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(Vol. 22, n° 3, 1988, p. 371 a 387)

ERROR ANALYSIS IN L”, 1< p=< o, FOR MIXED
FINITE ELEMENT METHODS FOR LINEAR AND
QUASI-LINEAR ELLIPTIC PROBLEMS

by Ricardo G. DURAN (Y

Communicated by J. DouGLAs

Abstract. — We consider the approximation by mixed finite element method of second order
elliptic problems in R%. We show that error estimates in L” follow from stability properties of a
weighted L*projection on the divergence free vectors of the finite element space. Since we work in
two dimensions, we show that this projection is related with a Ritz projection and consequently
optimal LP estimates for 1 < p < oo can be derived easily from the known results for the standard
finite element method. Also quasi-optimal L™ and L’ estimates are obtained. Finally we analyze a
quasi-linear problem obtaining similar results than in the linear case.

Résumé. — On considére 'approximation par éléments finis mixtes des opérateurs elliptiques de
deuxiéme ordre dans R®. On montre que les estimations d’erreur dans la norme LP peuvent
s’obtenir a partir des propriétés de stabilité d’une projection L? avec des poids dans I’ensemble des
vecteurs a divergence nulle appartenant a U'espace des éléments finis.

Comme on travaille en deux dimensions on montre que cette projection est liée & une projection
de Ritz. En conséquence, des estimations d’erreur optimales en norme LP pour 1 <p < o
peuvent étre déduites des résultats connues de la méthode des éléments finis classique. Aussi,
estimations d’erreur quasi optimales dans les normes L™ et L' ont été obtenues. Finalement, on
consideére un probléme quasi linéaire pour lequel on obtient les mémes résultats obtenus pour le
cas linéaire.

1. INTRODUCTION

Let Q be a smooth and simply connected bounded domain in R? and
consider the Dirichlet problem

~div(@ax)Vu)=f inQ
(1.1 { u=0 ondQ

(*) Received in June 1987. Supported in part by IMA, University of Minnesota.
(') Departamento de Matematica, Facultad de Ingenieria, UBA, Paseco Colén 850
1063 Buenos Aires, Argentina.
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372 R. G. DURAN

where the coefficient a(x) is assumed to be Lipschitz and bounded by below
by a positive constant.
In many applications (see for instance [5], [6]) the variable of interest is

q=—aVu

and then it is desirable to use a mixed finite element method which
approximates g and u simultaneously. With this purpose the problem (1.1)

is decomposed~ into a first order system as follows
g+aVu=0 inQ
(1.2) ) divg=f inQ
; =0 ona.

If we call a(x) = a~(x), the weak formulation appropriate for the mixed
method is

(ag,v)— (dive,u) =0, YveV
(1.3) =~
(divg,w): (f,w), YweW

where ( , ) denotes the LZ%product,

and W = L%(Q).

YV =H(div, Q) = {ve [LX(Q)]:divy e LY(Q)}

The approximation of {1.3) by finitc clemcnts has been studied in several
works (see [1], [2], [7], [8], [21]). In [21] Raviart and Thomas introduced
finite element spaces V§ < V and W < W satisfying the inf-sup condition of
[1]. As a consequence of the abstract theory developed in [1], they obtained
optimal order error estimates for the approximation of the Laplace equation
using the formulation in (1.3). Their results were generalized by Douglas
and Roberts [7], [8], for a more general second order elliptic equation.

A different family of finite element spaces was introduced by Brezzi,
Douglas and Marini in [2]. These spaces produce optimal order approxi-
mation for the vector variable but reducing the degrees of freedom and
consequently simplifying the algebraic problem.

Many works have been devoted to analyze the convergence in L% of
mixed finite element methods. For the spaces of [21], Scholz [23], [24], [25],
proved optimal convergence but excluding the lowest degree space, one of
the most interesting ini practice. This case was studied recently by Kwon and
Milner [15], [16] who obtained sub-optimal error estimates, and Gastaldi
and Nochetto [10], [11] who were able to prove quasi-optimal error
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ERROR ANALYSIS IN L? 373

estimates. In a more recent work [12] Gastaldi and Nochetto extended their
previous results to include the new spaces introduced in [2].

The objective of this paper is to present an error analysis in L7,
1 < p = o0, for the mixed method, which relies on the study of a weighted
L%projection R, on the divergence free subspace of the finite element
spaces. This subspace turns out to be the same for the spaces of [21] than for
the spaces of [2] when working with triangular decompositions, and
consequently the analysis is the same for both families of spaces.

Since we are considering the two dimensional case, the projection
R, is very related with a Ritz projection and therefore, error estimates for
the vector unknown can be derived in a simple way from known results for
standard Galerkin methods. Afterwards, error estimates for the scalar
variable can be proven by duality as was done for the LZ*case in [7].

When 1 < p < o0, the logarithmic factor is removed even for the lowest
degree spaces, resembling a similar situation arising in the standard finite
element method (see [20]).

We also analyze the following quasi-linear problem

(1.4) —div (a(x,u)Vu+b(x,u))=f inQ

. { u=0 ona

obtaining quasi-optimal uniform estimates and optimal order L? estimates
for 2 < p < o0 also in this case, when the Raviart-Thomas spaces are used.

The quasi-linear problem (1.4) was analyzed by Milner [17] in L% and by
Kwon and Milner [16] in L® but obtaining sub-optimal error estimates in the
last case.

The paper is organized as follows. In section 2 we introduce the finite
element spaces and the projections we are going to work with. Section 3
deals with the error analysis for both vector and scalar variables in the linear
case. In section 4 we study the quasi liner problem and finally we make
some remarks in section 5.

2. FINITE ELEMENT SPACES AND PROJECTIONS

Let {Z,} be a quasi-uniform family of decompositions of Q into triangles.

We assume that & = | _J T and so, boundary triangles can have a curved
TeZy

side.

Given an integer k=0, the Raviart-Thomas space of index & [21],
associated with Z,,

RTy = Vi1 x Wiy

vol. 22, n° 3, 1988



374 R. G. DURAN
is defined by

Vii= {Q € H(div,Q):v| € Ek@l‘Pk}
and

Wk, = {weLZ(Q):w|Te Pk}

where P, denotes the space of polynomials of degree less than or equal to k&
and Py = [P,J*
The Brezzi-Douglas-Marini spaces [2]

BDM,; =V} 5 x Wf,
are defined for k=1 by,
Vi,= {ve H(div,Q):v|, € P}
and

W;LC’ZI {WELZ(Q):WITE Pk—l} .

If V¥ and Wf are either Y,’j’l and W,'f’l or YZ’Z and W,'f’z, a projection
operator

mg: vV - V¥

such that the following diagram commutes can be constructed (see [2], [9],
(21D

Y div w
nf ‘ P
2.1 vi Wi 0

where Pf denotes the L%*projection. Moreover,
(22) |e-1fe|,,<Ch|2lym,, l<sp=owo, lsrsk+1

(the letter C denotes a constant, not necessarily the same at each occurrence
and W*+1:? stands for the usual Sobolev space of functions with derivatives
up to the order £ + 1 in L?).
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ERROR ANALYSIS IN L? 375

The operator IIf is the main tool in the L%*analysis (see [7]) and will play a
similar role in the LP”-case.

Let us now introduce the space of piecewise polynomials of degree
k+1,

M+ = {¢GH1(Q):¢|T6Pk+1 and J- d)(x)dx:O}.
Q

Now, we state a lemma that relates the two families of mixed finite elements
introduced above.

LEMMA 2.1: Let

Vi1 = {zeVhi:dive =0}

and Vk, = {veVi,:divy =0} then,

o o
ko_ Ok _ k+1
Vi1 =Yho=curl My

where curl = (—ﬂ,ﬂ) .
I~ axZ axl

Proof: Clearly V¥ ,c Vi . Tfpe V1 and divy = 0 it is easy to prove
(see for instance [18]) that v| . € P, and therefore v € f/ﬁ,z, which proves
Vii="Viaz

From now on we drop the subscripts and denote V& = Yﬁ,l = Y’,ﬁ’z. If
¢ € M *" then v = curl & is divergence free and p|, € Py.

On the other hand, since (2 is simply connected, given v € H (div, ) such
that divy =0, there exists & € H'(Q) such that v = curl . Now, if
v € Py, &|, € Py, and moreover ¢ can be chosen with mean value equal to

O
zero. Therefore, curl Mf*' = V¥ as we wanted to prove. 0

We end this section by introducing the following weighted L*projection
which plays an important role in our error analysis,

Ry: [LY(Q)P - V.
For v e [LY(Q)P, R,v e V¥ is defined by

(2.3) («( ~Ryv), 1) =0 VreVE.

vol. 22, n° 3, 1988



376 R. G. DURAN

3. ERROR ANALYSIS IN L?

Let V¥ x W be any of the finite element spaces introduced in section 2.
Then, the mixed finite element approximation to problem (1.1) is given by
(gns un) € Vi, x Wy satisfying,

(agp,v) — (divo,u,) =0 Yve Vi
3.1) ~
(div g5, w) = (f, w) Vwe WE.

Subtracting (3.1) from (1.3) we obtain the error equations, namely
(3.2) (a(g —gqn),v)— (dive,u—u,)=0 VveVy
(3.3) (div (g — q),w) =0 Ywe WE.

From (3.3) and the property (2.1) we obtain,
(div (I, q — q,), w) =0 Vwe W§
and since div V;, = W, it follows that,

(3.4) I,q— g€ VE.

(0‘[(‘! =11, f_I) - (gh - 11y g)], v)=0 Vype Vﬁ
therefore, we have
(3.6) gh—nhngh(g—IIhg).

Then, in view of the approximation properties of II, (2.2), the convergence
analysis is reduced to the study of the stability properties of the projection
R;.

To study this projection we will make use of some known results for a Ritz
projection, that we recall now.

Let b€ HY(Q), J & dx =0 and let ¢, € MF+! such that,
o

(3.7) (acurl (b — b)), curlp) =0 Ve MfH!.

M? AN Modélisation mathématique et Analyse numérique
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Note that (3.7) can be written as
(aV(d—dy), V) =0 VpeMi*!
and therefore, it is known that

(3.8) [curl byl , < Cllcutl [ p, 2=<p=o0.

In fact (3.8) was proven in a slightly different situation by Nitsche [19] for

k=1 and by Rannacher and Scott [20] for kK = 0. We are considering

Neumann instead of Dirichlet boundary conditions but their proofs can be

carried out for this case with minor modifications. Also, we are working

with an operator with variable coefficient but since a(x) is a Lipschitz

function, all the regularity properties needed in the proofs are satisfied.
Now we prove the main theorem of this section.

THEOREM 3.1 Let 2<p < oo and let R, be the projection defined in
(2.3). Then, for every v € [LP(Q)]* we have,

(3.9) IRy 2l o= Cllgll,+ Cplldiv el y-vp

where C is a constant independent of v, h and p and C, = Cp.
Proof: Given v € [L?(Q)]* we decompose it as

(3.10) v=curld +a Vi

where ¥ is the solution of the problem
{div (aV¥)=divy inQ
¢ =0 on 3}
and ¢ is chosen such that J édx =0.
I
Since a(x) is Lipschitz, it is known (see [4], [13], [22]) that,

(3.11) [Wllprr < Cplldiv o]y,

and tracing constants in the proof one can see that C, = Cp this is the
dependence on p for the constant arising in the Calderén-Zygmund theory
of singular integral operators (see [3], [26]), which is the main tool for
proving the a priori estimate (3.11)).

From (3.10) and (3.11) it follows that,

(3.12) lourd &1l < N2l + Cplldiv ey, -
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378 R. G. DURAN

Now, from Lemma 2.1 we have,
(3.13) (a(g —Ryv),curlp) =0 Ve M+t
Since R, v € ‘O/Z, it can be written as

R, v = curl by,

with &, € MF*1.
Then, using (3.10) and (3.13) we get,

(3.14) (a(@ - Ryp), curl ) = (a(curl & +a Vi —curl ¢), curl w)
=0 VpeMi*!

but, (aa Vi, curl p) = (¥, diveurl p) = 0 and therefore,
(a(curl & —curl ¢), curl p) =0 Vpe Mf*!
and from (3.8) we obtain,
(3.15) IRn el o= Clicurl & .o
which together with (3.12) proves the theorem.
COROLLARY 3.1: For 2<p <o and v e [L?(Q)]?
IRx2ll < Cpllell,,-

COROLLARY 3.2: Let v € [L™ (Q)F then,

(3.16) [Re2|l o< Cll2]l jo + C [log [ [[div V| -1
and
(317) ”RhQ”stcllothIQ”Lw

Proof: Using an inverse inequality we have,
IRr2|l 0= Ch=%/P||R, vl|,, for 2=sp<oo
and from the theorem it follows,
(3.18) Ryl = CA™>P|[v]| )+ C, h2/P|[div oy 2=p <00 .

Now, following the argument in [14] we take p = |log k| in (3.18) and we
obtain (3.16) and consequently (3.17).
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As a consequence of Theorem 3.1, we have the following theorem about
the error for the vector variable in the mixed method.

THEOREM 3.2: Let V§ be one of the spaces defined in section 2. Let
qn € V X be the approximate solution of q defined in (3.1) then,

3.19) g - gull,,=<Cllg - Mng||,, + C,||div (q - II,,g)HW_LP,
2=p=o©

and

(320) |lg - aull,»=Cllg — T q]|, + C [log k| ||div (g T, @) .. -

Proof: The results follow immediately from (3.6), (3.9), (3.16) and the
triangular inequality.

COROLLARY 3.3 : Let q, € V¥ be as in Theorem 3.2, then

(3.21) ||g_g,,||u,sC||g—nhg||Lp+cph||f_th||L,,, 2<p<w
(3.22) ||g_gh‘|uscp||g_th||u, 2<p<®
(3:23) |lg - 4|, =Cllg ~ Wy q||,w + Chllog a| | f — P £l 1

(3.24) ll2 = aull,= = Cllog 2] [lg — TWu g, -

Proof: (3.22) and (3.24) follow easily from (3.19) and (3.20). To prove
(3.21) and (3.23) observe that,

div (i]_nhg)=f“th
and by duality we can prove that
1f=Pufllg-ro<Ch|f =Py fll o> 2<p=oc0.

COROLLARY 3.4 : Let q, € VF be as in Theorem 3.2, then, if g € Wr+1P
for some p such that 2 < p < 0,

(3.25) ||c~1—c~1hl|LPsCp||q||Wk+1,phk+1 for 2<p<o
and if g e WKL ®

326)  [|g — gull,0 = C {1l yrerw+ [Ogh [ fllyre} A**.
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Proof: It follows immediately from the approximation properties of
I1, (2.2).

Remark 3.1 : The estimates (3.21) and (3.22) (or (3.23) and (3.24)) are
different in essence. In fact (3.23) has the advantage that the logarithmic
factor appears only in the second summand. Since

|lg — 1My q||, < Ch* " log A| || f ||k

(as can be shown using an argument of Johnson and Thomee [14] mentioned
before) we obtain from (3.23) the following estimate in terms of f,

(3.27) llg - aul],-= Ch**Nlog k| || £l koo -

Also, the logarithmic factor can be removed from the estimate (3.25) if we
assume that f has some extra regularity (as was pointed out in [10]).

On the other hand, the estimate (3.24) (which is new) is only in terms of
||q - thHLw and independent of f. Consequently, even when f is not

bounded, but g € C%* we obtain an asymptotic estimate in L® of order «.
We now derive some error estimates for the scalar variable u.
THEOREM 3.3 : Let W§ be one of the finite element spaces defined in

section 2 and assume that the restriction of Wy to an element T contains

P, (so, k=1 for RT, and k=2 for BDM,). Then, if u, € WFK is the

approximate solution defined in (3.1) we have,

(328) ||Phu—wy|l,=Cphllg - au|,+ Cph*||div (g - an)]|, »

2=sp<w.

Proof : The proof for the case p = 2 given by Douglas and Roberts [7] can
be generalized straightforward for our case. In fact, let ¢ € L?" where

1.1 _ 1 and et ¢ € WP" such that
p p

div (a V§) = ¢
then (see [7]),
(Ph u — uh, (b) =
=(a(q — gn), Up(a V&) —a Vi) — (div (¢ — g4), ¥ — P, ¥)
and therefore
|(Phu—uh,¢)| =
< Cllg = aull, Bl¥llwer + Clldiv (g = au)]| , A6l yer
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and using the a priori estimate
” Y ” wart = Cp ” ¢ “ P
we obtain the theorem.

Remark 3.2 : For the spaces RT, or BDM, we can prove with the same
argument that

(3.29) [|Pyu—wuyll o= C,hllg—anl|,+ Cphlldiv (g —an)]|,

2=p<o.

COROLLARY 3.5 : Under the hypothesis of Theorem 3.3 we have,

(3.30) ||Phu—uh||L,sCﬁhk‘“zngnwhw, 2<p=<o
and
(3.31) 1Py —upll = Cllog h|> K 2|lq || s -

Proof: Since div (9 — q,) = f — P, f we have,

Hdiv (c~1 — gh)llus C ||£1HW,H,,Phk, 2=p=so

then (3.30) follows from (3.28) and (3.25). Now, since C, = Cp for
p =2, (3.31) can be obtained with the argument mentioned in Remark 3.1.

Remark 3.4 : For the spaces RT, or BDM, we have

(332) |Pyu—uyll =< CER||g|| 0, + Idivaliyns} , 2<p<oo.

Remark 3.5 : All the results in this section can be extended to the case
1 < p < 2. Indeed, the inequality (3.8) is also valid in this case, now with a
constant depending on p (see [20]). Therefore the following estimate can be
obtained,

333)  [Ruzlle=Cyllell,+ CAldive] 1y, 1<p<2

where CP = —C—

p-1’
Moreover, the operator II, can be extended to [W'?(Q)]?, 1<p <2,
straightforward and therefore the convergence results can be derived from
(3.33) as we did for p = 2.
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382 R. G DURAN

Remark 3.6 : When p =1 we can show by duality that (3.17) implies
[Rugll = Cllog Al |2l s

and therefore, if g, is as in Theorem 3.2 we can prove the quasi-optimal
estimate

”g - ghl'Ll$ C IIOghI hk+1”gllwk+1 1°

4. A QUASI-LINEAR PROBLEM

In this section we consider the following quasi-linear problem,

(4.1) {‘ div (a(x, u) Vu + b(x,u)) = f inQ

u=0 ond

We assume that the coefficients a: O x R >R and b:Q x R — R? are

twice continuously differentiable functions with bounded derivatives up to
the second order and that the problem (4.1) has a unique solution
u € H*>** for some positive number ¢ (in the case k = 0 we will assume
u € H?. We also assume that the operator is uniformly elliptic, that is for

every (x,u)e Q xR, a(x,u)=a,>0.
In what follows we will write a(u) = a(x, u) and b(u) = b(x, u).
Set g = — (a(u)Vu +b(u)), a =a"' and B =ab. Then the weak

formulation appropriate for the mixed method is,
(a(u)q, Q)_ (le y,u):— (E(u)ﬁ 2)5 VQEY
(divg,w) = (f,w), VweW.

4.2)

For k=0 let V§ x WF the Raviart-Thomas spaces defined in Section 2.
Then, the mixed finite element approximation (g, u,) € V§ x Wf is

defined by,

(a(us) gn» 2) = (div 2, 1) = — (B(wy),v), VeeVy

(4.3)
(div g, w) = (f, W), Vwe Wj.

The existence of the solution of (4.3) was proved by Milner [17] for A
small enough.
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Subtracting (4.3) from (4.2) we get the error equations,
(“(”)i] ~ o (uy) n> v)— (divo,u—u,) = (B(w) —B(u),v), Vo e Yiii
(div (g — g4), w) =0, Vwe Wi
or equivalently,
(0‘(”)({1 - gh)a v) - (divy, u—u,) =
4 1= (o(up) — «(@)] g ) + B(wy) — B),2) Yy eV;
(div (g — gq,),w) =0 Vwe Wk.
As in the linear case we can see that,
I, 9-—49n€ vi
and using (4.4) we obtain that
(@@)[(g -~ T q) — (g — T, )], v) =
= (le(u) — @) g ) + B) - B),2), VYreVj
then, if R, denotes the L%projection on f/ﬁ with weight a(u) we get,
(4.5) qn = II, q= Ryla(u)(o(u) — a(uy)) qn +
+a@)B)—Buy) +q -1, q)]
In [17] it was proved that

(4.6) 94|, = € (el ga+o) -

In [16] Kwon and Milner proved the following result which generalizes to
the quasi-linear case the duality lemma proved by Douglas and Roberts [7].

LEMMA 4.1: Let 2 < p < o then, there exists a constant C depending on
]l g2+ when k=1 and on ||u|| s when k = 0 such that,

4.7) |lup—Prul,,=< CCp{hHg - thLP +h2_5ok“div (‘Z _ ‘Zh)”Lp
i 171

where C, = Cp.
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384 R G DURAN

Using (4 6) and (4 7) we can prove the followmg theorem, obtaiming
optimal order error estimates for the approximation of g mn L?, 2 <p < o

THEOREM 41 Let (g, u,) € V¥ x W§ be the approximate solution

defined in (43) and let 2<p <oo If k=1, assume that ue W"*' 7N
H?>** and qe W**'P and i1f k =0 assume that ue€ H® (and therefore

ue wW2r by~the Sobolev imbedding theorems) and q € W' P Then, for h

small enough, there exists a constant C depending on |ul| FRHE B0 o)
||l ye+1p, and ||q|| wi+1» such that

||g - gh||u,s cclink+t

Proof Since a(u)1s Lipschitz we can apply Corollary 3 1 to (4 5) and we
obtain

s~ T gl = €S {0+ [lgnll )N = wall o + llg — T g}

therefore, using (4 6) we get,

[la ~ Mgl < €Cp{lu—wall o+ [lg ~ Tag|.}

Now, we use Lemma (4 1) to bound the nght hand side 1n the expression
above and we have,

llan — T all,, = CC2{hlla = aull,, +#* v (@ - ]|,
+ B | aear s + |g - th”Lp}
and therefore

g ~ aull o= €C3{lla — aull, +A* o (@~ a0,

S 177 PSepRy a1 71|

then, for A small enough we obtain,
4 8) ||g - ‘ZhHLPS CC?{hZ_S‘”‘Hdw (c~1 - g")”u’ S i 177/
S (] W
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Now, observe that,
|ldiv (@ = g)]|,, = 11 = Pu fll o= CR¥| Fllyer < Ch¥||g | e
therefore, the theorem follows from (4.8).

THEOREM 4.2: Let (g4, u) € V& x WE be the approximate solution

defined in (4.3) and let 2<p < 0. If k=1, assume that ue Wk+H7P N
H?**® and q € WP, then for h small enough there exists a constant C

depending on ||ul| 2+e, ||U||yi+1., and ”q”w’w’ such that,
(4.9) lw—uyll,,< CCph**!

and if k =0, ue H> and q € WY? there exists a constant C depending on

|| 3 and | ‘1“W1, , such that for h small enough

(4.10) ||u—uh||L,,sCC3h.

Proof: Let k = 1 ; following the proof of Theorem 4.1 we can see that,

llg — aal|,» = ccg{h2||div (@~ an)|| , + B+ Nl gers + hk”cZHW,"p}

then (4.9) follows by applying Lemma 4.1. When k& = 0, we apply the result
of Theorem 4.1 combined with Lemma 4.1 and we obtain (4.10).

We can prove L® estimates in an analogous way, obtaining the following
results.

THEOREM 4.3 : Under the same hypothesis of Theorem 4.1 but with
p = 00 we have,

||c~1 - thLms Ch**1|logh|?.
THEOREM 4.4 : Under the same hypothesis of Theorem 4.2 but with
p = o0 we have for k=1
lu—upll o= Ch**1|log h|?
and for k=0,
lu —up|l o= Chl|logh|*.
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5. FINAL REMARKS

Remark 5.1 : The results of Sections 3 and 4 can be obtained in the same
way for the rectangular elements of Raviart and Thomas [21]. In this case,
the space V) is defined locally as Q, +1,k X Ok k+1 Where @, ; denotes the
set of polynomials of degree i in x; and j in x,. Then, it can be easily seen
that the associated space M, will be locally Qp 1 r.1-

Remark 5.2 : Although we have considered Dirichlet boundary con-
ditions, the analysis can be carried out for homogeneous Neumann
boundary conditions in the same way. Note that in this case, the associated
Ritz projection (3.7) will correspond to the problem — div (o Vi) = f with
homogeneous Dirichlet boundary conditions.

Moreover, in this case the domain does not need to be simply connected.
In fact, it is easy to see that the homogeneous Neumann boundary
conditions allow the decomposition (3.10) of the vector field for a general
smooth domain.
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