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ANALYSIS OF EDDY CURRENT FORMULATIONS IN TWO-DIMENSIONAL
DOMAINS WITH CRACKS ∗

Stephanie Lohrengel1 and Serge Nicaise2

Abstract. In this paper, the eddy current problem in a two-dimensional conductor containing a crack
is studied. The decomposition of the electric field into a piecewise regular part and a singular part
deriving from scalar potentials localized at the crack tip and at the crack mouth is proved. At the crack
mouth, the electric field is shown to have standard singularities inside the conductor, but presents
a singularity outside the conductor that does not belong to the classical L2-space. Well-posedness of
the E-based model and the A − ψ-formulation of combined potentials are proved and an un-gauged
discretization of the latter formulation is discussed.
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1. Introduction

The present paper is concerned with the analysis of eddy currents in the presence of cracks.
Eddy current simulations have become an important research area due to numerous applications in electrical

engineering. Eddy current testing, for example, as a particular technique of non destructive testing, remains one
of the most popular tools in the quality control of conducting test pieces, and an important number of papers
in the electric engineering community, mostly based on integral equation techniques, is devoted to numerical
methods for crack detection (see e.g. [11, 12, 14, 15, 27]). In a typically configuration of eddy current testing,
a coil carrying an alternative current is placed in proximity to the conducting test piece. The coil’s magnetic
field induces the eddy currents in the conductor which generate measurable variations of the impedance of the
coil. In the presence of a crack, the eddy currents are deviated and the electromagnetic response allows for the
detection of the defect. Due to the limited penetration depth of the currents, eddy current testing is mostly
used to detect cracks that are situated near the surface.

In the mathematical community, eddy current models have gathered much interest in relation with the
topological properties of the device. Several formulations for the eddy current problem have been suggested (see
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the very complete book of Alonso and Valli [1] and references therein). They differ essentially in the choice of the
unknowns, which can be either the electric or the magnetic field, but also combined vector and scalar potentials.
The numerical approximation by means of finite element or boundary element methods has been investigated
in [7,8,21,29] among others. The asymptotic analysis of the eddy current model as the limit configuration of the
full Maxwell equations at low frequencies has been addressed in [3]. For the local behavior of the eddy currents
in the vicinity of corners and edges, we refer to [20]. However, these papers always consider domains without
cracks, and, to the best of our knowledge, a full mathematical description of the behavior of the fields near
cracks is actually not available.

Domains with cracks are widely studied in mechanical engineering and new methods as the XFEM (extended
finite element method) have emerged recently to deal advantageously with crack propagation (see e.g. [23,32,37]).
In these configurations, standard analysis tools apply to describe the local behavior of the fields near the crack
tip and no singularity occurs at the crack mouth since it is in general situated at the boundary of the domain.
General crack problems for elliptic systems have been investigated for example in [18, 19] and describe the
behavior near cracks which arise in the interior of the body.

Eddy current simulations, however, are characterized by the computation of the fields in the conductor as
well as in the surrounding insulating medium. Emerging cracks present two different types of singularities: one
at the crack tip, the other at the crack mouth where the crack emerges. From a mathematical point of view,
the crack mouth is situated at the interface between the conductor and the exterior domain, and the analysis
of the fields near the crack mouth is thus not standard.

In the present paper, we give a detailed description of the electric field near a one-dimensional straight crack
in a domain of R

2 representing the conductor surrounded by an insulating material. We suppose the crack to be
emerging at the conductor’s surface and emphasize on the behavior of the fields near the crack tip on the one
hand and the crack mouth where the crack emerges, on the other. We prove a decomposition theorem that allows
to split the electric field into a regular and a singular part. It turns out that the singular part may be derived
from scalar potentials which, in the presence of an emerging crack, are localized at the crack tip and at the crack
mouth. At the crack tip, the asymptotic analysis is obtained by generalizing well-known decomposition results
of the electromagnetic field in the vicinity of geometric singularities [10, 17]. At the crack mouth, however, the
situation is quite different. Indeed, we prove that the electric field has standard singularities inside the conductor
whereas it presents a singularity outside the conductor which actually does not belong to L2. Our results are in
agreement with the observations made by the physical or electrical engineering community [13].

The paper is organized in the following way: in Section 2 we make precise the eddy current model for the
electric field in the presence of a crack and recall the functional spaces that will be used in the sequel. The
main result of the paper is presented in Section 3: we introduce an appropriate energy space for the electric
field and prove the decomposition of its elements into a regular and a singular part. Section 4 is devoted to
the analysis of two variational formulations of the eddy current model. The E-formulation, in terms of the
electric field, is directly based on a sub-space of the energy space. However, it turns out that this formulation
is not well suited for discretization due to the constraints contained in the energy space. We therefore recall
the A-ψ-formulation which is standard in electric engineering. Here, the electric field is given as the sum of a
vector potential A defined in the whole computational domain and the gradient of a scalar potential ψ which is
given only in the conductor. We prove that both the E- and the A-ψ-formulation are well posed and show that
the two formulations are equivalent. With regards to the numerical implementation, we also discuss whether
gauging of the vector and scalar potentials is necessary or not and show in Section 5 some numerical results of
the simulation of eddy currents in a circular conductor containing a crack.

2. Setting of the problem

2.1. The eddy current model

The eddy current problem is derived from the full Maxwell equations by neglecting the displacement field.
In a time-harmonic setting, this approximation is admissible at the low frequency range since the product of
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the angular frequency ω and the electric permittivity ε is small compared to the conductivity σ of the body
(see [20] for a discussion of this item and [3] for the asymptotic analysis). At a given angular frequency ω > 0,
we thus have

iωB + curlE = 0, (2.1a)
curlH = J, (2.1b)

where B denotes the magnetic induction, H and E are the magnetic and electric field, and J = Js + Jeddy

represents the total current density which splits into the impressed current density Js on the one hand and the
eddy currents Jeddy on the other.

The constitutive laws for a linear conducting material read as follows{
B = μH ,
Jeddy = σE,

(2.2)

where μ and σ denote respectively the magnetic permeability and the conductivity of the material. Now, consider
a homogeneous and isotropic conductor Qc with permeability μc > 0 and conductivity σc > 0. We assume Qc

to be connected, lipschitz and piecewise regular. Further, let Q be a bounded, simply connected domain with
connected boundary Γ∞ = ∂Q such that Qc ⊂ Q and denote by Qe = Q \Qc the exterior domain. For the sake
of simplicity, we also assume that Q is regular. Let Γ0 = ∂Qc be the interface between the exterior domain Qe

and the conductor Qc. Let Qe be filled by an insulating material like air with permeability μe > 0 and zero
conductivity. Hence, the functions μ and σ are piecewise constant and satisfy

μ =
{
μc in Qc,
μe in Qe,

and σ =
{
σc in Qc,
0 in Qe.

(2.3)

We thus see from (2.2) that the eddy currents are supported only by the conductor.
We make the following assumptions on Js,

divJs = 0 in Q and supp(Js) ⊂ Qe. (2.4)

This models for instance the case of a coil excitation outside the conductor and fits with our concerns (see [8]
for a discussion of other types of excitation leading to skin effect problems).

Taking into account the constitutive laws and eliminating the magnetic field, we deduce from (2.1) that, in
the absence of a crack, the electric field E is solution of the following problem{

curlμ−1 curlE + iωσE = −iωJs in Q,
E × n = 0 on Γ∞.

(2.5)

(2.5) has to be completed by the following gauge conditions on the exterior field Ee which are obtained from
the full Maxwell equations before passing to the limit (see again [3, 20]).{

divEe = 0 in Qe,
〈Ee · n, 1〉 = 0 on any connected component of Γ0.

(2.6)

From now on, we restrict ourselves to a two-dimensional configuration with a conductor that presents a
one-dimensional straight crack emerging at some point x0 of Γ0. Without loss of generality, we assume that
the interface Γ0 between the conductor and the surrounding medium has one single component. This does not
affect the analysis near the crack and simplifies the presentation. The crack tip x∗ belongs to the interior of the
conductor and the crack is thus the (closed) segment

Σ = {sx∗ + (1 − s)x0 | s ∈ [0, 1]} .
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Figure 1. Examples of eddy-current devices.

Figure 2. Local polar coordinates near the crack mouth.

For convenience, we have assumed that the crack is straight. In order to simplify the presentation, we further
assume that the conductor Qc has at most one angular point which in addition coincides with the crack mouth
x0 (see Fig. 1). Indeed, the behavior of the electric field in a domain with vertices away from x0 can be deduced
from the results in [20] where eddy current formulations on general polyhedral conductors have been studied.
The results stated below should carry over to a configuration with a curved crack or a curvilinear interface Γ0.

Now, let Ωc = Qc \Σ denote the open set representing the conductor outside the crack and set Ω = Q \ Σ.
Notice that the exterior domain Ωe = Ω \ Ωc coincides with Qe. We define the unit tangent vector of the

crack by τΣ =
−→
x0x

∗ /‖
−→
x0x

∗ ‖, and we denote by nΣ the unit normal vector on Σ such that (nΣ , τΣ) forms
a direct system. In order to distinguish the two sides of the conductor near the crack, we introduce the sets
Ω+

c = {x ∈ Ωc | x · nΣ > 0} and Ω−
c = {x ∈ Ωc | x · nΣ < 0}. The interior angle ωc at x0 is split by the crack

into two angles ω+
c and ω−

c such that ω+
c + ω−

c = ωc. The exterior angle at x0 is denoted by ωe. Finally, let
Γ±

0 be the part of Γ0 in Ω±
c and define Γ 0

0 as the part of Γ0 outside the crack mouth, Γ 0
0 = Γ0 \ {x0}. For any

distribution f ∈ D′(Ω), we denote fc (resp. fe) the restriction of f to Ωc (resp. Ωe).

As we shall be interested in the local behavior of vector fields near the crack tip x∗, we define local polar
coordinates (r∗, θ∗) with respect to x∗, where the two sides of the crack correspond respectively to θ∗ = +π and
θ∗ = −π. We fix a regular cut-off function η∗ = η∗(r∗), depending only on the distance r∗, such that η∗ ≡ 1
near x∗ and supp(η∗) ⊂ Qc.

Similarly, we introduce local polar coordinates (r0, θ0) near the crack mouth x0 where r0 = ‖x− x0‖ denotes
the distance of x ∈ Ω to x0 and θ0 = 0 coincides with Γ+

0 near x0. Then θ0 = ω+
c corresponds to the crack Σ

and Γ−
0 is situated locally on the half-line θ0 = −ωe (see Fig. 2). We recall that Ωe coincides with an open sector

of angle ωe in a neighborhood V(x0) of x0: Ωe ∩ V(x0) = {(r0 cos θ0, r0 sin θ0) | 0 < r0 < R, −ωe < θ0 < 0}.
We thus choose a second cut-off function η0 = η0(r0) with respect to x0 such that supp(η0) ⊂ V(x0). We

further assume that the supports of η∗ and η0 do not intersect.
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Notice that in a two-dimensional setting, we distinguish between the vector curl operator acting on scalar
functions and the scalar curl operator acting on vector fields,

curlϕ =
(
∂2ϕ
−∂1ϕ

)
, curl v = ∂1v2 − ∂2v1.

Similarly, the cross product of two vectors u = (u1, u2)t and n = (n1, n2)t of R
2 can be defined by the scalar

u× n = u1n2 − u2n1.
Here, we are interested in the transverse electric setting: the electric field is invariant in one direction and

can be described by the two components E(x) = (E1(x1, x2), E2(x1, x2))t.
According to [11], the tangential component of the electric field E is discontinuous across the crack and curlE

does not, in general, belong to L2(Q) but only to L2(Ω). By definition, an ideal crack does not allow any current
to pass across it. This yields the boundary condition J ·nΣ = 0 on Σ for the total current J = σE + Js. Under
the assumption (2.4), we thus get the boundary condition

E · nΣ = 0 on Σ (2.7)

for the electric field. The eddy-current problem in a cracked domain finally reads⎧⎪⎪⎪⎨⎪⎪⎪⎩
curlμ−1 curlE + iωσE = −iωJs in Ω,
Ec · nΣ = 0 on Σ,
Ee × n = 0 on Γ∞,
divEe = 0 in Ωe,
〈Ee · n, 1〉Γ0 = 0.

(2.8)

Moreover, notice that the first equation in (2.8) yields

div(σE) = 0 in Ω,

which implies the continuity of the normal trace of the field σE across the interface Γ0 outside the crack mouth.
Since σe = 0 in Ωe, we simply get

Ec · n = 0 on Γ 0
0 .

Since Ec · n also vanishes on Σ, we finally have

Ec · n = 0 on ∂Ωc. (2.9)

2.2. Functional framework

In this subsection, we fix the notations and recall the definition of some useful vector spaces. For an open
subset O of Rn and m ∈ N, we denote by Hm(O) the usual Sobolev space of functions defined on O with square
integrable derivatives up to order m. On Hm(O), ‖ · ‖m,O denotes the standard norm. The following definition
of fractional order Sobolev spaces can be found for example in [26]. Let s〉0 such that s = m + σ with m ∈ N

and 0 < σ < 1. We define

Hs(O) =
{
f ∈ Hm(O)

∣∣∣∣ ∫
O

∫
O

|Dαf(x) −Dαf(y)|2
|x− y|n+2σ

dx dy < +∞, ∀α = (α1, . . . , αn) : |α| = m

}
.

On Hs(O), the canonical norm is given by

‖f‖s,O =

⎛⎝‖f‖2
m,O +

∑
|α|=m

∫
O

∫
O

|Dαf(x) −Dαf(y)|2
|x− y|n+2σ

dx dy

⎞⎠1/2

.

For s < 0, the space H−s(O) is the dual space of Hs
0(O), the closure of D(O) with respect to the norm ‖ · ‖s,O.
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Special attention has to be paid if s = 1/2. We denote by H̃1/2(O) the space of functions f defined on O
such that the extension of f by 0 outside O belongs to H1/2(Rn). The following application defines a norm on
H̃1/2(O) if O is a Lipschitz domain,

‖f‖∼,1/2,O =
(
‖f‖2

1/2,O +
∫
O

|f(x)|2
ρ(x)

dx
)1/2

.

Here, ρ(x) denotes the distance from x to the boundary of O. Following the notations in [26], H̃−1/2(O) will
denote the dual space of H̃1/2(O) which differs from H−1/2(O) (see [26] for a discussion of this item). Notice
that this definition is equivalent to the definition of the space H−1/2

00 (O) in [16].
Now, let O+ and O− be two open segments in R2 such that O+ ∩O− = ∅ and O+ ∩O− = {S} where S is a

point of R2. For s > 0 small enough, let x(s) (resp. x(−s)) be the point on O+ (resp. O−) whose distance to S
is s. Then, for elements f± ∈ H1/2(O±) we write f+ ≡ f− at S if∫ δ

0

|f+(x(+s)) − f−(x(−s))|2
s

ds < +∞.

If f+ and f− are Hölder-continuous near S, f+ ≡ f− is equivalent to f+(S) = f−(S). Obviously, any function
f in H̃1/2(O) satisfies f ≡ 0 at the extremities of O if O is an open segment of R2.

In this paper, we are concerned with domains containing cracks. In particular, such domains are not of
Lipschitz type. However, the definitions here above can be adapted and most of the usual properties of Sobolev
spaces (excepted the extension property) carry over to a cracked domain.

In the sequel, bold letters indicate spaces of vector fields, e.g. H 1(O) = (H1(O))n. The following vector
spaces are involved in the mathematical formulation of the Maxwell equations for O ⊂ R2.

H(curl;O) =
{
v ∈ L2(O)

∣∣ curlv ∈ L2(O)
}
,

H(div;O) =
{
v ∈ L2(O)

∣∣ div v ∈ L2(O)
}
.

For any field v ∈ H(curl;O), we can define its tangential trace γtv ∈ H−1/2(∂O) on the boundary ∂O as the
continuous extension of the application v �→ (v×n)|∂O which is well defined for regular fields. In the same way,
the normal trace γnv is defined as the extension of the application v �→ (v · n)|∂O and belongs to H−1/2(∂O)
for any field v ∈ H(div;O).

This allows the definition of the following spaces

H0(curl;O) = {v ∈ H(curl;O) | γtv = 0 on ∂O} ,
H0(div;O) = {v ∈ H(div;O) | γnv = 0 on ∂O} .

If D ⊂ ∂O, we denote by H0,D(curl;O) the subspace of H(curl;O) of fields v such that γtv = 0 on D. In the
same way, we define H0,D(div;O) and H1

0,D(O). Notice that for any v ∈ H(curl;O), the tangential trace (γtv)|D
on a closed curve D is defined as an element in H−1/2(D). However, if D has a boundary, (γtv)|D only belongs
to H̃−1/2(D).

3. A decomposition theorem

Assume for a moment that the solution of the eddy current problem is regular near the crack mouth x0. The
boundary condition Ec · n = 0 on Σ and Γ±

0 thus implies that Ec(x0) = 0 since Ec is orthogonal at x0 to the
two linear independent vectors nΣ and nΓ+

0
(resp. nΣ and nΓ−

0
if ω+

c = π). If E belongs to H(curl;Ω), the
tangential trace of E across Γ0 is continuous away from x0. Hence, (E+

e × n)(x0) = (E+
c × n)(x0) = 0 and, in
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the same way, (E−
e × n)(x0) = 0. In other words, both the interior and exterior part of the electric field vanish

at the crack mouth. This is not conforming with the analysis in [11] which exhibits a singularity arising from
the potential drop across the crack mouth.

We therefore introduce the following weighted Sobolev spaces defined on Ωe depending on a weight parameter
α > 0:

L2
α(Ωe) =

{
f ∈ D′(Ωe)

∣∣ rα
0 f ∈ L2(Ωe)

}
(3.1)

and
H1,α(Ωe) =

{
f ∈ D′(Ωe)

∣∣ rα−1
0 f ∈ L2(Ωe), rα

0 ∂if ∈ L2(Ωe) ∀i = 1, 2
}
. (3.2)

Lemma 3.1. For any p such that 1 ≤ p < 2
α+1 , the weighted space L2

α(Ωe) is embedded continuously in Lp(Ωe).

Proof. Let u ∈ L2
α(Ωe). Hence u may be factorized into u = r−α

0 rα
0 u where rα

0 u belongs to L2(Ωe). Now, r−α
0

belongs to Lq(Ωe) whenever −αq + 2 > 0 which yields 1
q > α

2 . Thus, up = r−αp
0 (rα

0 u)p belongs to L1(Ωe) if
p
q + p

2 = 1 since r−αp
0 ∈ Lq/p(Ωe) and (rα

0 u)p ∈ L2/p(Ωe). This yields

1
p

=
1
q

+
1
2
>
α+ 1

2

and
‖u‖p

Lp(Ωe) ≤ ‖r−α
0 ‖p

Lq(Ωe) ‖r
α
0 u‖

p
L2(Ωe).

�

The following proposition describes the behavior of the solution of a scalar boundary value problem in Ωe

with piecewise regular boundary data which are allowed to be discontinuous at x0.

Proposition 3.2. Let f ∈ L2(Ωe), g ∈ H1(Γ 0
0 ) and b ∈ C. We define the function S0 in the infinite sector of

angle ωe by

S0(r0, θ0) =
θ0
ωe

in local polar coordinates (r0, θ0) with respect to x0. Let c0 = [g(x0)] ∈ C where the jump [g(x0)] is defined by
[g(x0)] = g+(x0) − g−(x0).

There is a unique function ϕr ∈ H1(Ωe) such that the function

ϕ = ϕr + c0η0S0, (3.3)

is solution of the problem ⎧⎪⎨⎪⎩
−Δϕ = f in Ωe

ϕ = 0 on Γ∞
ϕ = g + d on Γ 0

0

〈∂nϕ, 1〉Γ0 = b,

(3.4)

for some d ∈ C. Moreover, ϕr and c0 satisfy the estimate

‖ϕr‖1,Ωe + |c0| � ‖f‖0,Ωe + ‖∂sg‖0,Γ 0
0

+ |b|. (3.5)

Here and below, we write a � b whenever there is a constant C > 0 independent from the quantities a and b
such that a ≤ Cb.

Notice that ϕ satisfies the Dirichlet boundary condition ϕ = g on Γ 0
0 up to some additive constant. More

precisely, following [20] (Lem. 2.1), ϕ is the superposition of the solution of a standard Dirichlet boundary
problem with data f and g and the solution of Δq = 0 in Ωe, q = 0 on Γ∞, q = const. on Γ0 and 〈∂nq, 1〉Γ0 = 1.
This allows to get the estimate (3.5) where the Dirichlet datum g only appears through its derivative.
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Proof. Since g belongs to H1(Γ 0
0 ) ↪→ C0(Γ 0

0 ), the restrictions g± = g|Γ±
0

are continuous at x0, and we can define
the jump of g at x0, [g(x0)] = g+(x0) − g−(x0).

Then, define the function g̃ by g̃ = g − [g(x0)](η0S0)|Γ 0
0
. We have⎧⎨⎩ΔS0 = 0 in S−ωe ,

S0 = 0 on {θ0 = 0},
S0 = −1 on {θ0 = −ωe},

where
S−ωe = {(r0 cos θ0, r0 sin θ0) | r0 > 0, −ωe < θ0 < 0}

denotes the infinite sector of angle ωe between the half-lines {θ0 = −ωe} and {θ0 = 0}.
The function g̃ belongs to H1(Γ 0

0 ) and we have [g̃(x0)] = 0 by construction. Therefore, g̃ belongs to H1/2(Γ0)∩
H1(Γ 0

0 ).
From [20] (Lem. 2.1) we know that there is a unique function ϕr ∈ H1(Ωe), solution of the problem⎧⎪⎪⎨⎪⎪⎩

−Δϕr = f̃ in Ωe

ϕr = 0 on Γ∞
ϕr = g̃ + d on Γ 0

0
〈∂nϕr, 1〉Γ0 = b,

where f̃ = f + [g(x0)]Δ(η0S0) ∈ L2(Ωe) and d is some complex number. Moreover, ϕr satisfies the estimate

‖ϕr‖1,Ωe � ‖f̃‖0,Ωe + ‖g̃‖H1/2(Γ0)/C + |b|. (3.6)

Then, define ϕ by ϕ = ϕr + c0η0S0 with c0 = [g(x0)]. Since η0S0 belongs to H1,α(Ωe) according to Proposi-
tion A.1, so does ϕ. By construction, we have⎧⎨⎩−Δϕ = f in Ωe

ϕ = 0 on Γ∞
ϕ = g + d on Γ 0

0 .

In order to prove that ϕ satisfies the last property in (3.4), we have to evaluate the quantity 〈∂n(η0S0), 1〉Γ0 .
To this end, notice that for any p such that 1 < p < 2, ∂n(η0S0) is an element of W−1/p,p(Γ0), the dual of
W 1−1/p′,p′

(Γ0) with 1
p + 1

p′ = 1, since ∇(η0S0) ∈ L p(Ωe) and Δ(η0S0) ∈ Lp(Ωe). Consequently, 〈∂n(η0S0), 1〉Γ0

is well defined as a duality pairing between W−1/p,p(Γ0) and W 1−1/p′,p′
(Γ0) and the following Green formula

holds ∫
Ωe

Δ(η0S0) dx = 〈∂n(η0S0), 1〉Γ0 .

Since Δ(η0S0) = 0 in a neighborhood of x0, the previous identity may be written

〈∂n(η0S0), 1〉Γ0 = lim
δ→0

∫
Ωe\B(x0,δ)

Δ(η0S0) dx.

Moreover, as η0S0 is smooth in Ωe \B(x0, δ), applying the standard Green formula we get

〈∂n(η0S0), 1〉Γ0 = lim
δ→0

〈∂n(η0S0), 1〉Γ0\[−δ,δ]. (3.7)

Now for r0 > δ, we compute ∂n(η0S0) separately on Γ+
0 and Γ−

0 . Denote by

er =
(

cos θ0
sin θ0

)
, eθ =

(
− sin θ0
cos θ0

)
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the orthonormal basis associated with the local polar coordinates (r0, θ0). On Γ+
0 , we have er · n = 0 and

eθ · n = +1. Hence,

∂n(η0S0) = ∇(η0S0)|{θ0=0} · n = (η′0(r0)S0){θ0=0}er · n +
1
r0
η0(r0)(∂θS0){θ0=0}eθ · n =

1
ωe

η0(r0)
r0

·

On Γ−
0 , we have er · n = 0 and eθ · n = −1. Therefore we get in a similar way,

∂n(η0S0) = − 1
ωe

η0(r0)
r0

·

Using these expressions in (3.7) yields 〈∂n(η0S0), 1〉Γ0 = 0. Thus, 〈∂nϕ, 1〉Γ0 = 〈∂nϕr, 1〉Γ0 = b which shows
that ϕ is a solution of (3.4). This solution is obviously unique.

It remains to estimate ‖ϕr‖1,Ωe and |c0| in terms of the data f , g and b. We have

‖f̃‖0,Ωe � ‖f‖0,Ωe + |[g(x0)]|,

since ‖Δ(η0S0)‖0,Ωe is bounded independently from f , g and b. In order to estimate the term ‖g̃‖H1/2(Γ0)/C,
notice that

‖g̃‖H1/2(Γ0)/C
≤

∥∥∥∥g̃ − 1
meas(Γ0)

∫
Γ0

g̃ dx
∥∥∥∥

1/2,Γ0

� ‖∂sg̃‖−1/2,Γ0 .

But ∂sg̃ belongs to L2(Γ0) since g̃± ∈ H1(Γ±
0 ) and [g̃(x0)] = 0. Thus,

‖∂sg̃‖−1/2,Γ0 � ‖∂sg̃‖0,Γ0 � ‖∂sg
+‖0,Γ+

0
+ ‖∂sg

−‖0,Γ−
0

+ |[g(x0)]|.

Summing up, we get
‖ϕr‖1,Ωe � ‖f‖0,Ωe + ‖∂sg‖0,Γ 0

0
+ |b| + |[g(x0)]|.

In order to estimate the jump |c0| = |[g(x0)]|, let gΓ0 = 1
meas(Γ0)

∫
Γ 0

0
g dx be the mean value of g on Γ 0

0 . Then,

|[g(x0)]| = |[g(x0) − gΓ0 ]| � ‖g − gΓ0‖∞,Γ 0
0

� ‖g − gΓ0‖1,Γ 0
0

since the embedding from H1(Γ 0
0 ) into C0(Γ±

0 ) is continuous. On the other hand, Poincaré−Wirtinger’s inequal-
ity reads

‖g − gΓ0‖0,Γ 0
0

� ‖∂sg‖0,Γ 0
0

and thus
|[g(x0)]| � ‖∂sg‖0,Γ 0

0
.

This completes the proof. �

Next, we define the weighted space of vector fields

Xα(Ω) =

{
v ∈ (D′(Ω))2

∣∣∣∣∣ curlv ∈ L2(Ω); vc ∈ H0(div;Ωc);

rα
0 ve ∈ L2(Ωe); div ve ∈ L2(Ωe); ve × n = 0 on Γ∞.

}
(3.8)

Xα(Ω) is equipped with the following norm,

‖v‖Xα(Ω) =
(
‖ curlv‖2

0,Ω + ‖vc‖2
0,Ωc

+ ‖ div vc‖2
0,Ωc

+ ‖rα
0 ve‖2

0,Ωe
+ ‖ div ve‖2

0,Ωe

)1/2
.
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We now introduce the singular functions S∗, S0, SNeu, ω and SDir, ω which are defined in local polar coordi-
nates by

S∗(r∗, θ∗) = (r∗)1/2 sin
θ∗

2
, (3.9a)

S0(r0, θ0) =
θ0
ωe
, (3.9b)

SNeu, ω(r0, θ0) = r
π/ω
0 cos

(π
ω

(
θ0 − θ

))
, (3.9c)

SDir, ω(r0, θ0) = r
π/ω
0 sin

(π
ω
θ0

)
· (3.9d)

Here, SNeu, ω and SDir, ω are the standard singularities for the Laplace operator with Neumann and Dirichlet
conditions, respectively, in a sector with opening angle ω > π. Notice that we use the same local polar coordinates
at x0 for Ω±

c and Ωe. We introduce the variable θ in the definition of SNeu, ω in order to be able to deal with
both sides of the crack: θ = 0 if ω = ω+

c and θ = ω+
c if ω = ω−

c .
We further define the function S+ (resp. S−) as the variational solution in H1(Ωe) of the following problem

with boundary data induced by the Neumann singularity SNeu, ω+
c (resp. SNeu, ω−

c ):⎧⎨⎩
ΔS± = 0 in Ωe,
S± = 0 on Γ∞ ∪ Γ∓

0 ,

S± = η0S
Neu, ω±

c on Γ±
0 .

(3.10)

Notice that SNeu, ω±
c vanishes for r0 = 0. Therefore, the boundary data of (3.10) belong to H1/2(Γ0) and S±

is well defined.
The electric field in the exterior domain Ωe is allowed to present strong singularities at the crack mouth x0

since we only require that rα
0 ve belongs to L 2(Ωe) for a given positive weight parameter α. The following theorem

yields a decomposition of the elements in Xα(Ω) into a (piecewise) regular part and a singular part deriving
from scalar potentials. These scalar potentials are localized near the crack tip x∗ and the crack mouth x0.

Theorem 3.3. Assume that 0 < α < 1/2. Any field v in the space Xα(Ω) admits the decomposition

vc = wc + c∗∇ (η∗S∗) + c+∇
(
η0�|Ω+

c
SNeu, ω+

c

)
+ c−∇

(
η0�|Ω−

c
SNeu, ω−

c

)
in Ωc, (3.11a)

ve = we + c0∇ (η0S0) + c+∇S+ + c−∇S− + ce∇
(
η0S

Dir, ωe
)

in Ωe (3.11b)

where wc and we are regular fields in H 1(Ωc) and H 1(Ωe), respectively, and c∗, c±, c0, and ce are complex
numbers. We have c+ = 0 if ω+

c ≤ π, c− = 0 if ω−
c ≤ π and ce = 0 if ωe ≤ π. The decomposition satisfies the

estimates
‖wc‖1,Ωc + |c∗| + |c+| + |c−| � ‖ curlvc‖0,Ωc + ‖ div vc‖0,Ωc (3.12)

and

‖we‖1,Ωe + |c0| + |ce| � ‖ curlvc‖0,Ωc + ‖ div vc‖0,Ωc + ‖ curlve‖0,Ωe + ‖ div ve‖0,Ωe + |〈γnve, 1〉Γ0 |. (3.13)

Proof. Let v ∈ Xα(Ω). Since vc belongs to H(curl;Ωc) ∩ H0(div;Ωc), we deduce as in [31] that vc admits the
decomposition (3.11a) with wc ∈ H 1(Ωc), c∗, c± ∈ C and S∗ (resp. SNeu, ω±

c ) defined by (3.9a) (resp. (3.9c)).
Notice that the singularity at the crack mouth only occurs if Ω+

c (resp. Ω−
c ) is not convex near x0. Since ω+

c

or ω−
c cannot both be larger than π, we assume without loss of generality from now on that ω−

c ≤ π so that
c− = 0.

In order to prove estimate (3.12), consider the linear operator

T :
(
H 1(Ωc) ∩H0(div;Ωc)

)
× C × C → H(curl;Ωc) ∩H0(div;Ωc)
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defined by
T (wc, c

∗, c+) = wc + c∗∇(η∗S∗) + c+∇
(
η0�|Ω+

c
SNeu, ω+

c

)
.

The operator is obviously continuous and one-to-one, and T−1 is thus continuous owing to the closed graph
theorem. Therefore,

‖wc‖1,Ωc + |c∗| + |c+| � ‖T (wc, c
∗, c+)‖H(curl;Ωc)∩H0(div;Ωc)

which proves (3.12) since the embedding of H(curl;Ωc)∩H0(div;Ωc) into L 2(Ωc) is compact and the semi-norm(
‖ curl ·‖2

0,Ωc
+ ‖ div ·‖2

0,Ωc

)1/2 actually defines a norm on H(curl;Ωc) ∩H0(div;Ωc) equivalent to the canonical
norm.

The decomposition of the exterior field ve is less standard. From the definition of the space Xα(Ω), we get
v ∈ L2

α(Ωe), div v ∈ L2(Ωe) and γtve = 0 on Γ∞. Moreover, we know that curlv belongs to L2 on the whole
domain Ω which implies the continuity of the tangential trace γt across Γ0 away from the crack mouth,

γtve =
{
γtwc + c+∂s(η0SNeu, ω+

c ) on Γ+
0 ,

γtwc on Γ−
0 .

(3.14)

Notice further that ve belongs to L p(Ωe) for any p such that 1 ≤ p < 2
α+1 according to Lemma 3.1. Owing

to Corollary B.3, ve thus admits the decomposition

ve = ve,r + ∇ϕe (3.15)

with ve,r ∈ H1(Ωe) such that γtve,r = 0 on Γ∞, and ϕe ∈W 1,p
0,Γ∞(Ωe). The a priori-estimate for ve,r reads

‖ve,r‖1,Ωe � ‖ curlve‖0,Ωe . (3.16)

The scalar potential ϕe admits a trace γ0ϕe ∈ W 1−1/p,p(Γ0). It follows from Sobolev’s embedding theorem
that γ0ϕe belongs to L2(Γ0) since W 1−1/p,p(Γ0) ↪→ L2(Γ0) whenever 1 − 1

p > − 1
2 which yields p > 4

3 . We thus
choose p such that 4

3 < p < 2
α+1 which is possible since α < 1

2 . From decomposition (3.15) and the continuity
relation (3.14), we deduce that ∂sϕe splits into a regular part and a singular part occurring from the lack of
convexity of the interior domain Ω+

c at x0,

∂sϕe = γt(∇ϕe) = γt(ve − ve,r) =
{
γt(wc − ve,r) + c+∂s(η0SNeu, ω+

c ) on Γ+
0 ,

γt(wc − ve,r) on Γ−
0 .

(3.17)

Now, notice that in the vicinity of x0, ∂s(η0SNeu, ω−
c ) � sλ−1 ∈ L2(Γ+

0 ) since λ = π/ω+
c > 1/2. Hence ϕe

belongs to H1(Γ 0
0 ).

Summing up, the function ϕe is the solution in W 1,p
0,Γ∞(Ωe) of the following boundary value problem⎧⎪⎨⎪⎩

−Δϕe = f in Ωe

ϕe = 0 on Γ∞
∂sϕe = ∂sg on Γ 0

0

〈∂nϕe, 1〉Γ0 = b,

with f = div(ve −ve,r) ∈ L2(Ωe), g ∈ H1(Γ 0
0 ), and b ∈ C. Notice that ϕe is determined on Γ 0

0 up to an additive
constant only. We deduce from Proposition 3.2 that ϕe admits the decomposition

ϕe = ϕe,r + c0η0S0 (3.18)

with ϕe,r ∈ H1(Ωe) and c0 ∈ C. The decomposition satisfies the a priori-estimate

‖ϕe,r‖1,Ωe + |c0| � ‖Δϕe‖0,Ωe + ‖∂sϕe‖0,Γ 0
0

+ |〈∂nϕe, 1〉Γ0 |. (3.19)
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According to the regularity results for S0 stated in Proposition A.1, ϕe belongs to the weighted space
H1,α(Ωe).

Now, notice that we get

‖Δϕe‖0,Ωe � ‖ div ve,r‖0,Ωe + ‖ div ve‖0,Ωe

� ‖ curlve‖0,Ωe + ‖ div ve‖0,Ωe

from estimate (3.16) for ve,r. Taking into account the estimate (3.12) for wc and |c+|, we get in a similar way

‖∂sϕe‖0,Γ 0
0

� ‖γtwc‖0,Γ 0
0

+ ‖γtve,r‖0,Γ0 + |c+|
� ‖wc‖1,Ωc + ‖ve,r‖1,Ωe + |c+|
� ‖ curlvc‖0,Ωc + ‖ div vc‖0,Ωc + ‖ curlve‖0,Ωe .

In order to estimate the last term in (3.19), notice that

|〈∂nϕe, 1〉Γ0 | � |〈γnve, 1〉Γ0 | + |〈γnve,r, 1〉Γ0 |
� |〈γnve, 1〉Γ0 | + ‖ve,r‖1,Ωe

� |〈γnve, 1〉Γ0 | + ‖ curlve‖0,Ωe

where we used once again (3.16).
This leads to the estimate

‖ϕe,r‖1,Ωe + |c0| � ‖ curlvc‖0,Ωc + ‖ div vc‖0,Ωc + ‖ curlve‖0,Ωe + ‖ div ve‖0,Ωe + |〈γnve, 1〉Γ0 | (3.20)

in terms of the vector field v.
Notice that the function ϕe,r obtained by the Helmholtz decomposition in Corollary B.3 has only H1-

regularity. In order to get a splitting into a regular part of class H2 and an explicit singular part, we proceed
in several steps: first, recall that the function S+ ∈ H1(Ωe) satisfies⎧⎨⎩

ΔS+ = 0 in Ωe,
S+ = 0 on Γ∞ ∪ Γ−,
S+ = η0S

Neu, ω+
c on Γ+.

Next, set ψ = ϕe,r − c+S+ ∈ H1(Ωe). From (3.17) and the definition of ϕe,r we deduce that

∂sψ = γt(we − ve,r) − c0∂s(η0S0) ∈ H1/2(Γ 0
0 )

which implies that γ0ψ ∈ H3/2(Γ±
0 ) on either side of x0. Notice that ∂s(η0S0) is regular and vanishes identically

in a vicinity of x0 since S0 is piecewise constant on Γ0. Then we claim that there is a continuous lifting
χ ∈ H2(Ωe) ∩H1

0,Γ∞(Ωe) such that γ0χ = γ0ψ on Γ0 and

‖χ‖2,Ωe � ‖ψ‖1/2,Γ0 + ‖∂sψ‖1/2,Γ 0
0
. (3.21)

Such a lifting exists whenever the data on either side of x0 are regular and satisfy appropriate compatibility
conditions (cf. [26]) between normal and tangential derivatives. In the present study, we only prescribe the trace
of χ on Γ0. The normal derivatives of χ on Γ±

0 may thus be chosen in terms of the tangential derivatives in
order to satisfy the compatibility conditions. The only difficulty occurs if ωe = π since we have to ensure that

γt(wc − ve,r)|Γ+
0
≡ γt(wc − ve,r)|Γ−

0
at x0. (3.22)
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To this end, we notice that the normal trace of wc vanishes both on Γ±
0 and Σ. Since wc is regular near x0 on

either side of Σ, its trace γ0wc is of classH1/2. At x0, (γ0wc)|Γ±
0

is thus orthogonal to the two linear independent
vectors, nΣ and nΓ±

0
. This implies

(γ0wc)|Γ±
0

≡ 0 at x0

in the sense of H1/2. The field ve,r is regular in Ωe and its trace belongs to H1/2(Γ0). This proves (3.22) in the
particular case ωe = π.

Finally, ψ − χ is the variational solution of a homogeneous Dirichlet problem. Therefore, ψ − χ admits the
decomposition

ψ − χ = ψr + ceη0S
Dir,ωe (3.23)

into a regular part ψr ∈ H2(Ωe) ∩H1
0 (Ωe) and a non-vanishing singular part whenever ωe > π.

Summing up, we obtain the following decomposition of ϕe

ϕe = ψr + χ+ ceη0S
Dir,ωe + c+S+ + c0η0S0. (3.24)

Then, setting we = ve,r + ∇(ψr + χ) ∈ H 1(Ωe) yields (3.11b).
The a priori-estimate (3.13) for we and the constants c0 and ce follows from the continuity of decomposi-

tion (3.23), the continuity of the lifting (3.21), and estimates (3.20) and (3.16) for ϕe,r and ve,r, respectively.
This completes the proof. �

Let us make some remarks on the decomposition of Theorem 3.3. We see that the interior and exterior singular
parts derive from scalar potentials which are given explicitly. At the crack tip, we recognize the standard
singularity in

√
r. At the crack mouth, a singular behavior of Neumann type occurs inside the conductor

whenever one of the opening angles on either side of the crack is larger than π. Outside the conductor, there is
a new type of singularity coming from the discontinuity of the tangential trace at x0. In addition, a singularity
of Dirichlet type occurs if the outer angle is larger than π, and, according to Lemma 3.4 hereafter, a “shadow”
of the interior Neumann singularities can be observed.

We have the following decomposition of S± into a regular part belonging to H2 and an explicit singular part:

Lemma 3.4. Assume that ω±
c �= ωe. There is a function ϕ± = ϕ±(θ0) belonging to C∞([−ωe, 0]), a function

S±
reg ∈ H2(Ωe) and d± ∈ R such that the solution S± of problem (3.10) may be written as

S± = η0r
π/ω±

c
0 ϕ±(θ0) + d±η0SDir, ωe + S±

reg. (3.25)

Proof. Let us prove the result for S+. Notice that for R0 small enough, we have

SNeu, ω+
c = +rπ/ω+

c
0 on Γ+

0 ∩ {r0 < R0}.

At a first stage, we look for an explicit solution S+ of⎧⎨⎩
ΔS+ = 0 in Ce,
S+ = 0 on θ0 = −ωe,

S+ = r
π/ω+

c
0 on θ0 = 0,

(3.26)

where Ce is the infinite cone that coincides with Ωe near the crack mouth. S+ can be computed explicitly and
is of the form

S+(r0, θ0) = r
π/ω+

c
0 ϕ+(θ0).
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The function ϕ+ solves the following one-dimensional problem,⎧⎨⎩ϕ′′ + λ2ϕ = 0 in (−ωe, 0),
ϕ(−ωe) = 0,

ϕ(0) = 1,
(3.27)

with λ = π/ω+
c . Such a solution exists since ω+

c �= ωe and thus, λ2 is not an eigenvalue of the operator − d2

dθ2
0

with Dirichlet condition in the interval (−ωe, 0). More precisely, ϕ+ belongs to C∞([−ωe, 0]) and reads

ϕ+(θ0) = A sinλθ0 +B cosλθ0

with real coefficients A and B that can be uniquely determined from the boundary conditions.
At a second stage, we split S+ into

S+ = η0S+ +R,

and notice that R ∈ H1
0 (Ωe) is the solution of

ΔR = −Δ(η0S+) in Ωe.

As this right-hand side belongs to L2(Ωe), it follows from standard regularity results (see for instance [25]) that
R admits the splitting

R = d+η0S
Dir, ωe + S+

reg,

with S+
reg ∈ H2(Ωe) and a real number d+. This proves (3.25). �

Notice that the condition ω±
c �= ωe is not restrictive in the present setting. Indeed, ω+

c = ωe implies that
ω+

c < π since ω−
c > 0. Therefore, no interior singularity occurs at x0 in Ω+

c and the coefficient c+ in decompo-
sition (3.11) vanishes. This means that there is no need for a decomposition of S+. The case ω−

c = ωe can be
handled in the same way.

4. Variational formulations of the eddy-current problem

4.1. The electric field formulation

Consider the following subspace of Xα(Ω),

Yα(Ω) = {v ∈ Xα(Ω) | 〈γnve, 1〉Γ0 = 0} . (4.1)

The regularized variational formulation of problem (2.8) and (2.9) reads{
Find E ∈ Yα(Ω) such that

aR(E, v) = −iω(Js, v) ∀v ∈ Yα(Ω),
(4.2)

where
aR(u, v) = a0(u, v) +

∫
Ωc

divuc div vc dx +
∫

Ωe

divue div ve dx

with
a0(u, v) =

∫
Ω

μ−1 curlu curlvdx + iω

∫
Ωc

σcu · vdx.

Theorem 4.1. Let Js ∈ L 2(Ω) such that divJs = 0 in Ω and supp(Js) ⊂ Ωe. Let 0 < α < 1/2. Then
problem (4.2) has a unique solution E in Yα(Ω). Moreover, E is divergence-free in Ωc and Ωe.

The proof of Theorem 4.1 follows the ideas of [20] where an uncracked domain has been considered.
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Proof. We have

Re
(
e−i π

4 aR(u,u)
)

� ‖ curlu‖2
0,Ω + ‖ divuc‖2

0,Ωc
+ ‖ divue‖2

0,Ωe
+ ‖uc‖2

0,Ωc
.

It thus remains to prove that the right hand side is an upper bound for the weighted norm ‖rα
0 ue‖0,Ωe .

According to Theorem 3.3, ue splits into a regular and a singular part,

ue = we + c0∇(η0S0) + c+∇S+ + c−∇S− + ce∇
(
η0S

Dir, ωe
)
.

Therefore,
‖rα

0 ue‖2
0,Ωe

� ‖we‖2
0,Ωe

+ |c0|2 + |c+|2 + |c−|2 + |ce|2

since we ∈ H 1(Ωe), rα
0 ≤M on Ωe and ‖rα

0 ∇(η0S0)‖0,Ωe , ‖rα
0 ∇S±‖0,Ωe , and ‖rα

0∇(η0SDir, ωe)‖0,Ωe are bounded
independently from u. It follows from estimates (3.12) and (3.13) that aR(·, ·) is coercive on Yα(Ω) since
〈γnue, 1〉Γ0 = 0.

In order to prove that the solution E is divergence-free in Ωe, let ge ∈ L2(Ωe) and consider the problem⎧⎪⎨⎪⎩
Find ϕe ∈ Θ0 such that∫

Ωe

∇ϕe · ∇ψe dx =
∫

Ωe

geψe dx ∀ψe ∈ Θ0,
(4.3)

where
Θ0 =

{
ψ ∈ H1(Ωe) | ϕ = const. on Γ0, ϕ = 0 on Γ∞

}
.

Θ0 is obviously a closed subspace of H1(Ωe) on which Poincaré’s inequality holds true. Thus, problem (4.3) has
a unique solution due to Lax–Milgram’s Lemma. It can easily be shown that the solution of (4.3) satisfies the
following strong formulation. ⎧⎪⎨⎪⎩

−Δϕe = ge in Ωe,
ϕe = const. on Γ0,
ϕe = 0 on Γ∞,

〈∂nϕe, 1〉Γ0 = 0.

(4.4)

Now, define the vector field

v =
{

0 in Ωc

∇ϕe in Ωe.

Obviously, v belongs to Yα(Ω) and is thus an admissible test field in (4.2). The variational equation reads∫
Ωe

divEeΔϕe dx = −iω
∫

Ωe

Js · ∇ϕe dx.

But the term on the right hand side vanishes since Js is divergence-free and supp(Js) ⊂ Ωe. Therefore,∫
Ωe

divEe ge dx = 0

for any ge ∈ L2(Ωe) which proves that divEe = 0 in Ωe.
We show in a similar way that divEc = 0 in Ωc since the operator Δ − iωσcI is onto as an operator from{
ψ ∈ H1(Ωc)

∣∣ Δψ ∈ L2(Ωc); ∂nψ = 0 on ∂Ωc

}
on L2(Ωc). Indeed, let gc ∈ L2(Ωc) and consider the solution

of the problem ⎧⎨⎩
Find ϕc ∈ H1(Ωc) such that∫

Ωc

∇ϕc · ∇ψc dx + iωσc

∫
Ωc

ϕcψc dx =
∫

Ωc

gcψc dx ∀ψc ∈ H1(Ωc)
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The bilinear form of the above variational formulation is coercive on H1(Ωc) since

Re
(
e−i π

4
(
‖∇ψc‖2

0,Ωc
+ iωσc‖ψc‖2

0,Ωc

))
� ‖ψc‖2

1,Ωc
∀ψc ∈ H1(Ωc).

Notice that ϕc is of class H3/2+ε in Ωc outside a neighborhood of the crack tip x∗. In particular, this means that
the trace (γ0ϕc)|Γ0 belongs to H1(Γ 0

0 ), but (γ0ϕc)|Γ0 may be discontinuous at the crack mouth x0. According
to Proposition 3.2, there is an extension ϕ̃c ∈ H1,α(Ωe) such that

γ0ϕ̃c = γ0ϕc + d on Γ 0
0

with a constant d ∈ C. Then, the field

v =

{
∇ϕc in Ωc

∇ϕ̃c in Ωe

is admissible in (4.2). We get∫
Ωc

divEcΔϕc dx + iωσc

∫
Ωc

Ec · ∇ϕc dx = −iω
∫

Ωe

Js · ∇ϕ̃c dx

which reads ∫
Ωc

divEc (Δ− iωσcI)ϕc dx = 0

since Ec · n = 0 on ∂Ωc and Js is divergence-free and vanishes near the boundary of Ωe. Finally we have∫
Ωc

divEc gc dx = 0

for any gc ∈ L2(Ωc) which completes the proof.
�

4.2. The A − ψ-formulation

The variational formulation (4.2) is not well suited for the effective computation of the electric field in Ωc

and Ωe. A classical way to compute eddy currents in the conductor Ωc and the electric field in the exterior
domain Ωe is given by the A−ψ-formulation which is formulated in terms of a magnetic vector potential A and
a scalar potential ψ. To this end, notice that the normal magnetic flux B ·n is continuous across the crack [11]
and B is thus divergence-free in the uncracked domain Q. We introduce a vector potential A ∈ H0(curl;Q)
such that

B = μH = curlA.

Notice that A can be chosen in H 1(Q) since Q is regular.
From (2.1a), we get

curl(iωA + E) = 0 in Ω.

If E denotes the solution of the electric field formulation in Yα(Ω), we know that Ec ∈ L 2(Ωc) and Ee ∈ L p(Ωe)
for any 1 ≤ p < 2

α+1 . From Theorem B.2 and standard results in L2, we infer the existence of a scalar potential
ψ such that

E = −iω(A + ∇ψ) in Ω (4.5)

where ψc ∈ H1(Ωc) and ψe ∈W 1,p
0,Γ∞(Ωe). Moreover, Theorem 3.3 and the regularity of A imply that ψ belongs

to the weighted space H1,α(Ωe). The continuity of the tangential traces across the interface Γ0 of both A and E
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outside the crack mouth yields ψc = ψe + d on Γ 0
0 for some constant d ∈ C. The scalar potential ψ thus belongs

to the space {
ϕ ∈ L2(Ω)

∣∣ ϕc ∈ H1(Ωc); ϕe ∈ H1,α(Ωe); ϕc − ϕe = const. on Γ 0
0 ; ϕ = 0 on Γ∞

}
.

Taking into account that J = σE + Js, we get from the latter identity and (2.1b),

curlμ−1 curlA + iωσ(A + ∇ψ) = Js in Ω (4.6)

completed by the divergence constraint

iω div(σ(A + ∇ψ)) = 0 in Ω. (4.7)

Notice that (4.6) and (4.7) define the scalar potential ψ only in the conductor Ωc, whereas the vector potential A
is given on the whole computational domain. We complete (4.6) and (4.7) by the boundary condition A×n = 0
on the outer boundary Γ∞. We further notice that J · n = 0 on Γ0, as well as on the crack Σ. This follows
from (4.7) since the conductivity is zero outside the conductor and (4.7) ensures the continuity of the normal
component of J = −iωσ(A + ∇ψ) + Js.

In this section, we aim to prove existence and uniqueness results for the A− ψ-formulation. To this end, we
need appropriate gauge conditions on the potentials A and ψ. Here, we choose the classical Coulomb gauge for
the vector potential,

divA = 0 in Q. (4.8)

More precisely, the functional space for the vector potential is given by

X 0(Q) =
{
v ∈ H0(curl;Q)

∣∣ (A,∇ξ) = 0 ∀ξ ∈ H1
0 (Q)

}
. (4.9)

In order to fix the additive constant of the scalar potential ψ, we assume that ψ is of zero mean value,∫
Ωc

ψ dx = 0. (4.10)

Hence, ψ is sought in the space
U0(Ωc) = H1(Ωc) ∩ L2

0(Ωc) (4.11)

where L2
0(Ωc) is the subspace of L2(Ωc) of functions such that (4.10) holds true.

The variational formulation of the eddy current problem in the A− ψ-formulation then reads⎧⎪⎪⎪⎨⎪⎪⎪⎩
Find (A, ψ) ∈ X 0(Q) × U0(Ωc) such that∫

Ω

μ−1 curlA curlA′ dx + iω

∫
Ωc

σcA ·A′ dx + iω

∫
Ωc

σc∇ψ ·A′ dx =
∫

Ωe

Js ·A′ dx, ∀A′ ∈ X 0(Q)

iω

∫
Ωc

σcA · ∇ψ′ dx + iω

∫
Ωc

σc∇ψ · ∇ψ′ dx = 0 ∀ψ′ ∈ U0(Ωc).

(4.12)

In order to prove that problem (4.12) is well posed, we follow the ideas in [21] where the A− ψ-formulation
has been studied in the case of a non cracked domain. We introduce the vector space V = X 0(Q) × U0(Ωc)
equipped with the norm

‖(A, ψ)‖V =
(
‖A‖2

H(curl;Q) + |ψ|21,Ωc

)1/2

.

Here, ‖ · ‖H(curl;Q) denotes the usual norm on H(curl;Q) whereas | · |1,Ωc is the semi-norm on H1(Ωc) which
actually defines a norm on U0(Ωc).

Then, (4.12) is equivalent to the variational problem{
Find (A, ψ) ∈ V such that
a

(
(A, ψ), (A′, ψ′)

)
= �

(
(A′, ψ′)

)
∀(A′, ψ′) ∈ V,

(4.13)
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where the sesqui-linear form a(·, ·) is defined on V × V by

a
(
(A, ψ), (A′, ψ′)

)
=

∫
Ω

μ−1 curlA curlA′ dx + iω

∫
Ωc

σc(A + ∇ψ) · (A′ + ∇ψ′) dx

and the linear form �(·) is given on V by

�
(
(A′, ψ′)

)
=

∫
Ωe

Js ·A′ dx.

The coercivity of the sesqui-linear form a(·, ·) follows from an inequality of Friedrichs−Poincaré type for the
vector potential A:

‖A‖0,Q � ‖ curlA‖0,Q ∀A ∈ X 0(Q). (4.14)

Notice that A is sought in the same space as in [21] in spite of the presence of the crack.
The previous results allow to prove that problem (4.13) is well posed.

Theorem 4.2. Let Js ∈ L 2(Ω) such that divJs = 0 in Ω. Assume further that supp(Js) ⊂ Ωe. Then, the
variational problem (4.13) has a unique solution (A, ψ) ∈ V .

Proof. The sesqui-linear form a(·, ·) and the linear form �(·) are obviously continuous on the Hilbert space V .
Notice further that

Re
(
e−i π

4 a ((A, ψ), (A, ψ))
)

= cos
π

4

∫
Ω

μ−1| curlA|2 dx + ω sin
π

4

∫
Ωc

σc|A + ∇ψ|2 dx.

We prove that the right hand side of the above identity is bounded from below by ‖(A, ψ)‖2
V up to a multiplicative

constant by the same contradiction argument as in [21] with minor changes in the constants. This yields the
coercivity of the sesqui-linear form a(·, ·) since

|a ((A, ψ), (A, ψ)) | ≥ Re
(
e−i π

4 a ((A, ψ), (A, ψ))
)
≥ α‖(A, ψ)‖2

V

for some positive constant α independent from (A, ψ). Consequently, problem (4.13) has a unique solution by
Lax–Milgram’s Lemma. �

Actually, the solution of problem (4.13) satisfies the variational equation for test fields that do not fulfill the
gauge conditions. The proof is in any way the same as in [21] since the presence of the crack only affects the
definition of the scalar potential.

Proposition 4.3. Let Js ∈ L 2(Ω) such that divJs = 0 in Ω and supp(Js) ⊂ Ωe. Let (A, ψ) ∈ V be the unique
solution of (4.13). Then

a
(
(A, ψ), (A′, ψ′)

)
= �

(
(A′, ψ′)

)
∀(A′, ψ′) ∈ H0(curl;Q) ×H1(Ωc). (4.15)

4.3. Equivalence between the two formulations

In this section, we aim to prove equivalence between the variational formulation (4.2) for the electric field
and the A− ψ-formulation (4.13). The result is stated in the next theorem.

Theorem 4.4. Let Js ∈ L 2(Ω) be such that divJs = 0 in Ω and supp(Js) ⊂ Ωe. If E ∈ Yα(Ω) is the solution
of (4.2), then there exists A ∈ X 0(Q) and ψ ∈ L2(Ω), such that (A, ψc) is solution of problem (4.13) and

E = −iω(A + ∇ψ) in Ω.

Conversely, if (A, ψ) ∈ V is solution of (4.13), then there is an extension of ψ to Ωe, still denoted by ψ, such
that E = −iω(A + ∇ψ) is solution of (4.2).
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Proof. Let (A, ψc) ∈ V be the unique solution of the gauged formulation (4.13). Since A is divergence-free in Q,
it follows from the second equation of (4.12) that ψc ∈ H1(Ωc) is the solution of the Neumann problem{

Δψc = 0 in Ωc,
∂nψc = A · n on ∂Ωc.

As Q has a C1,1 boundary, it is well known that X 0(Q) ↪→ H 1(Q) (see for instance [24]) so that A ∈ H 1(Q).
Since Qc is a (curvilinear) polygon, the scalar potential ψc belongs to H3/2+ε(Ωc \V∗), for any neighborhood V∗

of the crack tip and ε > 0 small enough. This implies finally that γ0ψc belongs to H1 outside the crack mouth x0,
i.e. γ0ψc ∈ H1(Γ 0

0 ).
Now, consider the problem ⎧⎪⎨⎪⎩

Δψe = 0 in Ωe

ψe = 0 on Γ∞
ψe = γ0ψc + d on Γ 0

0

〈∂nψe, 1〉Γ0 = 0,

(4.16)

for some d ∈ C. It follows from Proposition 3.2 that the solution of (4.16) belongs to H1,α(Ωe) since the source
term γ0ψc is allowed to present a jump at x0.

Now, let E = −iω(A+∇ψ) with ψ = ψc in Ωc and ψ = ψe in Ωe. We easily check that E belongs to Yα and
is divergence free in Ωc and Ωe. In order to prove that E is a solution of (4.2), let v ∈ Yα(Ω) be an arbitrary
test field. We deduce from Theorem 3.3 that vc and ve split into a regular and a singular part,

vc = vc,r + c∗∇ (η∗S∗) + c+∇
(
η0S

Neu, ω+
c

)
+ c−∇

(
η0S

Neu, ω−
c

)
ve = ve,r + c0∇ (η0S0) + c+S+ + c−S− + ce∇

(
η0S

Dir, ωe
)
.

Let vr the piecewise regular field that coincides with vc,r in Ωc and with ve,r in Ωe. Notice that curl vr =
curl v ∈ L2(Ω). Since γnvr,c = γnvc = 0 simultaneously on Σ and on Γ±

0 , the trace of vr,c vanishes identically
at x0 in the sense of H1/2 which yields [vr × n]|Σ ≡ 0 at x0. On the other hand, the tangential jump of vr,c is
zero on a prolongation of Σ into Ωc and thus [vr ×n]|Σ ≡ 0 at x∗. This finally yields [vr ×n]|Σ ∈ H̃1/2(Σ) and
allows to consider the function χ ∈ H1(Ω), solution of the problem

Δχ = 0 in Ω
[χ] = [vr × n] on Σ
χ = 0 on Γ∞.

Then, the field v0 = vr −∇χ belongs to H0(curl;Q). Now, introduce v in the variational formulation (4.2):
we have

aR(E, v) =
∫

Ω

μ−1 curlE · curlvdx + iω

∫
Ωc

σcE · vdx

= −iω
∫

Ω

μ−1 curlA · curlv0 dx + ω2

∫
Ωc

σc(A + ∇ψ) ·
(
v0 + ∇ψ′

c

)
dx

= −iωa ((A, ψ), (v0, ψ
′))

where ψ′
c is defined in Ωc by ψ′

c = χ+ c∗η∗S∗ + c+η0S
Neu, ω+

c + c−η0SNeu, ω−
c . But (A, ψ) is the solution to the

A − ψ-formulation (4.13) and we thus get, with ψ′
e = χ+ c+S+ + c−S− + ceη0S

Dir, ωe ,

aR(E, v) = −iω
∫

Ωe

Js · v0 dx = −iω
∫

Ωe

Js ·
(
v−∇ψ′

e

)
dx = −iω

∫
Ωe

Js · vdx

since Js is divergence free in Ωe and vanishes identically in a vicinity of the boundary ∂Ωe.
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For the converse implication, let E ∈ Yα(Ω) be the solution of (4.2) and built (A, ψ) as follows.
First, consider A0 ∈ H0(curl;Q) ∩H(div;Q), the solution of∫

Q

(
curlA0 curl B̄ + divA0 div B̄

)
dx =

i

ω

∫
Ω

curlE curl B̄ dx, ∀B ∈ H0(curl;Q) ∩H(div;Q). (4.17)

Such a solution exists by Lax–Milgram’s Lemma since the left-hand side defines a continuous and coercive
sesqui-linear form on H0(curl;Q) ∩ H(div;Q). By a standard argument, it is clear that A0 is divergence free
in Q and thus

curl(iω curlA0 + curlE) = 0 in D′(Ω).

Since in a two-dimensional setting, the vector curl operator is the gradient rotated by π/2, we get

iω curlA0 + curlE = iωc in Ω,

for some constant c ∈ C.
Next, introduce the vector field

F (x) =
1
2
(−x2, x1)t

that is obviously divergence free and satisfies curlF = 1. Since Q is regular and F × n ∈ H1/2(Γ∞), we infer
the existence of a scalar function θ ∈ H2(Q) such that

Δθ = 0 in Q and ∇θ × n = F × n on Γ∞.

Then, the field D = F −∇θ satisfies

divD = 0 in Q,
curlD = 1 in Q,
D × n = 0 on Γ∞,

and we have
curl(iωA0 + E − iωcD ) = 0 in Ω.

Since the tangential trace of iωA0 + E− iωcD vanishes on Γ∞, the arguments of Section 4.2 apply and yield

iω(A0 − cD ) + E = −iω∇ψ in Ω, (4.18)

with
ψ ∈

{
ϕ ∈ L2(Ω)

∣∣ ϕc ∈ H1(Ωc); ϕe ∈ H1,α(Ωe); ϕc − ϕe = const. on Γ 0
0 ; ϕ = 0 on Γ∞

}
.

Using the boundary value problem solved by E, we obtain that (A, ψc) ∈ V with A = A0 − cD is a solution
of (4.13). �

5. Numerical results

In this section, we aim to provide numerical simulations of eddy currents in a tube with a circular cross
section. If the crack is invariant in the direction of the axis of the tube, the computational domain can be
reduced to the two-dimensional cross section. The uncracked reference configuration is chosen as in Figure 3
with diam(Ωc) = 1 mm, a lift-off (distance between the conductor and the coil) of 0.2 mm and a coil of width
0.4 mm. The exterior boundary of Ω is fixed at a radius r = 1.8 mm. We take σc = 106 S/m which corresponds
approximatively to the conductivity of stainless steel. The frequency is set to f = 1 MHz with ω = 2πf .
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Figure 3. Cross-section of the conductor with encircling coil.

The numerical simulation of the eddy currents will be done with the help of the un-gauged A−ψ-formulation.
From Theorem 4.2 and Proposition 4.3 we know that there is a unique couple (A, ψ) ∈ X 0(Q) × U0(Ωc) such
that ∫

Ω

μ−1 curlA curlA′ dx + iω

∫
Ωc

σcA ·A′ dx + iω

∫
Ωc

σc∇ψ ·A′ dx =
∫

Ωe

Js ·A′ dx,∫
Ωc

σcA · ∇ψ′ dx +
∫

Ωc

σc∇ψ · ∇ψ′ dx = 0

for any A′ ∈ H0(curl;Q) and ψ′ ∈ H1(Ωc).
The discretization of the A−ψ-formulation is performed on a conforming mesh of the cracked domain Ω (see

Fig. 4, left picture) by means of edge elements for the discretization of A and first order nodal finite elements
for the discretization of ψ in Ωc.

To this end, consider a triangulation Th of Q that is conforming with the crack geometry, i.e. the intersection
of an arbitrary element K of Th with the crack Σ is either a node or an edge of K or the empty set. We denote
by Eh(Q) the (oriented) edges of the mesh and by Nh(Q) the nodes of the elements. Since the geometry of our
problem is not polygonal, Th leads to a discrete domain Qh which is different from the original domain Q. Notice
however that this approximation of the computational domain does not affect the order of the discretization
since we use first order elements. In the sequel, we omit the index h in the designation of the different domains.
We further assume that the mesh matches approximatively the subdomains Qc and Qe.

In order to take into account the discontinuity of the scalar potential across the crack, the nodes situated on
the crack are doubled. We denote by N (Ωc) the augmented set of nodes of the conductor Ωc.

The discretization space for the vector potential A is defined by

X h(Q) =
{
Ah ∈ H0(curl;Q)

∣∣ Ah|K ∈ RK ∀K ∈ Th

}
.

Here,

RK =
{
a + b

(
x2

−x1

) ∣∣ a ∈ R
2, b ∈ R

}
is the local approximation space for two-dimensional edge elements. For any edge e ∈ Eh(Q), we introduce the
linear form

�e(v) =
∫

e

v · te ds

where te is the unit tangent vector in the direction of the edge e. The associated basis function we is defined in
the usual way by

we|K ∈ RK ∀K ∈ Th,
�e′(we) = δee′ ∀e′ ∈ Eh(Q).
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Then, X h(Q) is spanned by the basis functions we corresponding to interior edges e ∈ Eh(Q) \Γ∞ and we note
NE the dimension of X h(Q).

Similarly, we introduce P1 Lagrange finite elements for the discretization of the scalar potential ψ which is
defined on the conductor Ωc only:

Uh(Ωc) =
{
ψh ∈ H1(Ωc)

∣∣ ψh|K ∈ P1(K) ∀K ∈ Th ∩Ωc

}
.

Uh(Ωc) is spanned by the nodal basis functions wI corresponding to the augmented nodes of N (Ωc) situated
in Ωc. We denote by Nc = card(N (Ωc)) the dimension of Uh(Ωc).

As for the continuous problem, the discrete problem is well posed under appropriate gauge conditions only.
To this end, we introduce the space of P1 Lagrange finite elements on the whole computational domain:

Sh(Q) =
{
ξh ∈ H1

0 (Q)
∣∣ ξh|K ∈ P1(K) ∀K ∈ Th

}
.

Then, the space of discrete divergence free vector fields is given by

X 0
h(Q) = {vh ∈ X h | (vh,∇ξh) = 0 ∀ξh ∈ Sh(Q)} .

Finally, the space of gauged scalar potentials is defined by

U0
h(Ωc) = Uh(Ωc) ∩ L2

0(Ωc).

The discrete gauged problem given on the space Vh = X 0
h(Q) × U0

h(Ωc) reads as follows{
Find (Ah, ψh) ∈ Vh such that

a
(
(Ah, ψh), (A′

h, ψ
′
h)

)
= �

(
(A′

h, ψ
′
h)

)
∀(A′

h, ψ
′
h) ∈ Vh.

(5.1)

Problem (5.1) admits a unique solution according to Theorem 2.4 in [21] which still holds in our setting of
a cracked domain since Ah is sought in a discretization space that is H(curl)-conforming for the uncracked
domain.

The vector spaces X 0
h(Q) and U0

h(Ωc) of gauged potentials are not suited for the implementation of the
discrete problem. Different discrete gauge conditions have been studied in [2]. They result however in poorly
conditioned linear systems and a high number of conjugate gradient iterations (see [35] for a discussion of this
item). Another way to deal with the gauge condition is to consider a regularized formulation of the A − ψ-
formulation by adding a penalization term (divA, divA′) to the curl-curl-term in (4.12). The new formulation
is then defined for vector potentials in H0(curl;Q) ∩H(div;Q). For the time-harmonic Maxwell equations, this
technique has been extensively studied (see e.g. [6, 10, 17, 28]). For the eddy current problem, the regularized
formulation has been analyzed in [1]. If the domain Q is regular or Lipschitz and convex, such a formulation
allows to use standard Lagrange finite elements. In the case of a non-convex polygon, however, discretization by
means of such nodal finite elements does not lead to a converging method unless the singularities are explicitly
added to the discretization space or taken into account via a weighted regularization. In the present paper, we
prefer to use edge elements for the vector potential and Lagrange finite elements for the scalar potential. This
allows to compute the total electric field E in an easy way, since the gradients of P1 Lagrange elements are
contained in the space of edge elements. In order to take into account the divergence constraint, we use the
un-gauged A − ψ-formulation together with an appropriate implementation of the right hand side. This has
been proposed in [36] for a magnetostatic problem. To this end, the source term Js is actually implemented as
the (vector) curl of a scalar potential T0, Js = curlT0. The existence of T0 follows from divJs = 0. We then
have by integration by parts ∫

Ωe

Js ·A′
h dx =

∫
Q

T0 curlA′
h dx
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since A′
h belongs to H0(curl;Q). The un-gauged discrete problem now reads{

Find (Ah, ψh) ∈ X h(Q) × Uh(Ωc) such that
a

(
(Ah, ψh), (A′

h, ψ
′
h)

)
= �h

(
(A′

h, ψ
′
h)

)
∀(A′

h, ψ
′
h) ∈ X h(Q) × Uh(Ωc),

(5.2)

where
�h ((Ah, ψh)) =

∫
Q

T0 curlA′
h dx. (5.3)

Actually, we are able to prove that the solution (Ah, ψh) of problem (5.1) satisfies the variational equation for
any field (A′

h, ψ
′
h) in the un-gauged space X h(Q) × Uh(Ωc):

Proposition 5.1. Let (Ah, ψh) ∈ Vh be the unique solution of (5.1) with right hand side �h(·). Then

a
(
(Ah, ψh), (A′

h, ψ
′
h)

)
= �h

(
(A′

h, ψ
′
h)

)
∀(A′

h, ψ
′
h) ∈ X h(Q) × Uh(Ωc). (5.4)

Proof. First notice that the scalar potential acts in the variational formulation only through its gradient. There-
fore, let ψ′

h ∈ Uh(Ωc) and introduce the function

ψ̃′
h = ψ′

h − 1
meas(Ωc)

∫
Ωc

ψ′
h dx.

The function ψ̃′
h has zero mean value and belongs to the gauged vector space U0

h(Ωc). Since ∇ψ̃′
h = ∇ψ′

h and
�h(·) does not depend on ψ′

h, the variational equality holds for any ψ′
h ∈ Uh(Ωc).

Next, let A′
h belong to X h(Q). According to the definition of X 0

h(Q), we decompose A′
h into

A′
h = Ã

′
h + ∇τ ′h

with Ã
′
h ∈ X 0

h(Q) and τ ′h ∈ Sh(Q). We thus have curlA′
h = curl Ã

′
h which yields

a
(
(Ah, ψh), (A′

h, ψ
′
h)

)
=

∫
Ω

μ−1 curlAh curl Ã
′
h dx + iω

∫
Ωc

σc (Ah + ∇ψh) ·
(
Ã

′
h + ∇(τ ′h + ψ′

h)
)

dx.

The function τ ′h|Ωc
+ ψ′

h belongs to Uh(Ωc) and is admissible as a scalar potential of the test field. We thus
deduce from (5.1) that

a
(
(Ah, ψh), (A′

h, ψ
′
h)

)
= �h

(
(Ã

′
h, τ

′
h + ψ′

h)
)

=
∫

Q

T0 curl Ã
′
h dx =

∫
Q

T0 curlA′
h dx = �h

(
(A′

h, ψ
′
h)

)
since Ã

′
h = A′

h −∇τ ′h. �

Notice that the implementation of the right hand side is primordial in order to get the result of Proposition 5.1.
Indeed, consider the original right hand side of the problem

�
(
(A′

h, ψ
′
h)

)
=

∫
Q

Js ·A′
h dx.

Due to numerical integration in the implementation of Js, we have in general∫
Q

Js · ∇τ ′h dx ≈
∫

Q

Js,h · ∇τ ′h dx �= 0

since the approximated source field will not be exactly divergence free. Consequently, the right hand side of the
resulting linear system AX = F will not be exactly in the range of the matrix A. Iterative resolution methods



164 S. LOHRENGEL AND S. NICAISE

Figure 4. Mesh (left) and source field T0 (right).

will then stabilize around a constant residual (see [36] for a similar study of the magnetostatic problem).
Following [36], we overcome this difficulty by using the potential T0 in the linear form �h(·). Here, we obviously
get ∫

Q

T0 curl∇τ ′h dx =
∫

Q

T0,h curl∇τ ′h dx = 0

for any approximation T0,h of the potential T0. This formulation ensures that the right hand side satisfies the
necessary compatibility conditions and belongs to the range of the matrix. A conjugate gradient algorithm may
then be applied to solve the linear system numerically. Indeed, starting from an arbitrary vector X(0), the
residual r(k) = F − AX(k) at iteration k belongs to the range of the matrix A whenever the right hand side F
does. Hence, the conjugate gradient algorithm is well defined and converges under the usual conditions. Notice
however that the matrix A is complex symmetric but not hermitian. Conjugate gradient-type methods have
been developed for such kind of linear systems in [22].

In our application, T0 is given analytically as a function of the radius r (cf. Fig. 4, right picture):

T0(r) =

⎧⎪⎨⎪⎩
I if r ≤ r1,

I
r2 − r

r2 − r1
if r1 ≤ r ≤ r2,

0 otherwise

Notice that the support of the source term Js is the ring between r1 and r2. Therefore, we assume that
2r1 > diam(Ωc) such that supp(Js) does not meet the conducting region Ωc.

In Figures 5 and 6, we represent the real and imaginary part of the eddy currents J = σE in the conductor.
We clearly see that the currents are concentrated near the surface Γ of the conductor and the crack with an
orientation tangential to Γ0 and the crack, illustrating the skin effect of eddy currents. In Figure 7, we represent
the amplitude |J | in the total domain as well as near the crack. The right picture of Figure 7 exhibits the
singularity at the crack tip.

As for the behavior near the crack mouth, notice first of all that Ω±
c is convex near x0. Consequently, no

singularity occurs inside the conductor. On the other hand, the exterior domain Ωe is regular and the electric
field Ee thus behaves as ∇S0 near the crack mouth. According to Proposition 3.2, the singular coefficient of the
singular function S0 is given by the potential drop c0 = ψ+

c (x0) − ψ−
c (x0) and takes a value of |c0| ≈ 1e − 10

in the present simulation. Notice that the order of magnitude of the electric field inside the conductor is of
1e− 7 [V m−1]. In order to get an idea of the asymptotic behavior near x0 outside the conductor, we represent
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Figure 5. Orientation of eddy currents in the conductor: real (left) and imaginary (right) part.

Figure 6. Eddy currents near the crack: real (left) and imaginary (right) part.

Figure 7. Amplitude |J | of the eddy currents.
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Figure 8. Behavior of the singular function S0 (left) and its gradient (right) near the crack mouth.

in Figure 8 the singular potential S0 (left) and the amplitude |∇S0| (right) in a subdomain of the half-space
{x2 < 0}.

According to the proof of Proposition 3.2 and Theorem 4.4, it is possible to compute the electric field from
the solution (A, ψc) of the A− ψ-formulation through the following algorithm:

1. Compute the potential gap c0 = ψ+
c (x0) − ψ−

c (x0).
2. Solve the following scalar problem⎧⎪⎨⎪⎩

−Δψe,r = divA + c0Δ(η0S0) in Ωe

ψe,r = 0 on Γ∞
ψe,r = γ0(ψc − c0η0S0) on Γ0

〈∂nψe,r , 1〉Γ0 = 0.

The discretization of the above problem can be performed by standard Lagrange finite elements.
3. Set ψe = ψe,r + c0η0S0 ∈ H1,α(Ωe).
4. Set Ee = −iω(A + ∇ψe).

Appendix A. Resolution of Laplace’s equation in an open sector
with discontinuous boundary data

In this appendix, we address the resolution of a special boundary value problem with discontinuous data. A
detailed presentation of such kind of problems can be found in [34].

Consider the infinite open sector of angle ω in R2,

Sω = {(r cos θ, r sin θ) | r > 0, 0 < θ < ω} .

The boundary of Sω splits into two rays, Γ+ and Γ−, corresponding to θ = 0 and θ = ω, respectively.

Proposition A.1. Let f be given by

f(x) =
{

0 on Γ+

1 on Γ−.

Then a solution to the boundary-value problem{
Δu = 0 in Sω

u = f on ∂Sω
(A.1)
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is given by

S0(r, θ) =
θ

ω
· (A.2)

The function S0 belongs to the weighted Sobolev space H1,α(V(0)) for any α > 0 and any bounded neighborhood
V(0) in Sω.

Proof. It can be proved by a direct computation that the function S0 defined by (A.2) is a solution of the
boundary value problem (A.1).

In order to exhibit the regularity of the solution S0, notice that for any disc BR(0) centered at the origin, we
have

‖rα−1S0‖2
0,Br(0)∩Sω

=
∫ R

0

∫ ω

0

r2α−2|S0(r, θ)|2 r dθ dr =
1
ω2

∫ R

0

∫ π

0

|θ|2r2α−1 dθ dr <∞

if α > 0. In the same way, we get

‖rα∇S0‖2
0,Br(0)∩Sω

=
1
ω2

∫ R

0

∫ π

0

r2α−1 dθ dr <∞

which proves that S0 belongs locally to the weighted Sobolev space H1,α near 0. �

Appendix B. Vector and scalar potentials in Lp

In this section, we adapt several results from [5] for our purposes. Let us introduce the following sub-spaces
of L p(Ωe):

Hp(div;Ωe) = {v ∈ L p(Ωe) | div v ∈ Lp(Ωe)} , (B.1)
Hp(curl;Ωe) = {v ∈ L p(Ωe) | curlv ∈ Lp(Ωe)} . (B.2)

On Hp(div;Ωe), the normal trace γnv = v · n is defined as an element of the dual space of W 1−1/p′,p′
(∂Ωe)

where 1
p + 1

p′ = 1. Similarly, on Hp(curl;Ωe), the tangential trace γtv = v× n belongs to
(
W 1−1/p′,p′

(∂Ωe)
)′

.
We thus introduce the spaces

Hp
0,Γ (div;Ωe) = {v ∈ Hp(div;Ωe) | γnv = 0 on Γ } (B.3)

Hp
0,Γ∞(curl;Ωe) = {v ∈ Hp(curl;Ωe) | γtv = 0 on Γ∞ } (B.4)

The next theorem follows from Theorem 3.1 in [5].

Theorem B.1. A vector field v ∈ L p(Ωe) satisfies

div v = 0 in Ωe and γnv = 0 on Γ0 (B.5)

if and only if there is a stream function ψ ∈W 1,p(Ωe) such that

v = curlψ in Ωe, and ψ = 0 on Γ0. (B.6)

The vector field ψ is uniquely determined and satisfies the estimate

‖ψ‖W 1,p(Ωe) � ‖u‖Lp(Ωe). (B.7)
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Proof. Let v ∈ L p(Ωe) be as in (B.5). We obviously have 〈γnv, 1〉Γ0 = 0. Further, we have

〈γnv, 1〉∂Ωe =
∫

Ωe

div vdx = 0,

and thus
〈γnv, 1〉Γ∞ = −〈γnv, 1〉Γ0 = 0.

Therefore, according to Theorem 3.1. in [5] in its two-dimensional version, there is a stream function ψ0 ∈
W 1,p(Ωe) such that

v = curlψ0 in Ωe.

Since γnv = 0 on Γ0, we have
∂sψ0 = γn curlψ0 = 0 on Γ0,

which yields ψ0 = c ∈ C on Γ0. Finally, we let ψ = ψ0 − c in order to get a stream function satisfying (B.6).
From Theorem 3.1 in [5], we get the estimate

‖ψ0‖W 1,p(Ωe) � ‖u‖Lp(Ωe).

But ψ belongs to W 1,p
0,Γ0

(Ωe) and Poincaré’s inequality thus yields

‖ψ‖Lp(Ωe) � ‖∇ψ‖Lp(Ωe) = ‖∇ψ0‖Lp(Ωe)

which yields (B.7). �
Theorem B.2. Let f ∈ L p(Ωe) such that curl f = 0 in Ωe and γtf = 0 on Γ∞. There is a unique function
ϕ ∈W 1,p

0,Γ∞(Ωe) such that
f = ∇ϕ. (B.8)

Proof. Consider the gradient as a linear operator from D(grad) = W 1,p
0,Γ∞(Ωe) ⊂ Lp(Ωe) into L p(Ωe). Then the

divergence operator is the adjoint of grad with

div : D(div) = Hp′
0,Γ (div;Ωe) ⊂ L p′

(Ωe) → Lp′
(Ωe).

Indeed, for (ϕ, v) ∈ D(grad) ×D(div), we have∫
Ωe

v · ∇ϕdx = −
∫

Ωe

div vϕdx

since γnv = 0 on Γ and ϕ = 0 on Γ∞. With the help of Poincaré’s inequality, we can show that the range of
grad is closed in L p(Ωe). We thus have

R(grad) = Ker(div)⊥ =
{
f ∈ L p(Ωe)

∣∣∣∣ ∫
Ωe

f · v = 0 ∀ v ∈ Hp′
0,Γ (div;Ωe) : div v = 0 in Ωe

}
Now, let f ∈ L p(Ωe) such that curl f = 0 in Ωe and γtf = 0 on Γ∞. We have to evaluate∫

Ωe

f · vdx

for an arbitrary vector field v ∈ Ker(div). Thus, consider v ∈ Hp′
0,Γ (div;Ωe) such that div v = 0 in Ωe. According

to Theorem B.1, there is a stream function ψ ∈ W 1,p′
(Ωe) such that v0 = curlψ and ψ = 0 on Γ0. It thus

follows by integration by parts and the boundary conditions satisfied by ψ and f that∫
Ωe

f · vdx = 〈γtf , ψ〉Γ∞ + 〈γtf , ψ〉Γ0 = 0.

Hence, f belongs to Ker(div)⊥ = R(grad). This proves the decomposition (B.8). �
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Corollary B.3. Let f ∈ L p(Ωe), 1 ≤ p < 2, such that curl f ∈ L2(Ω) and γtf = 0 on Γ∞. Then f admits the
following decomposition,

f = f r + ∇ϕ (B.9)

with f r ∈ H1(Ωe), γtf r = 0 on Γ∞, and ϕ ∈W 1,p
0,Γ∞(Ωe) such that

‖f r‖1,Ωe � ‖ curl f ‖0,Ωe . (B.10)

Proof. Consider the unique variational solution ψ ∈ H1
0,Γ0

(Ωe) of the mixed boundary value problem⎧⎨⎩−Δψ = curl f in Ωe,
ψ = 0 on Γ0,

∂nψ = 0 on Γ∞.

Now, notice that Ωe is regular except at x0. According to well-known results for the Laplace operator in
polygonal domains with reentrant corners (cf. for example [26]), ψ admits the following decomposition

ψ = ψr + cη0r
λ
0 sin(λθ0)

with ψr ∈ H2(Ωe) ∩H1
0,Γ0

(Ωe) and ∂nψr = 0 on Γ∞. In the above decomposition, (r0, θ0) are the local polar
coordinates with respect to x0 and η0 is a radial cut-off function with respect to x0. λ = π/ωe is the first singular
exponent of the Laplace operator with Dirichlet boundary condition in a sector with opening angle ωe at x0.
Notice also that the singular coefficient c vanishes if ωe ≤ π. We further have the a priori-estimate

‖ψr‖2,Ωe + |c| � ‖ curl f ‖0,Ωe . (B.11)

Now, according to Theorem B.2, the field f 0 = f − curlψ is a gradient and f thus reads

f = curl
(
ψr + cη0r

λ
0 sin(λθ0)

)
+ ∇ϕ0

with ϕ0 ∈ W 1,p
0,Γ∞(Ωe). A simple computation shows that

curl(η0rλ
0 sin(λθ0)) = ∇(η0rλ

0 cos(λθ0)) + gr.

Here, gr is a regular field depending only on η′0 and the singular coefficient λ:

gr(r0, θ0) = η′0(r0)r
λ
0 sin(λθ0)

(
cosθ0 + sin θ0
sin θ0 − cos θ0

)
.

Now, the function SNeu, ωe(r0, θ0) = rλ
0 cos(λθ0) which is actually the singular function for a Neumann problem

in a sector with angle ωe > π, belongs to H1(Ωe) and thus to W 1,p(Ωe) for 1 ≤ p < 2. This proves (B.9) with
f r = curlψr + cgr and ϕ = ϕ0 + cη0S

Neu, ωe . We clearly have γtf r = ∂nψr + cγtgr = 0 on Γ∞. Estimate (B.10)
follows from (B.11). �
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[3] H. Ammari, A. Buffa and J.-C. Nédélec, A justification of eddy currents model for the Maxwell equations. SIAM J. Appl.
Math. 60 (2000) 1805–1823.

[4] C. Amrouche, C. Bernardi, M. Dauge and V. Girault, Vector potentials in three-dimensional non-smooth domains. Math.
Methods Appl. Sci. 21 (1998) 823–864.

[5] C. Amrouche and N. El Houda Seloula, Lp-theory for vector potentials and Sobolev’s inequalities for vector vields. C.R. Acad.
Sci. Paris Ser. I 349 (2011) 529–534.



170 S. LOHRENGEL AND S. NICAISE
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