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A NONCONFORMING IMMERSED VIRTUAL ELEMENT METHOD FOR
ELLIPTIC INTERFACE PROBLEMS

HYEOKJOO PARK® AND DO Young KwAk*

Abstract. This paper presents the lowest-order nonconforming immersed virtual element method
for solving elliptic interface problems on unfitted polygonal meshes. The local discrete space on each
interface mesh element consists of the solutions of local interface problems with Neumann boundary
conditions, and the elliptic projection is modified so that its range is the space of broken linear poly-
nomials satisfying the interface conditions. We derive optimal error estimates in the broken H'-norm
and L?-norm, under the piecewise H?Z-regulartiy assumption. In our scheme, the mesh assumptions
for error analysis allow small cut elements. Several numerical experiments are provided to confirm the
theoretical results.
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1. INTRODUCTION

In recent years, there has been a lot of interest in developing numerical methods for solving partial differential
equations (PDEs) on general polygonal/polyhedral meshes, including mimetic finite difference (MFD) methods
[10, 19, 20], hybrid high-order (HHO) methods [31, 36], hybridizable discontinuous Galerkin (HDG) methods
[32,33], weak Galerkin (WG) methods [60,65], and so on. Among them, the virtual element method (VEM),
as an evolution of the MFD method into the framework of the finite element method (FEM), was introduced
in [7]. The main feature of the VEM is that the local shape functions, called the virtual elements, are defined
implicitly as the solutions of certain local PDEs, and they are characterized by the degrees of freedom (DOFs).
Although it is impossible to construct these functions explicitly in general, the VEM can be implemented using
the DOFs only. The VEM also has been successfully developed for a wide range of problems: Stokes problem
[11, 24], elasticity problem [8, 51, 66], Maxwell problem [12,13], etc. We also refer to [2,5,9,21,49] and the
references therein for more thorough survey.

On the other hand, there are numerous engineering and physical problems where the underlying PDEs have an
interface, such as multiphase flows, solid mechanics with multiple materials, and Hele-Shaw flows, etc (see, e.g.,
[6,40,42,47]). The PDEs governing such problems involve with discontinuous coefficients across the interface,
which usually leads to low global regularity of the solution, even when the interface is smooth. The low global
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regularity causes a deterioration in performance of the traditional FEMs, unless the mesh is aligned with the
interface. However, it takes a lot of time to generate interface-fitted meshes when the interface is geometrically
complicated or is moving as time evolves. For such cases, it may be more efficient to use unfitted or structured
meshes than fitted meshes. Moreover, one can exploit geometric multigrid methods for the structured meshes.
Researchers developed several numerical schemes using unfitted triangular or rectangular meshes: cut FEMs
[39,40], extended FEMs [14,15], and immersed FEMs [52,55,57], to name just a few. In particular, the immersed
FEM modifies the traditional finite elements so that they satisfy the interface conditions, while keeping the
optimal approximation capabilities. Lagrange-type elements were studied in [41,55,57], while nonconforming-
type elements were studied in [44,52,58]. Other related works can be found in [27, 38,43, 45,48, 50,53] and the
references therein.

Due to the great flexibility of polygonal meshes in the mesh generation process, several researchers focused
on developing interface-fitted polygonal mesh generators and analyzing schemes for interface problems on such
meshes (see, e.g., [28,61,64]). Nevertheless, it would be still attractive to use unfitted polygonal meshes in
some situations, such as problems involving moving interfaces as time evolves or during the computation of the
free-boundary problems. Recently, several numerical schemes using unfitted polygonal meshes were developed.
The authors in [22,23] proposed the unfitted HHO method for elliptic interface problems, where a Nitsche-type
formulation is used. They proved that the method exhibits an optimal error estimate in the H'-norm. However,
to ensure the optimal convergence, it requires some additional mesh procedures, which prevent the appearance of
small cut elements. The lowest-order Lagrange-type immersed VEM for triangular meshes was developed in [26].
Unlike the Lagrange-type immersed FEM, the local shape functions are conforming, and DG-type consistency
terms are not required to guarantee the optimal convergence. However, its convergence analysis is limited to
the triangular meshes. The virtual finite element method [25] was also developed for solving two-dimensional
Maxwell interface problems, in which each interface element is divided into subtriangles and the local space
on the interface element is defined by piecewise Nédélec elements. However, its convergence analysis is also
limited to the triangular meshes. The immersed WG method on triangular meshes was proposed in [59], and
extended to polygonal meshes in [62]. Compared to the lowest-order unfitted HHO method, the immersed WG
method requires less restrictive mesh assumptions: the unfitted HHO method requires that two subregions of
each interface element divided by the interface must contain a ball with radius comparable to the diameter of
the element, while the immersed WG does not require such conditions. However, the immersed WG requires an
additional regularity assumption: The Darcy velocity must be H! on the entire domain.

In this paper, we define and analyze the lowest-order nonconforming immersed VEM for elliptic interface
problems on unfitted polygonal meshes. Motivated by the conforming immersed VEM [26] and the nonconform-
ing VEM [5], we define the virtual elements on each interface mesh element by the solutions of local interface
problems with Neumann boundary conditions, and the elliptic projection is modified so that its range is the
space of broken linear polynomials satisfying interface conditions, which is also used in the linear immersed
FEMs (see, e.g., [52,55]). We derive optimal error estimates in the broken H'-norm and L?-norm under the
standard regularity assumption that the solution is a piecewise H?2-function. Moreover, as in the immersed
WG [62], the mesh assumptions in our scheme allow small cut elements. In addition, since our scheme is also
a nonconforming method, the Darcy velocity can be recovered efficiently by casting a mixed formulation into
the nonconforming method (see, e.g., [3,4,47,49,52]). We also note that, since there is an equivalence relation
between the nonconforming VEM and the HHO method [34,54], we can reformulate our scheme in the context
of HHO methods. However, it will be different from the unfitted HHO methods in [22,23], since these methods
use the Nitsche-type formulation, while our method does not.

The rest of the paper is organized as follows. In Section 2, we introduce the model problem and mesh assump-
tions. In Section 3, we explain the nonconforming immersed VEM. In Section 4, we prove some approximation
properties of the discrete spaces. In Section 5, we prove optimal error estimates of our scheme in the broken
H'-norm and the L?-norm. Finally, we report several numerical tests that confirm the theoretical results in
Section 6.
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FIGURE 1. A domain ) with interface T".

2. PRELIMINARIES

We follow the standard notation of Sobolev spaces (see, e.g., [17,30]). For an integer k > 0 and a subset D of
R or R?, we denote by Py (D) the space of all polynomials of degree at most k& on D. For a subset A of R or R?,
the indicator function on A is denoted by x 4. For a bounded measurable subset D of R or R? and v € L!(D),
we denote by (v)p the average of v on D.

2.1. Model problem

Let © be a polygonal domain in R?, which is separated into two disjoint subdomains Q7 and Q~ by an
interface I' = 92~ NINT (see, e.g., Fig. 1). Here we assume that ' is a C?-curve that is not self-intersecting.
For any domain D C  and any function u : D — R, we define its jump across the portion of the interface
I'ND as

[Ulrnp = Ulpro+ — Ulpha--

We consider the elliptic interface problem: Given f € L*(Q), find u € H}(Q) such that

—V-(BVu)=fin QTUQ™, (2.1)
u = 0 on 99, ’
with the jump conditions on the interface
ou
= —_— = 2.2
=0, [o5e] ~o. (2.2

where the coefficient 8 is positive and piecewise constant on QF, that is, 3° := f|q- is constant for s = +, —.
Let 8, = min{8", 3™} and #* = max{3+, 3~ }. A weak formulation of the model problem (2.1)—(2.2) is written
as follows: Find u € H}(Q) such that

(BVu, Vo)oo = (f,v)o0 Yo € HH(RQ). (2.3)
For any domain D C €, let us introduce the space
H*(D) := {u € H (D) : ulpno: € H*(DNQ®), 5=+, —}

equipped with the following norm:

||UH§,Di = ||U||%D +[u S,DOSH + |u|§,DﬁQ*'

We also define B B
HE(D) := {u € H*(D) : [B0u/On]pnp = 0}.

Then we have the following regularity theorem for the problem (2.3); see [16,29].
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Theorem 2.1. Suppose that §) is a convex polygon in R? and f € L*(Q). Then the problem (2.3) has a unique
solution u € H}(Q) N HE(Q) satisfying

[[ul

2.0t < Col fllo,o (2.4)

for some generic positive constant Cgq.

2.2. Mesh assumptions

Let Py, be a decomposition (mesh) of 2 into polygonal elements K with maximum diameter h. Let &, be the
set of all edges in Pp,. Let &, and 5;? denote the set of all interior and boundary edges in Py, respectively. For
each K € Py, let hg and |K| be the diameter and the area of K, respectively. For each e € &, we denote by
le| the length of e.

An element K € Py, is called an interface element if the interface I' passes through the interior of K; otherwise
K is called a non-interface element. We denote by ’Pf; and P,{bv the collections of all interface and non-interface
elements in Py, respectively. Analogously, an edge e € &, is called an interface edge if I' passes through the
interior of e; otherwise e is called a non-interface edge. The collection of all interface edges and non-interface
edges in &, are denoted by &£/ and &£}, respectively. For each K € Py, let £ and X be the set of all interface
and non-interface edges of K, and let £ 1= EL UER.

We assume that h is sufficiently small, and P}, satisfies the following regularity assumptions [5,7,21].

Assumption 2.2. There exists p > 0 independent of h such that

(i) the decomposition Py, consists of a finite number of nonoverlapping polygonal elements;

(ii) every element K € Py, is star-shaped with respect to a ball By with center xx and radius phy;
(iii) for each element K € Py, all the edges in K have length larger than phg ;

(iv) the interface T meets the edges of each interface element at no more than two points;

(v) the interface T' meets each edge in &, at most once, except possibly it passes through two vertices.

Remark that the assumptions (iv) and (v) are reasonable for sufficiently small h. As mentioned earlier, these
assumptions allow small cut elements and do not require additional mesh procedures.

For each K € Py, let ni be the exterior unit normal vector along K. For each e € &, let n, be a unit
normal vector of e with orientation fixed once and for all. Let e € £, and let K; and K3 be the polygons in P,
having e as a common edge. For u : Q — R satisfying u|x, € H'(K;) and u|x, € H'(K3), we define the jump
of u on e by

[u] = (ulk,) (N, - ne) + (ulk,)(nk, - 7e).
For e € €2, we define [u]. := u|.. We use the notations Vj, and V},- when the gradient and divergence operators
are taken elementwise for piecewise smooth functions on Pp,.

Let K € 77,{. For s = +,—, we define K° := K N Q°. We denote by I‘hK the line segment connecting
the intersections of I' and the edges of K. This line segment divides K into two parts K,J{ and K, with

K = K,j UK, (see, e.g., Fig. 2). For each e € EL we let e* := e N Q* for s = +, —. We define the jumps of a
function u : K — R across I‘hK NK as

[U]r{j = U|K:[ - U‘K;'
Let 8y be the piecewise constant function on ) defined as follows:

[ BTXpr + B xg- if K € P,
Brlr = h h X
I6] otherwise.

We also define 8} := ||Bul| L~ (k). Let T'p, = UKeP,{ 'K and let nlt and ¢ be the unit normal and tangential
vectors along I'y,.
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FIGURE 2. An interface element K in Py,.

3. NONCONFORMING IMMERSED VIRTUAL ELEMENT METHOD

In this section, we present the nonconforming immersed virtual element method for the elliptic interface
problem (2.3).

3.1. Broken linear polynomials

We consider the space of piecewise linear polynomials satisfying the interface conditions on each interface
element. Let K € P}, be an interface element. The broken polynomial space P;(K) is defined by

~

Pi(K) = {a € H'(K) : dlic; € Pr(K3) Vs = +,—, [nda/On]pe =0}
It is easy to see that dim P, (K) = 3 and the following piecewise polynomials form a basis of P, (K):

Q1(x):13 Q2(fv):t(‘1’_$0)a Q3($):ﬁ;1n‘(a)—a}0),
where x( is the midpoint of the line segment I‘hK, n = (ny,ny) is a unit vector normal to FhK pointing from K,J{
to K, , and t = (—n2,n1). Since P1(K) C H'(K), the space VP (K) is well-defined, and Vg, and Vg3 form a
basis of VP, (K).
We set Py (K) := P (K) for non-interface element K € Pp,.

3.2. Nonconforming immersed virtual elements

We first define the local space on each element. For each interface element K € Py, let
Vi(K) := {v € HY(K):V-p,Vv=0in K, $,0v/0n € I@O(e) Ve € &k,
[ﬁhau/an]rhx =0on I‘hK},

where Py(e) is defined by
Po(e) := {axe+ + bxe- :a,b € R} forec &},

and Py(e) := Py(e) for e € EN. Proceeding as in Lemma 3.1 in [5], it is easy to verify that Py (K) C Vi (K) and
the DOFs of V;,(K) can be chosen as follows:

ﬁ [+ vds, VecC 0K with e € &, (3.1a)
ﬁ [.-vds, VecC 0K with e € &f, (3.1b)
ﬁ [,vds, VecC 0K with e € &Y, (3.1c)

For each non-interface element K € Py, the local space is defined as in the standard nonconforming VEM [5]:
Vi(K):={ve H(K): Av=0in K, 0v/dn € Py(e) Ve € Ex },

and its DOF's can be chosen as (3.1c).
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Remark 3.1. If the local space V;,(K) on the interface element K defined as in the local space in the non-
interface element, then the inclusion P, (K) C V;,(K) and the interface condition [3,dv/ On]px = 0 does not
hold. It may lead difficulties in analysis and extending our scheme to some other applications such as the
nonhomogeneous interface problems.

The global nonconforming immersed virtual element space V,(£2) is given by
Vh(Q) := {Uh S LQ(Q) : UhIK e Vi(K) VK € Py,

/[vh]equ =0 VYgePe), Ve e Eh}.

e

Note that the DOFs of V;() are the edge moments (3.1) for e € &5
For K € Py, and v € H(K), the local interpolant IXv is defined as the unique element of V;,(K) satisfying

/Ifquds = /qus Vq € ﬁo(e), Ve € Ek.
Analogously, for v € H}(Q), the (global) interpolant Ijv is defined as the unique element of V},(£2) such that
/Ithds = /qus Vq € ]f”o(e), Ve € &,.
Let Hp,(Q) := V,(Q) + HJ (). We define the broken H!-seminorm on Hj () by

onlfn = IVorlld x,  Vou € Hp().
KePy

3.3. The discrete problem

In order to define the discrete bilinear form ay(-,-) on Hp(Q2), we first introduce some projection operators
on the mesh elements and mesh edges. For each K € Py, let I}, be the projection from H!(K) onto P;(K)
satisfying

/ﬂhVHXU.qum:/ B,Vv - Vqdx Vg € Py(K), (3.2)
K K

/ H}vds:/ vds. (3.3)
0K oK

Note that integration by parts gives
/ BrVv - Vgdx = / B,Vq-nxvds Yve HY(K), Vq € Py(K).
K oK

Here, since 5, Vq-n, € I?P"O(e) on each e C 9K, the projection IT},v of v € V},(K) can be computed by the DOFs
of v. For v € Hy(Q), we define IIVv by the piecewise broken linear polynomial such that (ITVv)|x = IT}.(v|x)
for any K € Py, B

Next, for each edge e € &, let TI2 be the L2-projection from L?(e) onto Py(e). For v € H'(K) with K € Py,
let TI%v be such that (I1%v)|. = I12(v|.) for any e C OK. Analogously, for v € Hy(2), let 1?0 be such that
(T1%0)], = M2(v),) for any e € &.

For each K € Pp,, we define

ap (u,v) := (B, VILou, VIIYv), o + SE (v — Du,v —OYv), u,ve HY(K),

0,K
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where SK is the stabilization term defined by

Bk

K

SE (u,v) :== u,v € HY(K).

(H?(“ HKU)O K’

The discrete bilinear forms aj, and Sy, on Hy,(Q2) are defined by

an(un,vn) =Y af (un,vn),  Sh(un,on) = > Sk (un,vn),

KePp KePy,
We also define the discrete energy norm ||| on Hy(Q2) by [[vall® := an(va, vs). It is indeed a norm on V;(92),
as given in the following lemma.
Lemma 3.2. ||-|| is a norm on V,(Q).

Proof. 1t is clear that [||-||| is a seminorm. Thus it suffices to show that v, = 0 if |||vp|| = 0 for v, € V4 (£2). Let
vy, € Vi (Q) satisfy [|un|| = 0. Then we have VIIVv;, = 0 and T2 (v, — ITVvy) = 0. Since vy, € V3,(Q), we have

ﬁ*HVUhHo x < (BnVn, Vor)o.x = (BnVon, Vv, — Tvn))o.x

= (BuVon - nc, v — yvp)o.ox = (BnVon - ne, 19 (v, — Tyv))o.0x
=0

for any K € Pj. Thus v, is constant on every K € Pj. Since H?[vh]e = 0 for any edge e € &, we obtain that
vp, = 0 on 2. This completes the proof. O

With the above preparations, we state the nonconforming immersed virtual element method as follows: Find
up, € Vi(9) such that
an(un,vn) = (f,vn), You € Vi(Q), (34)

where the loading term (f,-) is given by (f,vs) := (f,II1Vvp)o.0. Note that the well-posedness of the discrete
problem (3.4) follows from Lemma 3.2.

Remark 3.3. The treatment of nonhomogeneous interface conditions is possible using such techniques as in
[1,27]. However, its analysis involves more technical issues. It is left for a future investigation.

4. APPROXIMATION PROPERTIES ON INTERFACE ELEMENTS

In this section, we present some approximation properties of the broken linear polynomials and the immersed
virtual elements on the interface elements. Note that some estimates were given in [62], but only the special
case of the piecewise straight interface was considered. In this paper, we consider the curved interface. From
now on, for X, Y > 0, we write X <Y or X 2 Y if there exists a constant C' depending only on p, 8 and T (but
independent of the location of the interface intersected with the mesh elements), and X < Y if both X <Y
and Y < X hold.

4.1. Some technical inequalities

We present some technical inequalities used in the analysis of our scheme. We first recall the Poincaré-
Friedrichs inequality and the trace inequality (see [18], Sect. 2): For any K € Py,

/ vds
0K

HUHO ox S hy 1”””8,1{ + hK|’U|%,K7 Yo € H'(K). (4.2)

+oh, Yve HY(K), (4.1)

hillvllo.x S hi
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Next, for 6 > 0, let
Q% = {x € Q: dist(z,T) <},

where dist(z, ') denotes the distance between = and I'. Since I' is C?, there exists dy > 0 such that the signed
distance function p, which is defined by

dist(z,T) if x € QT N QY
p(x) == ¢ —dist(e,T) if £ € Q- NQP,
0 ifexel,

is a C2-function on Q% such that Hp||W2,OO(Q¢s0 < 1 (see [37,45]). Moreover, since [Vp| = 1 on Q2 the unit
r

)
normal and tangential vectors nr and tr along I' can be extended to the region Qii" as follows:

_ _ (9 _9p
nr _vpa tF_ (({91’2, 5331> .

Thus nr and tr can be regarded as C'!(Q%)-functions such that

”nF”Wl,oo(pr) 5 L, ”tFHWLoo(QI‘ZO) 5 1. (43)

Note that for sufficiently small & (more precisely, for h < 8), any interface element in P} is included in Q2.

Next, let K € Pé. Note that both n'll and tfﬁ are constant on F{f , and thus can be regarded as constant vector
fields on K. Since I is C2, for sufficiently small h, there exist an interval I with |Ix| < hx, a C?(Ix)-function
vx and xg € FhK such that the following mappings are parametrizations of I' N K and FhK , respectively:

s o + sth + v (s)nl, s a0 + st (4.4)
Since TX is the line segment connecting the intersections of I' and 9K,
Vi llwmoe (1) S g™, m=0,1,2. (4.5)
Using (4.3), (4.4) and (4.5) we obtain
e = ntll ey S Pres It = 88 oo (i) S Psc (4.6)
By the definition of §;,, we have
Ble = Brle, Ve C 0K, B=0non K°NK;, s==. (4.7)
Finally, we also need some estimates on the sets
K,=K-(K"nK/)— (K nK;) VKeP,, Q:= ] K.
KeP}

That is, K, is the region bounded by I' N K and FhK, and Q, is the region bounded by I" and T';,. By (4.5), there
exists € > 0 such that € < h? and I'f C Qf. Thus

K, COfnK, KecPi. (4.8)
According to Lemma 2.1 of [56], the following estimate holds:
[vllo.0p S hllvllie Yo e HY(Q). (4.9)

Let u € H2(Q). Then the Sobolev extension theorem (see, e.g., [17,30]) implies that for each s = + there exists
v® € (HY(Q))? such that v* = Vu on Q° and [|v*]j1.o < |lul2.0:. Now using (4.9), we obtain

IVullo,op < lvFllo,o + 07 oo S AT [l1e + [[v7 [l1,0) S Allulloox-
Combining the estimate above and (4.8), we obtain

IVullo., S [[Vullo.op. < hllullz.0- (4.10)
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4.2. Approximation by broken linear polynomials

We consider the approximation properties of the broken linear polynomial space Iﬁ’l (K). The following lemma
can be seen as a generalization of Bramble-Hilbert lemma (see, e.g., [17], Lem. 4.3.8) to the space Py (K).

Lemma 4.1. Let K € Pi. For each u € PNI%(K), there exists q € @1(K) such that

lu— qllo,x + hx|u—ql1,x + hi||[BVu — Br V]

0,K
< (hxc || Vullo.xe, + hicllull2,xc+). (4.11)
Proof. Note that we can decompose Vu as follows:
Vu = (Vu-tr)tr + (Vu - nr)np. (4.12)
Since u € f[g(K), we have [Vu - trlrnx = 0 and [BVu - nr]rnx = 0. Thus
Vu-tr € H(K), pVu-nrc HY(K). (4.13)

Moreover, it follows from (4.3) that

|Vu ~t1‘|17K f, |Vu 'tp|1,K+ + |V7.L . tp|1’K7

S lula ke lltrl poe (e + luly s e llwrse (ieey S llull2 s (4.14)
s==+
and similarly
|IBVu - nr|x S |ull2,x- (4.15)
Let ¢; := (Vu - tr)k and ¢, := (BVu - nr)g. Then, using (4.1), (4.14) and (4.15),
[Vu-tr —cillo,x < he|Vu-trlix S hicllull2,x+, (4.16)
18Vu - nr = cullo,x S hi|[BVu-nrlikx S hillullo, o+ (4.17)

Now we define ¢ € I@l(T) by
¢=qo+ (u—qo)x where go = ci(x - th) + B;lcn(sc “np).
Then we have Vq = ¢! + 5;167171}1& and

18Vu = BrVallo,x < [|1B(Vu-tr)tr — Breetilo.x + [|B(Vu - nr)nr — canltlo.x
= Il + 12.

For I, it follows from (4.6), (4.15) and (4.17) that
I < [[(8Vu-nr)(nr — nf)|ox + 18Ve - nr —callox S hucllullo,rex-

For I, using (4.6), (4.14) and (4.16) we obtain

~

1 1B = Br)Vullo,x + B*[[(Vu - tr)(tr — t8)[lo,x + B[V - tr — cillo,x
S (B = Br)Vullo,x + hicllullo, k-

For the term ||(6 — Br)Vulo,x, it follows from (4.7) that

1(8 = Br)Vul

o5 S IVullo.x, - (4.18)
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Thus we have I < [|[Vullo,x, + Chkllu||2,x+. Combining the estimates for I; and I, we obtain
18Vu = BnVallo,x < [[Vullor, + hcllull2 e

Next, using (4.18) again we have

lu = ql1,x S 1(Br — B)Vullo,x + |16Vu — Vg
S IVaullox, + hiellull2,x+ -

0,K

Finally, by (4.1), we have

lu—qllo.c S hiclu—dali,x S hcllVullo,x, + hllulla s
This completes the proof of the lemma. O
Using this lemma, we obtain the following projection error estimate.

Lemma 4.2. Let K € PL, u € H2(K), and uy := M Yu. Then we have

lo.x + hlu—url1,x + hil|BVU — B, Vurllo,x
< hilIVullo,k, + hicllull2, k= (4.19)

[l — ugr

Proof. Let q € P, (K) satisfy (4.11). By the definition of T},

Bulu — ur|f g < (BuV(u = tr), V(u—uz))o,x = (BnV(u — tx), Vu)o,x
= (BaV(u —ur), V(u—q))o,x < B%|u—uxl,xlu—qli,x
S lu—uxli x([[Vullor, + hrcllull2,x+)-
Thus we have
[u—urlix S Vullox, + hillull2,x+- (4.20)

Next, by (3.3), (4.1), and (4.20),

lu—urllox S hrlu—urhx S hilVullox, + bk |lulls, k=
Finally, from (4.20) and (4.18),
16Vu = BnVuxllox S [Vullo.x, + hrllull2 k=
This completes the proof of the lemma. O
Lemma 4.3. Let K € Pi, u € H2(K), and uy := T u. Then we have

18V = BuVuxlloox S ki 2 [Vullo,re, + byl [[ullz, s (4.21)

Proof. As in the proof of Lemma 4.1, we have

18Vu — By Vurlloor < [[(BVu - tr)tr — (BuVu, - th)tr

+|(BVu - nr)nr — (B Vur - ni)nto.ox
=: Il + IQ.

0,0K
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Using (4.6), (4.7), Vu - tr € HY(K), Vu, - th € H'(K), (4.2) and (4.14), we obtain

IS (lItr = till zeor) + 18 = Brll L= o)) |V - trllo,ox
+[|Vu - tr — Vg - t]|o,0x
S hil|Vu - trlloox + |Vu - tr — Vur - t]l0,0x
ShP(IVu-trllos + hr|Vu - tr|i k)
+ 0P (V- te = Vg - 8|05 + hic|Vu -t — Vg - 815

~1/2 1/2
S hie 1V ullo s, + By lullo e+
By a similar argument, one can also obtain
Iy S by PV ullose, + by lullz, i+
Now the conclusion follows from the estimates on I; and Is. O

Remark 4.4. Although it is not used in the following sections, one can prove the following interpolation error
estimates: For K € P}, u € H3(K), and u; = [,

lu —urllo,x + hi|u —url,x + hi||BVue — BrVurllo, x

< hicl[Vullo,x, + hicllullo,rex

5. ERROR ANALYSIS

In this section, we derive the error estimate in the discrete energy norm for the scheme (3.4). We first compute
the consistency error.

Lemma 5.1. Let u € H}(Q) N ﬁ%(Q) be the solution of (2.3). Then we have, for any vy, € Hp (),
ap(u,vp) — (f,vn) = Sh (u —IVu, vy — vah) + (ﬂhvhﬂvu — BVu, Vthvh)

+ 3 ((BVu= BTV w) g, T vy — T%03) o
KePy,

0,0

Proof. Since [fVu - 1], = 0 for any interior edge e € &, we have

Z (5Vu Nk, Ha’l}h)o’aK =0. (51)
KePy
Integrating by parts we obtain
ap (ua Uh) - <f7 Uh>
=5 (u — Hvu, Vp — vah) + (BthHvu, VthUh)O Q= (f, Hv’l)h)o Q
=5y (u — Hvu,vh — vah) + (ﬁhvhﬂvu — 6Vu, Vth’Uh)

0,0
+ Z (BVU"ILK,HV’U}L)O,@K
KePy,
=5 (u — IV u, vy, — vah) + (Bhvhﬂvu — BVu, Vhﬂvvh)o 9
+ Y (Ve ng, V0, = T1%0,) (5.2)

KePy
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where the last equality follows from (5.1). Note also that, for any K € Py,
BV w - nge, TP, — TV 0p) 0.0 = (BLVITY w0 - mge, v — 1Y vp) 0.0k
= (V- B VI w0 = TV vp)o,x + (B VITY w, V(0 = TV vp))o, 5 = 0, (5.3)

where the last equality follows from V-3, VIIVu = 0, which is a direct consequence of the fact that II}u € @1 (K),
and the definition of IIV. The conclusion follows from (5.2) and (5.3). O

Lemma 5.2. Suppose that u € HL(Q) N HZ(Q) be the solution of (2.3). Then, for any vy, € Hy (%),

Z ((ﬂVu — B VIV ) - nge, IV vy, — Havh)o,aK S hllullz,o= fJvnl-
KePy,

Proof. Let K € Py. Using (4.21) we have
((5Vu — BuVIIVu) - nge, TV vy, — Havh)OﬁK
<18V = Bu VIV ullo,ox TV vh — TP [l0,0
S (il ulz, i + b1V ullo,se, )TV o = 00,0

Let ¢ := ﬁ Joxe MV vn ds. By (4.2) and (4.1),

TV v, = 200,05 < [TV v — TV wslo,05 + 1T (v — TV 0i) llo,0x
<MYy = clloox + 1117 (¢ = IV vp)[lo,0x + T2 (vn — ITV vp) 0,0
< 2|V vy, — clloox + T2 (v, — TV vn)|0,0x

S h (MY onl i+ b I (o — TV on)llo,o) S gl llonll.

Now the assertion of the lemma follows from the estimates above and (4.10). O

The following lemma shows that the discrete bilinear form ay(+,-) is continuous on Hp(2) with respect to
the H'-seminorm.

Lemma 5.3. It holds that
af(v,v) < \vﬁK VYo € HY(K), K € Py.

Proof. Let K € Py, and v € HY(K). From (3.2),

ﬁ*‘HXUﬁ,K < BV, VIIv)o . = (B, VI v, Vu)o k0
< B IRl ko)1 (5.4)
By (4.2), (4.1) and (5.4),
Si (v = Mgv,v — T3v) $ higtllo — |3 ok
S (Wit llv = TR[g k¢ + o = Iolf ) S ol k- (5.5)
Combining (5.4)—(5.5), the conclusion follows. O
We now present the error analysis in the energy-norm and the broken H'-norm.

Theorem 5.4. Let u € H}(Q) ﬂflg(Q) be the solution of (2.3). Let up, € Vi(2) be the solution of (3.4). Then

llw = unll S Pllull20x- (5.6)
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Proof. Let uy = IVu and vy, := u — up, € Hp (). By Lemma 5.1,

llw = unll® = an(u — un, o) = an(u,va) — {f, vn)
=S (u =TV u, v, — TV 0s) + (Ba VALY u — BVu, VATV vp),
+ Z (BVu — B VITVu) - ng, TV vy — Havh)o,aK
KePy,
= [1 + 12 + 13.

Q

For I, it follows from Lemma 5.3, (4.19) and (4.10) that

1] < u—uz|ipllvnll S Rllwllz,o= loall-

Next, for Iz, we obtain from (4.19) and (4.10) that

1/2
(2),K> llonll < Allullz,oxllonll-

|Io] < ( > 1IBnVur — BV

KePy

Finally, we have |I3] < h|lull2,o+||vn|| by Lemma 5.2. Now the conclusion follows by combining the estimates
of Il7 IQ, and Ig. O

Remark 5.5. One can also obtain the estimate for |u — IV up|; . Let uy = IV u. From (4.19), (4.10), and
(5.6), we have

lu =TV upl1n < Ju—uglin + Y (u—up)|in S Ju— el + lu— usl|
S hllullz,0x-
We next present the L2-norm estimate of u — ITV uy,.

Theorem 5.6. Suppose that Q is convex. Let u € HL(Q) N H2(Q) be the solution of (2.3), and let uy € Vi, ()
be the solution of (3.4). Then

lu = TV unllo.o < A2 ([ullz.0x + 11 fllo.c),

where the hidden constant also depends on Cq in (2.4).
Proof. Let n =u — IV uy,. Let ¢ € H}(2) be the solution of the dual problem
BV, Vo)oa = (n,v)0,0, Vv € Hy(Q).

Then Theorem 2.1 shows that ¢ € HZ(Q) and

2.0t S [nllo.o- (5.7)

Let oy, € Vi,(2) be the solution of the corresponding discrete problem

el

an(pn,vn) = (n,vn)  Yur € Vo(Q).
Let ur = IIVu, ur = Iyu, . = IV, and p; = I;p. Then we have
|lw — HvuhHaQ = (u—TNup,u)o0 — (u—TVup, TV up)o.0
= (BVp, Vu)o,o — an(en, un) = (BVu, Vo)o,o — an(un, pn)
(BVu, Vp)o.a — an(un, pr) + an(un, o1 — ¢n)
(BVu, Vp)o.a — an(un, pr) + an(ur, o1 — ¢n) — an(ur — un, o1 — Pn)
(fip = or)oa + an(e — on,u) — an(u — up, » — ¢n)
=1+ I+ I3, (5.8)
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where we have used the fact that Y u; = IY.u, N%u; = N%u, MY.¢r = Y. and 11%¢p; = U%¢. For I, it
follows from (4.19), and (4.10) that
L] S 22 fllo.alellzox-

Next, for I3, from (5.6) we have

13| < Il — unlllle — enll < P2 ellz.0x ull20x-
For I,, proceeding as in the proof of Lemma 5.1, we obtain

Iy = Sp(p = pm,u = ux) + ((Br — B)Ve, Vit )o,o
+ Z ((BVe = BrVer) - i, tn — w)o,0k

KePp
=:lo1+ 22+ I23.

Using the Cauchy-Schwarz inequality, Lemma 5.3, (4.19), and (4.10), we have
[L21] S | = @rliplu — uzlin S B2llellz0x |ullo,ox-
Using (4.7), (4.19), and (4.10), we have
2.2 < [((Bn — B)Ve, Vi(ur — u))o,al + [((Br — B) Ve, Vu)oql
S IVelloo,lu—uclin + IVellog, [Vullog, S B2 el llullsox-
For I5 3, it follows from (4.2), (4.1), (4.21), (4.19), and (4.10), we have

1Ll < Y 118Ve = BuVerllooxlu — nllo.ox

KePn
—1/2 2
S 3 18V - BuVerlloor (Al = uxllo.x + hil*ju = uely k)
KePy
1/2
< D h18Ve ~ 5uVenlloorclu — usli i S B lellz0x ulla.0x-
KePy,
Thus we obtain |Ir| < h?||¢|la.0+ [|ull2.0+ . Plugging the estimates of I, I and I3 into (5.8), together with (5.7),
we obtain
lu =V unl3 o S P2 ella,0x (lulla.ox + [ fllog)
< P2 ([[ullz,0x + [ fllo.)llu =TTV uno,0-
This proves the assertion of the theorem. (I

6. NUMERICAL TESTS
In this section, we present some numerical tests for our proposed method.

6.1. Test case 1: errors and condition number versus h

We consider the problem (2.1)—(2.2) where Q = (0,1)?, and the interface I' and the subdomains QO and Q~
are determined by a given function L:
I'={(z,y) € Q: L(z,y) = 0},
Q" ={(z,y) € Q: L(x,y) > 0},
Q" ={(z,y) € Q: L(=z,y) <0}

The level-set function L, the coefficient 5 and the exact solution u are chosen as in Examples 6.1 to 6.3. We use
the following three different families of meshes:
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-g.ggogc

]
S sata

——-0(h?)

FI1GURE 4. Example 6.1: errors versus h of NC-IVEM.

(i) M1: uniform rectangular meshes with h = 1/23,1/2% ... ,1/27,
(i) M2: uniform trapezoidal meshes with h = 1/23,1/2% ...,1/27,
(iii) M3: unstructured polygonal meshes with h = 1/23,1/24 ... 1/27.

Here the meshes in M3 are generated from PolyMesher [63]. Some examples of the meshes are given in Figure 3.
Example 6.1 (straight line interface). In this example, we let
L(z,y) =2x —y, (6%,07)=(10%1),
u(@,y) =1+ (z+2y) + 22 —y)/B(z,y) + (22 —y)*, V(z.y) € Q.
Example 6.2 (circular interface). Let r2 = (z — 0.5)2 + (y — 0.5)2 and
L(w,y) =r* =15, (B7,87) = (10%1), u(z,y) = (r* = r5)*/B, V(w,y) €O
Example 6.3 (cubic interface). In this example, we let

L(z,y) =2y —1) — 3(2x — 1)(2z — 1.3)(22 — 1.8) — 0.34,
(6%,67)=(10%1), u=L/B, ¥(z,y)e
We compute the H'-seminorm and L2-norm errors given by
By = u—Tuplip,  Erz = |lu—TYuyloq,

where wuy, is the solution of our scheme (3.4) (NC-IVEM). For all the examples, we plot the errors versus h in
Figures 4 to 6. We observe that the errors converge with optimal order, which is consistent with the theoretical
result (see Thm. 5.4, Rem. 5.5 and Thm. 5.6). In particular, for Example 6.1, we also plot the results of the
immersed WG method (IWG) [62] and the nonconforming immersed FEM (NC-IFEM) [46,52] on the uniform
triangular meshes in Figure 7. In contrast with the NC-IVEM, both exhibit suboptimal convergence orders.
Next, we compute the condition number for each example, where the meshes are fixed as M1. We plot the
results in Figure 8. We observe that the condition number behaves as usual order O(h~2) for all the examples.
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F1GURE 8. Example 6.1ex:Cubic: condition numbers versus h.
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FIGURE 9. Test case 2: the interface (red line) and the mesh (black lines).
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FI1GURE 10. Test case 2: the comparison of condition numbers versus § with and without the
discrete interface modification procedure.

10° 107!

S o — a9
— s 8@ ; [
g 107 5 102
£ 2
7 :
= ——En, (07.0) = (051) = ——E, (35.0) = (105 1)
—— Epp, (8%,87) = (1, 102) —w— Epz, (B7,87) = (1,10%)
—e—Ey, (67,67) = (10%,1), mod —e—Epz, (8%,47) = (102, 1), mod
—a—Ejp, (8%,67) = (1,10%), mod —a—Ep2, (8%, 67) = (1,10%), mod
102 10°
107 10° 1058 104 10° 102 107 108 10° 10 102 102
) )

FIGURE 11. Test case 2: the comparison of errors versus § with and without the discrete
interface modification procedure.

6.2. Test case 2: effect of small-cut edges

In this test, we investigate the effect of small-cut edges (i.e., the interface edges e with |eT| < |e™| or
le”| < |eT|) on the condition number and the errors. Consider the problem with Q = (0,1)%, T = {(z,y) :€ Q:
x=1/2},

QO ={(z,y) € Q2 <1/2}, Q ={(z,y) € V:2>1/2},

and the exact solution w is given by

(og) = [ LHU+ @ =125+ (@ = 1/2) if (2,) € O,
WEYZ 1 +y+ (2 —1/2)/67 + (2 - 1/2)? if (z,y) € O,

where (37, 37) = (102,1) and (1,10?). The mesh is built by partitioning §2 into 4 x 4 squares and relocating the
nodes (1/2,;/4) to (1/2+ 6,5/4) if j is odd and to (1/2+ 1/8,j/4) if j is even, for § = 1073,1074,107°,10~¢
(see Fig. 9). In Figs. 10 and 11 we plot the condition number and the errors versus ¢ for each pair (87, 57).
Here, the results indicated with the word “mod” will be explained later.
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Iy Iy

FIGURE 12. The discrete interface I'j, (red lines) before modification (left) and after modifica-
tion (right).

r Q

FIGURE 13. Test case 3: the interface (red line) and the mesh (black lines).

We observe that the condition number seems to be proportional to §~!. Further theoretical investigation is
needed to explain such a phenomenon, which will be a subject of future work. In contrast, the errors remain
bounded, which is consistent with our theoretical result that the error bounds are independent of the location
of the interface intersected with the mesh elements (see Thm. 5.4, Rem. 5.5 and Thm. 5.6).

As observed above, the stiffness matrix becomes ill-conditioned in the presence of small-cut edges. However,
we can improve the condition number by a simple modification of the discrete interface I'y, like committing a
variational crime in FEM: If e is an interface edge with |e~| or |e™| < h?, then we relocate the intersection point
of e and T', to the closest vertex of e, and regard e as a non-interface edge (see Fig. 12). This procedure allows
us to avoid extremely small-cut edges. The errors of the modified scheme unchanged (see Fig. 11 with “mod”).

We next compute the condition number of the modified scheme. The results are reported in Figure 10 and
are indicated with “mod.” We observe that the condition number is uniformly bounded with respect to 9.

6.3. Test case 3: effect of small-cut cells

We also investigate the effect of small-cut cells, as in [35]. Consider the problem with Q = (0,1)%, Q= =

(0.25,0.75)2, QT = Q — Q—, ' = 92~ and the exact solution v is given by

w(z,y) = {sin(47r:r) sin(4my) /B if (z,y) € QF,
Y sin(4rx) sin(4ny) /6~ if (z,y) € 27,

where (87,37) = (10%,1) and (1,10%). The mesh is built by partitioning Q into 4 x 4 squares and relocating
the nodes (1/4,7/4), (3/4,7/4), (i/4,1/4) and (i/4,3/4) to (1/4 + 6,5/4), (3/4 — 0,5/4), (i/4,1/4 + ) and
(i/4,3/4—96), respectively, for 4,5 = 0,1,...,4 and § = 107%,107%, ..., 10712 (see Fig. 13). In Figures 14 and 15
we plot the condition number and the errors versus ¢ for each pair (3%, 37). Similar with the previous numerical
test, we observe that the condition number seems to be proportional to 6!, and the errors remain bounded.
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FIGURE 14. Test case 3: the comparison of condition numbers versus §.
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FI1GURE 15. Test case 3: the comparison of errors versus 4.

7. CONCLUSION

We present the lowest-order nonconforming immersed VEM for elliptic interface problems with unfitted
polygonal meshes. The local shape functions on the interface elements are defined as solutions of local interface
problems with Neumann boundary conditions. We prove that our scheme achieves an optimal convergence rates
in the broken H'-norm and L?-norm, under the piecewise H?2-regularity assumption. Some numerical tests are

carried out to verify the theoretical results.
Acknowledgements. This work is partially supported by NRF, contract No. 2021R1A2C1003340.
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