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STABILITY AND DISCRETIZATION ERROR ANALYSIS FOR THE
CAHN-HILLIARD SYSTEM VIA RELATIVE ENERGY ESTIMATES
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Abstract. The stability of solutions to the Cahn—Hilliard equation with concentration dependent
mobility with respect to perturbations is studied by means of relative energy estimates. As a by-
product of this analysis, a weak-strong uniqueness principle is derived on the continuous level under
realistic regularity assumptions on strong solutions. The stability estimates are further inherited almost
verbatim by appropriate Galerkin approximations in space and time. This allows to derive sharp bounds
for the discretization error in terms of certain projection errors and to establish order-optimal a priori
error estimates for semi- and fully discrete approximation schemes. Numerical tests are presented for
illustration of the theoretical results.
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1. MOTIVATION

The Cahn—Hilliard equation is one of the main mathematical models for describing phase separation phe-
nomena, e.g., in binary alloys [12,13] or spinodal decomposition of binary fluids [8]. In this paper, we study a
system with concentration dependent mobility, given by

O = div(b(@)V ) inQ, t>0, (1)
p=-vA¢+f'(¢) nQ, t>0, (2)

and complemented by appropriate initial and boundary conditions. Here ¢ denotes the phase fraction, p the
chemical potential, b(¢) the concentration dependent mobility, v > 0 the interface parameter, and f(¢) a double
well potential whose minima characterize the favorable mixing ratios.
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The second equation (2) defines the chemical potential 1 = 04E(¢) as the variational derivative of the
associated energy functional

&) = [ FIVoE + 5(0) Q

which together with (1) encodes the gradient flow structure of the problem and implies the decay of the
energy £(¢) along weak solutions. This ensures thermodynamic consistency of the model and allows to establish
existence of weak solutions by Galerkin approximation, energy estimates, and compactness arguments. On this
basis, existence and regularity of weak solutions for the Cahn—Hilliard equation has been established in [18] for
constant mobility and polynomial potential. Logarithmic potentials and concentration dependent mobilities were
treated in [5,15]; we refer to [3,7,26] for further results concerning the extension to multi-component systems
and multiphysical problems. In recent work [11,34,37], we considered logarithmic potentials and concentration
dependent mobility functions in the context of models for viscoelastic phase separation.

Many theoretical results about the Cahn—Hilliard equation are based on certain approximations in space
and/or time and appropriate energy estimates. Finite element approximations of the fourth-order system result-
ing after elimination of the chemical potential were analyzed in [18]. A mixed finite element approximation for
constant mobilities treating ¢ and p as separate variables was proposed in [21] and further analyzed in [17,20].
For extensions to logarithmic potentials and degenerate mobilities, we again refer to [5,15]. In [27, 28], the
analysis of finite element approximations has been extended to study the thin-interface limit v — 0. Apart
from finite element methods, alternative discretization schemes, like discontinuous Galerkin methods [31,33,40]
and Fourier-spectral approximations [32] have been investigated. Extensive research has further been devoted
to developing stable second order approximations in time; see [38] for an overview and comparison of different
approaches. In a recent paper [16], which is probably closest to our investigations, an unconditionally well-posed
fully discrete two-step approximation was proposed and a full error analysis was presented yielding order optimal
convergence rates. Quantitative convergence results in most works are derived for the case of constant mobility,
which allows to apply arguments of linear theory and to cover the terms stemming from the nonlinearity of the
chemical potential f by perturbation arguments.

In this paper, we consider problems with concentration dependent mobility, and we utilize genuinely nonlinear
arguments, namely relative energy estimates, to conduct a quantitative stability and error analysis. Related
techniques have been used intensively for the study of nonlinear evolution problems and, more recently, also for
the convergence analysis of corresponding discretization methods; see [24,30] for an introduction to the topic and
[23,25,29,35] for convergence and asymptotic analysis for fluid flow problems via relative energy estimates. For
discretization, we here consider conforming finite element approximations of second order in space and time, but
our arguments, in principle, also apply to higher order approximations and inexact Galerkin approximations.

We here study the case of nonlinear but non-degenerate parameters, e.g., strictly positive mobility b(¢) and
polynomially bounded double well potential f(¢), for which one can guarantee existence of smooth solutions
which is required for the convergence rate analysis. If one assumes the existence of a smooth solution bounded
away from the pure states, these conditions could be further relaxed.

The first basic result of this paper is a formal relative energy estimate which allows to deduce quantitative
perturbation bounds for sufficiently regular solutions of (1) and (2). As a by-product of this analysis, we also
obtain a weak-strong uniqueness principle and thus a rather general argument for uniqueness. Due to the
variational character, these stability estimates are inherited almost verbatim by Galerkin approximations in
space and Petrov—Galerkin approximation in time, which is our basic approach towards a systematic error
analysis. The structure of the relative energy estimates further provides guidelines for the choice of appropriate
projection operators required in the error analysis. The discrete relative energy estimates then allow to estimate
the discretization error by more or less standard projection error estimates, which finally leads to optimal
convergence rates under minimal and less restrictive smoothness requirements than in previous works. This
nonlinear convergence rate analysis can be seen as the main contribution of our manuscript.

Compared to previous works, the main novelty of our approach consists of
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(a) the development of a genuinely nonlinear stability and error analysis via relative energy estimates, which
can be extended to more complex systems;

(b) a concise and rather sharp error analysis of a variational discretization method with order optimal conver-
gence rates under minimal regularity assumptions.

The remainder of the manuscript is organized as follows: In Section 2, we introduce our notation and basic
assumptions and recall some results about existence and regularity of solutions. In Section 3, we introduce
the relative energy functional and present a formal relative energy estimate which serves as the basis for the
following considerations. Furthermore, we will also deduce the weak-strong uniqueness principle in course of
the analysis. In Section 4, we study the semi-discretization in space by a mixed finite element method. We will
see that the relative energy estimate translates almost verbatim to the semi-discrete setting. This allows us to
estimate the difference between the semi-discrete solution and a particular projection of the continuous solution
by projection errors and to derive order optimal error convergence rates. In Section 5, we then consider the time
discretization by a Petrov—Galerkin approximation, which allows us to extend our arguments almost verbatim
to the fully discrete setting. For illustration of our theoretical results, we present some preliminary numerical
results in Section 6. Some technical details are provided in the appendix.

2. NOTATION AND PRELIMINARY RESULTS

Let LP(Q), W¥*P(Q) be the usual Lebesgue and Sobolev spaces and ||-||o p, ||:||x., the corresponding norms. In
the Hilbert space case p = 2, we write H*(Q) = W"?2(Q) and abbreviate ||| = ||*||x,2. We will sometimes omit
the symbol Q and briefly write L? for LP(2), and so on. For ease of presentation, we consider a periodic setting
in the following and assume that © C R? is a hyper cube in dimension d = 2,3. We then write H;(Q), s >0, for
the space of functions in H*(2) that can be extended periodically under preservation of class. The corresponding
dual spaces are denoted by H, *(€2) = H3(€2)’. Note that for s = 0, we have H3(Q) = H, *(Q) = L2(12), where
we identified L?(Q) with its dual space. The norm of the dual spaces are given by

e = sup 29
vEHS(Q) HUHS

(4)

where (-,-) denotes the duality product on H_*(Q) x H;(Q2) for any s > 0. Note that for functions u,v €
Hg(Q) = Li(ﬂ), we simply have (u,v) = fQ uv dz, i.e., for sufficiently regular functions, the duality product can
be identified with the scalar product of L?(£2). We further denote by L”(a,b; X), W*P?(a,b; X), and H*(a, b; X)
the Bochner spaces of appropriately integrable or differentiable functions of time with values in some space X.
If (a,b) = (0,T), we also write LP(X) or W*P(X) for brevity.

By a periodic weak solution of (1) and (2) on the interval (0,7"), we mean a pair

¢ € L*(0,T; H3(Q) N H'(0,T; H)()') = W(0,T) (5)
pe L*(0,T; Hy(Q)) =: Q(0,T) (6)

of functions satisfying the variational identities

(Gi0(1),v) + (b(D(1)) Viult), Vo)
(u(t), w) = (YVé(t), Vw) = (f'(8(t)), w)

for all test functions v,w € H; () and a.a. 0 < t < T. These two identities characterize all sufficiently regular
periodic solutions of (1) and (2). The following assumptions on the model parameters will be made:

(7)
(8)

0,
0,

(A1) v > 0is a positive constant;
(A2) b:R — R, satisfies b € C?(R) with 0 < by < b(s) < ba, [|b]|oo < b3, |0 ]|oo < ba;
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(A3) f € C*(R) such that f(s), f”(s) > —f1, for some f; > 0. Furthermore, we assume that f and its derivatives
are bounded by |f*) (s)| < fg(k) + fék)|s>’|4_’C for 0 < k < 4 with constants 2(k)7 fék) > 0.
The growth bounds for f immediately imply that f(¢) € L'(Q) for every ¢ € H'(Q2). Functions ¢ € H}(Q)
therefore have bounded energy £(¢) < co.

Remark 1. Here we consider the non-degenerate case with polynomially bounded double well potential f(¢)
and strictly positive mobility function b(¢). These assumptions allow to prove existence and uniqueness of
smooth solutions which is required to establish quantitative convergence rates below. Even in the case of more
general potentials and mobilities, we would expect smooth solutions to stay away from the pure states, i.e., from
the possible singularities or degeneracies of f(-) and b(-). Validity of the assumptions may then be established
by suitable regularization, which is used for the proof of existence in the degenerate case; see e.g., [6,19].

Under the above assumptions, the existence of periodic weak solutions can be deduced from classical results.
For later reference, we make a precise statement.

Lemma 2. Let (A1)-(A3) hold. Then for any ¢o € H(Q), there exists at least one periodic weak solution
(¢, 1) of problem (1) and (2) with ¢(0) = ¢o and satisfying

[oar= [ sode  and &) < En) ~ | Doy (uls) s
Q Q 0

for a.a. 0 <t < T with Dy(p) = ||b"/?(¢)Vpul|3 the dissipation functional. If ¢ € HF(Q), 1 <k < 3 then
oy + 16l gacasen, + 1068l oas—sy + llansy + 1l e gpsesy < Cr(lole)

with Cr(||¢ol|x) depending only on the bounds for the coefficients, the domain 2, the time horizon T, and the
bounds for the initial value. In dimension d = 3 the estimates k > 1 are only valid for sufficiently small T

Proof. Existence of weak solutions and the a priori bounds for ¥ = 1 and any time 7' > 0 in dimension
d = 2,3 follow from standard arguments; see [4, 6] for similar results under even more general assumptions on
the problem data. Conservation of mass and dissipation of energy follow from the variational identities (7) and
(8) by formally testing with (v,w) = (1,0) and (v,w) = (u,d;¢), respectively. Improved regularity and the
bounds with k& > 1, which require a restriction on the maximal time 7" in dimension d = 3, can be obtained by
a boot-strap argument and regularity results for the Poisson problem; details are given in Appendix C [8]. O

Remark 3. From the estimates of Lemma 2 and the embedding theorem for Bochner spaces, see e.g., Chapter 25
of [39], one can see that weak solutions (¢, u1) are continuous functions of time, e.g., ¢o € H3(€2), we have

(¢, 1) € C([0, T]; Hy () x H, (1)), 9)
and hence ¢ is uniformly bounded on  x (0,7). This will be used in Section 4 below.

3. A STABILITY ESTIMATE AND UNIQUENESS

As a first step of our analysis, we study the stability of periodic weak solutions (¢, 1) of the system (1) and
(2) with respect to perturbations. Let (¢, i) be a pair of sufficiently regular functions. Then

(@(2), 0) + (B(S(£) Via(t), Vo) =: (71(t), v), (10)
(@), w) = (YV(1), Vw) = (f/($(1)), w) =: (Fa(t), w), (11)

for all v,w € H}(Q) and a.a. 0 <t < T, defines two residual functionals 7 (t), 72(t). The functions (¢, /1) can
be understood as solutions of the perturbed variational problem (10) and (11) for given right-hand sides 71, 5.
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Remark 4. Note that a term b(¢) appears in (10) which explicitly depends on the solution ¢ of (1) and (2).
Equation (10) therefore includes some sort of linearization around ¢ which greatly simplifies the proofs.

3.1. Stability via relative energy

To measure the difference between a solution (¢, 1) of (7) and (8) and a solution (¢, 1) of the perturbed
problem (10) and (11), we utilize a regularized relative energy functional

Ea(9]9) = E(0) — £(0) = (€(9):¢ — &) + §l6 — ° (12)
with regularization parameter

(A4) a:7+f1a

where — f is the constant in the lower bound for f” from assumption (A3). This implies that the regularized
energy functional £,(¢) = £(¢) + §||||§ becomes strictly convex such that £, (¢[¢) amounts to the associated
Bregman divergence [9]. Moreover, the norm distance of two functions can be bounded by the relative energy.

Lemma 5. Let (A1)-(A4) hold. Then
%H(ﬁ — I} < Eal9ld) < T+ [I¢lIF + 11716 — SIIF, (13)

for all functions b, b€ H]}(Q) with uniform constant T' = T'( 2(2), §2), Q).

Proof. For g(z) = |z|?, one has g(x|2) = g(x) — g(&) — (¢ (2),(x — 2)) = |z — iﬁ which allows to handle
the quadratic contributions. It thus suffices to consider the nonlinear terms in &, (¢|¢). The lower bound then
follows directly from noting that

[ s> -0 - 613
Q
and the particular choice of a. For the upper bound, we use the growth bounds for f, which shows that
1
[teldrae= [ [ o+ -9d)dso- )7 da
Q aJo
< [+ 12067 + 1610 - 9 da

2 5 2 5 5
< f2N6 = 813 + £ (16114 + 16115.)ll9 = S13 -
In the last step, we simply used Holder’s inequality, and by embedding of H' into L*, we may estimate ||¢||o 4 <
C(2)||¢ll1, which yields the required upper bound. O

Using the specific problem structure and basic manipulation, we can now derive the following stability estimate
which will be the basis for our further considerations.

Theorem 6. Let (A1)-(A4) hold and (¢, ) € W(0,T) x Q(0,T) denote a periodic weak solution of (1) and
(2). Furthermore, let ¢ € W(0,T) N W10, T; L?(Q2)) and i € Q(0,T) be given and (f1,72) be defined by (10)
and (11). Then

Ea((t)|o(t) +/O Dys(s) (1(s)[iils)) ds < eV Ea(6(0)]6(0)) + Cec(t)/o 171(s)]121 + [I72(s)]F ds (14)
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with relative dissipation functional Dy (i) = 1([bY/2(¢)V (1 — 1)|13, parameter c(t) = cot + 1 fot 101 (s) o ds,
and constants cy,c1,C depending only on the domain €2 and the uniform bounds for the functions (¢, ) and
(b 1) in L<(H') x L2(H").

Proof. For ease of presentation, we assume for the moment that (¢, u) and ((5, 1) are sufficiently regular, such
that all computations in the following are justified. The general case can then be deduced by a density argument;
details are given in the appendix. Formal differentiation of the relative energy with respect to time yields

d

3760 (10) = (€4(0), 0:0) — (EL(9), 016) — (E0,(0), 006 — 010) — (£1/(0)0u6, 6 — )

= (EL(0) — EL(0), 0 — 010) + (EL(0) — EL(D) — EX() (6 — 6), D).

From the definition of the relative energy £, and using the variational identities (7), (8) and (10), (11), which
are satisfied by the functions (¢, 1) and (¢, i), we get

d . . . . .
60(810) =1V =V, V0 = VOi0) + (f(9) = ['(¢), 0udb = 0:9)
t+alp— 6,000 — 0:9) + (£(9) = f'(9) = (D)@~ ). 0d)
= (1= i+ 12,010 — 0, B) + (b — b, 016 — 0, B) + (' (8) — ['(8) — f"(6)(¢ — 9), D)
= (@) V(1 = ), V(= o+ 2)) = (11,1 = it F2) = a(b(@)V (= 1), V(6 = 9)) — alri, & — )
+{f1(9) = (&) = ["(9) (¢~ §),0:0)
= (i) + (i) + (i) + (iv) + (v).
We can now estimate the individual terms separately. Before we proceed, let us note that by the energy bounds
for weak solutions (¢, 1), Lemma 2, and by the assumptions on ¢ in the statement of Theorem 6, we know that

]l o ey < C(lloll)  and |1 l| oo (), 1020 £ r2) < C- (15)

Using Holder’s and Young’s inequalities, we can then bound
(i) = =[6"2(@)V (i = W5 + B(D)V (1 = 1), Viz) < —(2 = 26)Dy(plft) + C(6,b2) |72 I3,

with 6 > 0 arbitrary, constant C(d,b3) = bs/(49), and be denoting the upper bound for the function b in
assumption (A2). By definition of the dual norm, a Poincaré inequality, and the bounds for the coefficients, the
second term can be estimated by

(i) < [7oll—2 (e = Al + lI72[l2)
< 1l =1 (CE@) [ = a1, D] + C(Q,00) [0 2()V (1 = i) o + [[72]11)
< C(Q,b1, )71 12y + 1 — i1, 1) + 20 Dy (palia) + 172 5.

In the last step, we utilized Young’s inequality to separate the factors with the same parameter § > 0 as before.
For the second term on the right-hand side, we can use the identities (8) and (11) with w = 1, which leads to

o + 11/ (6) — ()

({1 = 2, D) = [(f'(0) = [1(@) + 2, 1)] < |17

0,1-

From the bounds for the potential f in assumption (A3), we can further deduce that

11(6) - ()] =| / F(6+s(¢— 0))ds(d — )| < (52 + £52(Ig] + 19])%)] — ol-
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An application of Holder’s inequality, the norm estimates for the continuous embedding of H Q) into LP(9),
and the uniform bounds for ¢, ¢ in (15), then lead to

1£(8) = F' (@) lloa < COQFD + 2f<2><||¢||3,6 + 1012 Nld — llo,s
<, 17, 152 100l 10l oo i) 16 — Sl

Using ||f2]lo.1 < C(Q)||72]]1 and the lower bound (13) for the relative energy, we get

(i) < 20 D(ul) + C(2, b1, )lIra |2 + CONT2IE + O L3 157 901, 9]l a0y, 7) Ea(916).
Condition (13) further allows us to estimate
(iii) + (iv) < 26 Dy (uli) + C (6, b2, @, 7)Ea(8]0) + Cla)|ra]|2,.

From the bounds in assumption (A3), we can deduce that

1£(8) = £'(0) — (@) (& — &) < (£57 + £ (Ig] + [8))] 6 — &I

Using Holders inequality, embedding estimates, and the uniform bounds in (15), we can further bound the fifth
term in the above estimate by

) < 18:dlloll £/ (@) = () — £"(D)(d — D)o < 18:dllo(£5Y + £52 (N6 llo.6 + 1 Dll0.6)) 16 — BIIZ.
<O 152, 152, 110011, 1191 1< a1y 1) 185l Ea(0]D).

By combination of the individual estimates and choosing 6 = 1/6, we finally obtain

d a N .
tfa(¢|¢) < =Dy (ul) + (co + c1]|0:@ll0)Ea(@l@) + CollF1]|% 1 + Call72|7,

with constants cg, c1, C2, C3 depending only on the bounds for the coefficients, the domain, and the bounds
for ||¢oll1 and ||¢||Loo(H1 An application of Gronwall’s inequality (A.1) with v(t) = E.(op(t)|e(t)), g(t) =

—Dyty + Callf1 (1) -1 4 Cs|72(t) |1, and A(t) = co + c118:6(t)|o, which is integrable since 8,¢ € L'(L?), then
leads to the stability estimate of the theorem with ¢ = ¢oT + ¢;C and C = max{Cy, C3}. g

Remark 7. The lower bound (13) for the relative energy, and the estimate

by N .
S Vi = Vidl[§ < Dy (uli), (16)
for the relative dissipation immediately lead to the bounds
16 = Bl ) + Nl = Al 21y < C1Ea((0)|6(0)) + CalllPall o g1y + P2 Z2r))

for the error. With similar arguments as used for the estimate of the term (ii), we can also bound the full norm
e — fill 2 my)- The stability estimate thus provides perturbation bounds in the natural norms for the problem.

3.2. A weak-strong uniqueness principle

As a direct consequence of Theorem 6, one can see that sufficiently regular weak solutions of (1) and (2) depend
stably on perturbations in the problem parameters and the initial data. Another consequence of Theorem 6 is
the following weak-strong uniqueness principle.
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fi) be a periodic weak solution of (1) and (2) with reqularity ¢ € WH(0,T; L2(Q)) and

Theorem 8. Let (¢, {
2)). Then no other weak solution (¢, 1) with the same initial value $(0) = ¢(0) exists.

f e L2(0,T; W13

Proof. Let (¢, 1) be a weak solution with the same initial values ¢(0) = ¢(0). Then (¢, /i) can be seen to solve
(10) and (11) with residuals

(F1,0) = ((b(¢) = b(9)) V1, Vo) and 7y =0,

and the first residual can be further estimated by
t t R t .
/0 [71(s)[[21 ds < /0 1(b((s)) = b(e(s))Via(s)[[§ ds < C(ba)/o lp(s) = o(s)[13,61 Vi(s)I[5 5 ds
t
< C(bs,7,Q) /0 IV ()15 5 (¢(5)|¢(5)) ds.
By assumption on the initial values, we have £,(4(0)|¢(0)) = 0, and the estimate of Theorem 6 thus leads to
~ t t A~
a1 + [ Do o) le)) ds < CT) [ 1V(6) 1 8 (000 15) .

Since ||V(t)[|§ 5 € L'(0,T), we can use the Gronwall inequality (A.1) to see that Ea(o(t)|o(t)) <0for0 <t <T,
which together with Lemma 5 yields the claim. O

Remark 9. Note that for regular initial values, e.g., gfg(O) = ¢ € HPQ(Q), the existence of a weak solution (QAS, i)
with the required regularity follows from Lemma 2. In that case, we therefore obtain a unique weak solution.

4. (GALERKIN SEMI-DISCRETIZATION

We now turn to the systematic discretization in space, for which we consider a Galerkin approximation of
the variational principle (7) and (8) with second order conforming finite elements. As will become clear from
our analysis, higher order and non-conforming approximations could be treated with similar arguments.

Let 7, be geometrically conforming partition of @ C R, d = 2,3 into triangles or tetrahedra [14,22]. We
denote by px and hx the inner-circle radius and diameter of the element K € 7, and call h = maxge7, hix the
global mesh size. We assume that 7}, is quasi-uniform, i.e., there exists a constant ¢ > 0 such that oh < py <
hy < h for all K € 73, and that 7}, is periodic in the sense that it can be extended periodically to periodic
extensions of the domain 2. We then denote by

Vi = {veH) Q) vk € P(K) VK €T},

the space of continuous periodic piecewise quadratic polynomials over the mesh 7. We further introduce the
approximation spaces
W,(0,T) := H*(0,T;V;) and Qu(0,T) := L*(0,T; V).

The semi-discrete approximation for (7) and (8) now reads as follows.

Problem 10. Let ¢g 5 € V), be given. Find (¢n, pn) € Wi(0,T) x Q4(0,T) such that ¢5(0) = ¢op and such
that for all vy, wyp € Vy and all 0 < t < T, there holds

(Ocpn(t), vn) + (b(Pn (1)) Vun(t), Vop) =0, (17)
(un(t), wn) — (YVon(t), Vwn) — (f'(on(t)), wn) = 0. (18)
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Before we turn to a detailed stability and error analysis, let us briefly summarize some basic properties of
this discretization strategy.
Lemma 11. Let (A1)-(A8) hold. Then for any initial value ¢op € Vi, Problem 10 has a unique solution
(éns pun). Moreover, for all 0 <t < T, one has [, ¢n(t) dx = [, don dx and E(Pn(t) +f0 Dy, (un) ds = E(do.n)-
Proof. Using our assumptions (A1)—(A3), the existence of a unique discrete solution (¢p, up) € C1(0,T5 V) x
C°(0,T;V};,) can be deduced from the Picard-Lindeldf theorem. Conservation of mass and dissipation of energy

then follow with similar arguments as on the continuous level, i.e., by testing the equations (17) and (18) with
(vn,wp) = (1,0) and (vp, wn) = (pn, O¢n), respectively. U

4.1. Semi-discrete stability estimate

With similar arguments as on the continuous level, we now establish stability of the semi-discrete solution with
respect to perturbations. For a given pair of functions (¢, fir) € Wi (0,T) x Qx(0,T), we define semi-discrete
residuals (71 p,72.n) € L?(0,T;Vy, x V) by the variational identities

(@1bn(8), vn) + (b(Sn (D) Viin (1), Von) =: (F1a(t), vn), (19)
(n(£),wn) = (YR (8), Vwn) = (f (Sn (1)), wn) =: (Pa,n(t), wh), (20)
for all vy, wp € Vy and 0 < ¢t < T'. The functions (éh, fir) can again be understood as solutions of a perturbed

semi-discrete problem. With almost identical arguments as used in the proof of Theorem 6, we now obtain the
following stability estimate.

Lemma 12. Let (A1)-(A4) hold and (¢n, pn) € Wi (0,T) x Qu(0,T) be a solution of Problem 10. Further, let
(On, fin) € Wr(0,T) x Qu(0,T) be given and (71,4, 725) denote the corresponding residuals defined by (19) and
(20). Then the estimate

Eal(On(D)|Bn(t) /DMS (un ()] ()) ds (21)
e“DE, (6n(0)[dn(0)) + Cect® /0 1 n ()12 1 + 2 n(5)]2 ds

holds for a.a 0 <t < T with ¢(t) = cot + 1 fot ||8tqgh||0 ds and cg,c1,C depending on the uniform L>(H?') x
L?(HY) bounds for (¢n, un) and ((ﬁh,ﬂh), respectively, and

T G
VR EVH ” ||

<7l (22)

denoting the discrete-dual norm.

The assertion follows with the very same arguments as used in the proof of Theorem 6; details are left to
the reader. Lemma 12 allows to investigate the stability of the semi-discrete solution (¢, upn) with respect to
perturbations in the problem data. By choosing ((ZS;L, [in) as a particular discrete approximation for the solution
(¢, ) of (1) and (2), we will be able to derive quantitative error estimates for the semi-discrete approximation.

4.2. Auxiliary results

We start by introducing some projection operators and recall the corresponding error estimates.
Let 79 : H; (2) — V), denote the L?-orthogonal projection which is characterized by

(Thu —u,vp) =0 Yoy, € Vh. (23)
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By definition, 7 is a contraction in L*(2) and on quasi-uniform meshes

lu — mhulls < CA™*lul, (24)
for all =1 <'s <7 and 0 < r < 3; see [10]. We further make use of the H'-elliptic projection 7, : H,(2) — Vp,
which is characterized by the variational problem

(V(mhu — ), Vo) + (mhu — u,vp) =0 Yoy, € Vh. (25)
By standard finite element error analysis and duality arguments, one can show that
lu = myulls < Ch™* |, (26)

for all =1 < s <7 and 1 <r < 3; see again [10] for details. Since we assumed quasi-uniformity of the simplicial
mesh 7, we can further use inverse inequalities

lonlls < cinoh™ onllo and  Jlonllop < cinoh™?=oplloq (27)

which hold for all functions vy, € V, and all 1 < g < p < 0o in dimension d. By combining the previous estimates,
one can further see that

Imhulloco < Cllullz (28)

in dimension d < 3. Let us note that all estimates also hold in dimension one, i.e., for piecewise polynomial
approximations in time.

4.3. Projection error estimates

Let (¢,u) be a periodic weak solution of the system (1) and (2). We then define é(t) = m6(t) € Vi,
0 <t <T, as the H!-elliptic projection, and ji;(t) € V), by solving the elliptic variational problems

(fin (t) — p(t), wn) = Y (Vo (t) — Vo(t), Vwr) + (f'(n(t) — ' (6(t)), wr) (29)

for all wy, € Vp, and all 0 < ¢ < T'. This problem is linear in i, and finite-dimensional, hence existence of a unique
solution follows directly. For this choice of approximations (¢y, jin), we have the following error estimates.

Lemma 13. Let (A1)-(AS3) hold, (¢, 1) be a periodic weak solution of (1) and (2) with regular initial value
#(0) € Hg’(Q), and let ¢n, fin, be defined as above. Then

p(t) — dn(t)lly < CR?[|6(t) |3,
[10eb(t) — Bsdn(t)||—1.0 < CR2|10eb(t)]]1,
[(t) = i (t)]l1 < CR2(|®) |5 + |o()]]3),

for a.a. 0 <t < T with C = C(Q,0) and C' = C'(Q, 0,7, 12, 152, Cr(lldolls))-

Proof. The estimates for ¢ — ¢, and 8y¢ — dyp, follow directly from (26). We then use the triangle inequality
to split the error in the chemical potential into

lin = plly < Nlon = wipally + e — pals-

With the help of (24) the last term can be estimated by ||79u — ull1 < Ch?||u||s. By the inverse inequalities
(27), the discrete error can be bounded by

in = mhplls < Coh™ lfan — mhllo,
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and for the error in the L?-norm, we can deduce from (23) that
=Rl = (i — g, fon — whe) = (B — b, fon, — mhpo),
since wy, = fip — ﬂgu € Vy,. We can then use (29) with this test function wy,, to get

(itn — f,wn) = ¥(V(6n — 8), V) + (f'(¢n) — F(8),w)
=96 — dn,wn) + (f'(én) — ['(9), wn),

where we used the particular choice of gﬁh = W}Lgb and (25), to replace the gradient term in the second step.
Proceeding with standard arguments, we then obtain

(in — i, wn) < Y6 = dnllollwnllo + 1f'(éx) = £/(9)llollwallo
< OS2, 157, 0, )1 dn — dllollwallo-

For the nonlinear term, we here used the mean value theorem and the polynomial bounds for " as well as
91l0,00 + [|Pn]l0,00 < C/¢]]2. In summary, we thus obtain

in — plli < CR2(||plls + Nl 9lls),
with constant C' independent of the mesh size and uniform for all 0 <¢ < T. O

4.4. Error estimates

Using that (¢, ) solves (7) and (8) and by the definition of (¢y,, i), one can see that (19) and (20) is satisfied
with residuals 72 5, = 0 and

(F1h,vn) = (Dedn — Ord, vn) + (b(dn)V (i — 1), Vo) + ((b(dn) — b(8)) Vi, Vo). (30)

By the properties of the discrete dual norm ||-||—1 5 and standard approximation error estimates, see Lemma 13,
the residual 71 can further be bounded by

||7“1,h||2—1,h < CHathh - at¢H2—1,h + C(b2)|| Vit — VMH(QJ + C(b3) ||Vl (2),3(”@}1 - ¢||(2),6 + [lon — éh”%,s)
< CRY(18iglIF + NIl + (L + [l s)10113) + Cllull 5 Ea(@nldn), (31)
with constants C, C’ depending only on bounds on the coefficients, the domain €2, the mesh regularity, and the

constant Cr(||¢ol|s) for the solution in Lemma 2. We can now use Lemma 12 to obtain the following bounds
for the discrete error.

Lemma 14. Let (A1)-(A4) hold and let (¢, i) be a solution with regular initial value ¢o € H3 (). Further, let

(qﬁh“&h) be the discrete approximations from above and let (¢p, pr) be the solution of Problem 10 with initial
value ¢o,n = 77;11¢o- Then

6 = SnllZ o 2y + IVhn = Vinl 22y < Cr(lldolls)h?,
with constant Clh(||polls) independent of the mesh size h.

Proof. From the discrete stability estimate of Lemma 12 and the bounds for the residual, cf. (31), derived above,
we may deduce that

5a(¢h(t)|<£h(t))+/o Dy, (s) (1n(s)|iin(s)) ds < Cga(¢h(0)|<13h(0))+0'/0 171, (8) 2 5, ds
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t t
<ot / 10013 + 113+ (1 + 112 5) 613 ds + C / 1112 50 (6n(5)]dn(5)) ds.

Since we assumed p € L?*(W,?), the last term can be eliminated via the Gronwall inequality (A.1), which
we here employ with the choices u(t) = Eq(¢n(t)|dn(t)), B(t) = C"|p(®)]3 5, and aft) = CE(d1(0)|n(0)) —

I3 D) (n ()| i (5)) ds + C"h* [3110,0)13 + 1|3+ (1 + | ull3 5)[|6]13 ds. The assertion then follows by the lower
bounds (13), cf. Lemma 5, and (16) for the relative energy and dissipation functionals. O

By combination of the previous estimates we now immediately obtain the following error bounds for the
Galerkin semi-discretization with quadratic finite elements.

Theorem 15. Let (A1)-(A4) hold and let (¢, 1) denote the unique periodic weak solution of (1) and (2) with
$(0) = ¢o € H3(Q). Moreover, let (¢n, in) be the corresponding semi-discrete solution of Problem 10 with initial
value ¢p0 = 7T}ll¢0. Then

o — ¢h||%oc(H;) + = Mh”%%H;) < Cr(llgolls)n?
with a constant Ch(||¢ol|3) independent of the mesh size h.

Remark 16. The convergence rates in the theorem are optimal with respect to the approximation properties
of quadratic finite elements. Moreover, the regularity assumption on the initial value is necessary to establish
the predicted convergence rates. The convergence result is both, order optimal and sharp, i.e., obtained under

minimal smoothness assumptions on the problem data. The constant C}. depends exponentially on 7" and v~ 1.

5. FULLY DISCRETE APPROXIMATION

We now turn to the time discretization, for which we again employ a variational method. For a given step
size 7 =T/N, N € N, we define discrete time points t" := n7 and denote by Z, := {0 =t°,¢!,... N =T} the
corresponding partition of the time interval [0, T]. We write I1;(Z,; V3,) for the space of piecewise polynomials
of degree k over the time grid Z. with values in V}, and denote by II¢(Z;; Vi) = Ik(Z-; V) N C(0,T; Vy)
the corresponding sub-space of continuous functions. Furthermore, we use a bar symbol g to denote piecewise
constant functions of time. We search for approximations (¢, fin,-) for (¢, u) in

Wyr(0,T) :=TI(Z,; V) and  Qp,(0,7) := Io(Z,; V).

Let us emphasize that functions in Wy, (0,7 are continuous in time and piecewise linear, while functions
Gn,+ € Qp . are piecewise constant in time, which is designated by the bar symbol. The discrete approximation
for (1) and (2) then is the following.

Problem 17. Let ¢op € Vi, be given. Find ¢p, » € Wy, -(0,T), finr € Qp -(0,T) such that ¢p, -(0) = ¢o 1 and
for all vy, , Wy + € Qp,r and n > 1, there holds

"
/ (Ot Bnr) + (b(Ohr) Ve, Vone) ds = 0, (32)
tn—l
-
/ (hr, @Whr) — (YVOh o, VOu) — (f (D7), Wh,r) ds = 0. (33)
tn—l

Remark 18. By the discontinuity of the test functions oy, ,, W~ in time, this method amounts to an implicit
time-stepping scheme, similar to the Crank—Nicolson or average vector field methods; see [1,38] for details.
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Lemma 19. Let (A1)-(A4) hold. Then for any ¢o.n € Vi, and any T > 0, Problem 17 has at least one solution.
Moreover, any solution (¢n -, fin-) of (32) and (33) satisfies [, ¢n.(t")dx = [, dondx and E(¢n - (t")) +

fotn Dy, . (fin,r)ds = E(¢o,n) for all 0 <" < T, and as a direct consequence, we obtain uniform bounds

pn.rllLoe )y + nr 22y < Cllonll1)- (34)

Proof. Conservation of mass and dissipation of energy follow again by testing (32) and (33), now with
(On,7, Wn,r) = (1,0) and (On,7,Wn,r) = (Bn,r, O¢¢Pn.r), which are admissible test functions in (32) and (33).
To show existence, we use an induction argument. Let ¢y, -(¢"~1) be given. Then in the nth time step, only the
function values ¢} := ¢5 - (t") and ;LZ_UQ = [~ (t" — 7/2) are to be determined. From the discrete energy-
dissipation identity, the bounds for the coefficients, and the equivalence of norms on finite dimensional spaces,
one can deduce that potential solutions are necessarily bounded. Existence of a solution for the nth time step
then follows from Brouwer’s fixed-point theorem. The uniform bounds for the solution, finally, follow directly
from the energy-dissipation identity and using (13) and (16). |

Remark 20. Uniqueness of the discrete solution can be shown under a mild restriction 7 < 79(h) on the time
step size. In Section 5.4 below, we will show that uniqueness holds for 7 < ch® with some o < 1, if the solution
(¢, p) is sufficiently regular. The choice 7 = ch, which seems reasonable in view of the estimates of Theorem 27,
therefore will lead to unique solutions for the fully discrete problem.

In the following, we first establish a discrete analogue of the stability estimate derive in Theorem 6, and then
derive convergence rates for the fully-discrete scheme.

5.1. Discrete stability

For any pair (QAS;M, fnr) € Wy -(0,T) x Qp~(0,T), we define discrete residuals (71 5.7, 72,n.r) € Qpn-(0,T) x
Qn,-(0,T) via

o
/ (OkDh,rs Onr) + (0(Dh,7)Viinry VOp 7)) ds =: (F1p v, Upor)s (35)
¢

n—1

o
/ <ﬁh,‘rvwh,‘r> - <7v¢h,—rv Vﬂ)hﬂ'> - <f/(¢h,7')a wh,'r> ds =: <F2,h,'ra wh,'r>v (36)
t"_l

for vy, Wh,r € Ho(t”’l, t"; V1), and all 0 < t" < T'. Note that the residuals 71 -, T2, - are defined as piecewise
constant functions of time, which we again designate by bar symbols. With similar arguments as used for the
derivation of the stability estimates in the previous sections, we now obtain the following result.

Lemma 21. Let (A1)-(A4) hold and (¢n -, fin-) be a solution of Problem 17 with step size 0 < 7 < 79

sufficiently small. Let ((ﬁh77,ﬁh77) € Wy-(0,T) x Qp~(0,T) be given and (1 p,r,72,n,-) be the corresponding
residuals defined by (35) and (36). Then

8a(¢h,7(tn)|<gh,7'(tn)) + /O D¢hﬂ-(s)(ﬂh,7(s)|ﬁh,r(5)) ds
ns
< e E0(dn,r(0)|n+(0) + Ce™” / 1710, ()1 21 + 72,7 (s)][ ds
0

for all 0 < ™ < T with constants ¢ = ¢y + Cl”@td;h,THLoc(LZ), and cg, c1,C depending only on the bounds for the
coefficients, the domain Q, and the uniform bounds for (n r, pn.+) and (dn.r, fin.+) in L°(H') x L2(H").
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Remark 22. We will see that the estimate of Lemma 21 holds uniformly for all A > 0 and 0 < 7 < 79
depending on the bounds for the coefficients, the domain €2, the time horizon 7', as well as the uniform bounds
for (¢n.r,ptnr) and (dp.r, fin,-) in L=(H') x L*(H') and on the bound for ||8;¢p - || (r2). Thus, the scheme
is unconditionally stable, i.e., 7 can be chosen independent of h.

Proof. By the fundamental theorem of calculus, we obtain

o n " d N
5a(¢h,7|¢h,'r)’zn—1 :/ &ga(¢h,T|¢h,T) ds
tn—l

i
= / F)/<V¢h,7' - V(Zghﬂw vatd)hﬂ' - V5’tflgh,7> + <f/(¢h,'r) - fl(d;hﬂ'% atd)hﬂ' - 8t(yzgh,7'>
t

n—1

+ a<¢h,7’ - éh,‘m 8t¢h,r - 8téh,‘r>
+ <f/(¢h,‘r) - f/(qgh,r) - f//(qgh,T)(qSh,T - Qgh,'r)7 8thh,'r> ds

n
== / <,ah,7' - ﬁh,'r + ’FQJL,T} at¢h77— - at¢h,7'> + a<¢h,7‘ - ¢h,7’; at(ybh,‘l' - 6t¢h,¢>
t

n—1

+ (' (Dnr) = [ (Dnr) = [ (Dnr) (Dhr — dor)s Oednr) ds = (x).

In the last step, we use the identities (33) and (36) with @y, » = d;¢n.» € Qp 7. Since the function &, ¢ - — .+
is piecewise constant in time, we can replace

n

n
/ a<¢h,7‘ - ¢h,7’7 at(bh,‘r - at¢h,7’> dt = / a<ﬁ2¢h,7 - 7?2¢h,r, 8t¢h,‘r - at¢h,7’> dt
t

n—1 tn—1

where 70 : W, , — Qp,~ denotes the L?-orthogonal projection in time onto piecewise constants. Employing
Vhr = finr — s +Tonr +aT2(dnr —dnr) € Qnr as a test function in the identities (32) and (35), we obtain

-
() = / —(0(¢n. )V (finr = fing)s V(hr = fihr + Tone)) = (FLhrs Bhr — b + T2,nr)
t

n—1

- a<b(¢h77)v(ﬂhﬁ - ﬁh,‘r)a V(¢h,7’ - dgh,T)> - a<7:1,h,7'7 Qsh,r - éh,‘r)
+ <f/(¢h,‘r) - f/(qgh,‘r) - fl/(qgh,v')((bh,‘r - éh,‘r)7 atéh,‘r> ds.

At this point, we can start to estimate the individual terms in the same manner, as in the proof of Theorem 6.
In this way, we arrive at

n t" " _ a
goz(¢h,‘r‘¢h,'r)|tn71 +l . DQB;L,T(S)(/Jh,T(S)|:u’h,'r(s)) ds

n—1

< / Eal(dnr()|Pn.r(s)) ds + / CrllPLnn (8)2 1 + CallFanr (s)]2 ds,
t tn—1

where we may choose ¢ = ¢; + CQHatéhﬂ—(S)”Lac(LQ) here with c¢1,cs and also C7,Cy depending only on the
uniform L (H') x L2(H") bounds for (¢n.+, fin.») and (¢p.r, fin.r), as well as on the bounds for the coefficients,

and the domain ©, and the time horizon. Using the uniform L>°(H') bounds for ¢y, , and éhﬁ and (13), we can
further estimate the first term on the right-hand side of the previous inequality by

n

go‘(qshf‘éh"f) ds < 0(7)7(5a(¢h’7|q§h,7)(t") + ga(¢h,r|‘%h,’r)(tn_l))'

tn—1
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Under the assumption that 7 < 1/(2¢(y)c) =: 79, we can rewrite the estimate into

u” +bn S e)\unfl +dn

)

with 4" = Ea(énr () dn ("), b = T[4, Dy (s)ds, and d® = &7 [o, ColFina ()2 +

Col|Ta - (5)]|3 ds, and 7 = %, which corresponds to v ~ 2¢(v)c. The assertion then follows by the

discrete Gronwall inequality (A.2) and the bounds (13) and (16) for the relative energy and dissipation
functionals. O

5.2. Auxiliary results

Similar to the semi-discrete case, we use certain projections to define suitable approximations (;AﬁhyT and [ip, -
for solutions (¢, i) to (1) and (2) that allow us to take advantage of the discrete stability estimate. So, let

Il /7Y 0,T) - TI§(Z,),  Ilu(t") =u(t™)

denote the piecewise linear interpolation with respect to time. Furthermore, let

1 v
RO L20,T) - (L), #lu(t) = f/ w(t)dt,  te (e,
T Jt

n—1

be the L2-orthogonal projection to piecewise constant functions in time. For later reference, we summarize some
important properties of these operators.

Lemma 23. Foru € W14(0,T), 1 < p,q < oo, there holds
|lu — ﬁguHLp(o,T) < CTl'H/p_l/q||8tu||Lq(0,T), (37)
and for uw € Wn(0,T) with1 <r <2 and 1 < p < q < 00, one has
lu = Il ooy < CTYP~H 04 fuflwra o1y (38)
Moreover, interpolation and projection commutes with differentiation, i.e.,
0y (Itu) = 7°(0su). (39)

The proof for these standard results can be found, e.g., in [10]. The interpolation operator naturally extends
to vector valued functions, and we use the same symbol in that case. For the piecewise constant L2-projection
we can show the following estimate for the product error; see Appendix B for a proof.

Lemma 24. Let u,v € W*P(0,T) and a = 7la denote the L?-orthogonal projection onto piecewise constants.
Then

a0 — 0| Lo 0,1y < CT2|ullw2.p 0.1 [Vl w2 (0.7 (40)
with a constant C independent of T and p as well as the functions u and v.

As fully discrete approximations ((ﬁh,T,ﬁhJ) € Wy, » x Q- for solutions (¢, ) of (1) and (2), to be used in
the subsequent error analysis, we now define

éhn’ = Iiﬂ-}lb(ﬁ and /jh,'r = 777271-2/’4' (41)

For this particular choice, we can make the following observation.
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Lemma 25. Let (¢, u) be a sufficiently regular periodic solution of (7) and (8), and let (éh777ﬁh’r) be defined
as above. Then (35) and (36) holds with residuals

t" t"
/'<m@ﬁmjms:/“<&wﬁ—¢xma+wwm»vmﬁ—M@vaw»ds
t

n—1 t'n,—l

" "
/ @@M%»m:/ i — T, @) + AV (S — 120), Vitnr) + (F () — I F(6), wpr) ds.
t

n—1 tn—1

Proof. Testing (7) with v = 7y, and integration over time yields

tn
l/ (Brchs Bne) + (B(6) V1t V1) = 0.
t

n—1

The first identity then follows by subtracting (35), and noting that

t" t" t"
/‘@mmm»mz/‘@ﬁﬁ¢m»®=/’@ﬁ¢m»®
0 0 0

which follows from (39) and ¥y, , being piecewise constant in time. Testing (8) at "1, t" with @y, ., and noting
that j;tn,l a(t)b(t) dt = Z(a(t™) + a(t"~1))b(t" — 7/2) for all a € I} (¢"1,¢") and b € Iy (t"~*,¢"), one finds

tn
/)<Hmwm9+WVHQVMM%HEfWL@wﬁb=0
t

n—1

Combination with (36) then yields the second identity. O

As a next step, we derive bounds for the discrete residuals in terms of interpolation and projection errors. For
ease of notation, we will write W*?(X) = W¥P(a,b; X) for different choices of the time interval (a,b), which
will be clear from the context.

Lemma 26. Let (¢, u) be a sufficiently reqular periodic solution of (7) and (8). Then

n

o~
/tn_l 17171210 ds < Co(¢, )7 + Cr(d, w)h* + C(b, ) Ealdnr(5)|dn.r(s))ds,

tn—1

.
/ [Fanr 2 ds < Cole, )7 + Cs(S)h
tn—1

n

for all 0 < t" < T with constants C(-) independent of h, T, and t".

Proof. Since vy, ; is piecewise constant in time, we can use (39), the definition of éhm and the bounds for the
H'-projection error, to estimate the residual by

t™ " - -
/' wmﬁmuﬂssc/ 10u(mhé — B)121 + 1B(@nr) Viinr — D@ VA3 ds
t 1 1

n— tn—

< Ch4|\5’t¢H%2(H;) +C (%)%

Here and in the following, we use @ = 72a to abbreviate the projection onto piecewise constant functions in
time and all Bochner-norms refer to the time interval (t"~!,¢") under consideration. The remaining term can
be further estimated by

() < N16(n,r)V (i = D Z2z2) + 1(0(n,r) = b(@)) VT2 (12) + [6(0) Ve — () V7212

= (i) + (id) + ().
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Using the boundedness of b, the definition of i, r, and the stability and error estimates for the L2-projection
(24), we immediately obtain

(1) < C)IV(mpn = 722y < C'(b2)h ||l T2 a3 -

For the second term, we use a triangle inequality, the error bounds (26) for the H!-projection, the interpolation
error estimate (38), and the lower bound (13) for the relative energy. In summary, this leads to

(i) < C(bs)llén,r — ¢||2L2(L6)||MH200(W;«3) < C(b3)HMHLoo(W;“)(h4|\¢||2L2(Hg) + 7—4H¢”%12(H;) + 75a(¢h,7'|¢;h,r))v

For the third term, we observe that this is a second order approximation on the midpoint of the time interval
and using the estimate (40) we obtain

(iii) < CT*b(@) Vil Fr2 2y < C(ba, bs, HMHLOO(W,}’B))T4(HMH§{2(H;) + ||¢H%{2(H;))~

To estimate H?(L?) norm of b(¢)Vu, we differentiate b(¢)Vp in time and use triangle inequalities, the uniform

bounds for b(-), and the Hlder inequalities in space and time. The critical terms are the higher order terms
b($)0 Vi, b (¢)Vudyrd, which are estimated in L?(L?). Indeed, they can be bounded by C||u||g2(s1) and
C||u||LOO(W;,3)H¢||H2(Le). By combination of the previous estimates, we thus obtain

t" ng
/ 171,210 ds < Co(é, )78 + Ca(, k™ + C (b, p) Ea(Pn,r(8)|dn,-(s)) ds,
tn—1 tn—1

with Co = C(|6]l a2y, llazcy)s C1(ds ) = CUIOl 2y, el L2y 16117 (113)) and constant C (b, ) =
C(bs, ||u||LOO(W1},3)) independent of h and 7.

Before turning to the bound for the second residual, let us observe that

t’ﬂ t”n,
/ (V(Bnr — IN0), Vi, ) ds = / (TN — dp i 1) ds,
tn—1 tn—1

(42)
which follows from the definition of ngShyT and the variational characterization (25) of 7}. The second residual
can then be expressed equivalently in strong form as

7:2,h,‘r

(70— DaOp) + (T1 — bnr) + (f/(dnr) — ILF (D)),

where g = 72g denotes the piecewise constant projection of g with respect to time. This point wise representation
allows us to estimate the second residual by

t’fl
| e
tn—1

3 ds < Nl = Dadullza ey + 116 = e 720
+ 1 (bnr) — Iif/(¢)||i2(H;) = (1) + (i) + (iii).

We again estimate the individual terms separately. For the first, we use the contraction property of the L?2-
projection 7T2 and the interpolation error estimate (38) to obtain

) < llw = Lplfeyy < Ol -
By the estimate (26) for the H!-projection 7} to obtain for the second term

(i) < N6 = mhodl e 12y < CRH DT e 113
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For the third term, we use that ¢ and its discrete counterpart ngShyT = I}gb,llgb can be uniformly bounded in
L>°(0,T; W >(Q)). Therefore, all terms f%¥)(.) appearing in the following can be bounded uniformly by a
constant C(f). This leads to

(iii) < 1" (@nr) = £ D)2z + 11 (9) = L ()23
< Cy(H)lpnr — ¢H%2(H;) +T4||f/(¢)||§12(11;)
< OOl arg) + 7l mrzcs) + 7 (D) T2y

A quick inspection of the last term shows that its evaluation involves up to cubic products of ¢ and its derivatives,
with the highest order terms given by ¢20,;V ¢, (0;¢)?>V¢, and ¢p0,¢ V9., respectively. This allows to establish
the following bounds

1F D rrz ey < O+ N0llmzcay + [0llan ).
In summary, the second residual can thus be bounded by
o,
[ el ds < ol + Catopn
e

with the two solution dependent constants given by Co(¢,pu) = C(HMHH?(H;)v||¢HH2(H;)7||¢HH1(H5)) and
C3(¢) = C(||llLe< (rr3), |9l L2(7r2)) independent of h and 7. O

5.3. Error estimates

Together with the discrete stability estimate of Lemma 21 and a Gronwall-type argument, similar as already
used in the proof of that result, we can now obtain the following convergence rate estimates.

Theorem 27. Let (¢, 1) be a regular periodic weak solution of (1) and (2) with initial value ¢y € Hj(Q)
satisfying

¢ € H*(0,T; Hy(Q) N H' (0, T; Hy (),
p € H?(0,T;5 Hy(Q)) N L=(0,T; W, (),
and let (¢n 7, fin,-) be a solution of (32) and (33) with ¢p, -(0) = 7}¢o. Then

t{peazx | on.-(t") — (b(t”)H% + || an, - — ’BH%Z(O,T;H})) < C}(h"‘ + 7_4)7

with C. depending on the norms of the solution (¢, 1), but independent of h and .

As in the semi-discrete case the constant C}. depends exponentially on 7" and v~ 1.

Proof. We may proceed almost verbatim to the proof of Lemma 21 and insert the above estimates for the
residual terms, to see that

n t" ! _ 2~
Ealonatbno)lons + [ Do o (o)l () ds
tn—

ng

<Ot Ot / C by 1)Ea(Snr ()|dnr (5)) ds,

tn—1

with C(b, ) = co + ¢1/|0sbn |Loe(z2) + CQ”“HL&(W,}*% bounded uniformly in time. The proof of the assertion
then follows in the same manner as that of Lemma 21. Note that it suffices to consider the case that 7 < 7g is
sufficiently small, since for large 7 the result already follows from the a priori estimates. O
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5.4. Uniqueness of the fully discrete solution

As a final step of our analysis, we now establish uniqueness of the discrete solution under a mild restriction
on the time step size; see Remark 20. Let us start with the observation that under the conditions of the previous
theorem, fis - is uniformly bounded in the norm of L>(W,»*). To see this, note that

||ﬂh,f||Lao(W;v3) < llan- - 71'2/2||L<>O(W;*3) + ||mnm — ﬂHLoo(W;ﬁ) + ||l]||Loo(Wz}>3)-

The last two terms are uniformly bounded by assumption and standard projection error estimates. For the first
term on the right-hand side, we use the second inverse inequality in (27) with p = 3,¢ = 2,d < 3 in space and
with p = 00,q¢ = 2,d =1 in time, as well as the convergence estimates of the previous theorem, to see that

e = TRl e sy < O™ Y202 e = 8l L2y < CLh™27%/ 4 Oyl 712,

For any choice ch® <7 < Ch'/3, one can thus conclude that | n,r | poo (wasy < C-

Uniqueness can now be deduced as follows: Let the assumptions of Theorem 27 be valid. Furthermore,
let (én,ryfBnr) € Wi (0,T) x Qp-(0,T) and (qASh,T,ﬁh’T) € W, -(0,T) x Qp,-(0,T) denote two solutions of
Problem 17 with the same initial data ¢y, ,(0) = (ﬁh,T(O) and with time step size ch® < 7 < Ch'/3 and 7 < 7
sufficiently small. Then the residuals defined by (35) and (36) are 75, » = 0 and

e o
/ (P17 Onyryds = / (6(¢n,+) — b(dn,+))Viin,r, ) ds,
tn—l tn—l

for all vy, , € Ip(t"~1,¢"; V). Using the bounds for the coefficients and (13), the residual term 7y 5, , can be
further estimated by

o
/t B Hﬂ,h;”%l,h ds < C(b?’)”ﬂh’T”QLw(W}B)/t B E(Pn,r(8)|dn,+(s)) ds.

The last term can be treated by a Gronwall estimate, similar as in the proof of Lemma 21 and Theorem 27.
Together with ¢y, -(0) = ¢4, ~(0), we thus obtain

Ealfnr ()2 (E7) + / Dy, (jinr|jin.r) ds < 0.
0

By the lower bounds (13) and (16) for the relative energy and dissipation terms, this implies that Vjij, » = Vijip
and ¢p - (t") = q@h,T(t”) for all n, from which one can deduce that ¢y, , = qﬁ,m and finr = [in,r-

Remark 28. A brief inspection of the arguments reveal, that the regularity assumptions on the true solution
could be somewhat relaxed, which will however lead to tighter bounds ch® < 71 < ChY* with 1 < a < 3 for the
admissible time step sizes. The choice 7 = ch, seems reasonable and leads to a uniqueness result under minimal
regularity assumptions. If the mobility function b(¢) = b is independent of the concentration, then the above
considerations become obsolete, since the relevant terms in the stability estimate vanish.

6. NUMERICAL VALIDATION

The aim of this section is to illustrate our theoretical results, in particular, the convergence rate estimates
obtained in Theorems 15 and 27. We solve a typical test problem, which is specified as follows: The interface
parameter 7 is set to 7 = 0.003, the potential and mobility functions are defined as

f(#) =0.3(¢ — 0.99)%(¢ 4+ 0.99)> and b(¢) = (1 — ¢)*(1 + ¢)* + 1072,
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‘#—

t=0.76 energy

FIGURE 1. Snapshots of the phase fraction ¢ , and time evolution of the energy.

The computational domain € is a unit square, Q = (0,1)2. The system (1) and (2) is complemented by periodic
boundary conditions and following initial data for the phase fraction ¢

¢o(x,y) = 0.1sin(47x) sin(27y) + 0.6.

For all our computations, we use the fully discrete approximation of Problem 17 on a sequence of uniformly
refined triangulations 7;, in space and equidistant grids Z, in time. The arising nonlinear systems at each discrete
time step are solved by the Newton method with absolute residual tolerance 1072, Since in our test problem
the nonlinearities are polynomial, all integrals appearing in the discrete scheme can be evaluated exactly. For
more general nonlinearities numerical integration can be used. Integration errors and iteration errors of the
Newton method can be analyzed with slight modifications of the above-mentioned proofs.

Time snapshot of the phase fraction ¢, ; computed by our Petrov-Galerkin method are depicted in Figure 1.
One can clearly observe the expected evolution from a rather uniform distribution to an almost completely
separated configuration. As predicted by our theoretical results, the solution remains smooth over the whole
time interval.

We now turn to the validation of the convergence rates. The parameter functions and initial conditions are
chose as described above and the final time is set to 7' = 0.76. Since no analytical solution is available, the
discretization error is estimated by comparing the computed solutions (én -, in,-) with those computed on
uniformly refined grids in space and time. In accordance with our convergence analysis, the error quantities for
the fully-discrete scheme are thus defined by

ehr = Max||Gn,r (t") = dnjor/2 (") iy + Anr = Anyz,r/2ll20.mm)-

In order to evaluate the convergence rates of the semi-discrete scheme, we choose a very small step size 7%, and
define the corresponding error quantities as

Ch = max én,r= (") = Gny2,oe @ )my + lBnre = Bay2r- 20,7502
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TABLE 1. Errors and convergence rates for the semi-discrete and fully-discrete approximations.

en eoc en,r eoc

1.4794 x 107  — 1.5183 x 107% -

3.7373 x 1071 1.98 3.7896 x 107!  2.00
9.2554 x 1072  2.01 9.2797 x 1072 2.02
2.3622 x 1072 1.97 2.3795x 1072 1.96
59391 x 107%  1.99 6.0902 x 1072  1.96

B W= O

In Table 1, we summarize the results of our computations obtained on a sequence of uniformly refined meshes
with mesh size hy, = 2G5k =0,...,5 and time steps 7, = 0.16 - hy. For the results concerning the semi-
discretization, the time step is chosen 7* = 0.16 - 279, Since nested grids are used in all our computations, the
error quantities defined above can be computed exactly.

The experimental order of convergence (eoc) is computed by comparing the errors of two consecutive refine-
ments. In perfect agreement with the theoretical predictions of Theorems 15 and 27, we observe second order
convergence for the total errors in space and time. The same convergence rates are obtained for each error term
separately that arises in the definition of the discrete error measures e, respectively ey, ;.

7. DISCUSSION

In this paper, we studied the stability, regularity, and uniqueness of solutions to the Cahn-Hilliard equa-
tion with concentration-dependent mobility. The variational characterization of weak solutions and relative
energy estimates were used as the main ingredients of our analysis, and the latter greatly simplified the han-
dling of nonlinear terms in the problem. The basic tools of our analysis are applicable almost verbatim to
discretization schemes based on variational principles, i.e., Galerkin finite-element approximations in space
and Petrov—Galerkin approximation in time. The variational time discretization, which is tightly related to
the average vector field methods, leads to fully-implicit schemes which, however, can be solved efficiently by
Newton-iterations, and which allows for a structured and transparent error analysis. The convergence results
obtained in the paper are of optimal order and the result for the semi-discretization is sharp concerning regu-
larity requirements of the solution. Some additional regularity is required for the fully-discrete scheme, which
can be explained by the lack of strong stability of the Petrov—Galerkin time discretization; see [2] for details.
In principle, the proposed schemes can be extended immediately to higher order in space and time. Further
investigations in this direction and the extension to more complex multiphase problems, e.g., the Cahn—Hilliard
Navier—Stokes equations, will be topics of future research.

APPENDIX A. GRONWALL LEMMAS

Let us start with recalling the following classical version of Gronwall’s lemma.

Lemma 29. Let T >0, v,g € C[0,T] and X\ € L*(0,T) be given. Further, assume that
o(t) < g(t) + /Ot Ms)u(s)ds, 0<t<T,
and that A(t) > 0 for a.a. 0 <t <T. Then
v(t) < g(t) + /Ot g(HN\(s)els A drqs o<t < T (A1)

A proof can be found in Chapter 29 of [39]. A similar result also holds on the discrete level.
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Lemma 30. Let (un)n, (bn)n, (Cn)n, and (A\n), be given positive sequences, satisfying

Up + by < M up_1 + cp, n>0.
Then
Up + Z eXi=rt1 My < i1 Mgy + Z eXi=kr1 g n > 0. (A.2)
k=1 k=0
Proof. The result follows immediately by induction. O

APPENDIX B. PROOF OF LEMMA 24

We start with considering a single element J = (#"~1,#") and show that
150 — w0, < Cr*([[ullzpllvllLce + lullLcollv]l2p), (B.1)

where ||-[[xp = || [lw#.r(s) and @ = 72a denotes the average of a over J. In addition, we denote by a = a(t"=1/2)
the constant interpolant at t"~/2 = (" 4-#"~1)/2. Then we have

0p + (|60 = @dljo,p + [0 — wvllo,p + [[uv — W]

v —wwllo,p < ||av — uv)| 0.
= (i) + (i) + (iii) + (iv).
In order to bound the individual terms, we utilize the super-closeness estimate
la = allop < C72|lall2,p, (B.2)

which follows by observing that @ — a = 0 for @ € P;(J) and using the Bramble-Hilbert lemma and a scaling
argument; see [10] for details. We can then estimate the first term in the above error expansion by

(i) < @ —allopllo

000 < CT?||ufl2pllv

0,005

and similarly, we see that (ii) < Ch?||ul|o,00|v||2,p- The third term vanishes identically, i.e., (iii) = 0, and using
(B.2) again, the last term can be bounded by

(iv) < C7?uvll2p < C'7*([lull2pllv]

Loo F [lull1,0cl[vll2,p)-

This proves the estimate (B.1) for one single element J = ("1 ¢"). The global projection estimate (40) then
follows by summation over the elements and using the bounds for the continuous embedding ||al|ze,7) <

lallwre 0,1y < Cllallwzr0,1)-
APPENDIX C. REGULARITY

We now discuss improved regularity results for the weak solution (¢, ) of (1), (2) and the initial data are
given by ¢g € H;f (Q), k € {2,3}. The basic argument relies on Galerkin approximation and uniform a priori
estimates, which are obtained by testing the discretized variational problems with approximations for higher
order derivatives and using energy-type estimates and Gronwall-type inequalities.

Using simplifications of the results and proofs presented in [8], one can see that for initial value ¢y € Hg(Q)
the Galerkin approximations (¢, pn) satisfy

on € L>(0,T; H2(Q)) N L*(0,T; Hy(2)), (C.1)
drdn € L*(0,T; L*(Q)), (C.2)
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pn € L®(0,T; L2(2)) N L*(0,T; Hy (), (C.3)

with uniform bounds for the respective norms, i.e., independent of the level N of the approximation. This
immediately leads to the bounds of Lemma 2 for £ = 2. Let us note that in three space dimensions, the maximal
time T of validity has to be chosen sufficiently small, depending on the norm of the initial data, while in two
space dimensions T can be chosen arbitrary; we refer to [8] for details.

Now assume that ¢o € Hj(Q). We may then test the Galerkin approximation of the weak formulation (7)
with vy = —A3¢y, and obtain

d .
IV AGNIZ — (¥ div(m(on)Vax), VAZw) = 0.
By elementary computations, one can verify that
V div(m(¢n)Vin) = b(on) VAN + 26 (¢n)VonAun + V' (on)Adn Vi + " (¢n)|[Von[* Vi
= (i) + (ii) + (iil) + (iv).

From the regularity result for £ = 2 and standard embedding results, we already know that ¢, is bounded in
L>(0,T; L>°(€2)). We can then decompose the first term by

(i) = —b(on) VA% on + VA(f'(¢)),
and further estimate the Laplacian of f’ by

IVAS @nDIE < CUDNIVONIG 6 + O IVon Adnllg + CUI)IVAGNII
< C(f)IVenllse + CUDNVAN G NVONIG 4 + CF)IVAGNIG:
Using the improved bounds for ¢ for k = 2, we can also estimate the other terms by

(1), VA?pn) < 8|VA2 SN 1§ + C(bs, 8) | ApnVon|l§ < 8|VA%oN |G + C(bs, 0)[| Apnlloa| VN 1G4
< 20| VAo G + Clbs, ) Apn 5 2l Von|G.4 + Clbs, VA (6n)) oI VPN 45

((ii), VAZgn) < 5| VA2pNI5 + C(b3,0) | Adn V|G < S| VAZoN 1§ + C (b3, 6) VAN SNV inIF 4,

((iv), VAZ¢N) < 5||VA%GN |1 + C(ba, 0)[[|VONPVin|[§ < 8[[VA2 SN |15 + C(ba, 8)||[Von

0.8V e [I3 -

Setting y(t) = ||[VA¢n(t)||2, a combination of the above estimates directly leads to

y(t) + (coby — 40) / IVA26x[2 < 4(0) + C / g(s)y(s) ds + C / h(s) ds,

with g(s) < C + [Vunll§ 4 + [Von 34 and h(s) < C + [Vun|§ allAdn I3 + [Von 64 From the improved
regularity (C.1) for k = 2, one can deduce that g, h are uniformly bounded in L'(0,T). Choosing § sufficiently
small and applying the Lemma 29 together with the previous estimates, now leads to
¢n € L=(0,T; Hy () N L*(0,T; Hy (), (C4)
pn € L=(0,T; Hy(Q)) N L2(0,T; Hy(2)), (C.5)
with uniform bounds (independent of N) for the corresponding norms. A straight forward computation shows
2 77l

together with corresponding uniform bounds. Taking the limit with N — oo, maybe after choosing a weakly
convergent sub-sequence, shows that corresponding bounds also hold for the weak solution u = lim u . Hence,
at least one regular weak solution (¢, u) exists satisfying the bounds of Lemma 2. Let us emphasize that the
bounds hold for all T" > 0 in two space dimensions, while 7" > 0 has to be chosen sufficiently small, depending
on the problem data, in three dimensions.
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APPENDIX D. LIMITING PROCESS FOR THE STABILITY ESTIMATE

For ease of notation, we denote the space-time cylinder by Qr := Q x (0,7T) in the following. Let (¢, u) €
W(0,T) x Q(0,T) be given a periodic weak solution of the Cahn—Hilliard system (1) and (2). Then by the
mollification procedure proposed by Meyers and Serrin [36], one can construct a sequence (¢, p,) € W(0,7) N
C>(Qr) x Q(0,T) N C*(Qr) of smooth approximations, such that

¢n — ¢in W(0,T) and p, — pin Q(0,7) with n — oo.
Similar as in the proof of Theorem 6, we can define residuals 1 ,, r2 , such that

(0i0n (1), 0) + (b(Pn (1) Vi (1), Vo) =2 (r1,n(t),v)
{tn (8), w) = Y(Vn(t), Vo) = (f(¢n (1)), w) = (ra.n(t), w)

for all test functions v, w € H}(Q) and all 0 < ¢ < T. Since (¢, 1) is a periodic weak solution of (1) and (2), one
can immediately see that

<Tl,7za U> = <8t¢n - at¢a U> + <b(¢n)vun - b(d))vu’ VU>
(r2gm, w) = (o — pr,w) = (V(dn — 8), Vw) — (f'(¢n) — f'(¢), w)

for all v,w € H,(2) and a.a. 0 <t < T. From the convergence of (¢n, pin) to (¢, 1) in the norms stated above,
and the assumptions on the coefficients, one can deduce that

lim [Iryp 2y =0, lim f[ryn|7 =0.
n—00 n—oo

Similarly, we choose for given ((ﬁ, i) € W0, T)NWHL(0,T; L?(Q) xQ(0, T) a sequence of smooth approximations
(¢m, fim) such that

bm — ¢ in W(0,T) N WHH(0,T; L*(Q)) and i, — fi in Q(0,T)
with m — oo, and define corresponding residuals

(0Gm, V) + (b(dn)Viim, V) =t (F1,m, v)
(fm, W) = YV, V) = (f'(Sm), w) =t (F2,m,w)

for all v,w € H} () and all 0 < ¢ < T. Using (10) and (11), we immediately deduce that

<F1’m,’l}> = <’f‘1,’U> + <8t(£m - at¢;7v> + <b(¢n)V(ﬂm - ﬂ)) VU>
<'F2.,ma w> = <f'2’w> + <:["m - /:L,’LU> - <V(¢3m - 5?))7 VU}) - <f/(qgm) - f/((z;)’w>

for all v,w € H;(Q) and a.a. 0 <t < T. Using the convergence of (q@m, fim) towards (95, i) in the corresponding
norms and the assumptions on the parameters, one can see that

Hm ||F1m — rm|20 =0,  lim |[Fom — r2.m||] = 0.
m— 00 m— 00
With a slight adoption of the proof in Theorem 6, we now obtain the stability estimate

Ea(6n (1) (1)) + / Do, (10 () (5)) ds

t
< CeCtga(¢n<0)‘¢m(O)) + CeCt/ ||F17m - Tl,n”2—1 + ||F2,m - 7“2,71”% ds,
0
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with constants ¢, C for all n, m, only depending on the uniform bounds

bnllLoe a2y 1Gmlloe (2 [1Oebrmll 1 (22 -

Hence, the constants ¢, C' in the above estimate can be chosen independent of m, n. Using the strong convergence
of the residuals in the corresponding norms, we may pass to the limit in the integral on the right-hand side.
Furthermore, application of Egorov’s Theorem yields almost everywhere convergence of b(¢,,). With this and
standard weak convergence results using Fatou’s Lemma yields

m—0o0 n—0o0

/ Dy (1(s)]ir(s)) ds < liminf lim inf/ Dy, (1n(8)]ftm(s)) ds,
0 0

which allows us to pass to the limit in the relative dissipation term. A similar process is used to derive the
energy inequality for the standard weak solution of (1) and (2). By the continuous embedding of W (0,T)
into C([0,T]; H}(Q), we obtain convergence of the energy EalPn(t)|dm(t)) — E(B|¢) with m,n — oo, and in
summary, we thus obtain (14).
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