2.19)

Multiplying the Fokker-Planck equation in (P%) by [f(SL]’(zZ(SL), integrating over Q2 x D, noting (2.18) yields,
similarly to (2.12) and (2.13), that
d

UL wrahaas v [ v, v, [F160)] d
QxD ~ ~ oo~

7 Jon

te | MVLOE-V. [[FH@F)] dgaz = | C(Mif): V. uk e, (2.20)
QxD  ~ ~ ~ Q~ o

Combining (2.20) and the (P%) version of (2.11), we obtain the following energy law for (PL), the regularized
analogue of (2.14):

d |1 L2 L (L L2

— = [ |Jusl* de 4+ kp M Fs(s)dgdx| +v [ |Vaus|* do

dt [2 Jg ~ ~ QxD ~ o=~ ~

1 > 0 -~ o~
+kN/QXDM [ﬂ?qd&%?q [[ff]'(wg)} +€Yz¢§~vz {[]:(SL]I(Q/}‘%‘)H d(zdl‘:/‘f.ug d%. (2.21)

On noting that [FL]” > L1, and

|m

if s <0,
iz — C(L) if s >0,

w N
N O

min{F¥ (s), s [FE) (s)} > { (2.22)

I
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one deduces from (2.21), on assuming that 1?0 < L, that

sup [/ luk de] +V/ Ve uf|?dedt +671 sup M |[pF]_? dg dx} < C. (2.23)
) - ap =~ -

te(0,T ~ te(0,T) [ QxD

In addition, one can show that
~ 1 (7
sup [ M|1/)6L2dqd:c]+—/ / M
te(0,T) LYQxD ~ A 0 QxD

T
+5/ / M
0 QxD

The above formal bounds have been made rigorous and the existence of a global-in-time weak solution {u%, 12(’;“}
to (P%) has been established in [5]; see also the next section. Moreover, one can take the limit § — 04 in

12
vqwﬂ dg dz dt

—~ 12 ~
vmwﬂ dgdzdt+ sup [/ |C’(M1/)6L)|2dm} < O(L,T). (2.24)
~ ~ te(0,T) Q= ~

problem (P%) to establish the existence of a global-in-time weak solution {u”, {Z;L} to problem (P%), which is a
regularization of the problem (P) where the drag term V - (V. u) ¢ M ¢) in the Fokker—Planck equation (2.6a)
is replaced by

Vo (Vouh)g MBHEGE)  with ﬂ%s):{‘z =h (2.25)

Once again, see [5] and the next section.

The aim of this paper is to construct a finite element approximation of problem (P§ ), which mimics the energy
law (2.21) at a discrete level, and to show that this approximation converges to a weak solution of (P¥), as the
spatial discretization parameter h and the time step parameter At, as well as the regularization parameter §, tend
to zero. At the moment we are only able to carry out this program if we apply the cut-off 3 to both the drag
and convective terms in the Fokker—Planck equation. The corresponding ¢ regularized version (’P({“) is stated
in the next section, see (3.17a,b). In Section 4 we introduce (’P(;L’At), a finite element element approximation
of (PL) - see (4.32a,b), which mimics the energy law (2.21) at a discrete level. We show that this approximation
converges to (P), (4.93a,b), as h, At and § tend to zero. We suppress the L dependence in (P?’At) as, at the
moment, we are unable to pass to the limit L — oo. Note, however, that there is no limitation in our analysis
on the size of L: it can be taken arbitrarily large, as long as it is greater than 1 and fixed.

3. FUNCTION SPACES
Assuming that 9Q € C%!, let
Hi={wel’Q):V, w=0} and V:={we H)Q): Y, w=0}, (3.1)
where the divergence operator V, - is to be understood in the sense of vector-valued distributions on 2. Here,

and throughout, we adopt, for example, the notation L?(Q) = [L3(Q)]¢ and HL(Q) = [HE(Q)]¢. Let V' be the
dual of V. Let S : V' — V be such that S v is the unique solution to the Helmholtz—Stokes problem

/§y~wdw+/yzé‘y:¥zwd:§:<y,w>v VweV, (32)
Q Q

where (-, )y denotes the duality pairing between V' and V. We note that

(W Sv)y =l8ullin@  YeeV' D (Ho(Q) =HH(Q), (3-3)
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and [|S - ||g1 (@) is a norm on V'. Here, and throughout, we adopt, for example, the notation || - || z1(q) for
the norm, and | - |1 (q) for the semi-norm, on H'(Q2) or H*(Q2). We require also the duality pairing (-, ) HL(Q)
between H~1(Q) and H}(9).

For later purposes, we recall the following well-known Gagliardo—Nirenberg inequality. Let r € [2,00) if

d=2,and r € [2,6]ifd=3and § =d (% — %) Then, there is a constant C', depending only on €2, r and d,

such that the following inequality holds for all n € H!(Q):

-0 0
Inllzr@) <C ||77||1L2(Q) 71l - (34)
We make the following assumptions on the given initial data and the cut-off parameter L occurring in (2.15):

WeH and 0 i=M W eL®QxD) with 0<¢°<L ae. in€Qx D; (3.5a)

and the body force density

f € L0, T; H 1(Q)). (3.5b)

Let L%,(Q x D) be the Maxwellian-weighted L? space over  x D with norm

1
2
2ll22,@xD) = {/ M|@|2dgd3~c} .
QxD

Similarly, we consider L2,(D), the Maxwellian-weighted L? space over D. On introducing

1
2

gy i={ [ a1 [16P +19. 0" +19, 6% dgaz (36)
QxD
we then set
X = H(@ x D) i= { € Lo(@ % D)+ |8l ) < 0} - (3.7)
It follows that
C*(Q x D) is dense in X. (3.8)

This can be shown, for example, by a simple adaptation of Lemma 3.1 in Barrett et al. [7], which appeals
to fundamental results on weighted Sobolev spaces in Triebel [46] and Kufner [30]. We have from Sobolev
embedding that

H'(9; L3, (D)) = L*(Q; L3, (D)), (3.9)
where s € [1,00) if d =2 or s € [1,6] if d = 3. Similarly to (3.4) we have, with r and 6 as defined there, that

there exists a constant C, depending only on €2, r and d, such that

~ ~1—0 ~110 ~ )
181z, 00 < CIBIatnsa oy 181 o, oy V8 € H L34(D)). (3.10)
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In addition, we note that the embeddings
Hi (D) — L3,(D), (3.11a)
H};(Q2x D) = L*(Q; Hy, (D)) N HY(Q; L3,(D)) — L3,(Q x D) = L*(Q; L%,(D)) (3.11b)

are compact if ¢ > 1 in (2.9a); see the Appendix in [5].
Let X’ be the dual space of X with L%,(Q2x D) being the pivot space. Then, similarly to (3.2),let G : X’ — X
be such that G7 is the unique solution of

| M|@06+ 9, @0V, 54V, @) Vo p|drds = (MG WX, (312

where (M -,-) ¢ denotes the duality pairing between X' and X. Then, similarly to (3.3), we have that
(Mn,Gh)g =G7l1%  vne X', (3.13)

and [|G - || ¢ is a norm on X'

We recall the following compactness result, see, e.g., Temam [45] and Simon [44]. Let )y, Y and )y be Banach
spaces, Vi, ¢ = 0, 1, reflexive, with a compact embedding )y <— ) and a continuous embedding ) — Y;. Then,
for a; > 1, 7= 0,1, the embedding

{neL0,T;M): 2 € L*(0,T; 1) } — L*(0,T;Y) (3.14)

is compact.
We note for future reference that (2.3) and (2.10) yield that, for ¢ € L3,(Q x D),

/|CM<p|2dx—/ZZ(/M<pUqlq]dq) dz

i=1 j=1

< </ M U2 gt dq)( M|¢|2dqu> §C< M|@|2dqdz). (3.15)
D ~ ~ Qx D ~ Qx D ~

In [5], for any e > 0, L > 1 and T > 0 existence of a solution to the following weak formulation was
established: N

(PY) Find u* € L*(0,T; L*(Q))NL2(0,T; V)N WLE(O T;V') and 1/)L € L>=(0,T;L3,(Qx D))NL*0,T; X)N
WL (0,7; X') with ¥ > 0 a.e. in Q@ x D x (0,7) and C(M §*) € L=(0, T; L*(R2)), such that u”(-,0) = u°("),

{EL(V ) 0) = 1;0(., ) and

’ a,le L L L
| <atu>vdt+/QTH<% Velu'] - wtvYeut: Vou] doat

T
/ (f, )Hl(Q) dt—k:u/ C(M YY) : Vyw da dt VweLfd(O,T;V); (3.16a)
0 ~ o~ ~

/O <a§’¢> dt+//QXD [V, 08—t 0] V. §dgdedt

L L/ L ~ - ~ . o
+/O /§2><DM|:2>‘~ pr ~ (Vou™)q 87 )}-quwdgd:fdt—o V@ e L73(0,T;X).  (3.16b)
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Remark 3.1. If d = 2, then u* € C([0,7); H) (c¢f. Lem. 1.2 on p. 176 of Temam [45]), whereas if d = 3,
then u” is weakly continuous only as a mapping from [0, 7] into H (similarly as in Thm. 3.1 on p. 191 in
Temam [45]). It is in the latter, weaker sense that the imposition of the initial condition to the u’-equation
will be understood for d = 2,3: that is, limy_o, [,(u”(z,t) — uo(z)) - v(z)dz = 0 for all y € H. Similarly, for
the initial conditions of the ¢/-equation for d = 2, 3: limy o, [o.p M (- (z, q,t) — Uo(z, q))@(z.q)dgdz =0
for all € L2,(Q x D).

Remark 3.2. Since the test functions in V' are divergence-free, the pressure has been eliminated in (3.16a,b);
it can be recovered in a very weak sense following the same procedure as for the incompressible Navier—Stokes
equations discussed on p. 208 in Temam [45]; i.e., one obtains that f(f pl (-, s)ds € C([0,T]; L3()).

As stated in Section 2, in order to prove convergence of our finite element approximation we need to apply
the cut-off 3% to both the drag and convective terms in the Fokker-Planck equation. We end this section by
introducing the corresponding d-regularized version of the problem:

(PL) Find ut € L°°(0,T; L*(Q))NL2(0,T; V)NW (0, T; V') and ¥ € L>(0,T; L2 (QxD))mL2(0 T;X)N
Wi (0,T; X') with C(M ¢F) € L>(0,T; L*(Q)), such that uk(-,0) = w°(), £ (-, 0) = ¢°(,-) and

/OT<3§E7N>V d”/QT H(%'Yx)gﬂ wt v Vouf Yﬂ;u} dzdt

T
:/ (f,w)Hé(Q) dt—k:u/ C(MYF): Vyw drdt VweLfd(O,T;V); (3.17a)
~ Qp ~ ST ~

AL
wa ~
)

<p> s [ [V B -k ] Ve p dgarar

+/0 /QXDM [ﬁ Vy ?ZJL - (V ua)(Jﬁa (1% )} ) dq drzdt =0 Vp e Lﬁ(()’T;)’f)_ (3.17b)

4. FINITE ELEMENT APPROXIMATION

Let us denote the measure of a bounded open region w C R? by m(w). We make the following assumption
on 2 and the partitions of 2 and D.

(A1) For ease of exposition, we shall assume that  is a convex polytope. Let {7, }1>0 be a quasiuniform
family of partitions of {2 into disjoint open nonobtuse simplices k,, so that

Q= U Rz with hy, = diam(k;), hy = max h., <diam(Q)h and m(k,) > C he.
Ko €T
KzeT x h

Let {7,7}1,>0 be a quasiuniform family of partitions of D = B(0,7p), rp € R, into disjoint open nonobtuse
simplices k4, with possibly one curved edge, d = 2, or face, d = 3, on 9D, so that

D= U Fq with h,, :=diam(k,), hg = max hy, < diam(D)h and m(k,) > Ch%.
kg €T,!
qu,]—h q h

A “simplex” k, with a curved edge/face is nonobtuse if it is convex and the enclosed simplex with the same
vertices is nonobtuse, in the sense that all of its dihedral angles are < 7/2. It follows from the above that
hy  hq

e + I <C as h— 0. (4.1)
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We note that such nonobtuse simplicial partitions of 2 and D are easily constructed in the case d = 2.
For the construction of nonobtuse three-dimensional simplicial partitions we refer to the papers of Korotov
and Krizek [28,29] for example; the reader should note, however, that in [28] the authors use the term acute
when they mean nonobtuse. Elsewhere in the computational geometry literature the term acute is reserved
for a simplicial partition where all dihedral angles of any simplex in the partition are < 7/2, which is a more
restrictive requirement (especially in the case of d = 3) than what we assume here; see, for example, the articles
of Brandts et al. [10], Eppstein et al. [20], and Itoh and Zamfirescu [23], and references therein. Nonobtuse
simplicial partitions are sometimes also called weakly acute (cf. [43], p. 363).

We adopt the standard notation for L? inner products:

(m,m2)q = / mnedz Vn; € L2(Q) and (m,m2)axD :=/ mnedgdax Vn; € LQ(Q x D), (4.2)
Q ~ Q ~

xD

which are naturally extended to vector/matrix functions.
Let P} and P} denote polynomials of degree less than or equal to k in z and q respectively. We approximate
the pressure and velocity with the lowest order Taylor—-Hood element; that is,

Ro o= (i € C@) i o, € B Vg € T7), (4.32)
Wi, := {wn € [C()]?: wh |x, € [PE]Y Vre € T,7 and wy, = 0 on 90} C [H ()], (4.3b)
Yh = {Bh S IN/Vh : (NVI 'gh,’nh)g =0 Vnh € Rh}. (4.3C)

It is well-known that Rj and W, satisfy the inf-sup condition

(Nva, * Wh, rh)Q

sup =
wreW, ”?Nﬂh”Hl(Q)

> Collrullze)  Vrn € Ra, (4.4)
see e.g. [11], Section VI.6. Hence for all vy € V, there exists a sequence {vp, }r>0, with v, € V', such that

hli)l’&r ||B — gh”Hl(Q) = 0 (45)
We require the L? projector Qn 'V — Vp defined by

(U —Qn U,wh)Q =0 Ywyp € V. (4.6)

We note that the convexity of {2 and the quasiuniformity of {7, }4~0 imply that Q, is uniformly H L(Q) stable;
that is,

1Q@nvllm ) < Clvllaie  YveV, (4.7)
see [22].

For the approximation of the advection term in the Navier-Stokes equation we note that, for all v € V' and
w, z € H'(), we have that

(0 Va)w 2o =4 [((0 Va)w, 2o = (0 Ve )z, w)al (48)
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In addition, the choice w = z leads to both sides of (4.8) vanishing. Obviously, as V', ¢ V, the discrete analogue
of the above does not hold; that is, it is not generally true that, for all v, € V1, wn, zn € Wh,

((vn - Va)wn, zn)o = 1 [( (vn - Ve )wn, zn)a = ((n - Vi )zn, wh)a| - (4.9)
We note that the right-hand side of (4.9) vanishes if wy, = zp,, which is not necessarily true for the left-hand side.
Hence, we use the right-hand side form of (4.9) for the approximation of the advection term in the Navier—Stokes
equation.

To approximate X, we first introduce

Xp={@r €C@): 3} s, €PY Vg € TT} C Wh(Q), (4.10a)
X1 :={31 € OD): 3L |a,€ P! Vry € T,7} € WH2(D). (4.10D)

‘We then set
Xp=XfoX!cX. (4.11)

We note from (4.3a,c), (4.10a) and (4.11) that, for any v;, € Vj, and any ¢ € D,

(Va 'QM@L(',Q))Q =0 Vg e X (4.12)

We note that for (4.12) to hold in general, we require that )?,f C Ry.
We introduce the interpolation operators 7¥ : C(2) — X and 7} : C(D) — X|! such that

T oY (PY) =% (PY), i=1—1I%, and 7y oU(PY) =P, i=1—19, (4.13)

where {P?}" | and {P{}, are the nodes (vertices) of 7,* and 7,7, respectively. The associated basis functions
are

Xi € )?ﬁf such that  xj(Pf) = d;; ford,j=1—1", (4.14a)
and  x?e€ X! such that Xi(P}) =d;; fori,j=1—1I% (4.14b)

We introduce also 7, : C(Q x D) — X}, such that
(mu BYPE, PY) = GPE,PY) fori—1— 17, j—1-1I0 (1.15)

Of course, we have that m, = 7y 7] = 7 7f. The vector versions of the above interpolation operators are

m [C@) = (X7l [CD) - [Kf)Y and my: [C@X D)) — (X (4.16)

We require also the local interpolation operators

q — -4 — x [
hykg = Th |r€q; ThykeXtg = Th |k Xkgo Eh”% = 7Ih |Rm7

X xr
Th,ke = Th L T

q
Eh‘r’{q

7:2 |k and Thoexrg = Th |roxn, Vi, € T, Vkq € T (4.17)
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For any @, € X, there exist EX@n)](z.q). [E5(@n)(z,q) € R for ae. (z,q) € Q x D such that on
ke X Kq, for all ky € %, kg € T2,

@) €PN and s, [S5(@) Vo ([ IFH@0)])] = Vo B (118)

@) € BT and T, [ZH0) Vo (alFH) (@)))] = Vo B (4.18b)

2 1]

2 [1]

Hence (4 18a,b) are discrete analogues of the relations (2.18). We now give the construction of Z§(-) and Zj(-).
Let {e 1 be the orthonormal vectors in R%, such that the j* component of e; is 0y, 1, j =1—d. Letk
be the standard reference simplex in R? with vertices {P }4_,, where P is the orlgm and P =ejt=1—d.
Given @), € X, ke € T, with vertices {Pf }i_o and ky € T;! with vertices { P} }9_, then for a fixed vertex Py,
of rg, let AF(P} ) € RdXd be diagonal with entries

Pn(Pi, P — 8n(P,, P
[F5(@n(PF . 2Y,)) —[ 5 1(@n (P, PY))

AE(P )y = : By
[fL]”( (El Pq )) :66 (Sph(’Ez]ﬂsz)) lfsah(’EijﬂPik):Sah(’Eigv’Eik)v
j=1-d. (4.19)

lfah( Z;ng)# ( ’LU”Eq)

Let B,, € R?*9 be such that the affine mapping B,, : y € R? P} + By, y maps the vertex ZD]. to D7,
j =0 —d, and hence K to k,. For any ¢} € Xh7 let @ ,(z) = ¢} (By,y) for all y € K. Hence it follows that

Vo @5 = B, 17 Vy &5 (4.20)
Therefore, for k = 0 — d,
=5(P,) = (BE) ! AF(PL) BT, (421)
is such that
=5(PL) Ve (mallFH @) (@, PL) = Vi (@, PL) Vo € o (4.22)
Finally, on recalling (4.14b), we set
d
oHE ZE DXi () Ve Ere, Vg€ Ry (4.23)

Hence Zj satisfies (4.18a). A similar construction yields Zj satisfying (4. 18b) The only difference is for those
kq With a curved side or face, the corresponding linear mappmg By, maps k to the enclosed simplex with the
same vertices as kg As T , T" are quasiuniform partitions, we have from (4.23), (4.21) and (4.19), and their

gg counterparts that, for all @y, € X’h,
125 (@ulI2oe 250y + IE5 (@02 25 p) < C L2 (4.24)

We note that the construction of Z§(-) and Z§(-) satisfying (4.18a,b) is an extension of ideas used in e.g. [3,21]
for the finite element approximation of fourth-order degenerate nonlinear parabolic equations, such as the thin
film equation.
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As the partitions 7;* and 7,' are nonobtuse, we deduce (see, for example, [13] Chap. 3, Bibliography and
Comments on Sect. 3.3; and Sect. 4 in the paper of Brandts et al. [10]) that

Vaxi Vexj <0 on kg i1#£4 i,j=1—1I% Vg € 1) (4.25a)

and Voxi-Vexi <0 on kg i#g, 4,j=1—1I Vkq € T} (4.25Dh)

Let g € C%(R) be monotonically increasing with Lipschitz constant grip; then it follows from (4.25a,b) that,
for all k, € T}*, kq € 7, and for all §j, € X},

2
[ M, [[Ve [ @) ] g
K X Kq ~ ~ =
< JLip / Mﬂ'h,nxqu {vx @h -V (ﬂ'h,nmxriq [gl((ﬁh)])} dg d; (4.26&)
Fa X Kq ~ ~ ~

and / M Th ke, x g [
Ka XKgq

<o [ M, [Va B Vo (o, 6(@)] dg (4.26D)
Ka XKgq ~

2
Yy [ @D | d s

Let 0 = tp < t1 < ... < ty—1 < ty = T be a partition of the time interval [0, 7] into time steps At,, =
tn —th_1,n=1— N. We set At = max,—1_n At,. We make the following assumptions on the time steps
{At,}N_, and the discrete initial data.

(A2) We assume that there exists C' € R such that
At, < CAt,_1, n=2— N, as At — 04. (4.27)

With Aty and C as above, let Aty € Rs be such that At; < C'Atg. Given initial data satisfying (3.5a), we
choose u) € Vj, and ¥) € X, such that

(g%gh)g + Aty (vi uf), Vs 'INJh)Q = (g071~)h)9 Yun € Vi, (4.28a)

(M, 7l @n]axp + Ato (M, [Va O - Vi B+ Vg b - Vo Brl)axn = (MY", @r)axp V@ € Xp. (4.28b)
It follows from (4.28a,b), (3.5a) and (4.26a,b) that

[ [P+ st i ar < c 0 < < 1 im@nn) <

and M, [(@}L)Q + Aty [|vl. DL +1v, $2|2” dgdz < C. (4.29)
QxD ~ ~ ~
We set
1
) = i (-, t)dt € H1(Q). (4.30)
~ n tn—1 "~ ~
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It is easily deduced from (3.5b) and (4.30) that

N T
Z At, ||f”||;{71(9) < /0 ||f||§{,1(9) dt<C for any r € [1,2], (4.31a)
n=1 ~ ~

and AT — f strongly in L2(0,T; H-Y()) as At — 0, (4.31b)

where fA4F(. ) = fr(:) fort € ("1, t"],n=1— N.
Our numerical approximation of (P(;L ) 1As then defined ilS follows, Wit}/l\ gg B = y% arld {/’\((S),h = 12)\2
(’P(};’At) For n =1 — N, given {yf{;l,w(’{;l} € Vi x Xp, find {ug ;.95 ,} € Vi x Xj such that

1
Us.p — “?,h - B
(7” A7 ,wh> +v (Vaufy, Vown)o + 5 (usrt - Ve ug pwn)a — ((ufy,' - Ve )wmu?,h)g}
. 2 M Iy MERSL R Iy S )

n

= (/" wn)my ) — ki (C(MG3,), Vo wn)a Vwy € Vi, (4.322)
n _ Tn—1
(M, . V5 — Ysh )
QxD

At,
- <M (Vo ugn) @ 7n [E2(54) Vo @hD + (Mg mh [Z5(050) Va 1)) ¥n € Xn; (4.32b)
o~ e ~ QxD M e ~ QxD

N ~ ~ 1 ~n N
Pn+eVathsy - Ve pn + ﬂ?q%,h'?q%h

where for ease of notation, we write 75, and 7, in (4.32b) whereas it should really be Th,fow X Fiq and Thykiw X Figs
respectively, on each K, X K4 of 2 x D. We note that these interpolation operators play a crucial role in (4.32b)
in obtaining a discrete version of (2.20). For example, we can exploit the results (4.18a,b) and (4.26a,b) on
choosing the test function @5, = 7] [ff]’(@gfh)]. We have suppressed the dependence of the solution {uj . {l;gh}
on L through the dependence of Z§ and gg on F¥. This is because we will not be passing to the limit L — oo,
but only to the limit § — 04 in addition to letting the discretization parameters h, At — 0.

We note that the approximations ug ), and {/;g’ 5, at time level ¢,, to the velocity field and the scaled probability
distribution satisfy a coupled nonlinear system, (4.32a,b). We will show existence of a solution to (4.32a,b)
below, see Theorem 4.2, via a Brouwer fixed point theorem. First, assuming existence, we show that (’P(;L’At)

satisfies a discrete analogue of the energy equality (2.21). For all the following lemmas and theorems we assume
the assumptions (Al) and (A2) hold.

Lemma 4.1. Forn=1— N, a solution {ygﬁh,@g’h} € Vi x X;, of (4.32a,b), if it exists, satisfies

3 (gl + i = w2 ey | + s O, FE @R Do + A v Ve 643y

. . 1 N N
# 8tk (Mo [o 9203 o (A @) + 55 T B Ta V@D )

IN

3 ||’ljg,ﬁl||%2(9) + k(M [Fy (057, ))axp + Aty ("5 ug n) iy o)

IN

n— n— v
3 ||7j5,h1||%2(9) + ke (M, 70 [ F5 (03, ) Daxp + Aty 5 HY“ g:;l,hH%?(Q) +C ||fn||%rl(9)] - (4.33)
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Proof. On choosing wy, = uy,;, in (4.32a), it follows that

5[ [l b — P~ g B ] dz ot At [ 190050 e
= Aty [ sy — (O G3), Vauii)a] . (4.34)
where we have noted the simple identity

2 (51— 82) 51 = 55+ (51 — 52)% — 53 Vsi, 52 € R. (4.35)

On choosing @y, = | [ff]'(@gh)] in (4.32b), and noting the convexity of ¥, (4.18a,b), (2.5), (4.12) and (2.3),
we have that

(M, 7 [ F§ (W30) = F& W5 Maxo
+ 8ty (M o2 B Bl FEV @) + 55 Va i Va (a5 T500))
< (M (Vaun)a. Vo i)asn + (Mu, Vo bl )axo
= (MU' [(Vauin)al. 03 n)axn =2 (M Vo - uf 05 p)axp

= (g(M %,h)a Ya ga,h)ﬂ- (4.36)

QxD

Combining (4.34) and (4.36) yields the first inequality (4.33). The second inequality follows from using Young’s
inequality and a Poincaré inequality. O

We now show using a Brouwer fixed point theorem that there exists a solution {gg s {/;g’ n} at time level ¢,
o (4.32a,b).

Theorem 4.2. Given {u5 n Vs hl} eVpx Xh and for any time step At,, > 0, there exists at least one solution
{y’ﬁ,}ww&,h} € l/h X Xh to (432aab)

Proof. We define the inner product, ((-,-)), on the Hilbert space V' x X, as follows:
(({wn, ¥n}, {wn, Bn})) = (un, wn)a + (M, mn[n Baldaxn Y, ¥n}, {wn, @n} € Vi x Xn.
Given {g?’;l,@:{;l} eV x )/fh, let H:Vp X X, — Vi X X}, be such that, for any {ghﬂzh} € Vh X )?h,

((H(yh,ih), {wn, on})) = (%ﬂﬂh) +v (Vo un, Vawn)o — <f s Wh) () T kp(C (M ), Vo wp)o
n O ~ ~ ~

)QXD

=9 () Vg B — (M up, 7 |22 Vi @
SEva]) - (e 60T,
V{wn, @n} € Vi x X
(4.37)

[ Ve wida — (55" Yy, wi)ol
Jh - A:;h
+ | M, m, — Pnt+eVa bn - szDh-f——V bn - v

At 2N~ aPh
- <M (sz y’h) q, :/;rh

—
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We note that a solution {gf{h, igh} to (4.32a,b), if it exists, corresponds to a zero of H; that is,
(M B {wn, 21) =0 Wwn, B} € Vi x K. (4.38)

On noting the construction of Z§ and Zf, (4.19)-(4.23), it is easily deduced that the mapping H is continuous.

For any {yh,ﬁ)\h} € Vi x X, on choosing {wn, P} = {yh,ﬂh[[ff]’(ﬂ)\h)]}, we obtain analogously to (4.33),
on noting (4.26a,b) and neglecting some nonnegative terms, that

(M Cun, D), {n mn[[FFT (Gn)]})
(5 (lanliZagy — g BBy ) + ki M w0 FE() — FEB35 o]

>
- At,
v
+ 5 IVaunllizi) = C I 5-10)- (4.39)

Let us now assume that, for any v € R~ , the continuous mapping H has no zero {gf{h, Jgh} satisfying (4.38),
which lies in the ball

Zy = {{wn, ¢} € Vi x X o |[{wn, @rIl <%

where

=

[1€wn, @rHI = [(Lwns @b {wn, BN = [lwnl3ae) + (M, Wh[(sﬁh)Q])ssz}

Then, for such 7, we can define the continuous mapping &, : Z, — Z, such that, for all {w;,on} € Z,,
Ey(wn, n) = VTG G

By the Brouwer fixed point theorem, £, has at least one fixed point {u;, @Z} in Z,; hence it satisfies
K on I = T1Ey (s oI = - (4.40)
It follows from (2.22) and (4.40) that
Looye L7 Looye kp 7Y\ 2
§||Eh||L2(Q) + kp (M, mn[F5 (Y))oxp = §||gh||L2(Q) + v (M, 7 [(¢,)"Daxp — C(L)
. [1 kp ~,
> min { 2. 41 IR - (@)
= min 1kn 72— C(L). (4.41)
27 4L
Hence for all v sufficiently large, it follows from (4.39) and (4.41) that
(G, D), (s FEY @I > 0. (1.42)
On the other hand as {u;, {/;Z} is a fixed point of £,, we have that

~ 11y D) [

(L B7) ., mallFEV GID) = — lq ey + (ML w7 [FEY () Dasn| - (4.43)



58 J.W. BARRETT AND E. SULI

Similarly to (4.41), we have from (2.22) and (4.40) that

- - 1
b1 22y + (M ma ] (75T (W) Dexp = 17 7% = C(L). (4.44)

Therefore on combining (4.43) and (4.44), we have for all v sufficiently large that
(g, B, (s mFET @) <0, (4.45)

which obviously contradicts (4.42). Hence the mapping H has a zero in Z, for ~ sufficiently large. (]

In order to establish a stability result for our approximation (P?’At), we need first to prove a number of
auxiliary results. Applying Jensen’s inequality, we have that, for all x, € 7,* with vertices {EfJ }?:0,

d
<SE PP @) = (7, (@)7]()

| [hw, @

Vo € kg, VU € C(Ry), (4.46a)

where we have used (4.14a) and that x7, are nonnegative, and Z?:o Xi,(z) = 1 for all z € k. Similarly, we
have for all k, € T}, kq € T that

[ P < [, [2)7])0) Vg € . Vg € C(y), (4.46D)
| e enPI@ O < [Trieon, [B)@0)  W(@,0) € Ko Xy WP € Cr Ry, (1.46¢)
| T 1@ D < [, [1PP)(@00)  (o,0) € o x gy VP ECRTX R (46

In addition, for all k, € T, k, € T)" and for all &, ¥ € Crg X Kq)s @, 12)\ € [C(kz X kq)]? the following

inequalities are easily deduced for any 1 € R<q:

-~

[ [ ey [BON (0 < 3 [ney 0+ 071 4] (2 0) V(@.q) € ko X g, (44Ta)

1@00)| < (o, 07138 + 07 [P )(200)  Vi(0,) € ko X Kpe (147D)

a'nd | [ﬂ-hﬂ’ixx"@q [@ :

Z@)

The following interpolation stability results are easily established, using the mean value theorem, for all
ke € T and kg € 7,7, respectively:

1Ve 7, ) S Ve B limer) V8 € WH(50), (4.482)
IVa ) o, @l (ry) < AIVq P lLmie,) VT € WH(ky); (4.48Db)
furthermore,
d d d d
e 55747]
Th, ke X g P = Byl Wh,nqsﬁ
;; axl aq] L (kg XKq) gg ax" ] Lo (kg XKq)
d d 2
< Vo e W22 (ke X Ky). 4.49
Z=:Z=: ax"aqj L (kg XKq) ( ’ q) ( )
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We recall the following well-known approximation results for all x, € 7;* and k4 € T,

1T = 75 )8 ey < O Wy V8T € WP(5,), (4.500)
10 =7 )8 ey < OB B ey VBT € WP (). (4.500)

We require the following inverse bounds for all i € P{, ¢} € P{ and for all &} C k, € T,7, k) C kg € T}
with m(k;) < Cm(k}), m(kqg) < Cm(ﬁ;):

I3 oy < Clme) ™ [ 187, (4510)
1803 ey < Clenlei) ™ [ 122 g (151b)
Ve @i de < Chy? / |h)? dz < C'hy? / T e, 1127 %] da, (4.51c)
[vaara<on? [ et on? [, @R (4510)

The bounds (4.51a,b) are standard inverse bounds in the case x} = k; and kj = k4. The results are easily

generalized to kj C k; and ki C kg under the stated conditions, since then [&f | po () < C |G| (k2)

and ||(‘/5%||Loe(ﬁq) <C ||S/5;IL||LOC(H;). The first inequalities in (4.51c,d) then follow immediately from (4.51a,b),
respectively; whereas the second inequalities in (4.51c,d) follow from (4.46a,b), respectively. The following
bounds follow immediately from (4.51a,b) under the same stated conditions:

[ e lEfar<c [ @Pa wmd [ (@R <o [ (EPG @)

In addition, we require the following weighted bounds.

Lemma 4.3. For all kq € T and for all §}, € P{ we have that
[ miwastrag<en® [ migPag<cn? [ e, (18P d (4.53a)

/ My . [124*1dg < (/ M dq) I1BA N e () < C/ M |3j|* dg. (4.53b)

Proof. If k4 has no vertices on 9D, let ¢min be the nearest point of k4 to dD. It follows from the quasiuniformity
of ’];h that dist(gmin, 0D) > C' hg, and hence, on noting (2.9a), it follows that

maxgen, M(q)  co [dist(gmin, OD) + hyl¢

= sC 4.54
minge,, M(q) = c1 [dist(gmin, 0D)]¢ =C (4.54)

The first inequality in (4.53a) then follows immediately from (4.51d) and (4.54). Similarly, (4.53b) follows
immediately from (4.51b) and (4.54).
If k4 has vertices on 9D, we introduce, for appropriate C; € R,

Ky = 1{q € kg : dist(q,0D) > C1 hg} C Ky and  m(kg) < Com(ky). (4.55)
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Similarly to (4.54), we have from (4.54) and (2.9a) that

maxqenq M(Q)

- > < (. 4.56
mingey; M(q) ( )

It follows from (4.55), (2.9a), (4.56) and (4.51d) that
/ M|V, 5}*dg < Cy / M|V, &}[>dg < Ch? / M [3}?dg < Ch;? / M |3}* dg, (4.57)

and hence the first inequality in (4.53a). Similarly, the bound (4.53b) in this case follows immediately from
(4.51b), (4.55) and (4.56).
Finally, the second inequality in (4.53a) follows in both cases from (4.46b). O

In addition, we require the following inverse inequalities.

Lemma 4.4. For all $y € P{ @ P{ and for all ky € T)F, kq € T,! we have that

M|V, @n|?dgder < Ch,? /

K XKq

/ Mﬂ-hﬂizx"ﬁq |:|v$ ¢h|2] dq dx S /
Kae XKq ~ ~

Ka X Kgq

M |@n|? dg du, (4.58a)

M|V, &n>dgdz < Chy? /

K XKq

/ Mﬂ-hﬂ@zXKq qu @h|2] dq dI S /
Kae XKq ~ ~ ™~

Ko XKq

M |@n|? dg da. (4.58b)

Proof. The first inequalities in (4.58a,b) follow immediately from (4.53b) and (4.52), respectively. The second
inequalities in (4.58a,b) follow immediately from the first inequalities in (4.51¢c) and (4.53a), respectively. O

We require the following results.

Lemma 4.5. For all k, € T}F, kq € T, and for all 1’/;;1, on € )?h we have that

/ M (I = Thpny) [V Un - Vg @r] dg dz
Ka X Kq ~ ~ ~

NI
N

R d d 9~
< Chy (/ M|qu/;h|2dqdm> ZZ/ 5 4‘(‘;’3 dgdz | , (4.59a)
Ko XKg ~ ~ i=1 j—1 7 KaXkq Li0q; ~
[ MU= T (T Ve el dg o
K X Kq ~ ~ ~ =
R 3 [ d d 525, |2 e
< Ch, (/ M|Vx¢h|2dqu> ZZ/ 5 _‘gh_ dgdz | , (4.59b)
Ka X Kq ~ ~ i=1 j=1 " KaXkq Z;04; ~

and

W=

3
M (I = Tp ey oy ) [0 §1) dg dze| < C H2 ( M|Vz$h|2dqdz) ( M|Vm$h|2dqu>
~ Kz XKgq ~ ~ ~ ~

Ka X Kgq Ka XKgq
1
2

( M |V, 3n|?dg d:c) . (4.59¢)
Kz X kg ~ ~

=

+Ch ( M|V, $h|2dqu>
Kz X kg ~ ~
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Proof. As VY, on, V ¢ Pn € [P¥]? on Ky X Ky, it follows from (4.50a) that

/ ML = e, [V B - Vg @] dg da
Kz XKgq ~ ~ ~

s(/ qudg> 10 = ) [V - Vi Bl e
Ko XKgq ~

<ChH (/ qudx) IV U - Vo Balwoe (i)
Kg XKq

> 3 ,
dg do ZZ/ dgdz | . (4.60)

i=1 j=1 " KaXrq

0x;0q

<on ZZ/ ‘ 2;

i=1 j=1 R,an

The desired result (4.59a) then follows from (4.60) on applying (4.58a) to the first integral.
Similarly, as Vi ¥n, Vi @n € [P{]¢ on K, X £y, it follows from (4.50b) that

/ M (I - ’/Thﬁnwan) [Vz lz}\h . VCE @h] dq dx
K X kg ~ - ~

d

ngdf 5 >y

i=1 j=1 "2 XFq

2
dgdx | . (4.61)

0%%n
0xi8qj

2A
h

e (v

i=1 j=1 nxan

i94;

The desired result (4.59b) then follows from (4.61) on applying (4.58b) to the first integral.
To prove (4.59¢), we first note that I —mp s, xr, = ([ =75, . )+ (I — ﬂfmq) T ., 1t follows from (4.50a) that

| M=) B Bl dads < CR2 [ M0V Bl dgda
Kz XKgq ~ ~

K X Kq
<CR (/ M|vx$h|2dqu> (/ M|V¢@h|2dqu> L (62)
Ka X Kq ~ ~ K X Kq ~ ~

It follows from (4.50b) and (4.51a) that

N
[

</ M dq dﬂf) (T = 7 ) e, [n Bl oo (g i)
Ko XKgq ~
d d
< Ch? (/ qud:5>zz 7r
Ka X Kq ~ i=1j=1

<on ( | M dg) 10 Bl o en) |V Bl oo e
Ky X Kg ~

9q; 0q;

. [&Zh a@]
h,ky a.

Lo (kz)

1 1

2 2
< Ch? (/ M|vq$h|2dqu> (/ M|Vq<2h|2dqu> . (4.63)
Kz XKgq ~ ~ K X Kq ~ ~

Hence combining (4.62) and (4.63) yields the desired result (4.59¢). O
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Lemma 4.6. For all K, € T}", kq € Thq and for all Jh, On € )?h we have that

[l =met

~ 2
800 Vo @l + (L= Thiem,) |

< C(L) (h2 +h2) (ZZ/

i=1 j=1 " Rz XKq

2(n) x@h]’ ] dgdz

2]
2 [1]

Sﬁh
j

dg d:f) . (4.64)

Proof. As gg(ﬁ)\h) € [P7]19*4 and YV, @n € [PY]? on kg X kg, it follows from (4.50a), (4.51c) and (4.24) that

/ M
Kg XKg

~ 2
H(0n) Vo @nl| dgda

(I - :/;rh,lixan) [

d d
- G
<cnd (/ qudag) (§ > IV [E4(n) UHLWM) (E > oo ||Loo<m>)
Kz XKgq ~ ~

1=1 j=1 =1 j=

21

Pn
axzé)qj

(Z > / 2 dg dx) : (4.65)

i=1 j=1 v Fa XKq

Similarly, as 5?(7@1) € [P{]*4 and V. @n € [P{]? on K, X Ky, it follows from (4.50b), (4.53a) and (4.24) that

/ M
K XKgq

Sﬁh
j

(I - Eh,nzan) [

2 [1]

i=1 j=1 " Rz XKq

5 (n) x@h]‘ dgdz < C(L (ZZ/ dgdaf) . (4.66)

Combining (4.65) and (4.66) yields the desired result (4.64). O
In addition, we introduce Q,]y X - )?h and @,]y : X X’ such that
(M QM. 8n)axp = (M, Br)axp  Yén € X, (4.67a)
(M, m Q1) BrDaxp = (M, @r)axp  V@h € Xn. (4.67b)
In the Appendix, it is shown that
lQ¥dI% <Cldl:  vieX. (4.68)
We require a related result for @hM .
Lemma 4.7. The following bounds hold
1@NDI% < (Moma [|QNBE + V0 @D +IVa @DE])  <Cldl}  wheX.  (469)

Proof. Given ¢ € X, let E = QM — é%){/} It follows from (4.46¢), (4.67a,b), (4.59¢), (4.68), (4.58a,b) that
(M, E)oxp < (M, mn[E*)oxp = (M, (w0 = D@4 V) E])axp
3 3
h? </ M|sz|2dqu> +h§< M|qu|2dqu)
Qx D ~ ~ QxD ~ ~

< C (ha + ho) 18]l ¢ [(M, E*)axp ]2 < C (ha + ho)* [0]1%- (4.70)

< Cldlg
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It follows from (4.58a,b), (4.70) and (4.1) that
1@ = QY% < ClIPl%- (4.71)
The desired result (4.69) then follows from (4.71), (4.68), (4.58a,b), (4.59¢) and (4.46¢,d). O
We are now in a position to prove the following stability result for (77(? At)
Lemma 4.8. A solution {uj h,w6 W of (Ps PLAYY satisfies the following stability bounds
R N
max |ug |72y + max (M, 7, [F5 (08 ,))axp + Z Aty [V gg,hHQL?(Q) + Z llugn — ush 120
n=1 - n=1
+6 ZAt (M, [ 1V (malLFEY @)D D + (M, w1V Gl [FE @5 )) P |
<C H“é llz) + (M, mn [ Ff (% n))exp + Z Aty anHH | <0, (4.72a)
n=1
,max (M, 7Th[|¢5h| ])axp + ZAt (M, 7Th[|vq¢6h|2 + |Vx ¢5h| JaxD + Z (M, Wah %h *Daxp
n=1
< O(L) + C (M, mu[ [0 Daxp < C(L), (4.72b)
and
N up, — ! 3 Do DN (2
2 ~9 6,}1
ninﬁ’ivU |C’M1/)6h| dx] Z ( AL ) +ZAt < AL ) <O
n=1 HY(Q) X
(4.72¢)
where
9e24) ifd=2 and V=3 ifd=3. (4.73)

Proof. Summing (4.33) from n =1 — m, for m = 1 — N, yields the desired result (4.72a) on noting (4.26a,b)

(4.29), (2.15) and (4.31a).
On choosing @), = 156 , in (4.32b) and noting (4.35), we obtain
-~ 1
)+ At (Mo 261900 + 5 94 75 )
DQ D ~ 5T Al QxD

T = (M |05 + 105 — O3
= (M Th [W D + 2 At, (M (yac Eg,h)gvfh [53(%,}1) Vs hDQxD
QxD

—

+ 2 At, (M 'gg’h, Th {:if(%fh) sz TZ)\:SI,hD
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Hence, recalling (4.46d) and (4.24), for any n € Rs¢, we have that
"< (Mo (16570 2]) L+ At OO [lugallecey + 1V whn e
~ ~ 12 - 12
+ 8t (M 5580 V- ][+ [ (23670 9070
= = QxD
< (Momn (1055 1]) L+ At OO [Idsalaey + 1V whalaqo

+ Aty € L2 (Mm, [ V2 B3 + Ve B3] - (4.74)

On noting the definition of T™, summing (4.74) from n = 1 — m, for m = 1 — N, with 7 chosen sufficiently
small, and recalling inequalities (4.72a) and (4.29), yields the desired result (4.72b).
The first bound in (4.72c) follows immediately from the first bound in (4.72b), (3.15) and (4.46¢).

On choosing wp, = @ |9 %)} € Vj in (4.32a) yields, on noting (4.6), (3.3), (4.7), Sobolev embed-

ding and Young’s inequality, that

g %L,h “?hl ’ B “M_“ghl o ls Qf?,h _Qf?,;l
N At - At, M2 At
H1(Q) Q

n _ ,n—1
(st o <i il
" Q

—kp (g(M@?,h)

N | =

<(7;L(5 h -V )y‘é ho Qh [§

+

1
(Ua m(u(?hl'yz)

5 20 OB
L n—1
Usn — Ysn
Clreb(555))
HE(Q)
clic
+11

szih 172 )+HV “MHL? ot |u?h1||u6h|”L2

“(m | |V Us, Sl HL1+9(Q) + ||f ||H )] (4.75)

for any 0 > 0 if d = 2 and for 6 = % if d = 3. Applying the Cauchy—Schwarz and the algebraic-geometric mean
inequalities, in conjunction with (3.4) and a Poincaré inequality yields that

| |U5 h1| |U5 nl ||L2(Q < ||U5 h H%‘l(ﬂ) ||’lj?,h||%4(9) < % Z ||’ljg?h”i4(ﬂ)
m=n—1
<C 3 [lupnlia 1V uglt | (4.76)

m=n—1
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Similarly, we have for any 6 € (0,1), if d = 2, that

—9 n 2(1+36)
I 19 il ooy < W50 1 s 19 il < I D0 IVl s (4770)
m=n—1
and if d =3, (0 = %), that
n
i Ve gl 12 o < s By V0 0 By < C ki ey 30 190 tiley (477D)
- m=n—1

On taking the 2 5 power of both sides of (4.75), recall (4.73), multiplying by At,, summing from n =1 — N and
noting (4.76), (4 77a) with 6 = (¥ — 2)/(6 — ¥), (4.77b), (4.27), (4.31a), (4.72a,b), (4.29) and the first bound

in (4.72¢) yields that

4
9

N n n—1
ZAtn §, (Eé,hAt%h )
n=1 " HY(Q)
N R . N 3
<C | A IO G5 ooy | +CT) | D Aty [||yxg3h||%m>+||f”||%{WH
n=1 ~

N
Z Aty ”sz g%”%an)]
n=0 -

n=1
4-1
w0 | mas, (gl |

< C(L,T); (4.78)

and hence the second bound in (4.72c).
M)] € X, in (4.32b) yields, on noting (4.67b), (3.13), (4.47b), (4.46d),

On choosing ¢, = éfy g N
(4.24), (4.69) and Young’s inequality, that
—~ —~ 2 —~ —~ —~
Vi~ Vsn' Vi = Vsn | sur s
() (e () s (B
X QxD
1 A:slh - Aggl
_ ) ~M ; ;
=35 (v edin-w fat o (2 ) )
QxD
n _ n—1
ool o2
QxD
(L “)...
n — 7/’5 h
| Musp,mn | =5 (%h) Q'

+ (M (Vo ugp,) g, mn [@?(@Z{h)yq
2
<C(L) {”uéh”L?(Q)Jr”v uéh”Lz(Q)} +C (M Th NV h| Jr|v 1/’5h| DﬂxD~
(4.79)

Q

/N
9“§>

>

|

<
=2
>

V.0, . [@;‘f

QN

Multiplying (4.79) by At,,, summing from n = 1 — N and noting (4.72a,b) yields the desired result (4.72c). O
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Now we introduce some definitions prior to passing to the limit §, h, At — 04. In line with (4.31b), let

A L n B n—
u&,fz('at) C Atn Nzi,h( ) At gé,hl(')a te [tnflvtn]a n > 17 (4.80&)
BEEC ) = a0, SR =t (), e (fata], n 2L, (4.80)
and A(t) := Aty, t € (th-1,ty], n>1 (4.80c)

We note for future reference that

auAt
At At,+ (t_tzl:) “~6,h

Ush — Usp, T t€ (tn1,tn), n>1, (4.81)

where ¢} :=t,, and t,; := t,_1. Using the above notation, and introducing analogous notation for {1@? WY,
(4.32a) multiplied by At, and summed for n =1 — N can be restated as:

T ousy
/ / [ ~ -thrz/VzuéAZ’Jr:Vzwh
0 Q ot ~ = o~ ~ o~

0 7] = [ Do) - 3] asa

dx dt

T
= [ |2 oo~k [ COUTE  Vownds| @ v e L 0.TV. @s2)
0 ~ ~ Q= ~ ~ ~ ~

where ¥ is as defined in (4.73). Similarly, (4.32b) multiplied by At,, and summed for n = 1 — N can be restated
as:

T azz;éAftLA T At,+ TAt,+
/ M 7, [W %] dqdﬂgdt—/ M oug),™ - { (s ™) awh} dgdzdt
0 QxD ~ 0 QxD ~
T
+/ Mwh{ Volsnt Ve@n+e Vatint - Va gah} dg da dt
0 Qx D

/ M (V, uf;;*q) [~g(}é,§’+)vq @h} dgdedt=0 V@, € L2(0,T; Xp).  (4.83)
QxD ~ ~ ~
It follows from (4.72a—c), (4.80a—c), (2.22), (4.46¢,d) and (4.29) that
1 ~At(,+ (,+
sup)[nuah ay| +5 sup (M mal [Dpn ™12 Daxn ]+ / V2 w1720 dt

te(0,T d te(0,T)

T
+8 [ [419, mlF@EDE + 19, (ra FH G35 D ] o

At,+ At,— |2

|u —u
/ / =0t qrdt < (4.84a)
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and

T
sup | (M. 954 Paxn] + / (M, 1V U5 P + [V 050 P dt
0

te(O,i )
T
+ /
0

A AL, —
v [ e
QxD A(t)

mmfdﬁ-wplww“&W@mﬂ

te(0,T

T Pust ] o
+ S dt + G dt < C(L,T), (4.84b)
o |12 ot 0 ot |-
HY(2)
At(,£)

where ¥ is as defined in (4.73). In the above and throughout, the notation s,
TAL(, i)

means u5+, with or without
the superscripts 4, and similarly w

Before proving a convergence result for (’P(?’At), we need the following result.

Lemma 4.9. For all K, € T,%, kg € T,f and for all gy, € )?h we have that

| MEG) - M@ 1P g s
Kz XKgq ~ ~

<C ((52 +hi / M|VI $h|2dq dac+/ Mﬂhy,ﬂxxﬁq [[@h]%] dq dl’) , (485&)
Kz XKgq ~ ~ Kz X kg ~

2111

3(Pn) — B"(8n) I]* dg dz

/ M
Kg XKg

<C (52 + hg / M |V, &n|?dg dz —|—/ M 7 ey sy [[@0)2] da dx) . (4.85b)
Ka X Kq ~ ~ Kz X kg ~ =

Proof. Firstly, we have from (4.21), (4.19), the Lipschitz continuity of 3F, (2.17), and (4.53b) that
| MG - B0 1P dgdo < ( / qudag) IAZ (@) = BE@0) T2 i
Kz X kg ~ ~ ~ Ka X Kq ~ ~ ~

< Ch; (/ M dq d:g) IV 185 (@)I7 0 (1, 0
Ko XKg ~
< Ch;i/ M |V, @n|* dg d. (4.86)
Kz X kg ~ ~ =
Similarly, we have from (4.21), (4.19), (2.17) and (4.51a) that

/ M |=5(@n) — k(3 )I|2dqd:c<Ch2/ M |V, @n|? dg da. (4.87)
Kz XKgq ~ K ~ ~ =

= X Kq

Next we note from (2.17) and (2.25) that, for all s € R,

185 (s) = B ()| <6 —[s]-, (4.88)
where [s]_ := min{s, 0}. In addition, we note that

[@rl—(2.9) 2 Thwoxw, [[Prl-1(z,0)  V(@,q) € Ko X g, (4.89)
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Hence (4.88), (4.89) and (4.46¢) yield that

[ i@ - @R agar < [

< / M |6 = Th u xy [Pn]—|? dg da
Kz X kg ~

M |6~ [n]-|* dg do

x X HKq

<C

52+ / M [, (0] |2 dg da
Kz XKgq ~

Combining (4.86), (4.87) and (4.90) yields the desired results (4.85a,b).

We are now in a position to prove the following convergence result for (’P(};’At).

(4.90)

Theorem 4.10. There exists a subsequence of { {gﬁfl, @?}i} }620,n>0,at>0, and functions w € L>(0,T; L*(Q))N
L2(0,T;V) N Wh5(0,T; V') and 1 € L>(0,T;L%,(Q x D)) N L*0,T; X) N HY(0,T; X') with ¢ > 0 a.e. in

Q x D x (0,T) such that, as 6, h, At — 04,

uﬁz(’i) —u weak* in L>°(0,T; L*(Q)),
uﬁz(’i) —u weakly in L*(0,T; Hy(S)),
Austh ou o,
§ 5w 5o weakly in L¥(0,T; Y),
uﬁfl(’i) —u strongly in L*(0,T; L™(2)),
and
M2 w(gA}i( +) — Mz weak* in L>(0,T; L*(2 x D)),
M3 Vs — M2V, weakly in L*(0, T; L*(Q x D)),
M3V, AA;L(’i) Mz V.9 weakly in L*(0,T; L*(Q x D)),
W5 00 o
—= — in L?(0,T; X
g 5 9% weakly in L*(0,T; X),
M=t - M3 strongly in L*(0,T; L*(2 x D)),
M= EE(05 ) — M2 BE(W) T strongly in L*(0, T, L*(Q x D)),
M3 ?g(wm( )y Mz gt ()1 strongly in L*(0, T LQ(Q x D))
C(M 5 (M) strongly in L2(0,T (Q))

where ¥ is defined by (4.73) and r € [1,00) if d =2 and r € [1,6) if d = 3.
Furthermore, {u, ¥} solves the following problem:

(4.91a)
(4.91b)

(4.91c)

(4.91d)

(4.92a)
(4.92b)

(4.92¢)

4.92d

—

)
4.92¢)
)

—_

4.92f

4.92g)

—_— o~

4.92h)

(P) Find w € L>(0,T; L*(2)) N L2(0, T3 V) N W (0, T; V') and § € L<(0,T; L3, (2 x D)) N L*(0,T; X) N
0

HY(0,T; X') with ¥ >0 ae inQx D x (0,T) and Q(Mg/}) € L>(0,T; L*(9)), such that u(-,0) =

N(';
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T
:/ (f,w>H&(Q) dt — kp C(M): Vyw dzdt VweLﬁ(O,T;V); (4.93a)
0 ~ Qr = mo~ ~ ~
T
Y5 _ . 3L
/O < > dt+//QXD ev D-up (w)} - @ dgdadt
/ / { YV, — (Vmu)qﬂ’:(@)}-vq{o‘dqdzdto Vg € L*(0,T; X). (4.93b)
QxD ~ o~ ~ ~

Proof. The results (4.91a—c) follow immediately from the bounds (4.84a,b) on recalling the notation (4.80a—c).
The denseness of | J,- o Ry, in L*(2) and (4.3¢) yield that u € L?(0,T; V). The strong convergence result (4.91d)
for ug}, follows immediately from (4.91a—c), (3.3) and (3.14), on noting that V' C H§(€) is compactly embedded
in L"(Q) for the stated values of r. We now prove (4.91d) for u5'o*. First we obtain from the bound on the
last term on the left-hand side of (4.84a) and (4.81) that 7

At,+
H%ﬁi ~6}tz ||L2(0,T,L2(Q)) < CALt. (4.94)

Second, we note from Sobolev embedding that, for all n € L2(0,7T; H'(f2)),

Inllzeoiririy < In1%0.rna@) Il izt rene iy < C Inlls riay Itz (4:95)

for all r € [2,s), with any s € (2,00) if d = 2 or any s€(2,6)ifd=3,and 0 =[2(s—1r)]/[r(s—2)] € (0,1].
Hence, combining (4.94), (4.95) and (4.91d) for u$} yields (4.91d) for uAt *,

The result (4.92a) follows immediately from the bounds on the first and third terms on the left-hand side
of (4.84b). It follows immediately from the bound on the second term on the left-hand side of (4.84b) that (4.92b)
holds for some limit g € L?(0,T; L*>(Q x D)), which we need to identify. However for any n € L2(0,T;
Cyr(2x D)), it follows from (2.5) and the compact support of  on D that [V, - (M2 n)]/M2 e L2(0,T; L*(Q x
D)) and hence the above convergence implies, on noting (4.92;), that N

T T L V, (M2
// g-ndgdgdt <« —/ MiwéA}tL(’i)Lljdngdt
o Jaxp~ ~ 7 QxD ' M= ~
/ ERY ( s ) dg dzdt (4.96)
QxD M= ~

as 0, h, At — 0. Hence the desired result (4.92b) follows from (4.96) on noting the denseness of C5°(2 x D)
in L2(Q x D). Similar arguments also prove (4.92c¢,d) on noting (4.92a) and the second and sixth bounds
n (4.84b). The strong convergence result (4.92e) for wﬁfb follows immediately from (4.92a—c), (3.13), (3.14)

and (3.11b). Similarly to (4.94), the third bound in (4.84b) then yields that (4.92e) holds for @ﬁ;(’i). The
desired results (4.92f,g) follow immediately from (4.85a,b) the second bounds in (4.84a,b), (2.25) and (4.92¢).
The desired result (4.92h) follows immediately from (4.92a), (2.3) and (3.15). Finally, the nonnegativity of n
follows from (4.92¢) and the second bound in (4.84a).

It remains to prove that {g,l})\} solve (P). It follows from (4.5), (4.84a,b), (4.91a-d), (4.92h), (4.31b), (3.2)
and (4.8) that we may pass to the limit, §, h, At — 0, in (4.82) to obtain that u € L*(0,T;L?(2)) N
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L0, T; V)N W3 (0,T; V") and C(M V) € L>(0,T; L?(Q)) satisfy (4.93a). It also follows from (4.28a), (4.5),
(4.84a) and (4.91d) that u(-,0) = u°() in the required sense; recall Remark 3.1.

It follows from (4.92a-g), (4.91b,d), (3.12), (4.59a—c), (4.64), (4.84a,b), (4.48a,b), (4.49) and (4.50a,b) that
we may pass to the limit §, h, At — 04 in (4.83) with @), = 7, @ to obtain equation (4.93b) for any function
p € C(0,T;C*(2 x D)). In order to pass to the limit on the first term in (4.83), we note that

T Ot
/ M l Qg‘;’h [7h @]1 dg dxdt
0 QxD ~ =

T aAAt T . P
:/ M gi’h [mh @] dqudt+/ M (I =) [wﬁ,ﬁ %} dg dz dt. (4.97)
0 QxD ~ 0 QxD ~

The desired result (4.93b) then follows from noting that C§°(0,7;C>° (2 x D)) is dense in LQ(O,T;)?), on
recalling (3.8). Finally, it follows from (4.28b), (4.59¢), (4.51c), (4.53a), (4.50a,b), (3.8), (4.84b) and (4.92¢)
that 9(-,+,0) = ¢°(-,-) in the required sense; recall Remark 3.1. O

Remark 4.11. We note that (P), (4.93a,b) where we recall the suppression of the superscript L, differs slightly
from (PL), (3.16a,b), in that u € W7 (0,T,V") for the stated value of 9, recall (4.73), is slightly weaker than
ul € Wl’%((), T,V’) in the case d = 2 with the subsequent slight strengthening of the regularity of the test
functions in (4.93a). In addition, ¢ in the convective term in (3.16b) is replaced by BL(¢) in (4.93b). It
does not appear possible to construct a variation of the finite element approximation (P?’At) that converges to
the former version of the convective term, and at the same time converges to the other terms in (4.93b). The
presence of the cut-off 3%(-) in this convective term improves the regularity in time of ¢ in (4.93a,b), to that
in (3.16a,b), and hence the weakening of the regularity in time of the test functions in (4.93b).

Remark 4.12. It follows from (4.84a) and (4.91a,b) that

T
sup [||u||%2(m} +/ IV ul|72q)dt < C. (4.98)
te(0,T) - ~ 0 ~o

Hence, although we have introduced a cut-off L > 1 to 1Z in the drag and convective terms, and added diffusion
in the g direction with a positive coefficient ¢ < 1 in the Fokker—Planck equation compared to the standard
polymer model; the bound (4.98) on u, the variable of real physical interest, is independent of the parameters
L and e.

Remark 4.13. Before embarking on the research reported herein, we gave careful thought to the possibility of
mimicking at the discrete level the entropy estimates in Barrett et al. [7], based on considering the expression

d

e U(3 lgl*) (g, z,t) dg da.
QxD

Unfortunately, we encountered technical obstacles with that approach, which we were unable to overcome. Here
is a brief list of the key difficulties. The energy estimate in [7] is based on testing the Fokker—Planck equation
with U (% |g|2), integrating over D, and then moving the Laplacian over to U by partial integration. The discrete
counterpart of this would be to use a certain interpolant or projection of U onto the finite element space as
test function in the finite element approximation of the Fokker—Planck equation, and then move the (discrete)
Laplacian onto the interpolant or projection of U. However:

(a) one needs to ensure the non-negativity of the finite element approximation of the probability density
function ;
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(b) the classical finite element interpolant of U over D is not defined, since the FENE potential blows up
on JD; therefore either a quasi-interpolant or a certain projection of U would need to be used as test
function;

(¢) one would need to mimic at the discrete level the identities (2.8) in [7], namely:

VU =Ulq, VU =U'q, AU=U"g+U"d,

with now U replaced by a certain quasi-interpolant or projection of U; this seems less than trivial to
achieve with C? finite element spaces;

(d) the alternative would be to use C* elements, with k& > 1, but then one could not ensure the non-
negativity of the finite element approximation of the probability density function ;

(e) one also has to guarantee that the testing procedure is such that it reproduces at the discrete level the
fortuitous cancellation between the drag term in the Fokker—Planck equation and the right-hand side
of the Navier—Stokes momentum equation.

In the light of these nontrivial technical obstacles we eventually decided to pursue the approach based on the
entropy estimate presented herein.

A. QUASI-INTERPOLATION IN MAXWELLIAN-WEIGHTED SOBOLEV NORMS

The aim of this Appendix is to prove the stability result (4.68). To do so, we first need to show certain
quasi-interpolation results in Maxwellian weighted Sobolev spaces. The starting point for the construction of
the relevant quasi-interpolation operators is the Brascamp—Lieb inequality stated below.

Suppose that D is a convex open set, D C R¢ (e.g., a bounded open ball in R? centred at the origin; or,
more specifically, in the case of the FENE model, D = B(Q;b%), b > 2). Consider a probability measure p
supported on D with density efv(g), q € D, with respect to the Lebesgue measure dg on R?, where V is a
convex function on D; p is usually referred to as a Gibbs measure. In particular, -

-V
N(B):/ du:/e (g)dg,
B B

for any p-measurable set B C D, with u(D) = 1. The following geometric functional inequality comes from the
paper of Bobkov and Ledoux [9].

Theorem A.1 (Brascamp-Lieb inequality). Assume that V is a twice continuously differentiable and convex
function on a convex open set D C R?, such that, for each q € D, the Hessian

0*V
Hlg) = (8611- 653;)

1s positive definite. Then, for any sufficiently smooth function f,

Var,[f] == Eu[(f — Eulf)%] < / [H Q) Ve f]-Vofdp,  where E,[f]= / fdu.

D~ D

In terms of simpler notation, the Brascamp—Lieb inequality can be restated as follows:

2
/ [f(g) [ e dg] " Vag< [ 11V Var e Vg
D D D

for any sufficiently smooth function f.
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A.1. The univariate case

Suppose that d = 1, D := (0,q1) C R, and V(q):= In {aq—il (%) } with a > 0. Clearly, fD e V@ dqg = 1.

By the Brascamp—Lieb inequality,

“ a+1 o (e% 2 @ 1 “ ! 2 a+2 Q% « / 2 «
[ lro-222 [ ] e [ ir@P et [Cir@Ped.
0 q 0 a Jo &« Jo

Let us consider the nonuniform partition 0 = g9 < ¢1 < ... < gy = 1 of the interval [0, 1], with h,

maxg—1-nN(qx — qk—1), and let X Z denote the set of all continuous piecewise linear functions defined on this
partition. For m € Z>( and a nonempty open interval (a,b) C Rsq, let

H™((a,b); q%) := {QOEHIOC(G‘ b) + 18l (a,piqe) = / 2% )I2qadq<0<>}-

When m = 0, we write L?((a, b); O‘) instead of H%((a,b); q%).

For 1Z € H'((0,1);¢%), let Igw € X 7 denote the continuous piecewise linear (quasi-)interpolant of w, de-
fined by

D) + (g —q1) aatll Il (p)p™ dp, g € [0,q1],

(L)@ =9 Ggo-a n
h w(qu ;bk(mi 1) (¢ —ar-1) +¥(r-1),  q€lm-1, @), k=2—N.

We note that since H((0,1);¢%) c C(0, 1], the definition is meaningful. Observe, further, that (I8) (qr) =

w( k), k =1 — Nj; i.e. the function Igd) interpolates 1/) at ¢ = qx, k =1 — N, but not at ¢ = go = 0. In

the interval [0, ¢1] the function 121/) has been chosen so as to ensure that (Igw) (q) = ;atll 01 ' (p) p* dp and
1

(IZQZ)(ql) = @(ql). Hence, on applying the inequality (A.1),

[ o-wire] eust [M10wre a

On the remaining subintervals in the partition, using ¢i_; < ¢ < ¢i and a standard error bound for the linear
interpolant of 15 € H*(qx—1,qx), k =2 — N, we have that

qk o . 2 (e _ 2 a
[ - aiye] e aes () B4l T grgpea k-2
dk—1 dk—1

qk—1 w2

On summing our bounds through £ =1 — N and noting that ¢ < hy and ¢ — qr—1 < hg for k=1 — N, we

obtain
! i N/ 2 hg // 2
[ 70~ adro] e arsma (2w (2) %) [0k a

We shall henceforth assume that the partition 0 = o < ¢1 < ... < gv = 1 is such that there exists a fixed
constant Cy > 1 such that

max

ey (A.2)
k=2—N (-1

Now, letting C,, := max (é , 77_1208‘), we get

/ [?Z/(Q) - (IZ?Z)/(Q) ’ q*dg < Co b / 19" (q)|? ¢* dg. (A.3)
0 0
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We note the following weighted Poincaré inequality for all o € H'((0,1);¢*) with 9(1) = 0:

2

/01 |ﬁ<q>|2qadq=/01 (/qla'(m‘%t—%‘ dt) 0" dg
< (/q (/qlt-adt) dq) / |v”<q>|2qadq=m/ol P@Pede,  (A4)

which, in fact, holds for any o > —1. Applying (A.4) with v = 12)\7 IZ{/)\, and noting (A.3) we deduce that

_ q « < Y 32 12 2 «
| ot - @] oo < 52 [0 @ o o
and therefore
~ ~ 1 ~
1 = Tl 0,190y < Ca (1 + m) R 19" 1172 (0,1):00)- (A.5)

Let P! denote the orthogonal projector from H*((0,1);¢*) onto )?Z with respect to the ¢®-weighted H'(0, 1)
inner product

1 1
o0.8) = [ P@F@a g+ [ e da
0 0
where o > 0. That is,
a( — Pl @n) =0 Y@y € X (A.6)
Now, consider the following boundary-value problem:
a(@,2) =0@) Ve H'((0,1);4%), (A.7)
where
1
(0 = [ G0e@ads itk §= - P
0

The existence of a unique weak solution z € H*((0,1);¢%) to (A.7) follows from the Lax—Milgram theorem.
Hence, on taking » = Z in (A.7), we obtain

1217 (0.1):00) = @(Z:2) < N2l 20,1010 19 = PitdllL20,)i0%) < 2B (0,1)590) 19 = Pbll 20,1359

and therefore
12111 ((0,1)30) < 1Y = Prtdllza(o,1)5) -
Problem (A.7) is the weak form of the following boundary value problem:

7;/7%3’+g:$7p};1& q € (0,1), lim ¢*%'(q) =0, Z'(1)=0.

q—04

Formally differentiating this equation, multiplying the resulting equation by z’¢®, integrating over ¢ € (0, 1)
and integrating by parts in the first term on the left-hand side and on the right-hand side yields

1 1 1 1 1
/ |?’|2qadqw/ Iglzq“dﬁ/ |z”|2qadq:f/ (waﬁw)?’qadqfa/ (= P2 g~ dg.
0 0 0 0 0
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This formal argument can be made rigorous by replacing ¢* with (¢ + §)%*, § > 0, in the definitions of a(:,-)

and £(-) above, and passing to the limit § — 04; we refer to Section A.2.4 for the details of an analogous, but
rigorous, multidimensional argument. Hence,

||3”||2L2((0,1);qa) +a ||/Z\/||%2((0,1);q0‘*2) +2 H/Z\/”QL?((O,l);qa) <(1+a)ly- Pgwn%%(o,n;qa)- (A.8)

Now, by (A.7) with ¢ = ¢ — P}g?Z, the definition (A.6) of the projector P/, and the bound (A.5),

10 = Pi)3eoaygey = a(t— Piv,2) = a(y — P, 2 — Pi2)
= H@‘ Pg$||H1((0,1);q°‘) 1z — Pf(z]/Z\HHl((O,l);qa)
< 6 = Pl 0,10 12 = T2l e (0.1):0%)
o . 1 1/2
< Y= Bidlla .1 {Ca (1 + M)} ha 12"l L2(0,110%)-

Thus, by (A.8),
19 = Pl 20,1500 < [Ca (5 + )] h ¥ = Plvll i 0,1)0) (A.9)
and, denoting by Q7 the orthogonal projection in the inner product of L?((0,1);¢%) onto X i, trivially

1/2

19 = Qhll2(0.1):9%) < [Ca (5 + Q)] hg 1 = Pl 1 ((0.1):90) - (A.10)

Now,
[¥" = (@Q1) IL2(0,1)59) < 19" = (Pr) [l 20,1010y + I(Prb)” — (QF) | L2((0,1):0%)

Let us, at this point, strengthen the mesh-regularity hypothesis (A.2) by assuming that the partition
0=¢qgo <q <...<qn =1is quasiuniform. Then, by the inverse inequality

qk qk -
[ i@ con? [ @l Ve e %1
dk—1 dk—1
whose proof is identical to that of the first inequality stated in (4.53a), we have that

19" = (@) 20,102y < 1" = (B) 2 ((0,1):9%) + Cinw hig M 1P — Q11| 2(0,1);0)
||1// - (Pgw)/||L2((O,1);qa) + 2C’inv h(;l ||1Z) - P}gw||L2((O,1);qa)-

IN

This, together with (A.9) and (A.10) yields
||1/’ - Q(}Izw”?{l((o,n;qa) < [2 + (hﬁ + 8Ci2nv) Ca (% + O‘)} ||1/’ - Pgw”?ﬂ((O,l);qa)’ (A'll)

which in turn implies, by the triangle inequality and the fact that |‘P;.Z{/;||Hl((071);qa) < ||$||H1((O,1);qa), the
existence of a positive constant C, independent of A, such that

QLD 1 ((0,1):9) < C YN E1((0,1)39%) vip € H'((0,1); ¢%).

This is the univariate counterpart of the desired stability result (4.68).



FINITE ELEMENT APPROXIMATION OF A KINETIC POLYMER MODEL 75

B(0,k) B’(h,k)
k
0(0,0) h A(h,0)
1
C(0,1) C’(h,D)

FIGURE 1. The nonobtuse open triangle K = AABC in the (x,y) := (q1, ¢2)-plane, with A =
(h,0), B = (0,k), C = (0,1), in configuration 1-flat, that is with two points, B and C, on the
line = 0 along which the weight function (z,y) +— z® vanishes.

Remark A.2. Supposing that 15 € H?((0,1);¢%), we have that
~ ~ ~ ~ o 1 ) L )
i «
[l — P;[f1/’||H1((o,1);qa) <y - IZ¢|\H1((0,1);qa) < Ca <1 + 72((1 T 1)> hg [v"(g)]” ¢ dg.
0

Thus, (A.11) implies that an analogous bound holds for {l; - QZ{/; in the || - [|z1((0,1);g») nOrm.

A.2. Multiple dimensions

In multiple space dimensions the proof of the stability result (4.68) proceeds in a similar manner as in
the univariate case discussed above, except for two technical complications. The first is that D is ball, and
therefore D has a curved boundary 0D; the second is that an open (possibly, curved) simplex k, in the partition
of D, whose closure has nonempty intersection with 9D, may intersect 0D in d different configurations: with
exactly one curved (d — k)-dimensional face contained in 0D, k = 1 — d — 1, accounting for d — 1 different
configurations, and with exactly one vertex contained in 0D, accounting for the d'" configuration. Each of the
d possible configurations necessitates a different local definition of the quasi-interpolation operator I;/, which
we use in the proof of the stability result (4.68). Since the two-dimensional case is sufficiently representative of
the general argument, we shall restrict ourselves to showing (4.68) in the bivariate case. The proof in the case
of d = 3 is identical; in Section A.2.3 we shall indicate the essential alterations that have to be made to the
arguments presented herein to obtain the corresponding bounds in the case of d = 3.

A.2.1. Two dimensions: flat boundary

We begin by assuming that the boundary of D C R? is flat, e.g. that it is the straight line ¢; = 0 in the
q = (q1, g2)-plane. For ease of exposition we shall, intermittently, write z and y instead of ¢; and ¢o, i.e. = ¢
and y := ¢o.

Two dimensions: configuration 1-flat. Consider a nonobtuse open triangle k = AABC, as in Figure 1,
with A = (h,0), B = (0,k), C = (0,1), contained in the rectangle R(x) := (0,h) x (I,k) = OB'BCC’, with
B' = (h,k) and C' = (h,1), where [ <0<k, k—1 > 0 and h > 0. Here, B and C belong to the line 2 = 0 along
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which the weight-function (z,y) — x vanishes; a > 0. We define,

~ N a+1 (M ~ N a+1 [

We then define pg as the affine function whose values at the points A, B and C are, respectively, @(h,0),

:I;(O, k) and EI;(O, 1). Thus, pg interpolates @ at A, while at the points B and C the values of p; are based on
extrapolating from the points B’ and C’, respectively, by means of the univariate quasi-interpolant ;. Thus,

po(ey) = 81,0 5 +B0.) (1- 7= ¥) e+ 80,0 (1- 7 - 2)

which implies that the partial derivatives of ps with respect to = and y are:
(po)e(sy) = 30, 0) L 10k [~ 1) -+ a0, (-1) F
p<p z\T,Y) = P, h ) hll—k ) L L — la
and 1 l 1 k
. - % _Z o N L
We define the linear functionals
Li(®) =0 — (pp)a  and  Ly(®) := &y — (Pp)y-

By direct computation, ®(0,k) = $(0, k) and ®(0,1) = $(0,1) for all $ € Py, and hence pp = ¢ and L;i(@) =0
for all ¢ € Py, ¢ = 1,2. Further,

30,01 < 58 [ 16 )~ e 0 0 (a12)

Now,

h h h
Bl k) b = Blak)ot + [ LEEDE A =G ke + [ Bt kdira [ e tat

Therefore, by integration over the interval z € [0, h], integration by parts in the third integral on the right-hand
side, and applying the Cauchy—Schwarz inequality,

h h h h h
gt < [ pletds [ [ Eenedda [ Eep]e
0 0 x 0 x

h ho rh
:(a+1)/ |g2(:£,k)|:co‘d:c+/ / |Px(t, k)| t* dt dz

S(a—i—l)(haﬂ) </ |P(z, k)|* = dx>1/2+h(ha+1) </ | (z, k)| 2 d:c)

/2

1/2 1/2 1/2 1/2
|p(h, k)| < arl : /h |P(x, k)|? 2 dz +h P\ /h | (2, k) |? 2 da . (A13)
’ - ha+1 0 ’ o+ 1 0 ’
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To bound the first term on the right-hand side of (A.13), note that, for any y € [I, k],

k
18, B = (. y) +2 / B(z5) By (. 5) ds,
Y

and hence

h h h k
| P = [Pt dorz [ (/ @@,S)x%@y@,s)x‘sds) da
0 0 0 y

h h k
s/ |@<x,y>|2xadx+2/ / 1Bz, )] 2% |5y ()| 2% dody.
0 0 l

Thus, on integrating over all y € [I, k] (recall that [ <0<k, k—1>0and h > 0),

h h k
(k—1) / 1Bz, B)[2a® dz < / /l 1Bz, )|? 2° dz dy
0 0

h k 1/2 h k 1/2
+2<k—z></0/l|@<x,y>|2xadxdy> (/O/lmy(x,yn%“dxdy) 7

which then implies that

h 1 h k
/ Bl k)2 do < —— / / ) 2 drdy
0 k_l 0 l

h pk 1/2 ho ok 1/2
+2</ / Isﬁ(z,y)l%adxdy) (/ / |<}5y(x,y)|2z“d:cdy> .
0 l 0 l

Analogously,
h 1 ho ok
[ eenparar< 2 [ P asay
0 k=1Jo Ji
ho ok 1/2 h ok 1/2
+2 ( | [ teatempa dxdy> ( [ [ Eatewpe dxdy> (A1
0o i o Ji
Substituting the last two bounds into (A.13) it follows that
|$(ha k)' < C(ha k — Z) ||$||H2((0,h)><(l,k);93‘1)-

Further, (A.14) implies that
2

h ha+1 1/2 h 1/
/ 1B (k)| 2 dar < ( ) / oo B)2ada | < Ohyk = D3] e (o yeae.
0 a+1 0

Substituting the last two bounds into (A.12), we deduce that
|20, k)| < C(h, k= 1) |21 122 ((0,n) x (1,k)s29)
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Analogously,

1B(h, 1) < Clhyk =) |8l m2(0my x @ kyey  and — [®(0,1)] < Clhyk — 1) |3l g2 (0.0 x (1 k)sz)s

as well as
|P(h, 0)] < C(hyk = D) 1@l zr2((0,h)x (1.k);2) -
These inequalities imply that, for i = 1,2,

I Li(@) | 2 (mseey < NLi(@)L2((0,h)x (1,8);22)

3 2 hotl 2 _
1 + max =1 (k=0 ) Clh,k =1 |82 ((0,n)% (1))

<
- a+1

Recall that L;(p) =0 for all p € Py, i =1, 2.

Let A = (1,0), B= (0,b), C= (0, ¢) denote the counterparts of A, B and C, respectively, with ¢ < 0 < b, in
the open reference triangle K, obtained by rescaling the open triangle Kk = AABC by h, i.e. b =Fk/h and ¢ =/h,
and let p:= (kK —1)/h =0b—c (> 0). We define z = z/h and y = y/h, ¢(Z,9) = @(x,y), ps(T,y) := pz(x,y).

Finally, we define L; by
Li(@)(F§) = hLi(@)(z,y), i=1,2
Thus,
Ly(@)(&7) = &:(3.9) — (Pp)a(@0),  La(®)E7) = &5(F,0) — (05)5(7, 9)-
Then, L(@) = 0 for all ¢ € P;. In addition, repeating the bounds above with h, k and [ replaced by 1, b and ¢,

noting that all constants in the bounds depend continuously on p = b — ¢, we deduce the existence of a positive
constant C'(p), which depends continuously on p, such that

1 Li(@)|l 2@z < NLi(@) 20,1 x (e,0):50) < C(p) |91 52 ((0,1) x (¢,)53%) > i=1,2.

Note that p depends only on the shape of k; in particular, it is independent of the size of .
Let us recall the following generalization of the Bramble-Hilbert Lemma, due to Tartar (¢f. Ciarlet [13],
Sect. 3.1, Exercise 3.1.1).

Lemma A.3 (L. Tartar). Let V be a Banach space, and let Vi, Vo and W be three normed linear spaces.
Suppose that A; € L(V;V;), i = 1,2, and that Ay is compact. Suppose, further, that there exists a positive
constant co such that

[ollv < co ([[Arollvy + [|A2v]lv,) Vo eV

Finally, suppose that L € L(V; W) is such that
v € ker Ao = Lv = 0.

Then, the following statements hold.
(i) P:=ker Az is a finite-dimensional linear space.
(ii) There exists a positive constant ¢1 such that

inf |v — pllv < e || 420w, Vv e V.
pEP

(i) There exists a positive constant C' such that

| Lv|lw < C||A2v]|vs, Yo e V.
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We shall apply this result with o > 1, V = H?((0,1) x (c,b);7%), Vi = ((0,1 (¢,0); %), Vo =
[L2((0,1) x (e, b); )%, W = L*((0,1) x (¢,0);7%), Az = © € H*((0,1) x (¢,b);2%) = (Vzz, Vzg» Uga» Vg )
Ay :=1d, and L = L;, i = 1, 2, together with the compact embedding

H?((0,1) x (¢,b);7%) = H'((0,1) x (¢, b); ),

which requires the restriction @ > 1 (¢f. Lem. 5.2 in Antoci [1]).
Thus, we deduce that

19z — P3)z ]l L2((0,1)x (e.0)50) < C(P) [@]E2((0,1) % (c,b)55%)

and
||¢§ - (ﬁ@)@HLQ((O,l)X(c,b);i“) < C(p) |()5|H2((O,1)><(c,b);5“)a
where | - |m2((0,1)x (¢,b)3) 18 the semi-norm on HZ((0,1) x (¢, b); ).
After returning from the scaled variables ¥ and 3 to the original variables x = hz and y = hy and combining
the resulting inequalities into a single inequality, we obtain

V(@ = pa)ll2(0,0)x (1,k);2e) < C(p) B @ B2 ((0,1) x (1,k):0) -

In other words,
V(2 = pa)ll2(rew)seey < C(p) M@l 12 (R()2), (A.15)
whereupon
V(2 = pa)llL2(usze) < C(p) 1Pl o2 (R()300) (A.16)
where R(k) := (0,h) x (I,k), p:=(k—1)/h and a > 1.
Using that, for (z,y) € k, 0 <z/h <1 and |y|/(k —1) < 1, one can obtain a similar bound on ¢ — pg in the
r%weighted L? norm on x. The only difference is that then

L(@)=¢—-p; and  L(@)F.7) = L)(z,y),

with the same definitions of pg, @, Pz, T and y as before. We recall that pz = ¢ for all @ € Py, and hence
L(p) =0 for all ¢ € P; and therefore L(¢) = 0 for all ¢ € P;. We still have that

IL@) 2 ze) < NL(@) I L2(0,1)x (eb):30) < C(0) 191 52((0,1) % (e,b)550)

Hence, Lemma A.3, with the same choice of V', Vi, V5, W, A; and A, as before, and o« > 1, implies that

16 = PallL2(0,1)x (e.b)i7) < C(P) [0l H2((0,1)x (¢, b)579)

After returning from the scaled variables & = 2:/h and § = y/h to the original variables x and y, we obtain that

18 = pallL2(0.n) x 1kyze) < C(0) W2 |8l r2((0,h)x (1k)s02) -

In other words,
1?2 = pall L2 (Rimyzn) < C(p) h? 1B 12 (R(n)see);

whereupon

1 = Poll L2y < Cp) B 1@l 12 (R(x):ae)s (A.17)
with R(k) := (0,h) x (I,k), p:= (k—1)/h and « > 1. The constant C(p) is a continuous function of p in each
of these bounds.
Two dimensions: configuration 2-flat. The alternative configuration of the triangle x = AABC is: A =
(0,0), B = (h,k) and C = (h,l), with only one point, A, on the line x = 0 along which the weight-function
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(x,y) — x® vanishes. In this case, we define p; as the affine function that interpolates ¢ at B and C, and has
the value
~ . a+1 [

at A = (0,0), extrapolated from (h,0) using the univariate quasi-interpolation operator. Thus,

o~

pale,y) = 8(0,0) (1= 7) + 2(h, k) <y%>%+ s, )<y %x)_;k
(Pg)z(z,y) = ‘5(0,0)%+<ﬁ(h, k) (—%) — +3(h,1) ( %
(pg)y(z,y) = @(h k) : 5 + e Z)Lk

Again, we define
Ll(@) = g — (pq?)m and LQ(QB) = ‘»/O\y - (pq?)ya
and we observe that (/I;(O, 0) = ¢(0,0) for all g € Py, and hence pz = ¢ and L;(p) =0 for all g € Py, i = 1,2.
The rest of the argument is the same as in the case of configuration 1-flat, and leads to the same final bound:

V(@ = pa)llL2(nszey) < C(p) B @ 12 (R(k)s20) 5 (A.18)

where again R(k) := (0,h) x (I,k), p:= (k—1)/h and a > 1. Also, as in the case of configuration 1-flat,

H(ﬁ_ptﬁulﬁ(n;az“) < C( h2 |<10|H2 R(k);z®)s (A19)

with R(k) := (0,h) x (I,k), p:= (k —1)/h and a > 1. The constant C(p) is a continuous function of p in each
of these bounds.

A.2.2. Two dimensions: curved boundary

Now suppose that D is an open disc in R? of radius rp € Rsq, centred at the origin. Suppose, further, that

{77} >0 is a quasiuniform family of partitions of D (in the sense of Hypothesis (A1) from Sect. 4, with d = 2,)
into disjoint open nonobtuse triangles x,, with possibly one curved edge on 9D. We focus our attention on
elements k4 that are in contact with dD. There are again two possible configurations, which will be considered
separately. We shall assume throughout the section that the potential U and the associated Maxwellian M
satisfy on D the assumptions stated at the start of Section 2.3, including (2.9a), with ¢ > 1, and (2.9b).
Two dimensions: configuration 1l-curved. We consider a circle C C D, concentric with D, which is
a distance h away from 0D; cf. Figure 2. The analogue of configuration 1-flat is an open curved nonobtuse
triangle k4 := AABC, with one curved edge BC C 0D and with A € C. Let B’ and C’ be points on C such that
BB’ and CC’ are aligned with the directions of the normal vectors to dD at B and C, respectively. We mimic
the construction of the quasi-interpolant pg of ¢ described in the previous subsection.

Note that, for $ € H3;(D) and any pair of points Q; and Qg in D,

PQ) =3(Q) - [ A7)0+ rQdr

Motivated by this identity, for Q; € D and Qy € D, we define

fM((lfT)QerTQﬂ T P((1=7)Q2+7Qq)dr

2(Q2) = 8(Qu) - Jo M((1=7) Q2 +7Qu)dr

(A.20)
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N/

FIGURE 2. The domain D, the circle C C D, with dist(0D,C) = h, and C’; A, B’ € C and the
open curved nonobtuse triangle £, = AABC in configuration 1-curved.

Remark A.4. In one space dimension, with M (q) = ¢%, ¢ € [0, h], Q2 = 0, Q; = h, and performing the change
of variable ¢ = 7h, (A.20) yields our univariate extrapolation operator:

~ . q“¢'(q)dg a+1 o~
5(0) = g - n R TEDU ) ot I
fo q> dg h 0

In multiple space dimensions the formula (A.20), after performing the 7-differentiation under the integral
sign, becomes

Jo M(1=7) Qo+ 7Q1) (Ve @)((1 = 7) Qo+ 7Qi)dr
Jo M(1=7) Q2 +7Qu)dr

B(Q2) == 3(Q1) — (Q1 — Q2) -

In particular, in the two-dimensional setting considered here, and with reference to Figure 2,

. folM((l —7)B+7B') (Vq@)(1—7)B+7B')dr

B(B) = P(3) ~ (B' - ) [ M((1—7)B+7B)dr

and
fo T)C+7C) (V@) (1 —T1)C+7C")dr

f M(1-7)C+7C)dr
We then define the affine function pg on k, = AABC by

p5(q) == 3(A) ¥alg) + ®(B) ¥s(q) + D(C)volg), = (a1,42) € g, (A.21)

IS}

where {¢a, V5, 1c} is the P¥ local (nodal/Lagrange) basis associated with the triangle AABC.
Let R(k,) denote the curvilinear rectangle BBCC’ depicted in Figure 2. Our aim is to show that, in analogy
with (A.15),

Vg (@ —pa)llL2, (Rrg)) < C(P) BID| 12, (R(x,))s
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where p is a positive constant dependent only on the shape of kg4; this will in turn imply that

[Vq (@ =D)Lz, (xy) < C0) NPl 12, (R(xy))-

Using polar co-ordinates, the curvilinear rectangle R(k4) in the ¢ := (¢1,¢2) domain can be mapped into the
rectangular domain -
Rpolar(kq) :={(r,0) : —rp <r<—-rp+h, 0<6<0c}.
Let us therefore perform the following change of independent variables:

g1 =rcosf, qo=rsinb, r € (—rp,—rp+h), 6¢€(0s,0c); (A.22)

thus, r = f|g |. Naturally, 0 < h < 1 < rp, and we can therefore assume without loss of generality that
—rp+h< —%; therefore, r = 0 is, uniformly in h, separated from the range (—rp,—rp + h) of r, whereby the
change of variables (A.22) is a smooth bijective diffeomorphism from R(k,) to Rpolar(Kq)-

By virtue of (2.9a) we may assume without loss of generality that M (q) = (rp — |¢])%, with a = ¢ > 1 and ¢
as in (2.9a), and |¢q| € (rp — h,rp). In polar co-ordinates, with |¢| = fr,Nwe therefore define N(r):=(rp+mr)“
for r € (—TD,—TDN—I— h), where a = ¢ > 1. -

Now, on noting that M(g) = N(r) with r = —|g| € (—=rp, —rp + h), we have that

Jy N(=rp +7h) r(—rp +7h,05)dr
fol N(—rp +7h)dr

Hence,
~ ~ N a+1 [
®(B) = ®(—rp,b) = &(—rp + h,08) — h W/ t* o (—rp +1,0p) dt. (A.23)
0
Analogously,
~ ~ . a+1 [
®(C) = ®(—rp,0c) = @(—rp + h,0c) — h W/ t* or(—rp +t,0c)dt, (A.24)
0
while
P(A) =@(—=rp + h,04). (A.25)

It is clear from (A.23) that if the restriction of @ to the closed line segment connecting B’ to B is a linear
function, and therefore @, is constant along this line segment, then $(B) = ¢(—rp,fs) = $(B). Analo-
gously, (A.24) implies that if the restriction of @ to the closed line segment connecting C’ to C is a linear
function, then ®(C) = 3(—rp,0c) = 3(C).

Hence, if $ € P{, then (A.21) implies that pz(q) = G(A)Yal(q) + &(B)¥s(q) + #(C) ¥c(q), the standard
linear nodal/Lagrange interpolant of $, whereby NVNQ(@ —pg) = O.NEquivalently, ~1etting N

Li(®) = @)ay — (Pe)ars  L2(P) = (D)g. — (P3)ga
we have that L;(p) =0 for all p € P{, i = 1,2.

Since the formulae (A.23), (A.24), (A.25) are essentially the same as those corresponding to ®(B) = (0, k),

:IS(C) = EI;(O,Z) and p(A4) = p(h,0) in the case of configuration 1-flat in the previous section, defining p :=

(fc — 0B)/h, changing variables to the rectangular region Rpolar(kg), rescaling this by 1/h as in the previous
section, applying Lemma A.3, and then rescaling by h to return from Rpoiar(kq) to R(kq) yields

1V (2= pa)llr2, (rixy)) < C0) R 2, (R(x,))-

Hence,
[Vq (@ =D)Lz, (xy) < C0) NPl 12, (R(ky))» (A.26)
with p:= (0c — 0g)/h.
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Next, we prove that
12 = pallzz,(ep) < C0) B |8l 12, (R(ky))- (A.27)
This time, we define L(@) := @ — ps where, again, pz(q) = (A) ¥a(q)+ </I\>(B) ¥B(q) +ZI\)(C) c(q). Once again,
if ¢ € P{, then p; is just the standard linear nodal/Lagrange interpolant of ¢ and therefore L(®) = 0. The rest

of the argument is the same as in the case of the error estimate in the M-weighted H' seminorm above. Thus,
on applying Lemma A.3 and a scaling argument in the same way as before,

HQ—p@HL?\l(KQ) < C(P)h2|@|H$W(R(Rq))7 (A.28)

where, again, p := (fc — 0p)/h. The constant C(p) is a continuous function of p in each of these bounds.

Two dimensions: configuration 2-curved. The alternative configuration of the triangle k, = AABC is
that A€ 0D while B,C € C. In this case, we define p; as the affine function that interpolates @ at B and C,
and has the value

fOIM((l —T)A+7A) (Vo) (1 —7) A+7A")dr

:IS(A) = @A) = (A" —A)- fl M((1—-7)A+7A)d
0 T i T

at A. Here A’ is the point on C where the line segment, normal to D, connecting A to the centre of the disc D
intersects C; thus the segment AA’ is orthogonal to dD. The value ®(A) is therefore obtained by extrapolating
@ from A’. Thus,

pz(q) = B(A)valq) + B(B) ¥s(q) + B(C) ve(q).
Again, we define,
Li(@) = $q — (03)qy  and  La(B) =By — (05) s

and we observe that L;($) =0, i = 1,2, for all $ € P{. The rest of the argument is the same as in the case of
configuration 1-curved, and leads to the same final bound:

Vg (@ =D)Lz, (xy) < C0) R 1Bl 12, (R(ky))s (A.29)

where now R(k4) is the curvilinear rectangle BB’C'C, whose curved edges B'C’ € 9D, BC C C; here B’ and C’
are the points on D where the line segments passing through the centre of the disc D and the points B and C,
respectively, extended beyond B and C, respectively, intersect dD. Clearly, each of the line segments BB’ and
CC’ is orthogonal to D as in the case of configuration 1-curved. The definition of p is the same as in the case
of configuration 1-curved, i.e. p:= (6c — 0g)/h.

Arguing in the same way as in the case of the M-weighted L? norm bound derived above in the case of
configuration 1-curved, we also have that, with p := (6c — 0g)/h,

12 = pallzz,(ep) < C0) B |8l 12, (R(ky))- (A.30)

The constant C(p) is a continuous function of p in each of these bounds.

Two dimensions: global interpolation bound. Let h, denote the maximum diameter of any triangle s,
in the quasiuniform and nonobtuse family of partitions {7,’},~0 of D. Each triangle x, € 7,7 whose closure
intersects 0D is either in configuration 1-curved or in configuration 2-curved; on such triangles we define pg as
above. Any triangle r, € 7,7 that is neither in configuration 1-curved nor configuration 2-curved is such that
the closure of k4 is contained in the open disc D; on such triangles, referred to as being in configuration 0, we
define pg as the standard nodal interpolant of . For ¢ € H2,(D), we then define the global quasi-interpolant
I'G := pz. Note, in particular, that I}$ is a continuous piecewise linear function on D with the following
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properties: suppose that P is a vertex of a triangle rk, € 7;7; if P € D, then (I¢)(P) = @(P); if, on the other
hand, P € 9D, then (I]$)(P) = ®(P), the value extrapolated from P’ € D using the formula

JoM((L=7)P+7P) (V@) (1 —7)P +rP)dr
Jy M((1—7)P +7P/)dr

®(P) := p(P') — (P' ~P)-

)

where P’ is the unique point of intersection of the line segment that connects P € 0D to the centre of D with
the circle C C D concentric with 9D and such that dist(0D,C) = h and 0 < h < rp.

By virtue of (A.26) (on triangles k, C D in configuration 1-curved), (A.29) (on triangles k, € D in configura-
tion 2-curved), and classical interpolation results on the remaining triangles x, € 7, (in configuration 0) whose
closure does not intersect 9D, together with upper and lower bounds on M on triangles in configuration 0 and
recalling (4.54), to relate the M-weighted L%, H' and H? norms to standard (nonweighted) L2, H' and H?
norms, we deduce that

Ve @ = L)l 2, 0y < Chy|lgz, oy and [ = LYl 2 (py < ChG W] kz, (),

whereby ~ ~ R

v — IgT/)”H}W(D) < ChqlY|uz, () (A.31)
Here we made use of the fact that the parameter p appearing in the bounds on the triangles x, € Thq in
configuration 1-curved and configuration 2-curved belongs to a compact subinterval of R+g, independent of Ay,
due to our assumption that {7,%}5,~0 is a quasiuniform family of nonobtuse partitions; since the constants C(p)
featuring in those bounds are continuous functions of p, it follows that the constant C' in (A.31) depends only
on the shape-regularity parameters of {7,’},~¢, which, in particular, fix the range of p.

A.2.3. Three dimensions

We briefly comment on the modifications that need to be made to our arguments above when d = 3.
Consider a family of quasiuniform nonobtuse partitions {7,’},0, in the sense of (A1) in Section 4, of the ball
D = B(0,rp) C R3. Excluding the case of configuration 0, when the closure of a simplex r, € 7,7 has empty
intersection with 0D, there are now three different configurations to consider, corresponding to the cases when
the closure of x4 has one, two or three vertices on 0D.

Let us suppose, for example, that the open nonobtuse simplex x4 € 7,7 has three vertices A, B and C on the
sphere 0D, while the fourth vertex D is in the interior of the domain D, on a sphere C concentric with 0D, that
is a distance h away from OD. We raise the inward normals from A, B, C to 0D, and consider the points A’,
B’, ' in the interior of the ball D that are on the respective normals to D at A, B and C, and a distance h
away from A, B and C, respectively; i.e. A’, B/, C' are on the sphere C. The tetrahedron x; = ABCD is then
contained in the curved triangular prismoid R(k4) := ABCA’B’C’, with curved faces ABC and A'B’C'.

Given a function $ € H2,(D), we then extrapolate 3 from A/, B’ and C’ using (A.20) to define ®(A), ®(B)

~

and ;IS(C), and define pg as the affine function of ¢ on the simplex ABCD whose nodal values are ®(A), ®(B),

®(C) and (D). We note in particular that if 3 € PY, then ps = @. Using spherical polar co-ordinates we
map the curved triangular prismoid R(k4) containing the simplex x, = ABCD into a right triangular prism
Rpolar(Kq), and then argue as in the case of d = 2 above, using Lemma A.3, to deduce the analogue of (A.31)
in the case of d = 3.

A.2.4. Stability of the Mazwellian-weighted L? projector in the Mazwellian-weighted H' norm

Now we are ready to discuss the question of stability, in the M-weighted H' norm, of the orthogonal projector
in the M-weighted L? inner product on D C R% d = 2,3. We begin by considering the following auxiliary
problem: Let g € L%,(D); find Z € H},(D) such that

a(z,8) =U@) V@€ Hy(D), (A.32)



FINITE ELEMENT APPROXIMATION OF A KINETIC POLYMER MODEL 85

where, for (, § € H3, (D),
oCo = [ M(9,09,5400)dg  wd @) = [ Mgpdy,

The existence of a unique solution zZ € H}, (D) to (A.32) follows by the Lax-Milgram theorem. Note that

~

1222, 0y < 2l a2, 0y < 9122, (D)

We begin by showing the following elliptic regularity result for (A.32): zZ € H3 (M), and the bound stated
in (A.41) below holds. To this end, for § > 0 we define

2
Us(s) :=U ((r Ti 5) s> , se0,3r%) and Ms(q) == Z " exp(—Us(3|q|?), ¢ € D,
b S g 1
where, as in (1.6) (i.e. with no d-dependence in the definition of Z), Z := [, exp (—U(%|g|2)> dg. Note that

since U'(s) > 0 for s € [0,4r%), we have 0 < Us(s) < U(s) for all s € [0, 4r3), with strict inequalities for
s # 0, and M(q) < Ms(q) for ¢ € D, with strict inequality for ¢ # 0. The fact that, thereby, fD Ms(q)dq is
strictly greater than 1 rather than equal to 1 is of no significance. For § € L3,(D) and § > 0, we define

M %
Gs(q) == (M;(‘fj)> @), qeD,

and note that gs € L3, (D) with ”/g\‘SHL?wé(D) =3l 22, (p)-
We consider the following problem: For g € L3,(D) and § > 0, and with M; and gs as defined above, find
Zs € Hy;, (D) such that
as(25,8) = () V@ € Hy, (D), (A.33)
o 1
where, for ¢, o € Hy, (D),

0sC.7) = [ M5 (VoS Vap+Tp)dg  and  45(P) = [ MsGsdg.

We note that, for § > 0 and ¢ € D, 0 < Z lexp (—U(;(%r%)) < Ms(q) < Z~1, and therefore L?\/L,- (D) and
H11\45 (D) are homeomorphic to L?(D) and H'(D), respectively, with equivalent respective norms, so they can
be identified with L?(D) and H' (D), respectively.

As in the case of (A.32), the existence of a unique solution Z; € Hy, (D) to (A.33) follows by the Lax-Milgram
theorem, and

||35||L§WS(D) < ||25||H}WS(D) < ||/g\5||L?w§(D) = (91l 2, )- (A.34)

Also, by (standard) elliptic regularity theory, Z; € H}, (D) = H'(D) belongs to H*(D) = Hj, (D) for all
0>0.

Since C§°(D) C Hyy, (D) for any § > 0, on choosing $ € C3°(D) in (A.33), it follows that

-~ V¢ - (MsV,%5)+ Mszs = Msgs  in D'(D), (A.35)

i.e. in the sense of distributions on D. As Ms € C°°(D), multiplication by M of elements of D’(D) is correctly
defined; thus, by the Leibniz rule for differentiation of the product of a C*° (D) function and an element of D’(D),
(A.35) yields

— My Aq 25 7~Vq Ms - qu Zs + Mszs = Msg in D/(D) (A.36)
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Noting that M; and U} satisfy an identity analogous to (2.5), and that since M '

by M; ' in D'(D) is meaningful, multiplying (A.36) by M; ' we deduce that

€ C°°(D) multiplication

A Z+ULq Vo2 +2=gs inD/(D). (A.37)

As g — Ué(%|g|2)g belongs to [C°°(D)]?, the dot-product in the second term of (A.37) is meaningful as an

operation in [D'(D)]¢. Taking the partial derivative in D’(D) of (A.37) with respect to ¢;, the ith component
of ¢, gives

025 ~ 025 0% 03 G ,
A, U - Vesi + UL LUt v, 22 _ D(D), ic{l,. . ..d. (A38
a +q 5 q Z(S+ ) an + 5g ~q an + a(h a(h n ( ) ? { } ( )

For ¢ € C§°(D), we have My g—f € C§°(D), and therefore (A.38) implies that

0 0 0 0z, 0 0z, 0
(-0 + {0 s o (0 050 i B Gt 55 )

0zs op Jgs ) R '
» Ms M (D 1,....d}; (A.
+<8 a‘h> <3¢Ii’ 63%‘ v € G (D), iedl, ,d}; (A39)

where (-,-) denotes the duality paring on D'(D) x C§°(D). Writing Ay =V, - V4 in the first term on the left-
hand side of (A.39), passing V, to the test function in this term, using the Leibniz rule in C*°(D), noting (2.5)
and that U € C*°(D), whereby multiplication in D’(D) by Uj is legitimate, and observing that one of the two
terms that result upon the use of the Leibniz rule from the first term on the left-hand side of (A.39) cancels
with the fourth term on the left-hand side of (A.39), gives

0z op =R 0o 0z o0p 0z, 0 g, o0p
<an6 "9 >+<qu‘§'?'~VqZ‘S’M‘Sa_j> <U586 Maaj>+<aq§’M aj> <£’M585>

for all p € C§°(D), i € {1,...,d}. Summing over i = 1 — d, we deduce the identity

Ag(?g,@)::/Mququg : Vqchﬁqur/M(;Ug’(q-VqZ;) (¢-Vqo dq+/M5 U5+1)V V dg
D~ ~ ~ Jp ~ ~

[ Ve (M59,8) da = [ MsGs AP+ [ MsGsUja-VaPda =i L:(7) VP CRD)
D - ~ ~ D ~ D ~ ™ ~

Consider the norm || - ||H?\/I§(D) defined by

G0t o0 = [ M5 [ 190 942 + UF lg - 94+ (U3 + 119,82 +12P] o

We observe that || - |2, (p) is an equivalent norm on H3, (D) = H*(D) and, in particular, [Zsllnz, (D) < oo
) é
Next, we show that |Zs72, (p) is, in fact, bounded, independent of § > 0. Recalling (A.34) we have that
é
1250132, (p) = A(Z5.25) + (M5 25,25)p = L6(25) + (Ms 25, 25)p = Ls(25) + |27, (D)
5

< 1951l 2, 0y 1Aq Zsll 2, () + 193]l 2, () Han Vazsllez, o) + H96HL 2, olIZsle2, ()-

Since ||A, 2‘5HL?W§(D) <dz2||VqeV, 25HL?WS(D) and, thanks to (2.9b), [Uj(s)]> < ¢s U{(s), s € [0,3r%), we thus

have that
1251172, (> = (d+05+1)2|\gsl\m D) IZsl122, ()
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which implies that
HZ5||H2 (D) < ||756||712 (D)= <(d+es+1) ||96||L2 J(D) = =(d+cs+1) ||/9\||i?w(D)-

Since M(g) < Ms(q) for all ¢ € D and 6 > 0, we deduce that

121172, (py < (d+es+ 1) 91172,y

Since {Zs}s>0 is bounded in Hi;(D), there exists zy € H3i; (D) and a subsequence, still denoted {Zs}s>o,
such that Zs — Zp weakly in H2,(D) as 6 — 04. By the weak lower semicontinuity of the norm function
¢ ”CHHfW(D)a

|ZO|H2 (D) = ||ZO||H2 () S (d+es+1) ”gHL?I(D)' (A.40)

Since for ¢ > 1 (c¢f. (2.9a)) the space H,(D) is compactly embedded into H1,(D) (see Lem. 5.2 in Antoci [1]),
{Z5}s>0 is strongly convergent to zZp in Hj (D) as § — 04. Noting that {Ms}s~o converges to M uniformly
on D as § — 0, it follows that, as § — 0,

Eé(Q)Z/Maﬁaﬁdg:/ MG (M)Egdg— [ MigaMigag= [ Mggag=0@) VgeC (D)
D D D D

and as(Zs, 9) — a(zo, @) for all @ € C*>(D). Hence, passage to the limit § — 0, in (A. 33) yields a(Zy, @) = ()
for all ¢ € C*°(D). Since C*°(D) is dense in H1 (D), also a(zo, P) = L(p) for all p € Hi;(D). However,
z € H},(D) is the unique solution to (A.32), and therefore Z = Z, € H2,(D), and then by (A.40),

122, 0y < 1Elr2, 0y < (d+ 5 + ) 131172, ) (A.41)

That completes the proof of the elliptic regularity result that we need in order to proceed with the proof of
stability, in the M-weighted H' norm, of the orthogonal projector in the M-weighted L? inner product on D.

Taking g = ¢ — Pg@ in (A.32), where P/ denotes the orthogonal projector in the M-weighted H' inner
product on D, we have from the symmetry of the bilinear form af(-,-), the definitions of Z and P}, the Cauchy—
Schwarz inequality and (A.31) that

1 = Pl by = (¥ — P, 2) = a(y — P, 2 — P2
<Y = Pl o) 12 = P2l o, o)
< Chyllv— PlYlla, oy 12|82, (D)

The elliptic regularity result (A.41) with g = 1Z — P,‘Z?Z gives

~ 1~ ~
Zlh2, 0y < (d+c5+1)2 [ = Pl L2 (p)
We thus have that N
v — Pq?ﬁHL2 (p) S Chy Il — Pl g, (py- (A.42)
Now, by the first inverse inequality in the M-weighted H! norm on D stated in (4.53a), and (A.42),
1Y = Q1Y a0y < 1V — Pidllas, oy + 1PHY — @il a, (o)
<19 = Pl sy, () + Cime b PG — Q1 22,()
<l — PthHl (D) + Cinv by Yjp — PqT/)HL2 ) + Ciny hy |t — Qi¥llL2, (o)
<l - PthH}W(D) +2Ciny by, Yjp — P;?1/)||L§W(D) <1+ O) v = PYllg, p)-
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In particular the last inequality implies that

9 — Q?HZHH}W(D) <2(1+0) ||7Z||H}W(D) vy € Hi/(D)

and therefore also,

QLD 1 (py < (B+2C) |dllsr ) Vi € Hi/ (D). (A.43)

1

It remains to prove that the projector Qﬂ/f = Qi Q1 = Q1 QF, where QF is the orthogonal projector in L2(%2)

onto X and Q7 is the orthogonal projector in L3,(D) onto X/, is stable in the norm of X := HY(Q x D; M).
Indeed,

QM2 = @k QLI = /

QxD

M [|QF QI + V. (QF. Q4 + IV, (QF Q49)] dg da
< [ MIQE @460 e da + [ 1Q4 QD). )y o
<c| [ M1 ey o+ [ 1050y 2

<C |:/DM||$(-,Q)H%[1(Q) dg + /Q ||1/p\(§, ')H%T}W(D) df]

<201¥%,

where in the transition to the third line we used the stability of Q7 in the H'(2) norm, and the stability of Q}
in the Hi,(D) norm stated in (A.43). In the transition to the penultimate line we used Fubini’s theorem to
exchange the order of integration, together with the fact that Q7 is a contraction in the norm of L3,(D) and
Q7 is a contraction in the norm of L?().
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