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A PRIORI ERROR ANALYSIS OF NEW SEMIDISCRETE, HAMILTONIAN
HDG METHODS FOR THE TIME-DEPENDENT MAXWELL’S EQUATIONS

BERNARDO COCKBURN!, SHUKAI DU?*® AND MANUEL A. SANCHEZ®

Abstract. We present the first a priori error analysis of a class of space-discretizations by Hybridizable
Discontinuous Galerkin (HDG) methods for the time-dependent Maxwell’s equations introduced in
Sénchez et al. [Comput. Methods Appl. Mech. Eng. 396 (2022) 114969]. The distinctive feature of
these discretizations is that they display a discrete version of the Hamiltonian structure of the original
Maxwell’s equations. This is why they are called “Hamiltonian” HDG methods. Because of this, when
combined with symplectic time-marching methods, the resulting methods display an energy that does
not drift in time. We provide a single analysis for several of these methods by exploiting the fact
that they only differ by the choice of the approximation spaces and the stabilization functions. We
also introduce a new way of discretizing the static Maxwell’s equations in order to define the initial
condition in a manner consistent with our technique of analysis. Finally, we present numerical tests to
validate our theoretical orders of convergence and to explore the convergence properties of the method
in situations not covered by our analysis.
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1. INTRODUCTION

The goal of this paper is to present the first a prior: error analysis of a class Hybridizable Discontinuous
Galerkin (HDG) methods for the time-dependent Maxwell’s equations. This class of HDG methods is based on
the formulation of the magnetic field and its vector potential. It is well-suited for symplectic time-integration and
has the advantage of providing time-invariant, non-drifting approximations to the total electric and magnetic
charges, and to the total energy, see [31].

To describe our results, let us begin by considering the classical formulation of the Maxwell’s equations based
on the electric and magnetic field:

eE=VxH-0cE—-J inQx(0,T], (1a)
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pH=-V xE in Q x (0,77, (1b)
V-(eE)=p in Q x (0,71, (1c)
V- (uH)=0 in Q x (0,71, (1d)

complete with the following initial and boundary conditions:

nx E=gg onI'x (0,T], T :=09Q, (le)
E:Eo, H:Ho OHQX{tZO}. (lf)

Here we assume < R? is a polyhedral domain with Lipschtz boundary. In addition, we assume that e and
1, both lying in L*(Q2), are bounded from below by ¢y > 0 and po > 0, respectively, and o,p € L*(Q) are
non-negative functions.

We are interested in finite element spatial discretizations of (1). A natural way is to use Nédélec’s H (curl)-
conforming edge elements [27,28]. Compared to H!-conforming nodal elements, they provide more robust
convergence. For instance, it is well known that nodal elements can give spurious solution when the domain has
re-entrant corners [12,13], or spurious modes when the domain has closed cavities [3]. Edge elements are free
from these issues. For error analyses of edge elements for the time-dependent Maxwell’s equations, we refer to
[23,25,26].

A key reason for the above-mentioned lack of convergence by H'-conforming elements is their heavy enforce-
ment of the inter-element conformity along the normal direction, since this renders the discrete space not dense
in the solution space. Therefore, it is not surprising to see that Discontinuous Galerkin (DG) methods are free
from spurious solutions [5]. In addition, compared to edge elements, DG methods are more straightforward
to implement for hp-adaptivty and meshes with hanging-nodes. Numerical studies also suggest DG methods
reach high scaliability due to their small parallel communication footprint [24]. These advantages make DG an
appealing class of methods to solve the Maxwell’s equations. However, since no conformity is enforced in the
discrete space, DG methods display more globally-coupled degrees of freedom for the same mesh, as compared
with edge methods. To overcome this problem, the Hybridizable Discontinuous Galerkin (HDG) methods were
introduced. In the framework of electromagnetic problems, they first appeared in [30] for solving the time-
harmonic Maxwell’s equations. Error analyses are given in [6-9,15,22] for either the time-harmonic or the static
Maxwell’s equations.

Relatively fewer papers exist on HDG methods for the time-dependent Maxwell’s equations; see [10,19,21,29].
Most existing methods are based on a direct application of the HDG discretization of (1), namely, by using
approximations of E and H on each element, as well as approximations of the tangential traces of E and H on
the skeleton of the mesh. In [31], we show that the methods obtained in this way, that is, by using HDG space
discretiations, are not a Hamiltonian dynamical system. As expected, we numerically observe a drifting of the
total energy, the electric and magnetic charges, and the linear and angular momenta. This makes E-H based
methods unsuitable for long-time simulation. To overcome this problem, we proposed a new class of methods
based on a rewriting of the original problem (1) in terms of the electric field E and the magnetic potential A.
The corresponding E-A formulation [31] reads as follows:

—€A=VxH+cA-J inQx(0,7T], (2a)
pH =V x A in Q x (0,71, (2b)
V- -(eE)=p in Q x (0,71, (2¢)

and is complete with the following initial and boundary conditions:

nxA=ga onT x (0,7, I :=09Q, (2d)
A=Ay, A=—-E;, onQx{t=0}. (2¢)
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Here A is the magnetic vector potential; see (2b). Note that the condition (2c) (or (1c)) only needs to be
enforced in the initial condition (2e), and similarly for (1d); see [25]. Correspondingly, in the HDG methods we
shall introduce later based on (2), the equation (2c¢) is not used in the discretization of the evolutionary equation
(3), but is used in the discretization of the initial condition (5e). We proved that the HDG methods obtained
based on (2) are Hamiltonian dynamical systems. Consequently, they provide non-drifting energy, charges and
momenta; see Corollary 4.2 of [31] for the proof for these non-drifting properties.

In this paper, we present an a priori error analysis for the HDG methods based on the formulation (2). To
the best of our knowledge, this is the first error analysis for HDG methods for the time-dependent Maxwell’s
equations. By adopting the techniques used in [15], we are able to analyze at once most existing spatial HDG
discretizations, see Table 1. Moreover, since (2) is essentially a wave-form formulation based on the magnetic
potential, we are able to reuse many existing analysis techniques from [11,14] for acoustic and elastic waves.
However, for the Maxwell’s equations special attention needs to be paid to the discretization of the initial
condition in order to ensure that the initial error does not pollute the convergence order for the rest of the time.
To achieve this, a new class of HDG methods for discretizing the static Maxwell’s equations is introduced.

We present our main result in Section 2. We describe the class of HDG semi-discretizations as well as the
choice of the approximation to the initial condition. We then state and and discuss our error estimates. Then
in Section 3, we present its detailed proof. Finally, in Section 5, we show numerical tests which validate our
theoretical results.

2. THE MAIN RESULTS

2.1. Notation and preliminaries

We begin by introducing some notation. Let 73 be a collection of conforming triangulations of 2 by shape-
regular, star-shaped polyhedral elements. Let F;, denote the set of all the faces of 7, and Fg the set of faces
of an element K € 7j,. For any element K € 75, we denote its diameter by hg, and set h := maxger, hx and
hmin = mingeT, M.

Let X be either an element K € 7}, or a face F' € Fj,. We denote by Py (X) and P (X) the polynomial spaces
of degree k, supported on X, taking values in R and R¢, respectively. We let II;, and II;, denote the L?-projection
into P (K) and Py (K), respectively. For any vector normal to a face F, np, and any linear space of R%valued
functions defined on F;, X (F), we set X!(F) :={ue X(F): unpg =0}, and X"(F) :={ue X(F): uxnp =
0}. For an R%-valued space X (K) defined on an element K, we shall denote X*(0K) := [ ez, X (F), where
Fr is the collection of the faces of K, and X (F) is the restriction of the space X (K) on the face F'.

For any subdomain X of RY, we set (u,v)x := § uv for scalar-valued functions v and v, and (u,v)x = §, u-v
for R%-valued functions w and v. We then write

(u,v), = Z (u,0) g, (U, v)5r = Z (W, )5, (U, V)oq 1 = Z (U, V)oK
KeTy, KeTy, KeTy,
For any natural number s, we set

|U|§,Th = Z ME,K and  |u g,Th = Z |u
KeTy KGTh

2
s,K»

S

where, as usual, |ul? x := Dlaj=s ID*ul% and [Ju]? x := 3, |ul} . Finally, for functions f depending on time
and space, and for any natural numbers ¢, s, we set

1/p
dt> Vp € [1, o0),
s, Th

T £ »
If ooz = (fo X |rmof

i [[p— = sup max Hf(m) t
1f e (T,H=(71)) te(0,1) O<m<t 0

5,Th



2100 B. COCKBURN ET AL.

TABLE 1. The HDG variants (k > 0) for the spatial discretization of the E-A formulation of
the time-dependent Maxwell’s equations. They satisfy the Assumption 2.1 on the local spaces.

Method W Vv M Ref.

HDG-S; Pr Pk P, 8, 30]

HDG-By Pr  Pr+1 1 [9,15]
[

HDG-Bx+ Pr  Pr+1 Z@VFﬁIHZ 7]

where (™) represents the m-th order time derivative of the function f. We write L* instead of W%®, and L?
instead of H°. Similar definitions hold when replacing 7;, by 07},.

We now introduce the notation for the approximation spaces of our numerical methods. Given any element
K €Ty, we let V(K) and W (K) represent the approximation spaces for the magnetic vector potential A and
the magnetic field H on K, respectively. Since A =—E, V(K) is also the space for the electric field E. For
any face F' € Fy, we denote by M (F') the approximation space for the tangential component of the magnetic
potential A on F'. We also set X (0K) := [[per, X(F) where X (F) can be M (F), Px(F), or Py(F). With
the local spaces defined, we introduce the global approximation spaces:

Vi=[] V&), W= ][] W(K), M,= [] M(F),
KeTy, KeTy FeFp

and set
M, := M} ® M},

where M g and M ;f represent the subspaces of M}, taking zero values on the boundary faces and the interior
faces, respectively.

Finally, we denote by kx the maximal polynomial degree k such that Py(K) < X (K) or Pi(F) c X(F)
hold for all K € 7}, or F € Fj, where X can be V, W, or M.

2.2. Spatial semi-discretization

We assume the approximation spaces V., W and M satisfy the following assumption:

Assumption 2.1 (On the local spaces). For all K € Ty, we have that

(1) Vx V(K)c W(K),

(2) VxW(K)c V(K),

(3) nox x (W(K)|,,) € M(0K),

(4) {veV(K): Vxv=0}c M(K).

Assumptions 2.1-(1), -(2) and -(3) were first used in [15] for a unified analysis of HDG methods for the static
Maxwell’s equations. Assumption 2.1-(4) is added in order to guarantee the existence of a class of projections
needed for our error analysis; see Proposition 3.1.

Note that we do not require V(0K) < M(JK). Thus, V(0K) can be larger than M (0K). To handle this
case, we use the L?-projection Py : L?(0K;R3) — M (0K). The appearance of projections of this type is a
hallmark of the Lehrenfeld-Schoberl projection for HDG methods, which was first introduced in [20] and later
applied to the static Maxwell’s equations in [7]. A remarkable feature of these methods is that they achieve
super-convergence (of their numerical traces) on general polyhedral meshes.

Our analysis holds for any HDG method satisfying the above Assumption 2.1 on the local spaces. Examples
are the three HDG methods listed in Table 1.



ANALYSIS OF SH-HDG METHODS FOR THE TIME-DEPENDENT MAXWELL’S EQUATIONS 2101

Let us now define the HDG space-discretization methods for equations (2). They determine the approximation
(Ap, Ap, Hy,) in the space Vi, x M}, x W), as the solution of

(eAh,v)Th + (aAh,'v)Th +(V x Hyp,v)p + <Tt (PMAh — A\h)7v>aTh = (J,v)r,, (3a)
(nHp,w)y — <n X A\h,w>(_}7h — (A, V xw), =0, (3b)
<n x Hyp + 1 (Ap — Ah),n0>67h =0, (3c)

<AAh7 776>87h = <gA X n, 'r]a>(37h7 (3d)

for all (v, w,n% n%) € Vi, x Wj, x M) x M{.
Clearly, the projection Py; becomes the tangential-restriction operator in equation (3a) if V{(K) ¢ M (0K)
for all K € 7;. Note also that this equation can be written as

(eAh, v) - + (O'Ah, 'v) -

h

+ (Hhav X U)Th + <n X ﬁh7’lj> = (J7U)Th7

0Th

by introducing the numerical trace
f-I\h =H} +7 (PMAh - Ah> X n,

where 7; is the stabilization function which we assume to be a positive face-wise constant function lying in
[xer, [1per, Po(F). In addition, we denote by 7% and 7" the maximum and the minimum value of 7; on
0K, respectively.

To complete the semi-discretization (3), we need to give an initial condition for Ay (0) and A (0). Let us first
consider Ay,(0). We define it as a projection of A(0):

Ay (0) = Iy A(0) = Iy (— Ey), (4)

where ITy is the L2-projection onto V. The last equation is motivated by the fact that A=_E.
It remains to define Ay (0). Note that Ay (0) has to satisfy (3b)—(3d) at ¢t = 0. However, these three equations
are not enough to determine Ay (0). Therefore, we add equations to complete its definition. So, we seek

(Hh(O),Ah(O),Ah(O)mh) € Wi x Vi, x My, x Q°,

such that
(V % Hy(0).0)7, + (7e(Padn(0) = A0(0)).v)_ + (Vpn.v)g, = (V x H(0).0)7,. (5a)
(uH (0). w) 7, —(nx Ap(0) )~ (A4(0),V x w)7, =0, (5b)
{nx H,,(0) + 7:(An(0) - jh(())),no>(m ~0, (5¢)
<Ah(0)ﬂ70 T {9a(0) x n,n") ., (5d)
and
(An(0), Vo), =0, (5¢)

for all (v, ¢, w,n°,n%) € Vi, x Q5" x Wi, x MY x M. Note that (5b)—(5d) are nothing but (3b)-(3d) at ¢ = 0.
Here, we require QZ’O to satisfy the following assumption.



2102 B. COCKBURN ET AL.

Assumption 2.2 (On the pressure space). The pressure space Qfl’o satisfies

(1) VQ;° < Vi,
(2) {vheVi:Vxv,=0inQ, nxv,=0onT}cVQ;",
(3) Q° < H(Q).

For instance, for the methods in Table 1, we choose QZ’O = Qp N H () where Qp, = HKeTh Pry+1(K),
with ky = k for HDG-S, and ky = k + 1 for HDG-Bk/Bk—‘y—.
The equations (5) define a discretization of the following static Maxwell’s equations:

Vx (p7'V x A(0)) + Vp=V x H(0) inQ,
V-A(0)=0 in Q,
n x A(0) = ga(0) on T,

where the curl operator is discretized by an HDG method while the gradient operator is discretized by Lagrange
elements. Here p is a pseudo-pressure. Note that V x H(0) is divergence-free, which leads to p = 0. This
property is inherited by the discretization (5). In fact, we have the following Proposition 2.1. Its proof is
included in Section 3.

Proposition 2.1. If Assumption 2.2 holds, then the equations (5) are uniquely solvable. In addition, py, = 0.

In our previous work [31], to define the initial condition, we used discontinuous approximations for the
pressure and for its trace over the skeleton, and weakly imposed the continuity of the numerical normal trace
of Aj. In contrast, here, we propose an alternative approach to discretize the initial condition for two reasons.
The first is that, the method has less degrees of freedom since it uses continuous approximations to the pressure
p. The second is that, we can guarantee that p, = 0, see Proposition 2.1, which makes this initial discretization
consistent with the time-marching scheme since the time-marching (3) does not involve the pressure.

2.3. Error estimates

Now we present the error estimates to the HDG methods defined by (3)—(5). We first present two assumptions
which are only used in the duality arguments for estimating the error of Ay,.

Assumption 2.3 (On the data and elliptic regularity). We assume that:

L. 1] and Sreg,H € (%7 1] such that the following elliptic regularity inequality

(1) there exist constants speg,a in (—3,

holds:

< Creg|V x (07'V x )

T PR [V > lo»

Sreg, H§2

for allu € H(curl; Q) such thatn x uw =0 and V-u = 0;

(2) the functions p, €, and o are piecewise C', namely, there exists a constant ¢, ., > 0 such that
supger, (el @) + lelor @) + ol @) < cueos

(3) the domain  is simply connected with a connected boundary.

When p is a constant function, the elliptic regularity inequality of Assumption 2.3-(1) holds by Proposition 3.7
of [1]. If in addition, €2 is a convex polyhedron, then it holds with Syeg 4 = 1 and syeq,m = 1. For the cases when
u has a lower regularity, we refer to [2,16].

Assumption 2.4 (Minimal polynomial degree). For all K € T, we have

(1) Po(K) = W(K),
(2) Pu(K) = V(K),
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TABLE 2. Orders of convergence for any HDG method satisfying the assumptions of Theo-
rem 2.1. We assume that the solution is very smooth and the we have the full elliptic regularity,
that is, Sreg, A = Sreg, i = 1.

Error T~ h T~ 1 T ~h!
HthHH+ HEthH mil’l{kw,k)v+1} min{kw,kv}+1/2 min{kw+1,kv}
HAh — AH min{kw,klv + 1} min{k‘w, ktv} +1 min{kw + 1,]{,‘\/} +1

(3) n x P1(K) xnc M(0K).

We are now ready to state our main result. It provides estimates of the quality of the approximate magnetic
field, H}, magnetic potential, A, and the electric field E; := —Ay,.

Theorem 2.1. Consider any HDG method defined by the weak formulation (3), and the initial condition (4)
and (5). Assume that its approzimation spaces satisfy the Assumptions 2.1 and 2.2. Then we have

< Cl(l + T>®h,1,

[HL(T) ~ H(D) |, + |En(T) ~ B, + |77 (Pudn(T) - Au(D)]

where

Onr = O0u |H|wo(r,mom (1)) + 04 Al wrisr.o0 (1, 504 (73,05

and

O = max{h%in(k“’“’s”) (1 + (hk Té?}?)il/z) }7

KET;,,
04 = {hmin(kv,sA—l) (h h max 1/2)}'
A }I&E}Txh K K+ ( KT K )

If, in addition, the data and reqularity Assumption 2.3 and the minimal polynomial degree Assumption 2.4 hold,
then

|AR(T) — A(T)|7, < Co(1+ T)? max{reg i, breg.a} On.2,
where

Ores i = a5 (1+ (i) )},

KGTh
0 . hsreg,A 1 h max\ 1/2
reg,A ‘= }Ig?])',( K + ( KTt K ) .

Here the constant Cy depends only on the polynomial degree kv, kw, kar, the shape regularity of Ty, and the
parameters u, €, 0. The constant Cy depends additionally on the domain € through the elliptic regularity constant

Chreg-

Observe that we can have an estimate for the approximation error of the magnetic vector potential Ay
without assuming the data regularity by simply using the estimate for the electric field. This would give a
sub-optimal order of convergence, though. For the main choices of the stabilization parameter 7, this result
gives the orders of convergence displayed in Table 2. The orders of convergence of the HDG methods in Table 1
can now be easily obtained, see Table 3. Let us briefly discuss them.

First, note that for 7 = h™!, the three methods considered here provide approximations to A converging
optimally. Next, note that we chose to consider the method HDG-Sk, 1, and not the method HDG-Sy, because



2104 B. COCKBURN ET AL.

TABLE 3. Orders of convergence for the HDG methods listed in Table 1. The conditions of
Theorem 2.1 are assumed to hold. In boldface are indicated the optimal orders of convergence.
We assume that the solution is very smooth and that we have the full elliptic regularity, that
iS, Sreg,A = Sreg,H = 1.

Method |\H, — H| |E,—E| |Anr—A| Hh}f (PMAh - Ah) H
quasi-uniform meshes

k=0

HDG-Sk41(1e = h) E+1 E+1 E+1 k+1

HDG-Sp41(1e = 1) k+3/2 k+3/2 k+2 k+2

HDG-Si1(me =h™') k+1 kE+1 kE+2 k+2

k=0

HDG-By (7t = h) k k k k

HDG-By (¢ = 1) kE+1/2 kE+1/2 kE+1 E+1

HDG-By(m: = h™1) E+1 k+1 kE+2 k+2

kE>1

HDG-By+(1: = h) k k k k

HDG-By+(m = 1) k+1/2 k+1/2 kE+1 k+1

HDG-Be+(re =h™") k+1 kE+1 k+2 k+2

this method has the same spaces than HDG-Bj, for both the magnetic potential A; and its trace Ah. Only the
local space for the magnetic field, H}, is bigger for HDG-Sg11. We see that this difference pays off for 7 = h
and 7 = 1 as all the unknowns of the method HDG-Sg 1 converge with one additional order of convergence.
The difference disappears for the larger stabilization 7 = h~! though. Finally, note that all the variables of the
methods HDG-Bj and HDG-By+ converge with the same orders, even though the local space for the numerical
traces, M(F), is smaller for the latter. In fact, the numerical trace Ah provided by the HDG-Bg+ method
achieves super-convergence since it lies in a proper subspace of P{ ;.

The estimates of Theorem 2.1 hold for general polyhedral meshes. Since using polyhedral meshes allows an
automatic handling of hanging nodes, our analysis naturally extends to non-conforming meshes.

3. PROOFS

In this section, we prove the results of Section 2. We proceed in several steps.

Step 1: The initial condition

Let us begin by proving the unique solvability of the discretization of the initial condition (5) of
Proposition 2.1.

We first prove the existence and uniqueness of the approximate solution. We only have to show that (5)
admits the trivial solution when we set V x H(0) := 0 and g4(0) := 0. To prove this, we take v := A(0)
¢ = —pp, w:= Hp(0), and 1 := —ﬁh(O) in the equations (5). Adding these equations, we obtain

(RHA(0). Hi(0)) 7, + (7 (ParAn(0) = A4(0) ), A(0) = A4(0))

)

=0.
T
Therefore H(0) = 0 and Py Ap(0) = Ah(O) since 73 > 0 on 07;,. As a consequence, the equation (5b) reads
—<Ah(0) — A (0),n x w>ﬁ —(Vx Ap(0),w); =0 Vwe W,
0T,

and since npx x W(K) < M(0K), by Assumption 2.1-(3), we obtain that
—(Vx Ap(0),w), =0  Ywe W,.
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By Assumption 2.1-(1), we can take w := V x A(0) and immediately get that V x A;,(0) = 0 on all K € 7;,. We
also have that the tangential trace on the boundaries of the elements is continuous. Indeed, A} (0) = Py Ap(0)
by Assumption 2.1-(4) and so A} (0) = Ax(0). We can now conclude, that

VxAp(0)=0inQ and n x A,0)=0 onT.

By Assumption 2.2-(2), A,(0) € VQZ’O, and taking ¢ € QZ’O in equation (5e), we get that Ay (0) = 0. Then
A} (0) = 0 and equation (5a) becomes

(Von,v)r, =0 YveV,.

By Assumption 2.2-(1), we can set v := Vpy and get that p, is a constant. Since py, is zero on the boundary
of the domain , by Assumption 2.2-(3), we obtain that p, = 0. This completes the proof of existence and
uniqueness.

It remains to prove that the approximate pressure pj, is identically zero. Again, by Assumption 2.2-(1), we
can set v := Vpy, in equation (5a) to get

IVpaly, = ~(nx Hu(0) + 7o (P 4(0) ~ A0(0)). (Vpa)')

_ 7<n x H,(0) + 7 (PMAh(O) - AAh(O))’ (Vph)t>(m,

+ (V X H(O),Vph)ﬂ,

because pj, € H (2) by Assumption 2.2-(3). Finally, by Assumption 2.2-(1), Vp,, € V;, and so, (Vp,)t € M}, by
Assumption 2.1-(4). Since p, = 0 on the boundary of €, by Assumption 2.2-(3), we have that (Vp,)! € My.
This means that we can take n° := (Vpp,)? in equation (5¢), to get that

2
IVprl7, = 0.
As in the previous argument, we can now conclude that pp = 0. This completes the proof of Proposition 2.1.

Step 2: The compact form of the weak formulation
Here, we introduce a compact form of the weak formulation (3), which allows us to investigate its properties
more concisely. So, we define

By, (A,A,H;v,n,w) =Py A, vy, — <TtAA,v>aT +(Vx H,v).,

h

— (1A, "7>(‘;’Th + <TtAa 77>67h —(nxH, 77>a7'h
~(AVxw)y +{(Anxw) +(uHw)y. (6)
0T

Note how the lines of the definition of the bilinear form B}, correspond to the equations (3a), (3¢), and (3b),
respectively.
Now, the original weak formulation (3) can be rewritten into the following more compact form: find

(Ah,ﬁh,Hh) € Vi, x M, x W}, such that
(i) +(cdnv) +Bi(An Ay Hyomw) — (J.v)7, =0, (7a)
for all (v,n,w) € Vj, x M x W), with the boundary condition enforced by
<Ah7"7>a o= (ga X 1, Mor s (7b)

forallme M ,‘3 .
The bilinear form By, has a sub-skew-symmetry structure, as we see in the next result. This structure will be
frequently exploited in our error analysis of the method.
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Lemma 3.1 (Sub-skew-symmetry). The following identities hold:
By(a,a,b;c,¢,d) = By(c,¢,—d;a,a,—b), Bp(a,a,0;0,0,b) + B,(0,0,b;a,a,0) =0,
By(a,a,b;a,a,b) = By(a,a,0;a,a,0) + B,(0,0,b;0,0,b),
= (r(Pya — a), Pyya — a>m + (b, b) 7,
provided Pya = a.

Proof. We obtain the first identity by examining the structure of (6). The next two identities follow from the
first one. The last identity is a consequence of the definition of By,. This completes the proof. O

Step 3: Projections

Here, we introduce some projections and study their properties. Our analysis consists in controlling approx-
imation errors of these projections.

Proposition 3.1. If Assumption 2.1 holds, there is a projection Iy v = (Ily, IIy) onto Wy, x V3, such that

(Myw —w,V x7) =M xw—Py(nxw),r),, Vre V(K), (8a)
(IIyv —v,Vx7), =0 Vr e W(K). (8b)
hold for all K € T;,. In addition,
h M — wlpe + [Tyw —w]ye < CH" ™ Do e, (92)
B [Ty o — v + [Tyw — ol e < O 5 Vol e (9b)

where C' depends only on the shape reqularity of K, and the polynomial degree ky and ky .

Proof. If we take ITy as the L?-projection to Vj,, the equation (8b) holds by Assumption 2.1-(2), and the
estimate (9b) holds by the well-known convergence properties of L2-projections; see [4].
If we define Iy w, on each element K € 7}, as the element of W (K) which solves the equations

(Myw —w,V xv), =(nxw—Pynxw),v),, Yv e V(K), (10a)
(Myw —w,r), =0 Vr e (V x V(K)*W, (10b)

where Ly means taking the orthogonal complement in W (K), we will have that it satisfies the equation (8a),
by construction. So, it remains to prove that it IIyw is well defined.

To do that, we only have to prove that the above set of equations defines a square system. The fact that
ITyyw is well defined will then follow from the inequality (9a).

Let us show that the system of equations is square. The number of unknowns is clearly dim W (K). Let us
count the number of linearly independent equations. By Assumption 2.1-(4), we know that, if V x v = 0, then
nxve M(IK) and (n x w — Py (n x w),v),, = 0. As a result, the enforcement by (10a) only has a rank of
dim(V x V(K)). Considering that (10b) has a rank of dim(W (K)) —dim(V x V(K)), we see that the equations
(10) define a square system.

It remains to prove the inequality (9a). Let Py be the L?-projection to Wj,. Now set €,, := IIyyw — Pyyrw €
W),. On each element K € 7j, we can write ,, = €, + €2 where e}, € V x V(K) and €2 € (V x V(K))*w. By
equation (10b), €2 = 0 and so, &,, = €., = V x v for some v € V(K). Then, by equation (10a), we have

lew|% = (e, V x V) = (€, VX(V+ @) =(nxw—Pynxw),v+ @),

for any ¢ € V(K) such that V x ¢ = 0. Applying the Cauchy-Schwarz inequality, we get

2 1/2 —1/2 .
lewl% < hil?n x w — Pa(n x w)| e hyg! inf o+ B

PV (K), V x p=0
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< ChPIn x w — Py(n x w)] x|V % v,

since the curl operator is a bijection from the orthogonal complement in V' (K) of its kernel to V x V' (K). Since
V xv=¢el =e,, we get

lewlse < Chiln x w = Par(n x w)| oy < Chi|w — Pivw| .
This completes the proof of (9a). O

Step 4: The equations of the projections of the errors for ¢t > 0

Now that the projection IIyyy is defined, we can obtain the equations satisfied by the projection of the errors.
To do this, we first introduce an associated boundary remainder operator:

oIV W(K) x V(K) — M(0K)
(w,v) » n x Hyw — Py (n x w) + 7(Pyyv — Pyv). (11)

The boundary remainder can be regarded as an interpolation error on the element boundary. It also serves as
a quantification for the “non-conformity” of the projection operator Ilyy 1 . In the following result, we place its
most important property, namely, a generalized version of the weak-commutativity property.

Lemma 3.2 (Weak-commutativity). Suppose Assumption 2.1 holds. Set § := (32”/“/(H7 A). Then
(Vx H,v) = (VxIwH,v), +{(PyIly A — PyyA),v), —(0,0) 5,

for allv e V(K).

Proof. By the first equation defining the projection Ily,y (8a), we have

(VxH,v)g=Mmx Hv), +IwH,Vxv), —(nxH—-PynxH)uv),,
= (V X HW_H,’l})K —<n X HwH—PI\/[(TL X H),’U>0K.

The proof is complete. U
Next, we obtain an identity for the bilinear form By, involving the projections of our unknowns.

Lemma 3.3 (An identity for the bilinear form By). Suppose that Assumption 2.1 holds. Set § := JEW‘V (H,A).
Then

By(Ty A, Py A, My H;v,m,w) = (V x H,v)r + (u(IlwH — H),w); +{3,v —n),7 ,
for all (v,m,w) € Vi, x My x Wy,
Proof. By the definition of By, the equation (6), for all (v,n,w) € Vi, x M} x W}, we have
By, (Ily A, Py A, Iy H; v, m, w) =1 (PyIly A — Py A),v —m)or,
(IIy A,V x w); —{(n x PMA=w>aTh

h
(=(v,VxTlwH); —<(nxn,IywH), )
+ (pIly H,w) . .

Now, by the weak-commutativity property of Lemma 3.2, we have

By(Ily A, Py A, TIw H;v,m,w) =(V x H,v) + (p(IlwH — H),w); +{6,v),7, —{6,m)s1,
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~ (v A,V x w) —(nx PyA,w),r + (uH,w) .

By (8b) and Assumption 2.1-(3), we have (IIvA,V xw), = (A, Vxw), and (nx PyA,w),r, =
(n x A,w),r , respectively. Thus

~(IIv A,V x w); —(nx PyA,w),r + (pH,w); =(-V x A+ pH, w), =0.

This completes the proof. O

We are now ready to obtain the equation satisfied by the projection of the errors. It is written in terms of
the projection of the errors

EZ‘ = ]i[\/AL—AAh7 é\f = P]V[A—xih, Ef = HvE—Eh, EhH = HwH—Hh,
and the approximation errors

ea=IIyA—A, ep:=IyE—E, ey:=MTyW-W, §:=61"V(H,A).

As we see in the next result, the projections of the errors satisfy a set of equations which share a similar structure
to the HDG discretization defined by (7).

Lemma 3.4 (Equations of the projections of the errors). Suppose that Assumption 2.1 holds. Then
(e éfg,v)Th + (o éf,v)Th + Bi(er, €1 el sv,mw) = (nep,w)y, +{(86,v —M)op + (€ €4,0)7 + (0 €4,0)7
for all (v,m,w) € V}, x My x W),

Proof. The equation can be directly obtained by taking the difference between the equation of the projections
of Lemma 3.3 and the compact form of the HDG semi-discretization (7). This completes the proof. O

Step 5: The energy argument

With the error equations just obtained, we can obtain the following energy identities.
Proposition 3.2 (Energy identities). Suppose that Assumption 2.1 holds. Then

(6 &0) 7, + (o€ &), + (et elt) + (Pt — &), et =811y

= (ués,efl); + <5, ed éﬁ>m +(céarél), + (0eaéf),

(&8, &8), + (05,800, + (el ), + (o (Pusef 2088 30,
h

= (nén.efl),, + (8,68 - ég‘>67h +(c€arEl), + (08aEf)),
Proof. By the error equations of Lemma 3.4, we have
(e éﬁ,v)Th + (o éf,v)Th + By (en, &1 el v,m,0) = (8,v — Mor, + (€€4,0) 1 + (0 €4,0) 1,
By (éf7é;?véhH§070’w) = (nem,w) .
If we add the equations, we get

A A A ~A _H. A AA :H.
(e sh,v)Th + (o eh,v)Th + B (eh, &1, €1 ;v,m,0) +Bh<€h,sh,€h ,0,0,'w>
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= (ném,w)g, +<0,v =)o, + (€€4,0)7, + (0 €4,0)7,.
By (2d) and (7b) we have that §,ﬁ‘ € M}. Thus, we can take (v,n,w) := (éf,?f,sf) and obtain
(c&len) g + (o &ten)y + Bu(eit e elli et &0,0) + Bu (1) &0 €015 0,0,€f7)
= (uén.efl), + <5, i — éﬁ>m +(céar€l), + (0€nséfl), -
But
0:= B, (sf,éﬁ,sf;éf,éﬁﬁ) + By, (éﬁ,éﬁ,éhH;O,O,shH)
= Bu(eil &1, 0071, 611,0) + B (0,0,6f75 611 €11,0) + Bu (&1, 811, €175 0,0,¢]7)
- B, (s;‘,é;j‘, 0/, 81, 0) _ B, (éf,ég‘, 0:0,0, sf) + By, (s'g‘,éf,e'f; 0,0, €hH>,
by the second identity of Lemma 3.1. Then
S =Bh<ef,§f,o;e‘h,eh, ) + B, (0,0,€f7;0,0,¢f)

= (ri(Pueil — &1, &1l - e‘,f>(m + (et el

by the last identity of Lemma 3.1. This completes the proof of the first energy identity of Proposition 3.2.
The second identity can be obtained in a similar manner by taking temporal derivatives of the error equations
of Lemma 3.4. This completes the proof of Proposition 3.2. (]

With the above energy identities, we can obtain estimates for the following quantities:

5\ 1/2
E Hl/QEt Hl/th ” (Pueii(t) — E(t , 12
o) = ([eefo, + el + |2 Puei -] (120)
5 " 5 N\ 1/2
Ery(t) := <)61/2éhE( n HMW Hl + H (PMé;‘}( ) — eﬁ‘(t)) X ) . (12b)
Th 0Ty,
Note that E,If = —éﬁ. The estimates are contained in the following result.

Proposition 3.3 (Error estimates by energy arguments). Suppose that Assumption 2.1 holds. Then, we have

t 1/2
7_71/26H +f 71/26H
t Le(tLI2(0T))  Jo oTh

¢ 1/2
F”%H + f -+ H *1/26H .
t Le(tI2(0Th))  Jo oTh

To prove these estimates, we are going to rely on the following inequality.
Lemma 3.5 (Gronwall-type inequality). Suppose ¢, 3, and I are continuous and positive functions defined on

[0,00) and r is a constant. If

L2 1/2¢ 2

eA eA

Erg(t) < Erg(0) + —|— H,u

h

2
1/2éH

Er;(¢) < Er1(0) + 1/26,4

iz

264
Ty

r+2f¢ s)ds + o(DI(t)  Vte[0,o0),

then

2 (t) 2r+< B(s)ds + sup l())

s€[0,t]
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Proof. We provide a proof for the sake of completeness. Consider the interval [0, ] and let ¢(¢*) maximize ¢ in
the interval. Then we have

2 (%) <r+¢(t*)<2L B(s)ds + sup Z(s)) <r+% < B(s)ds + sup (s ))

s€[0,t] s€[0,t]
This completes the proof. (I

We are now ready to prove Proposition 3.3.

Proof. Set
A A A 24 ~A
P2 (t) = (e€n €n) g, + (uehH,ef)Th + (1 (Puey — &), en — & Dot
B2(t) = (€4, éa)r, + (uén,ém)y, + (0% "éa,éa)., < 14 5> .
h

(t) = 4(7 '8, 5>ﬂ7,
r = ¢*(0) + ¢(0)1(0).

Then by the first energy identity of Proposition 3.2, we know ¢, 3, [, and r satisfy the condition of Lemma 3.5.
This proves the first estimate. Similarly, by letting

B () == (€7 60) 1 + (el éfl) . + <Tt (PMéZ‘ _ g;&) eh 6’?>m 7
F(t) = (eeA,eA) + (1ém,en) +<o* € eA’eA>aT +<Tt 15 5>

- 4< 15 5>
Th
T::¢>2( ) + ¢(0)1(0).
Then we know, from the second energy identity of Proposition 3.2, that ¢, 5, I, and r satisfy condition of
Lemma 3.5. This completes the proof of Proposition 3.3. (]

Step 6: The equations of the projection of the errors at the initial time

Lemma 3.6 (Error equations at the initial time). Suppose that Assumptions 2.1 and 2.2 hold. Then
By (e7,(0),€;(0), 7 (0);v,m,w) = (nem(0),w)5, +(86(0),v — M)y, ,
for all (v,m,w) € Vi, x My x W),

Proof. This result can be proved in the same way as Lemma 3.4 by exploiting the similarity between the
equations defining the weak formulation of the method for ¢ > 0 (3), and the equations defining its initial
condition (5). We also must use the fact that the approximate pressure pj, is zero, by Proposition 2.1. This
completes the proof. O

Step 7: Estimates of the errors at the initial time

The following result gives an estimate of the initial errors Erg(0) and Ery(0).

Proposition 3.4 (Estimates of the initial error). Suppose that Assumptions 2.1 and 2.2 hold. Then

e < (| 2entof] + s} )"

T,
Ery(0) < ((

+

1/26A(O) .
h

e 256,(0)

) +preno;

Th o7,

) 1/2
250 ) |
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Proof. Let us prove the first estimate. By definition of Erg(0) (12a), we have that
Erg(0)? := Hel/zsf(
Huyz H(
E -A

because g’ (0) = —¢;, (0) = 0 by the definition of the initial condition in equation (4). Now, by the last identity
of Lemma 3.1, we see that

T Hﬂ1/2 H(O)H; * HTtl/Q (Pare (0) — €ﬁ(0))HaTh

2
+ H 1/2 (Parei (0) —s;j‘(o))HaTh

Ero(0)* = B (e4(0),5(0), &1 (0); €71 (0), €7 (0), €' (0))
= (nen(0),7/(0)) . +{5(0),€4(0) — &;(0)) 5. »

by Lemma 3.6. The result now follows after a simple application of Young’s inequality. This proves the first
estimate.

It remains to prove the second estimate. By definition of Er;(0) (12b), we have that Er;(0)? := Ery;(0)? +
Er12(0)2, where

2
EI‘11(0>2 = H61/2€E(0)

7.’
2
EI'12 H/Jl/2 O

=% (PMéﬁ(O) - &l )HaTh

The second term can be estimated as in the proof of the first inequality. Indeed, we have that

) 2
Er2(0 HM 2eH (0)

1/2 CA
Pyl 0 - &10),
( i (0) = i ) oTh
— Bu (e <o>,sh (0), €17 (0): €71(0), £1}(0), €1 (0) )
by the fourth identity of Lemma 3.1. Then, by Lemma 3.4 with (v,n,w) := (¢11(0), Ef(0)7 e (0)), we get
Eria(0)? = (1en(0). €f/(0)) 7, + (8(0). Puef (0) ~&10)) .

because éf(()) = 0. An application of Young’s inequality gives us the estimate

2 1/2 - 2 2
Brip(0)? < |u!2en (o)) + |
Th

‘Tt 1/26(0)‘ ot

It remains to estimate the first term. But, the error equations of Lemma 3.4 at time ¢t = 0 are
(e éﬁ,v)Th + (o éﬁ,v)Th—l—Bh(sﬁ,gf,ehH;v,n,w) = (pem, W)y, +<{86,v =My + (€ €a,v)y + (0 €4,v)1,
and, by Lemma 3.6, we have that
(€€1(0),0) 1, + (0 €4(0),v).. = (€ €4(0),v)5, + (0 €4(0),v),,
Since €41(0) = 0, we obtain
(eéf(O),v)Th = (€€4(0),v) 1, + (0€4(0),v),, (13)

we get
Erii(0) = |/211(0)

H 1/2
\

€4(0) T + Heil/QUéA(O)

h

The proof of the second estimate is complete. O

h
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Note that, by (12b), the error term Er;(0) depends on the estimate of [€7(0)||. If a full HDG discretization
were used to define the initial condition, then instead of (13), we would obtain

(€€7(0),v).. = (¢€4(0),v)7, + (0€4(0),0)7, + (D, V - 0)7, — By v -y, -

The above identity suggests that p, can degrade the order of convergence for Er;(0), and then consequently
also [eE(t)], |€H(t)], and |, 1/2(PMé;?(t) - é;?(t))HaTh. Since these term are used for the duality estimate of
Ay (t), which we shall present in the next subsection, the error pollution from p, may also have an effect on the
convergence of |le7()|. Our choice of the initial condition by (5) is free from these problems since p, = 0 by
Proposition 2.1.

Step 8: Proof of the first estimate of Theorem 2.1

Combining the estimates obtained in Propositions 3.3 and 3.4, we can bound the projection of the errors

1/2 H(

pro(r) = (Jozep )| et e )

iz

as we get that

—1/2
Tt

Ero(T) < en (0)],

i 80, +

Hm(T,L?(aTh))

T—WSHQ 1/2
¢ oT

< 0+ D) (letbwnogrsny + lealwsoisy + [779]

T
.2 .2 .2
+L(edﬁ+mA%+emn+

Wi (T Lz(aTh)))

where e = Iy E — E),, el = Iy H — Hy, and
7 (Pyept — &) =7, <PM(HVA Ay - (pMA _ jh))

Since 1, V2gm) - Tt_l/Q(n x Iy H™ — Py (n x H™)) + TtI/Q(PMeELXm)), we have

1/2 (m)

HT{l/Qé(m) 71/265_?1) + HTt ey

<l

oTh oTh Haffh’

and, by the triangle inequality, we get that
|E(T) — En(T) 7, + |H(T) — Hu(T)l|,

< Exo(T) + leu(T)| 5, + lex(T)l, +

7 (PuAW(T) - An(D)

0Ty

‘Ttl/QeA(T) HaTh

< (1 + T) <|eH”W1’°O(T,L2(Th)) + HeAHWQ'OC‘(T,LZ(Th))

—1/2

1/2
+ HTt ey /

Ty

| + e )
W (T,L2(0Tn)) Wb (T,L2(87,))

The wanted estimate now follows from the approximation estimates (9):

(bw +1,
lew o 2y < Ren (h?n v )H lvwrce ¢, prem (73,

in(ky +1,:
HeAHW2=O°(T7L2(T;L)) S }?Ea%b (h?n( v SA))HA||W2a°°(T,HSA(Th))7
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—1/2 H ( miny —1/2 min(kw+1ysH))
T e < max| (hg T h H ‘ s
b w201 T Ket, (he i) K 1 H e e (i

1/2 H ( max\ 1/2 min(kv,sAfl))
7. "e < max|( (hg T h A ‘ .
H v W1.o(T,L2(0T,))  KeTh ( K ‘*K) K | Hleo°(T,HSA(Th,))

This completes the proof.
Step 9: The dual problem

In what follows, we give an estimate of Ef (T') by using a duality argument, also called the “Aubin-Nitsche
trick” in second-order elliptic problems.
Since we are going to use the following characterization of the L2?-norm of ef (T);

le er(T) lg, == @ELgl(lé))\{O}(ey € Ef(T))Th/H@HL%Q)'

We need to introduce the corresponding dual problem, namely,

—€A* + A"~V x H*=0 inQx[0,T], (14a)
pH* —V x A* =0 in Q x [0,77, (14b)
V-A*=0 in Q x [0,77, (14c)
nxA*=0 onT x [0,T], (14d)

with A*(T) = 0 and A*(T) = @ € L%(Q).
We next define the projections of the dual solution, namely IIy H* and IIy A*, and their corresponding
boundary remainder:

6% 1= 1wV (H*, A*%). (15)

For any time-dependent function f(t) with ¢ € [0, T], we introduce the following notation for the time-integration
from ¢ to T

T
(1) = J £(s) ds.

Note that, since 65‘”‘" is linear, §* = 62‘”"/(&*,4*).
Proposition 3.5. Suppose Assumption 2.3 holds. We have

IA* 1o (7, p2(0) + IV X A% Lo (7 p2(0)) < ClOlgs

|A* )+ | E* @) < Cl®lg.

|‘LW(T,H1+Sng,A(Q) HLOO(T,HSrcg,H

Proof. To obtain the first inequality, we use a simple energy argument. Indeed, if we set E(t) :=
(eA*(t), A*(t))a + (u™1V x A*(1),V x A*(t))q, we get, by (14), that E(t) = 2(cA*(t), A*(t))q = 0. So,
E(t) < E(T) = |e'/2@©|3 for all t € [0, T]. It remains to estimate the term | A* |« (7 r2(q)). To do that, we use
the Poincaré-type inequality:

lulo < C(IV xulq +[V-ulg) 7 xuls =0.

The above inequality holds for a bounded and simply connected domain €2 with a Lipschitz connected boundary,
see Proposition 16.9 of [32]. This condition for 2 is satisfied here since we have assumed Assumption 2.3-(3).
Now, since V- A* = 0 and n x A* = 0, we have |A*||q < ||V x A*||q. This completes the proof of the first
estimate.
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To obtain the second inequality, we do use an elliptic regularity result. By integrating (14a) and (14b) from
t to T, we obtain

V x H*(t) = —eA*(T) + cA*(t) — c A*(t),
pH*(t) =V x A*(t) = 0,

hold for all ¢ € [0,T]. Then by the elliptic regularity inequality of Assumption 2.3-(1), we obtain

|A*(@)

+ [ H*(7)

S A%l (g, 12()) V€ [0,T].

5reg,A+17Q 5reg,H7Q ~

Now we use the first inequality. This completes the proof. O

Step 10: The duality argument

Next, we use a duality argument to find an expression for (e@7 sf(T))Th suitable for the analysis.
Proposition 3.6. We have that (e@,sf(T))Th =Ro+ 2?21 SOT R;(t) dt, where

Ry := <6A*(0) —cA* (0),62‘(0))%,

Ry = (6% &} — §f>a7h, — (8, Ty A* — PyyA*),
Ry:= (p(MlwH* - H*),H,, — H); + (u(IlwH — H),H*) .,

R3 := (E(HvA* — A*),A — Ah) + (A - HVA,GA*> )

Th Th,

Ry = (J(HvA* — A%), A— Ah)T

h

+ (A — HvA7O'A*)

h
Proof. Tf we set 1 := (eA*, &)z, — (eA* é) 1, — (0. A%, ei})7,, we have that

T

n(T) = n(0) +f

0 Th

i A A i* A A
((eA*,eh)Th — (A €1) . — (oA*,eh) — (G‘A*,Eh),rh>.
Since A*(T") = 0, we have that n(T) = (eA*(T)@ﬁ(T))Th = (€0©,e:(T))7, because A*(T) = ©. Moreover,
n(0) = (eA*(0) — 0 A*(0),&:1(0))7, = Ro because €7(0) = 0. Thus

(€0, (1)), = Ro + JT R(t)dt,
) 0

where R := (cA* — ocA* el)r — (eA* éM) g, — (0 A* M7,
To prove that R = Z?Zl R;, we begin by carrying out a few simple algebraic manipulations. We have,

R= (Aot = (A% &)y — (rA%et), — (%),

T} T}
_ (GA*,Ef)T: — (ea*, Ty A - A’)Th - (eAh*, A- Ah)n
~ (oA%, e;;«)Th ~ (cA* Ty A - A) - (ca*, A~ A,L)Th
= (eA*,Ef)T + R3 — (EHVA*, A-— Ah> — (O’A*,Eﬁ)T + Ry — (JHVA*, A— Ah)
h h

h h

= (eA* — UA*7€£>T - (HVA*,G(A — Ah) + U(A - Ah))Th, + R3+ Ry

h
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- (eA'* *UA*’Eﬁ)T + (v A*,e(éy — &) + o(€f, —€1)), + Rs + Ra

h

=E+ R3 + Ry,

where B := (eA* — 0 A* i), + (IIy A*,e(&)) — 1) + o (e — )T,

It remains to show that Z = R; + Rs. To do that, we begin by inserting information about the error equations.
Using the equations of the projections of the errors, Lemma 3.4 with (v,n,w) := (IIy A*, Py, A*, —TIy H*),
we get that

= = (eA* - aA*,s;;‘)Th + By (ef, &1, el Ty A%, Py A*, —T1y, H*)
+ (nem, My H*) . — {8,y A* — Py A*)
- (EA* - UA*,E;j)Th + By, (TLy A*, Py A* TLy H* et 62, —el)
+ (pem, MMy H*) . — {8,y A* — Py A*)
by the first identity of Lemma 3.1. By the identity for the bilinear form By, in Lemma 3.3, we have

T (:U/(HWH* - H*)7€hH)Th + <6*7€}? - é\jf?>(‘j']’h

- (ke k), (7
+ (ueH, HWH*)Th — <(5, HvA* — PMA*>8Th

_ <eA'* — A £V x H*,sﬁ)T — (M H* — H*),ell) . + (per, T H*) 7, + R,

h
- (eA'* C A £V x H*,eﬁ)T ¥Ry + Ry
h
= Ry + Ry,
since V x H* = —¢A* + g A*. This completes the proof. O

All we have to do now is to estimate each of the terms Ry, SbT R;,i =1,2,3,4 and conclude. Before that, we
introduce a lemma on the projection Ily, and IIy, which will be used frequently in the estimates of the R;
terms.

To do that,we are going to use several times the following auxiliary result.

Lemma 3.7. If Assumption 2.4 holds, then we have
(MIyww —w,r)g =0 VrePy(K), (Myv—v,r)g=0 VrePi(K). (16)

Proof. Note that by Assumption 2.4, we know P (K) = V(K). In addition, recall that we define ITy as the L?
projection to V(K). Thus, we have (Ilyv — v, P1(K))x = 0.

To prove (IIyw — w,r)x = 0, for all » € Py(K), first recall the definition of Ily,, namely (10). By
Assumption 2.4, we know n x P1(K) x n < M(0K) and P1(K) < V(K). Now consider (10a), we take
v € P1(K), then we have

Myw —w,V x P(K)), = 0.
This with the fact that Pg < V x P completes the proof. O

Step 11: Estimate of R,
Lemma 3.8. Suppose Assumptions 2.1-2.4 hold. Then we have

Rol < wmax (e (rf ) V2R (R )R )

(lew O)lz; + 17, *6(0)]o7, ) 1©la.



2116 B. COCKBURN ET AL.
Proof. By the definition of Ry, we have

| Ro| = < 1] [e7(0)

(eA*(0) - 7a*(0), eﬁm))nl < 14" lwrogr 220 |2 (0)]

5 |7,

by the first inequality of Proposition 3.5 (which requires Assumption 2.3 to hold). It remains to estimate the
quantity [€7(0)||z,. Since

20)].. = 0.0 0q,
Ol = 38 O 1

we use a duality technique to get the estimate. Thus, we begin by introducing the dual problem
uph —Vx(=¢p)=0, —-Vxup=60 inQ, ¢=0 onod,
and writing that
(6,€1(0) ;. = —(V x 4,€1(0)) .
= Bh(—HV¢,—PM¢,HW¢§—Ef( ), —€in(0),e4(0))
~ (ney. e/ () + (87 (4. 0).61(0) - 1(0)) .
by Lemma 3.3. Next we use the first identity of Lemma 3.1 to get
(6,€7(0)) 7, = Br(er (0), sm ef (0); Iy ¢, Pyrop, Tyyap)
- (uew,sh )+ <62va Y, ), (0) — €£<0)>0Th.
By the error equation at the initial time, Lemma 3.6 (which requires Assumption 2.2 to hold), we obtain
(0.€(0)) 7, = (nen (0), M)y, + (7™ (H(0), A(0)), Iy ¢ — Pud),.
— (ney, el (0 +<6?:Z Vw.9).50) &) .

Setting 6(0) := o0V (H(0), A(0)) and &' := 5HWV(1/), @), we arrive at

—T¢

(0.€1(0)) 7, = — (e, e (0) + (0", €(0) = E(0)) 57, + (nen(0), w5, +(8(0), v — Pudp)sr,
(ner(0),%), + (u(IMwep — ¢>, n(0) = H(0)),

+(8(0), v ¢ — Pr)or, + (8,7 (0) = €7(0)),p

=: Ro1 + Ro2 + Ros + Ropa.

By (16) (which requires Assumption 2.4 to hold), and Assumption 2.3-(2) saying that p is piecewise C'!, we
have

|Ro1| = |(en(0), ptp — Mo (uap)) 7 | < h5=="en (0)] 7 |+

sreg. 11,2 < Creg|@]q, which holds by the elliptic regularity

S hsreg,H HeH(O)HTh HHHTha

Sreg,H,Th

by the elliptic regularity estimate |14 s,., 4,0 + %
inequality of Assumption 2.3-(1).
Similarly, we have

[Rozl < h*=7 (e (0) 7, + [f ()], ) 1617

7 25(0)

1/25 Sreg,
|Ros| < %%((TFK hi) h;“‘) T,

16|
0Ty,



ANALYSIS OF SH-HDG METHODS FOR THE TIME-DEPENDENT MAXWELL’S EQUATIONS 2117

To estimate R4, first note that
8 =0TV (1h, ¢) = m x Twtp — Pys(n x ) — 7i(PoIly ¢ — Pysgp).

So we have

|RO4‘ < Z (( min hK) I/Zhi;cg,H|,¢)|sreg,H7K+ (TtmIe}x hK)
KGTh

1/2 (PMEh (0) - Eh

1/2 see
hs gA|¢|1+5reg A,K)

Do

min —1/2 re max 1/2 re )
- glax((m( i)l (e )Y thg,A>H7t1/2(PMsf(0) —eg‘(O))H 16,
ETh 9777

Finally, we combine the estimates for Ry; with ¢ = 1,2,3,4, and then use the first estimate of Proposition 3.4

1/2(

to control the terms ||ef(0)|7, and ||7,""(Parest(0) — €2(0))| a7, - This completes the proof. O

Step 12: Estimate of SOT Ry
Lemma 3.9. Suppose Assumptions 2.1 and 2.3 hold. Then we have

T
[x
0

i —1/2, spe 1/2 sre
< e (7230 hae) " hge (e hae) i)
€l ’

(EIO(O) +T sup Erq(s)+

—1/2 —1/2 &
712500 H +THT 5” ol..
. Seso) el el

Proof. Recall that
R, = <5*, E';ll — é\ﬁ>9’fh — <(5,HvA* — PJWA*>(7’T;L =: R11 + Rqs.

So we have

L TRH = [(6%(0), €4 (0) = £;(0)) 57, + f <5* € *gf%n

< 2 s, [ eueto -gto)], [ X [
KeT, °K 0 KeTy,

et )

oK.

Then we use the definition of §*, namely, equations (15) and (11), and the projection convergence properties
(9) to estimate HT{I/Q(S*H(?K. Note that Assumption 2.1 is needed for §* to be well-defined. This gives us

T
JR11$
0

+ (Ttml%x hK)l/Zh;;eg,AHA*«))

Z ((Ttln;{n hK) —I/thléeg,H HE* (O)
KeTy,

7% (Paeit (0) — €7(0))

Sreg,H7K H1""31“(eg,A;I()

0K

+ (Ttrn;'x K)l/Qh;ngAHA*Hlesreg A,K)

—1/2 s,

min reg, H *
J TtKhK) hg Hﬂ Srog, 1, K
0 KETh

H 7 (PMEh - Eh)HaK
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Next, we use Proposition 3.5 (which needs Assumption 2.3 to hold) to estimate (|H™
Then we have

T
f Ry
0

Similarly, we carry out the estimate for | Sg R as follows:

T
f Ry
0

Sreg,H: Th + ”A*

Srcg,AJrl,Th,)'

< max ((Tf}‘(n hK)il/gh;eg’H, (T hK)l/Zh;éeg’A) [©|q | Erg(0) + T sup Eri(s) .
KeTy, s€[0,T7]

T
< [{8(0), Py Iy A*(0) — Py A*( >aT f <5>PMHVA* _PA{A*>6

Th

< X (@) e0) | Ty AT(0) - A*(0)]
KeTy,

T
+J. max)1/2 7'71/25H My A* —
ORI

max 1/2 Sreg, —-1/2 1/2 ¢
< (Gt ) i) 00|72+ 78]

LOO(T,LZ((?’T;L))> ’
This completes the proof. (I

0Th

Step 13: Estimate of Sg Ry
Lemma 3.10. Suppose Assumptions 2.1, 2.8 and 2.4 hold. Then we have

T
J, =
0

Proof. Recall that

< hfresH <Ero(0) +ler(0)]4, + T( sup, Ery (s) + |éHL°°(T,L2(Th))>> [©]lo-
se

Ry = (u(MwH* — H*),H, — H)7, + (n(llwH — H), H*) . =: Ry + Ro.

Then, we have

T
f Rox
0

T(H(Hh - H),HWE* *ﬂ*>

<

(s(H(0) = H(0)). T H*(0) = H*(0) 5 + |

Th

<O~ 1 (VO B, 7B )

< hoeet O] <ET0(0) T len(0)], + T( sup Bry(s) + ||éH|Lm<T,Lz<Th»> )

s€[0,T7]

where (9a) and Proposition 3.5 are used for the last inequality sign.
To estimate | S(? Ry, we first use (16) (which requires Assumption 2.4 to hold) and obtain

T
J Ry
0

We then use Assumption 2.3-(2) which says that u is piecewise C!. So we have

T
J Ras
0

0 Th

= ‘(HWH (0) = H(0), uH*(0) — To (1H*(0))) 1, + J (Tw B — H, pH* — Tl (nH*) )

S I = Ty (I HO) O+ 2= )
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< hfresH Hﬂ* HLOO(T7HSreg,H(Th)) (HeH (O)‘ 7, T THéHHLm(T,L%Th)))

< 15218 (len (0) g, + Tlénl iz 2(z,) ).
where Proposition 3.5 is used in the last step. This completes the proof. ([

Step 14: Estimate of SOT Rs3
Lemma 3.11. Suppose Assumptions 2.1, 2.3, and 2.4 hold. Then we have

T
J, 7
0

< max (3=, () e el

(14O, + 1401z, + |76 +Er(O

+T| |leal;w 2 + |€all; o 2 +H7'71/25H + sup Erq(s .
<| I (T,L2(T3)) €Al (T,L2(T7)) t LT T)) | seforr] 1(s)

Proof. Recall that
R3 = (eéf, eA*)Th7 —(eéa, 6A*)Th» —(€a, GA*)T,L =: R31 + R3p + Ras.

We first estimate R3o. It follows that

T
J Ras
0

T

(c64(0), €45 (0)) 5, + J (Barepe)r.

< h“sreg'A|}A*HLOO(T7H1+smg,A(Q)) (HéA(O) Iz, + THé'AHLoo(T,Lz(Th)))»

by using the estimate (9b) to control e 4%, and the minimal polynomial degree Assumption 2.4-(2), i.e., P1(K) <
V(K).
Next, we estimate Rs3. By (16) and Assumption 2.3-(2) saying that e is piecewise-C, we have

T
f Ras
0

T
L (é/h EA* — H()(EA*))Th

)

T
(€4(0),eA™(0) — Ho(GA*(O)))Th + L (€a,eA* — H()(GA*))T’

< RO s X e sy (18400, + T1€ale 2,121 )

Finally, we estimate R3;. Observe that, we can rewrite this term as R3; = (eéf, Pf,eA*)Th, where Py is the
e-weighted L? projection to the space Vj,. We can now use the error equations of Lemma 3.4 with test function

(v,m,w) := (PHeax,0,0) to get two new terms
R31 = (Eéﬁ,P‘seA*)Th
= (c(éa), Pfeas)s, + (0(éa —€4) + 8, Pyeax), — Bi(en & e’ s Preax,0,0)
= (eéA + O’(éA — 6;?) —V x Ef,P‘E/eA*)Th + <5 — Tt(PMéZ;? — é\f),P‘E/BA*>9Th

=: R311 + R312,



2120 B. COCKBURN ET AL.

where we used the definition (6) of the bilinear form Bj,. Now, we estimate the first of the terms above. By (12)
(definition of Erg and Er;) and (9b), we have

T
J R311
0

(€64(0) + o(e4(0) —€1(0)) — V x e (0), P{re 4+ (0)) -

T
+ j (c€a+0(éa —éﬁ) -V x éhH,Pf/gA*)Th

0

< s (R ) A 1o o) (h(@(om +1€4(0)l7,) + Bro(0)

+ hT(HéAHLOO(T,Lz(Th)) + |\5A||Lw(T,L2(Th))> + Tses[‘(l)l;] Er1(5)>7

where we have used the well-known inverse estimate |V x f|x < hi' | f|x for any f lying in a given polynomial
space; see, for instance, [4]. Also note that €7 (0) = 0 by (4). It remains to estimate the term associated to Raia.
We have

T
J R312
0

T .
(8(0) — 7 (Pareit(0) — E2(0)), Pies (0)),, + J <5 . (PMé;f} - af) : Pf,gA*>
h 0 0Ty

h

A

7 26(0)] _ + Exo(0)

max 1/2 syeg,
pax ((Tt,f} hic) T hE A) |a ”Lw(T,Hl“mgv*‘(%)) ( T

(s )
+ (Tt LOO(T,L2(aT,L))+seS[1(l)%] e

Finally we use Proposition 3.5 to control |A* HLTv(T HFores,A (7)) This completes the proof. ]

Step 15: Estimate of SOT Ry
Lemma 3.12. Suppose Assumptions 2.1, 2.3, and 2.4 hold. Then we have

T
J, =
0

Ry = (J(HVA* A%, A Ah) + (A - HvA,UA*) —: Ruy + Ruo.

Th Th

< hfrena (léA(O)”Th + Tl €allper,2(z)) + Tts[lépT] Erl(t)> 1]
€lo,

Proof. Recall that

We begin by estimating the first term. Since €;1(0) = 0 by (4), we have

T
f Ra
0

T

(o(1Iv A*(0) ~ A*(0)), A(0) Ah(o))% N J

U(HVA* *A*),A — A,
| )

Th

S h1+smg"A ”A* HLoo (T)HlJrsreg,A (Th)) <|6A (O)HTh + T ”eAHLOO (T7L2(Th)) + Ttes[]é%] Erl (t)> :

Now we estimate the second term. By (16) and Assumption 2.3-(2) saying that o is piecewise-C, we get

T
J Ry
0

0 Ty

_ |(A(o) ~ I, A(0), 0 A*(0) — II, (aA*(O)))Th + JT (A' “MyA,0A* —TI, (UA*))
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R S PR, (HéA(O)HTh + T|\éA||L3C(T7L2(Th))>.

We finally use Proposition 3.5 to control the A* related terms. This completes the proof. (I

Step 16: Conclusion

It only remains to prove the second inequality of Theorem 2.1. But, to do that, we simply have to gather the
estimates of the terms Ry, Sg R;, i =1,2,3,4, obtained in the previous steps. Then we use the second estimate
of Proposition 3.3 to control sup,¢[o 7 Er1(s) and Proposition 3.4 to control Erg(0). This completes the proof.

4. FULLY DISCRETE SCHEME

In this section we present the fully discrete method. First, we cast the semidiscrete scheme (3) as a first
order system of differential equations and then discretize using arbitrary-order, diagonally implicit Runge-Kutta
methods. Alternative schemes such as explicit Runge-Kutta, partitioned Runge—Kutta, and fully implicit Runge
Kutta methods can also be considered. See [18] for a comparison of explicit and implicit HDG methods for wave
equation. Symplectic DIRK schemes are chosen here to showcase the energy conservation of the numerical
scheme and corroborate the estimates in the error analysis.

4.1. First-order semidiscrete scheme

To obtain fully discrete schemes we first rewrite the second-order system of differential equations given by
method (3) as a first-order system, by introducing the electric field Ej, = — A}, into the equations and obtaining

A7 ) E’ =0’
(6 ) Th—l—(e 1y V)1,

(eE’h,v)Th + (0Ep,v)r, —(V x Hy,v)p — <7't (PMAh - ﬁh),v>07 =—(J,v)r,,

h

(nHp, w) 7, — <n X Ah’w>a:rh — (A, V xw)y =0,

<n x Hp + 14 (Ah — fih),n0>aTh =0,

n _ 0
<Ah7n>87h = <gA xn,n >0Th’

for all (v,w,n°,n%) € Vi, x W), x M x M. In [31], we proposed the system above for the case o = 0,
obtaining a Hamiltonian system suitable for coupling with symplectic time integrators. We will demonstrate
the energy-conserving property of the scheme with a numerical example in Section 5.

4.2. DIRK schemes

Before discretizing the system above we introduce the Diagonally Implicit Runge-Kutta (DIRK) schemes
for a general setting. Consider the first order initial value problem § = f(t,y), y(to) = yo. The s-stages DIRK
schemes with coefficients a;j,b;,¢;, for ¢, = 1,...,s, define an approximation y™ »~ y(t"), at t" = t, + nAt
where At is the time-step, by the method

YUl =yt ALY bk, ki = f(E ™),

i=1
i

ni o _ omn L a—_—t ) o

Yyl =y —&-AtZa”kj7 tt =1t" + ¢; At, fori=1,...,s.
j=1

We now apply this setting to our semidiscrete HDG scheme. Consider an s-stage DIRK method with coefficients
aij,bj,c4, for 4,5 =1,...,s, then compute the following three steps for i = 1,...,s:
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(1) 2y’ =Y +AtY"jayKY, forY = A E.

(2) Solution (AZ’i, E;L”, Hf’i, AZZ) € Vi, x Vi, x Wy, x M, of the system:

A ; zy
€ v + (GE"",U) = A_ v
( ai At h T ai; At
Th Th
En,i )
h n,i
e—1—. v + ((TE ’ v)
( a;; At - h "),
h

(Vv H’mi’ ) _ (P An,i _ An,i>, > _ ] , —(J tn,i , ,
( X 1y, v . <Tt MAp R ) o an At v i, (J(™) U)Th
3
Hn,i, ) _< A\n,i, > _ (A”’i,V ) -0
(u B, wW - nxA" w o, iy X w h

<n X H;L” + 7 (AZZ — ﬁzz) , 170>
0Ty,

<AZ’i,na>0Th ={ga(t™) xn,n), .,

I
=

for all (v, w,n°% n%) € Vi, x Wj, x M x M{.
(3) KY = 1o (V"' -V - Y %KY, for Y = A, E,H,A.

a;; At j=1 ai;

Finally, update the approximate solution Yh”+1 =Y+ At Zj=1 ijjY, forY = A, E,H, A.

The fully discrete system is written for a general s-stages DIRK scheme. Here we can consider for instance
singly DIRK methods, symplectic DIRK methods, symmetric DIRK methods, explicit first-stage, just to name
a few. See [17] for a complete review of DIRK methods.

5. NUMERICAL EXAMPLES

In this section, we present several numerical examples demonstrating the properties of the semidiscrete
scheme (3), implemented with the spaces HDG-S; and HDG-Bj, (see Tab. 1), and discretized in time using
DIRK methods. In the first two examples, we study numerically the error convergence; in the third example, we
provide numerical support for our choice of initial condition (5); and in the last example we show the energy-
conserving property of the scheme. All experiments in this section were implemented using the open source
finite element software NETGEN/NGSolve [33,34].

Example 1: History of convergence test

Here we validate the predictions given in Theorem 2.1 for the methods HDG-Sy of index k and HDG-By of
index k£ combined with with a DIRK scheme of order k + 2. For each of the approximations Ep, A, and Hyp,
we compute the maximum over the time steps " of the L2-errors of the corresponding error, and then estimate
their orders of convergence (e.o.c.). For instance, for the magnetic vector potential approximation we compute

log(error(h)/error(h’
error(h) = max || A(t") — Af 2@, eoc(h) = i log(;(f)th’) ),

where h' correspond to the previous mesh size parameter used in the computations. The experiment is carried
on the unit cubic domain Q = (0,1)? and using the solution of problem (2) given by

cos(mx) sin(my) sin(7z) sin(v/37t)
A(l’, Y,z, t) = 0 )
— sin(mz) sin(7y) cos(mz) sin(v/37t)
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TABLE 4. History of convergence of numerical approximations of Maxwell’s equations (2) by
method DIRK order k + 2 and HDG-Sy, order k, wtih 7+ = 1.0, up to final time ¢t = 0.5.

E, H), A
k h N Error E.O.C. Error E.O.C. Error E.O.C.
7.94e—01 12 5.82e—01 — 3.70e—01 — 2.49e—01 —
3.99¢e—01 96 4.41e—01 0.40 3.41e—01 0.12 1.23e—01 1.01

0 1.98e—01 768 3.00e—01 0.55 2.39e—01 0.51 8.36e—02  0.57
9.92e—02 6144 1.80e—01 0.74 1.49e—01 0.68 5.21e—02 0.68
4.96e—02 49152 9.98e—02 0.86 8.62e—02 0.79 2.87e—02 0.86
7.94e—01 12 2.56e—01 — 1.69e—-01 — 5.26e—02 —
3.99e—01 96 1.26e—01 1.02 9.10e—02  0.90 3.86e—02 0.44

1  1.98e—01 768 5.26e—02 1.26 3.0le—02 1.59 1.40e—02 1.46
9.92e—02 6144 1.95e—02 1.43 8.28e—03 1.86 3.62e—03 1.95
4.96e—02 49152 4.84e—03 2.01 2.07e—03  2.00 8.27e—04 2.13

7.94e—01 12 1.81e-01 — 9.41e—02 — 6.21e—02 —

9 3.99e—01 96 4.31e—02  2.07 2.00e—-02 2.23 1.29e—02 2.26
1.98e—01 768 7.14e—03  2.59 2.67e—03 291 1.88e—03 2.78
9.92e—02 6144 1.12e—03 2.66 3.44e—04  2.96 2.55e—04 2.88
7.94e—-01 12 3.25e—-02 — 1.91e—-02 — 9.03e—-03 —

3 3.99e—01 96 4.36e—03  2.90 2.41e—03 2.98 1.13e—03 2.99

1.98e—01 768 4.41e—04 3.30 1.92e—04 3.65 1.17e—04 3.28
9.92e—02 6144 4.05e—05 3.45 1.21e—05 3.98 8.00e—06  3.87

with material parameters: permittivity e = 1, permeability ¢ = 1, and conductivity ¢ = 0.5. The remaining
data of the problem are computed accordingly to the exact solution.

We present in Tables 4 and 5 the errors and orders of convergence for the DIRK-(HDG-Sy) and DIRK-(HDG-
Bi) methods for k = 0, 1,2, 3, for a sequence of uniform triangulations (tetrahedra) with meshsize parameter h
and number of elements N.

Optimal convergence of the L? errors is observed in Table 5 for method DIRK-(HDG-By,) as predicted in
Theorem 2.1 and Table 3. We observe convergence of order k + 2 for the magnetic vector potential Ay, and of
order k + 1 for the magnetic field H}. The convergence of the electric field E}, lies in between the convergence
orders of Hj, and Ay, which is consistent with our theoretical prediction.

In Table 4, we observe a slightly faster convergence than the one predicted in Theorem 2.1 and Table 3,
namely, that of k + 1/2 for the electric and magnetic fields and of k + 1 for the magnetic vector potential.

Example 2: Low-regularity test

We now consider the analytic solution of problem (2) with low regularity defined on the L-shaped domain
Q= ((_L 1)2\<(_1a0)2) X (Oa 1) by

A(z,y,z,t) = VS(x,y) cos(t), S(z,y) = P43 sin(i@),

where S is given in cylindrical coordinates (r,6). Observe that A and E have a singularity located at the
zaxis, and A, E € [H*37¢(Q)]*, ¢ > 0. Similar test are presented in [7,15] for the static case. We compute
the numerical approximations on a sequence of uniform triangulations with meshsize h and number of elements
N by the methods DIRK-(HDG)-S and DIRK-(HDG-By,) for £ = 0,1. Errors and rates of convergence are
displayed in Tables 6 and 7.

Table 6 shows optimal order approximation of the errors using the HDG-S; method and with stabilization
parameter 7, = 1. Indeed, it shows order 1 for E and A in the case k = 0, and (approximately) order 4/3 in the
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TABLE 5. History of convergence of numerical approximations of Maxwell’s equations (2) by
method DIRK order k + 2 and HDG-By,, with 7 = 1/h, up to final time ¢ = 0.5.

E; Hj, Ap
k h N Error E.O.C. Error E.O.C. Error E.O.C.
7.94e—01 12 4.94e—01 — 3.78e—01 — 1.64e—01 —
3.99¢e—01 96 3.93e—01 0.33 3.00e—01 0.34 1.03e—01 0.67

0 1.98e—01 768 2.10e—01 0.86 1.90e—01 0.65 6.19e—02 0.74
9.92e—02 6144 9.10e—-02 1.25 9.76e—02 0.96 2.05e—02 1.59
4.96e—02 49152 2.38¢e—02 1.93 4.58e—02 1.09 5.04e—03 2.03
7.94e—01 12 2.79e—-01 — 1.58e—01 — 9.69e—02 —
3.99e—01 96 1.12e—-01 1.31 8.04e—02 0.98 3.25e—02 1.58

1 1.98e—01 768 2.84e—02 1.98 2.63e—02 1.61 7.12e—03 2.19
9.92e—02 6144 4.64e—03 2.61 6.81e—03 1.95 7.42e—04 3.26
4.96e—02 49152 6.20e—04 2.90 1.69e—03 2.01 7.12e—05 3.38

7.94e—-01 12 1.90e—-01 — 8.58e—02 — 6.40e—02 —

9 3.99e—01 96 3.28e—02 2.54 1.78e—02 2.27 9.77e—03 2.71
1.98e—01 768 3.57e—03 3.20 2.38¢e—03  2.90 7.56e—04  3.69
9.92e—02 6144 2.70e—04 3.72 2.88¢e—04 3.05 4.04e—-05 4.23
7.94e—01 12 3.52e—02 — 1.84e—-02 — 1.09e—-02 —

3 3.99e—-01 96 4.03e—03 3.13 2.11e—-03 3.13 1.18e—03  3.20

1.98e—01 768 3.62e—04 3.48 1.92e—04 3.46 6.221-05  4.25
9.92e—02 6144 1.17e—05 4.96 1.25e—05 3.94 1.56e—06 5.32

TABLE 6. History of convergence of numerical approximations to Maxwell’s equations (2) by
a DIRK method of order k + 2 and the HDG-S; method of degree k, with 7 =1, up to t = 2,

CFL = 0.05.
E, H), A
k h N Error E.O.C. Error E.O.C. Error E.O.C.
1.26e+00 17 3.61le—01 0.00 9.87e—02 0.00 1.30e—01  0.00
6.30e—01 136 2.61le—01 0.47 8.19e—02 0.27 1.07e—01  0.27

0 3.15e—01 1088 2.03e—01 0.36 5.43e—02  0.59 7.59e—02  0.50
1.57e—01 8704 1.53e—01 0.41 2.63e—02 1.04 4.50e—02 0.76
7.87e—02 69632 8.61e—02 0.83 1.07e—02 1.30 2.37e—02 0.92
1.26e+00 17 2.89e—01 0.00 3.27e—01  0.00 8.47e—02  0.00
6.30e—01 136 1.71e—01 0.76 1.09e—01 1.58 4.55e—02  0.90

1  3.15e—01 1088 6.30e—02 1.44 4.07e—02 1.43 1.87e—02 1.29
1.57e—01 8704 1.96e—02 1.68 1.54e—02 1.41 6.20e—03  1.59
7.87e—02 69632 6.83e—03 1.52 6.23e—03 1.30 1.96e—03 1.67

case k = 1 due to low regularity of the solution. Table 7 shows, for the case k = 0, 1, the optimal approximation
order of the errors for the HDG-B), method with 7 = 1/h, close to 4/3 in both cases. In Figure 1, we show the
numerical approximation by the DIRK-(HDG-Bj) method for & = 1 and h = +/2/8 of the magnitude of the
magnetic field E}, and the magnitude of the magnetic vector potential Ay,.
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TABLE 7. History of convergence of numerical approximations to Maxwell’s equations (2) by a
DIRK method of order k + 2 and the HDG-Bj, method of degree k, with 7 = 1/h, up to t = 2,

CFL =0.05.
E; Hy Ap
k h N Error E.O.C. Error E.O.C. Error E.O.C.
1.26e+00 17 2.08e—01  0.00 9.55e—02 0.00 7.58¢—02 0.00

6.30e—01 136 1.53e—01 0.45 4.39e—02 1.12 4.35e—02  0.80
0 3.15e—01 1088 5.11e—02 1.58 1.14e—02 1.94 1.56e—02 1.48
1.57e—01 8704 1.41e—02 1.86 3.09e—03 1.89 4.29e—03 1.87
7.87e—02 69632 4.89e—03 1.52 1.51e—03 1.04 1.54e—03 1.47
1.26e+00 17 1.38¢e—01 0.00 2.88e—01 0.00 2.62e—02  0.00
6.30e—01 136 3.69e—02 1.91 1.03e—01 1.49 7.92e—03 1.72
1  3.15e—01 1088 1.42e—02 1.38 3.74e—02 1.46 2.67e—03 1.57
1.57e—01 8704 5.23e—03 1.44 1.36e—02 1.46 7.15e—04 1.90
7.87e—02 69632 1.86e—03 1.49 4.90e—03 1.47 2.70e—04 1.41

Example 3: Initial condition test

The estimates obtained in our main result, Theorem 2.1, rely on the particular definition of the initial
condition given by (5). In this numerical experiment, we provide evidence indicating that the use of this initial
condition is indeed essential for the optimal convergence of the scheme. We compare the performance of the
DIRK-(HDG-B},) method initialized with: a) the standard L? projection of the initial data Ay and Eq onto the
HDG spaces, and with b) the HDG-approximation proposed in (5).

As a test problem, we consider a solution on the domain = (0,1)3, with parameters € = y = 1, and o = 0,
given by

cos(rz) sin(my) sin(mz) cos(v/37t)
A(x,y,z,t) = — 0
Vam | _ sin(rz) sin(my) cos(mz) cos(v/3rt)
Note that Ag # 0 and Ey = 0.

In Figure 2, we consider the DIRK-(HDG-Bj,) method, and plot the L?-errors, of the electric field and the
magnetic vector potential, vs. the corresponding meshsizes h. In red, are the results obtained by using the
standard L?-projection as initial condition. In blue are the results obtained with our new initial condition (5).
We observe sub-optimal rates of convergence corresponding to the scheme initialized with the L2?-projections.
This supports our preference for our choice for the initial condition.

Example 4: Conservation test

In this example, we demonstrate the energy-conserving property of our numerical scheme. Consider the
solution of equation of Maxwell’s equations (2) in domain Q = (—2,2) x (0, 1)? with periodic boundary conditions,
material parameters p = 1, 0 = 0 and non-constant permittivity

e(x,y,2) =14+25((x + 1)) — 25(-5(z — 1)), S(z) :

The system is initialized with
0
Ey(z,y,2) = 0 , Ap=0.
sin(2mx)
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FIGURE 1. Numerical approximation by method the DIRK-(HDG-Bj) method for k¥ = 1 and
h = /2/8. Top: magnitude of Aj;. Bottom: streamlines and magnitude of Ej,.
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Magnetic vector potential Electric field
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10 T 10 i 0

FIGURE 2. Plot the L? errors vs. meshsizes h of the DIRK-(HDG-Bj) method with initial
condition L2?-projection (circle-dotted line), and HDG-approximation (cross-dashed line). Left:
electric field.
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FIGURE 3. Magnitude of the approximate magnetic potential Ay (left) and the correspond-

ing approximate, Hj, and “exact” energies, 7:2;“ (right) in a non-homogeneous medium. The
numerical method is the DIRK-(HDG-Bj) method with k& = 1.

We present, in Figure 3, a plot of the magnitude of the magnetic vector potential at time ¢ = 20 and the
evolution of the energy associated to the system, specifically we plot the quantities

Hy, = (EEhaEh)Th + §(NHthh)Thv Hy, = Hy, + §<Tt <PMAh — Ah),PMAh — Ah>

Th

| =

As it is shown in [31], the method DIRK-(HDG-By;) method conserves the energy of the semidiscretization in
space, Hp, up to 10 digits of precision, and does not allow the “exact” energy, Hpy, to drift in time.

6. CONCLUDING REMARKS

In this paper, we provide the first a priori error analysis of a wide, new class of Symplectic-Hamiltonian
finite element methods for the time-dependent Maxwell’s equations, see [31]. We provide numerical results
which validate our theoretical predictions and confirm that the schemes conserve ezactly the energy of the
discrete system and that the exact energy does not drift in time. Moreover, we propose a new way of defining
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the initial data which uses a continuous approximation for the “pressure”. It behaves better than the simple
L2-projection, as our numerical experiments suggest.
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