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EXISTENCE AND UNIQUENESS OF THE MOTION OF A PARTICLE SUBJECT
TO A UNILATERAL CONSTRAINT AND FRICTION

CHRISTOPHER R. DANCE*

Abstract. We prove that there exists a unique solution to the initial value problem describing the
motion of a particle subject to a unilateral constraint and Coulomb friction, if the external force acting
on the particle is an analytic function of time and of the particle’s position and velocity. Previous work
claimed that this problem has a local series solution that corresponds to an analytic function, after any
impacts have been resolved. However, a counterexample to that claim was recently discovered, involving
a particle starting to slide, in which the series solution is divergent, and thus does not correspond to
an analytic function. This paper corrects previous arguments by considering a general formal series
solution for a particle that is starting to slide.
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1. INTRODUCTION

Models of systems subject to unilateral constraints and friction are foundational for the simulation, design
and control of robots and other machines [8,9,12,28]. When do initial value problems associated with such
models have unique solutions? Answers to this question would help to resolve uniqueness and convergence
concerns about simulation algorithms, and to guarantee that the full set of potentially relevant motions is
considered, when designing mechanical systems or learning controllers [1,27]. However, in spite of over a century
of study [4,13,15,22], today’s answers are rather incomplete.

Even in the absence of friction, the behaviour of unilateral constraints can be surprising. Given a particle
moving in one dimension subject to an external force and a unilateral constraint, one might imagine, based on
the classical nature of the physics involved, that the system is deterministic and hence the motion is unique.
But strikingly, Bressan [5] and Schatzman [26] showed that such systems can have multiple solutions, even if
the external force is an infinitely differentiable function of time; and Ballard [2] showed the solution may be
non-unique even if the impacts are perfectly inelastic. On the other hand, Percivale [23,24] discovered that
unique motions are guaranteed if the force is an analytic function of time. (Recall that a function f : R™ — R"
is (real) analytic at point a € R™ if the Taylor series of f at a converges to f(x) for all x in some neighbourhood
of a.) Subsequently, Ballard [2] generalized Percivale’s results from particles to frictionless multibody systems,
acted on by forces that are analytic functions not only of time, but also of the bodies’ positions and velocities.
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Whereas both infinitely differentiable and analytic force functions allow an accumulation of impacts on the
left of a given time (like a bouncing ball coming to rest), all known examples of nonuniqueness involve an
accumulation of impacts on the right, which Ballard shows is impossible for an analytic force function.

Several authors have explored existence and uniqueness results for models with friction. Monteiro Marques [17]
proved the existence of solutions to initial value problems involving a single unilateral constraint and dry friction,
but only in situations with a perfectly inelastic impacts (zero restitution coefficient) and without addressing
uniqueness. Later, Ballard and Basseville [3] presented arguments for the existence and uniqueness of solutions
to initial value problems for a unilaterally constrained particle subject to dry friction and a force that is an
analytic function of time and a linear function of the particle’s position. Charles and Ballard [6] extended
those arguments to finite collections of particles and to a more general class of force functions. In the case of a
single particle, their problem setting is identical to that considered in this paper. A key step in the arguments
of Ballard, Basseville and Charles is to derive a local solution given by a power series, and to claim that it
corresponds to an analytic function. However, a simple counterexample to that claim was recently presented by
Dance [7]. This counterexample involves a particle in R? that starts to slide on a plane, under the influence of
a tangential force whose Cartesian components in the plane grow with time t as (1,¢) € R?, and a friction force
of unit magnitude. Although the tangential force is an analytic function of time, the particle’s velocity is not:
rather, the Taylor series of the velocity at ¢t = 0 is divergent, and the magnitude of the coefficient of 2" of the
first component of the velocity is Q(n!/3™).

In this paper, we prove the existence and uniqueness of solutions to initial value problems describing the
motion a particle subject to a unilateral constraint, dry friction, and a force given by an analytic function
of time, position and velocity, which is also a Lipschitz continuous function of position and velocity at each
time. Our approach is to repair the arguments of Ballard, Basseville and Charles [3,6], in the light of Dance’s
counterexample [7]. Given some initial conditions compatible with the unilateral constraint, we show that one
can always find a local solution (that is, a motion on a time interval of positive length just after the initial time)
that is an analytic function of time, unless the particle is just starting to slide. If the particle is just starting
to slide, one can find a formal series solution. Although this formal series is in general divergent, we show there
is an actual solution that is asymptotic to the formal series at the initial time. As the rest of the argument is
similar to that given by Charles and Ballard, we only highlight the few changes necessary for that argument to
work with the solution that is asymptotic to the formal series.

2. PROBLEM STATEMENT AND MAIN RESULT

We consider the initial value problem for a particle moving in R¢, acted on by an external force, and by
a reaction that captures the effects of a unilateral constraint and dry friction. The unilateral constraint is an
inequality constraint on the particle’s position, which models an obstacle: the particle may collide with, stay in
contact with or break contact with the surface of the obstacle; but it cannot enter the obstacle. We formulate
the problem for an obstacle that occupies a half-space. This might sound restrictive, but in fact the problem has
the same form for any obstacle defined by an analytic hypersurface, as shown by Charles and Ballard Section 5
from [6]; therefore our main result also holds for such obstacles. Due to collisions with the obstacle, the particle’s
velocity may be a discontinuous function of time, so we model its acceleration and the reaction of the obstacle
on the particle as vector-valued measures. The times of discontinuity are the atoms of the acceleration and
reaction measures.

The particle’s position at time ¢ in time interval [0,7] is denoted by u(t), and the particle’s left and right
velocities are v~ =t~ and vt = ut. The particle’s acceleration measure v and the reaction measure R are
both in the space M([0,T],R?) of R¥-valued Radon measures on [0,7]. Thus the position function u is in the
space of motions with measure acceleration [19,26] from [0, T] to R%, denoted by MMA([0, 7], R%). This space is
defined as the set of functions y : [0, 7] — R%, whose left and right derivatives y~ and y* exist in the classical
sense on (0,77 and [0, T') respectively, take defined values y~(0) and y ™ (T") at the endpoints, and have bounded
variation on [0,7]. The external force F : [0,7] x R? x RY — R? is a function of time and of the particle’s
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position and (left or right) velocity. We choose the coordinate system so that the first component, denoted by
the superscript n, is parallel to the outward normal to the surface of the obstacle and the remaining components,
denoted by the superscript t, are tangential to that surface: thus

u(t) = (u(t),u’(t)) € R x R41

The initial value problem and main result are as follows.

Problem Z,. Given initial conditions (ug, vy ) € R? x R? with u} > 0, restitution coefficient e € [0, 1], friction
coefficient y > 0 and force function F : [0, 7] x RY x RY — R?, find a motion u € MMA([0, 7], R?) and a reaction
measure R € M([0,T],R?) that satisfy:

(i) the initial conditions u(0) = up and v~ (0) = vy;

(ii) the equation of motion 1 =v~ and v =F(t,u,v_) + R on [0,T];

(iii) the contact constraints u™ > 0, R® > 0 and u"R" =0 on [0, T7;

(iv) the impact law v**(¢) = —ev®~(t) for each t in [0, 7] at which u*(¢) = 0; and
v) the friction law: for all continuous functions w : [0,7] — R¢~1

[ e [ R R )
(0,7 [0,T]

Theorem 2.1. Let &2 be an instance of Problem £, in which the force function is an analytic function of its
arguments, and a Lipschitz function of position and velocity at each time. Then & has exactly one solution.

A few remarks are in order concerning the formulation of Problem Z,.

Remark 2.2. In the equation of motion, it does not matter whether the left or right velocity is used on the
right-hand side, as the left and right velocities agree for almost all times, and the force only appears as a density.
The contact constraint R® > 0 requires that the reaction is non-adhesive (it cannot pull the particle toward
the obstacle). The constraint u"R" = 0 requires that the reaction vanishes when there is no contact: it may be
stated more explictly as the requirement that the support of measure R" is a subset of {t € [0,7T] : u®(¢) = 0}.
In the impact law, if the restitution coefficient e is generalized to a function e(t,u,v~) from [0, 7] x R? x R? to
[0, 1], then Theorem 2.1 still holds.

Remark 2.3. As discussed by Ballard and Charles [4], the friction law generalizes the Amontons-Coulomb law
of dry friction from reaction forces to reaction measures. Indeed, if (r*,r') denotes the value of the reaction
measure (with ™ > 0) at an atom of that measure, then the friction law implies that
vit =0 = |t < pr™ )
vit £ 0 = r’ = —pur"vt /vt
The appearance of the right rather than the left velocity is essential here to ensure that friction does not
increase kinetic energy. On the other hand, if the reaction measure is absolutely continuous with respect to
Lebesgue measure and (1%, r?) instead denotes its density, then equation (1) is again satisfied for almost all

times; moreover vt may be replaced by the tangential velocity v', as the equation of motion implies that the
velocity is continuous if the reaction measure has no atoms.

Remark 2.4. The subdifferential 0f(x) of a convex function f : R™ — R at x € R™ is the set of vectors a € R"
such that f(x') — f(x) > a- (x' — x) for all x’ € R™. Thus 9||x|| is the closed unit ball {a € R™ : ||la|| < 1} if
x = 0, and the singleton set {x/||x||} otherwise. Using this subdifferential, law (1) takes the succinct form

r' € —puro|vit|.
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Integrating the equation of motion over an atom of the reaction measure thus gives v+ — vt~ € —pur"d||vtt||.
It follows that v*™ must be a minimizer of x — F|lx — v*7||? + pr®[|x||. As this is a strictly convex function,
the right velocity v'™ is unique given vt~ and ur, > 0. Clearly, the normal reaction impulse r,, is also uniquely
determined by the equation of motion and the impact law.

Remark 2.5. Our formulation is the same as that of Charles and Ballard [6], with two exceptions. First, we
work with the outward normal to the obstacle rather than the inward normal, so we require the normal position
and normal reaction measure to be nonnegative. Although closely related work requires nonpositive normal
positions [3, 6], the convention of nonnegative unilateral constraint functions is also common [4,8,10]. Second,
our initial conditions specify the left velocity rather than the right velocity. Other related work also specifies the
left velocity [19]: this seems natural if the acceleration is a measure on [0, 7] rather than (0,7"), and it avoids
the need for a condition ruling out an impact at the initial time.

The rest of the paper proves Theorem 2.1. Like previous authors [3, 6], we look for a series solution to the
initial value problem after any initial impact has been resolved. The series solutions determined in previous work
are correct, except in the case of a particle that is just starting to slide, and Section 3 focuses on that case. We
prove the existence of a formal power series solution to the initial value problem for a particle that is starting
to slide (Prop. 3.4). Although this formal series is in general divergent, we show that there is an actual local
solution that is asymptotic to it; and although the normal reaction force corresponding to this local solution
may not be analytic at the initial time, we show that its time derivative satisfies an inequality which plays a
key role in proving uniqueness (Prop. 3.6). Section 4 presents the few changes necessary for the arguments of
Charles and Ballard to apply to this actual local solution. We show that there is always a local solution to the
unilateral problem (Prop. 4.1) and that this is the unique local solution to the unilateral problem in the space of
motions with measure acceleration (Prop. 4.2). Theorem 2.1 follows immediately from these local existence and
uniqueness results, by the arguments of Charles and Ballard Corollary 4.3 from [6]. As no changes are required
to those arguments, they are not repeated here.

3. THE STARTING-TO-SLIDE PROBLEM

This section focuses on the case of a particle that is initially at rest, in contact with an obstacle, and is acted
on by a tangential force that exceeds the friction limit, making the particle start to slide. After recalling relevant
results on formal power series, we define an algebraically constrained initial value problem, the starting-to-slide
problem, and prove it has a formal power series solution (Prop. 3.4). Although this formal series is in general
divergent [7], we show that there is an actual local solution that is asymptotic to it (Prop. 3.6). Our proof
relies upon an extension of the classic Cauchy-Lipschitz (Picard-Lindelof) existence argument for differential
equations. The density of the normal reaction measure corresponding to this local solution can be taken to be
a differentiable function. Although this function is not in general analytic at the initial time, we show that it
satisfies an inequality which also holds for analytic functions, and which plays a key role in proving uniqueness.
Specifically, if f: R — R is analytic at 0, then there exist real numbers a and b such that

df
(|| < @ miso )
on [0,n) for some 1 > 0. This inequality does not hold in general if f is analytic at ¢ for ¢ > 0 but not at t = 0:
for instance, if f(t) = exp(—1/t) then df/dt = f(t)/t>.

3.1. Reminder on Formal Series

A formal power series over the reals is an infinite sequence a = (ag, a1, ... ) whose elements are real numbers
known as coefficients [11,21]. A formal power series is often written as a sum a(t) = >,.,a;t* involving an
indeterminate t: this differs from the usual notion of a power series, as this sum is not required to converge
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for some nonzero value of ¢t. The order of vanishing ord(a) of formal power series a is the least index i such
that a; # 0, with the convention that ord(a) = oo if all coefficients of a vanish. If ord(a) < oo then the leading
coefficient of a is lcf(a) := aora(a)- The derivative of a is the formal power series a(t) = Y ,~0(i + 1)a;41t".

The result of truncating formal power series a at exponent n is denoted by a<,(t) =Y, <;<,, ait’ or a<,. We
use the convention that a<; and a; vanish if ¢ is negative. Clearly, if ¢ is taken to be a real variable, then a<y(t)
is a polynomial with degree at most n. We use square brackets to group truncations or extraction of coefficients.
For instance, if formal power series a,b and c satisfy ab = ¢, then [abl<; = c<; and [ab]; = ¢;; and if xy is a
formal power series then its coefficients are [z4]o, [zx]1, . ... Also, we use the following two results repeatedly.

Lemma 3.1. Let a and b be formal power series, and let i be an integer. Then
[abl; = [a<i—orav)b<i—ord(a)li-

Proof. By the Cauchy product formula, [ab]; = Z;':o a;bi_; = Z;;Zﬁ((?) a;b;_;. As this sum only depends on

a<i—ord(p) aNd b<i_ord(a), the result follows. O

Lemma 3.2. Let x1,...,x, be formal power series over the reals in indeterminate t and f : R™ — R be real
analytic at ([x1]o, - .., [xn]o). Then the composition f(x1,...,2,) is a well-defined formal power series in t with

[f(l‘l, .. ,an)]i = [f([xl]gi, ey [xn]gz)]z fO’f’ 1€ Zzo.

Proof. As f is analytic at ([z1]o,- .., [¥s]o), we may define the composition in terms of the Taylor series

f(l'l, e 756'”) - ZmZO Z]|]|:m g] y‘{l e gan

where j is a multi-index with |j| := ji +- - -+ j,, where each g; is a real number involving factorials and a partial
derivative, and where yi, == x) — [zg]o for k = 1,...,n. As ord(yx) > 1 for each k, we have [y]* - --yir]; = 0 if
|7] > 4. Thus Lemma 3.1 gives

@1 mn)li = Eonco X jiijimm 9 [([m1)<)™ -+ ([yn] <o)

As this is a finite sum, it is a real number, so the composition is well-defined. Now let 2z :— [zx]<;. Then
[yrl<i = [2k — [2k]o]<i. Therefore [f(x1,...,2n))i = [f(21,-- -, 2n)]i- O

The above definitions and results extend readily to formal power series with vector-valued coefficients. In
particular, given a formal power series a = Y .- a;t* with coefficients a; € R™, we define

ord(a) :=inf{i > 0:a; # 0}.

By considering two formal power series a and b with coefficients in R™ as tuples (a,...,a,) and (by,...,by,)
of formal power series over the reals, we define the sum, dot product, squared norm and derivative:

a+b:=(a;+by,...,a, +by), a-b:=ab;+ - +a,b,, |al|? :=a-a, a:=(a1,...,a,).
Consider a function g : R™ x R™ — R" such that the composition g(x,x%) is a well-defined formal power series

for a given formal power series x with coefficients in R™ and its derivative x. A formal power series solution of
g = 0 is a formal power series x such that [g(x,%)]; = 0 for all nonnegative integers 1.
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3.2. Formal Series Solution to the Starting-to-Slide Problem

The starting-to-slide problem is a special case of Problem &£, in which the particle starts from rest, and
attains a nonzero tangential velocity, while remaining in contact with the obstacle. Any solution to this problem
corresponds to a local solution to Problem &, provided the normal component of the force is nonpositive on
a right neighbourhood of the time origin (that is, an interval of the form (0,7) or [0,7) for some n > 0). The
problem is written so as to be amenable to formal series solution, as we now explain.

We denote the normal and tangential components of the force F = (F* F?') for a particle in contact with the
obstacle and with zero normal velocity by

(3)

As noted in Remark 2.3, if contact is maintained and the reaction measure is absolutely continuous with
respect to Lebesgue measure, then the tangential and normal reaction forces r' and 1™ are related for almost
all times by the familiar friction law

r' = — " Vz = uf“(t,ut,vt)v—: if v £ 0, (4)

vt [Iv*]]
where the second equality follows as the normal force and normal reaction force are equal and opposite for a
particle that remains in contact. Since we wish to determine a formal series solution to an equation of motion of
a particle that is starting to slide, we must find the coefficients of t* of the right-hand side of (4), given formal

series for u' and v', but we are hampered by the fact that the function v' — ﬁ is not analytic at v*(0) = 0.

To overcome this impediment, we shall introduce a new variable v* in terms of which this function is analytic.
First, define the unit vector

£'(¢,0,0)
A= lim —— 1~ 5
M3 TE.0,0)] ®)
(This limit exists under the hypotheses of Proposition 3.4, which require that f'(¢,0,0) is analytic at ¢ = 0 and
nonzero for ¢ € (0,n) for some n > 0.) We will look for solutions in which the particle starts to slide in this
direction. Decomposing the tangential velocity into components parallel and perpendicular to this unit vector,
we have

vi=v'a+vt where vi.a=0, (6)

and v! = a- vt. We introduce the variable

L vt
Vo=
v

which is well defined for v # 0. In terms of this variable, we have

vt a+v~e a+v~e
= (7)

IVEE la+v=l (1 [lve]2)r/2

in which the right-hand side is indeed analytic in v at 0. The condition v* -4 = 0 reads v'v™ -a = 0,
but we will apply this condition when v' is a formal series other than the all-zero formal series, so we write
decomposition (6) in the form

vi=(a-v")(a+v*) where a-v' =0. (8)
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We assume without loss of generality that the initial tangential position is u*(0) = 0. As the particle is
starting to slide we have v*(0) = 0. Furthermore, as we look for motions where the particle starts to slide
in direction &, it follows from equations (7) and (8) that v*(0) = 0. The problem may now be stated as the
combination of these initial conditions, with the equation of motion entailed by equations (4) and (7), and with
the constraints (8).

Starting-to-Slide Problem. Given functions f* : R x R%1 x R4 — R?! and f* : R x R~ x R~ — R,
find a time 7 > 0, and functions u', vt and v* from time interval [0,7) to R?~! that satisfy:

u’(0) =0, v'(0) = 0, v7(0) =0, (9a)

ut = v on [0,7), (9b)

vt =it u, v+ pf (Gt v A+ v A4 VP TV on [0,7), (9c)
vi=(a-vh)(a+v") and a-vi=0  on (0,7), (9d)

where a is defined by equation (5).

Remark 3.3. In the following proposition, the hypothesis on the leading coefficient of uf™ implies that p # 0.
The case p = 0 is not addressed until Proposition 4.1.

Proposition 3.4. Let the functions £ and t* be analytic at (0,0,0) and satisfy
I£(1,0,0)[| > |uf"(2,0,0)| (10)
on (0,n) for some n > 0. Let lef(uf"(t, af, v¥)) < 0, where Gf and v are the formal series with coefficients
il =0, vi=o0, a1)
inf =vi_), iVl = [ft(taﬁfgz‘—la {’fgi—l)}i—lv i>1
Then there exists a formal series solution (a*,v',v™) to the starting-to-slide problem (9) such that

ord(v') < oo and lef (pf™ (¢, 0%, v")) < 0. (12)

Furthermore, for any positive integer m there exist real numbers c,, and ny, > 0 such that the polynomials

u' = [0, oraar) and v©i= [V ora(ety satisfy

t

v
H\'ft + (¢, ut, vP) + pf*(t, ut, vh) v H < cpt™ on (0, 7,). (13)
v
Proof. We claim that the following algorithm generates coefficients uf,...,af and v§,..., v} of a formal

series solution to the starting-to-slide problem, given a nonnegative integer iyax as input.

: p«— ord(f*(¢,0,0)) + 1 > p will turn out to be a lower bound on ord(v?)
u) — 0, v — 0and vj — 0

: fori«— 1,2,... ipax do

up Vi /i

if i < p then solve equation (14) for v{; else solve (14), (15) and (16) simultaneously for v} and v,

AN S

(V' 4+ £, ) 4t (8,85 V) @+ V) (L VT i =0 (14)
[(Aa-v)(a+vT)—v ;=0 (15)
a-vi, =0 (16)

6: return (', v', v™)
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By the hypothesis on ||f*(¢,0,0)|| and the hypothesis that f' is analytic, Line 1 sets p to a finite value, and
the unit vector a of equation (5) is well defined. Line 2 ensures that the algorithm’s output satisfies the initial
conditions (9a). Line 4 ensures that the coefficients of t'~! in differential equation (9b) match. Line 5 would
ensure that coefficients of the remaining equations (9¢) and (9d) match to any desired order, provided that:

I. The left-hand side of (14) is the coefficient of a well-defined formal series.
II. Equation (15) is automatically satisfied for ¢ < p.
ITI. Equations (14), (15) and (16) may be written as equations for unknowns v
previously determined coefficients.
IV. These equations may indeed be solved.

t +
; and v

given the values of
Thus to prove the existence of a formal series solution, it remains to prove that these four conditions hold.

I. Showing the left-hand side of equation (14) is a well-defined formal series. Line 2 sets uf) = 0, v§ = 0, and
vi = 0. The function x — (1 + [|x||?)~1/2 is analytic at 0, and the functions f* and f* are analytic at (0,0, 0).
As sums and products of analytic functions are analytic, it follows from Lemma 3.2 that the expression

£, 00 V) + (0 V) (@ + v (L v T2

is a well-defined formal series, irrespective of the values of @}, v} and v for i > 0. As the time derivative viis
a valid formal power series, we conclude that the left-hand side of equation (14) is well defined.

II. Showing equation (15) is automatically satisfied for i < p. Equation (14) simplifies to
ive = [f'(t, 0", vY)]ioy = [ft(t,ﬁtgi_l,f/tgi_l)]i_l for 1 <4 < ord(pf"(¢,a*,v")), (17)
using Lemma 3.2. An induction coupling this result, the initial conditions and the fact that ia! = v{_, gives

al =0, Vvi=0  for 0 <i < min{ord(uf"(¢,0,0)),ord(f(¢,0,0))}.

(3

But the hypothesis on ||f*(¢,0,0)|| implies that ord(f*(¢,0,0)) < ord(uf(¢,0,0)) and Line 1 of the algorithm
set p = ord(f*(¢,0,0)) + 1, and it follows that

al =0, vi=0 for i < p, (18)
which clearly implies that
ord(v*) > p. (19)
Writing equation (14) for i = p, and applying Lemma 3.2, the fact that vj = 0 and equation (18) gives
pv,, = [f*(t,0,0) + pf*(t,0,0)a],_1. (20)
But by definition of a and p, coefficient [f*(¢,0,0)],_1 is parallel to a, and it follows that
v, = (v} - a)a. (21)

Finally, applying Lemma 3.1 (using Eq. (19) and the fact that vg = 0) to the left-hand side of equation (15)
gives

[(a-99)(@+vH) =¥ =[(a-v,)a—vL,], =0  fori<p,

where the second equality follows from equations (18) and (21).
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Observations about n := ord(uf®(t, 0", v*)). Before showing that condition III holds, we present some facts about

the order n. Let n! = ord(uf™(t,af, v!)), noting that this is finite by the hypothesis that uf®(¢,af, vf) has a
leading coefficient. Comparing equation (17) with the definition of the hypothesized series Gf and vf, we see
that

ule=ul,,  Vie=vi. and  [uf(t,0,9")] o = [uf (00,9 <
Hence,

n — ord(puf (¢, 0, vY)) = n' < . (22)

Moreover, from the hypothesis on the leading coefficient of uf™ (¢, af,v!), it follows that
[uf(t,a, v")], <O. (23)

We now prove by contradiction that

n+1>p. (24)
Assume n < p—1. By equation (18), this assumption gives i, = 0 and v, = 0. Thus, n = ord(uf" (¢, 0", v')) =
ord(uf"(¢,0,0)). But the hypothesis on ||f'(¢,0,0)|| implies that ord(f*(¢,0,0)) < ord(uf"(¢,0,0)), and based
on the previous sentence this is equivalent to p — 1 < n, contradicting the assumption. Therefore equation (24)

holds.

III. Rewriting equations (14), (15) and (16). By the definition of n, Lemma 3.1 gives

a9 @ v 2] = [0 @ v ) (4 TP i

i—1 i—1
As vj = 0, Lemma 3.1 also gives [||[v7||*|<i—n_1 = Hv;7n72||2. Therefore, applying Lemma 3.2 we may
reformulate equation (14) as

Vi = [ft(ta ul, g, i)+ pft(tal, v ) (a+ V;‘—n—l)(l + ||V;'—n—2||2)71/2}i71 . (25)

We define the decompositions of v* and function f' parallel and perpendicular to unit vector a by

5t 1 =t 4

vii=a-v, voi=v' —v'a
fl:=a.f fLo=f' —fla
As the initial conditions require vg = 0, as the algorithm requires equation (16) to hold for ¢ > p, and as

n+ 1> p by equation (24), it follows that
a- v;_n_l =0.

Thus, taking the dot product of each side of equation (25) with a gives

vy = [f‘l(ta ﬁtgi—17‘7%i—1) + an(taﬁtgi—h{’tgi—l)(l + ||V;—n—2||2)_1/2]i_1 . (26)
Multiplying each side of equation (26) by & and subtracting from equation (25) gives
iVj' = |:fJ_ (ta ﬁ%i—l’ i}tgi—l) + /‘Lfn(t7 ﬁtgi—p Gtﬁi—l)vgi—n—l(l + vai—n—2”2)71/2i| i1 . (27)
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Finally, in equation (19) we showed that ord(v'") > p. Therefore, we may reformulate equation (15) as

Vf‘ = [Vgi—lvgi—p]i' (28)

An observation about Vl‘l. Before showing that condition IV holds, we show that
Vg >0 and if n > p then Vg > 0. (29)
Taking the dot product of both sides of equation (20) with a gives
pv, = [f'(£,0,0) + pf*(t,0,0)],_1.

By definition of & and p, we have [f'(¢,0,0)],-1 = [|[f*(¢,0,0)],-1]| > 0; by the hypothesis on |f*(¢,0,0)| we
have [[[f*(¢,0,0)],—1] > [[uf*(£,0,0)],—1]; and it follows that v, > 0. Moreover, if n > p then equation (18)
gives 0 = [f*(¢, 0", v")],—1 = [f*(£,0,0)],_1; and it follows that v,, = [f"(t,0,0) + 0],_1/p > 0.

IV. Solving equations (14), (15) and (16). Equation (17) shows we may solve equation (14) when i < n.
Equation (20) shows we may solve equation (14) when 7 = p. But we showed in equation (24) that n +1 > p.
Therefore, it only remains to show that we can solve the equations of Line 5 when ¢ > p. We actually show that
we can solve the reformulated equations (26), (27) and (28) along with the original (16) for v}, v} and v;_ o
Clearly, given v] and vi-, we may reconstruct v{ as v{ = vlla + vi.

As the right-hand side of equation (26) is independent of the variables v!, vt and v

izfp’
! simply by dividing by 4. To solve equations (27) and (28) simultaneously, we consider two cases: n > p and

n + 1 = p. In the light of equation (24), these cases cover all possibilities.

we can solve it for
Vv

— Say n > p. Then the right-hand side of equation (27) is independent of the variables vi- and vf_p, SO we

can solve for vf simply by dividing by i. Equation (28) rearranges to give

o+ _ oL I = ,
VpViep = Vi — [V§¢—1Vgi—p—ﬂz,

i’—p7
— Say n+1 = p. In this case, we have vZ, =, = szepfr As vj = 0, the constant term of the formal series

which is readily solved for v as V;g > 0 when n > p by equation (29).
(1+ \\v§i7n72||2)_1/2 is 1; as i > p =n+ 1, the series uf"(t,al,; ,,vl,; ;) is of order n; and it follows that
the only term on the right-hand side of equation (27) involving v;p is

[an(t7 ﬁtgi—lv ‘71:9'—1)] nViop

Substituting for v;- from equation (28) into equation (27) thus gives

P ] + ~ ~ : ~ - +
WV, t+ Z[Vgiflvgz;pq]i = [/‘fn(t7 utgzel» Vtgzel)]n VipT [S(t, utgzelv Vtgiflﬂ ngepﬂ)]ifl

for an appropriate function S. This equation is readily solved for Viip

as iv) > 0 by equation (29), and

[an(ta ﬁtgi—lv {’tgi—l)] , <0

by equation (23). Substituting the resulting value of v;” into equation (28) gives the value of the remaining
variable vi.

This completes the proof of existence of a formal series solution.
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Proof of conclusion (12) of Proposition 3.4. First, we prove that ord(v') < oo, arguing by contradiction. Assume
ord(v') = co. Equation (14) then simplifies to
[£4(£,0,0)]; = —[uf"(£,0,0) (& + vF)(1 + [v7[*) 712,
for 4 > 0, and thus
[lI£4(2,0,0)1%); = [(uf"(£,0,0)%[a+v7[2(1+ [vZ )],

; =0 for j > 0, and as a is a unit

for ¢ > 0. But as the initial conditions and equation (16) imply that & - v
vector, we have ||a+ v |2 = 1+ ||[v7 . It follows that

I£5(£,0,0)[|* = (uf(t,0,0))?,

which contradicts the hypothesis about ||£*(¢,0,0)|. Therefore ord(v*) < co.
The conclusion that lef(f*(¢,u*, v*)) < 0 is immediate from equations (22) and (23).

Proof of conclusion (13) of Proposition 3.4. We begin by showing that
lef(v!") > 0. (30)
If n > p then equations (18) and (29) immediately give lcf(v") > 0. Otherwise, say p = n + 1. Let
f19:=£'(¢,0,0), f10 .= f+(¢,0,0), 20 .= £2(¢,0,0).

Let ¢ == ord(v*"). Then equation (27) gives

0 = [F40 4 uf0v* (1 + [v¥[[2) 2]y s, (31)
As n = p— 1, equation (18) gives n = ord(pf"(t, 0%, ;,vl ) = ord(uf"%), so equation (31) may be solved
for V§q727'n,' From this solution, we may determine

[+ V1) 2 <qm1mn = [ = IE0/E) ) (uf /)P ) 2g-1-n,

in which: the left-hand side only depends on ng—Q—n since vy = 0, as argued just before equation (25);
we divide by t” on the right to highlight the validity of dividing these formal series; and we observe that
ord(ft(¢,0,0)) =n as p = n + 1, so that [(f°/t")/(uf"®/t")]o = 0 and thus the composition with the function
x — (1 — ||x]|?)*/2, which is analytic at 0, is well defined. As ¢ = ord(¥'), equation (26) gives

for i <gq vy = [h],_, where hoi= 19 4 pf PO (1 — ||(£10 /8™ / (ut™0 /) |)?) /2
As vt =v''v* and vj = 0, we have ord(vt) > ord(v") + 1. Thus ¢ = ord(v"), so that
qvy = lcf(h).

By hypothesis, (f'°)2 4 [|f+°]|2 > (uf"°)2 on a right neighbourhood of t = 0; by definition of &, we have
lef(f'%) > 0; and as p = n + 1, equations (18) and (23) give lcf(f*) < 0. It follows that

10> ((uf")? — [E40)2)/2 =~ (1= [(FX0 ") (™ /)Y 2 for t € [0,)

for some 7 > 0. Therefore, lcf(h) > 0 and we conclude that lcf(v') = v > 0.
Consider the positive integer m and polynomials u® and v* appearing in conclusion (13). As ord(v') = ¢ =
ord(v') < oo, the ratio (v/t9)/||vt/t4]| is analytic at 0. Thus the function

vi/ta

g(t) = —v' +£i(t,u", v¥) + pf(t, u*, v*)
v/t
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is analytic at 0. Moreover, as v' = v!(a 4+ v¥), Lemmas 3.1 and 3.2 give

{ vt/ } _ (V£m+q—1/tq) A+ VvT]<miq-1
IVt et [NV qar /D) [+ VT ) <mrgl]

= [@+vH)A+ IV cmon,

<m-—1

where the second line follows as lef(v") > 0 by equation (30), and as & - v = 0. Thus, equation (25) gives

8<m—-1 = 0.

Because g is analytic at 0, there is a positive convergence radius p > 0 such that the Taylor series of g converges
absolutely for all [¢t| < p. Thus, for any real numbers ¢ and 7, with 0 <t <n,, < p,

el < D llgrlit® < @/na)™ > gl < cmt™

k=m k=m

for some real number ¢,,. Therefore, conclusion (13) holds. This completes the proof. (]

3.3. Local Solution to the Starting-to-Slide Problem

As the formal series solution to the starting-to-slide problem is not always convergent, it is not obvious how
it relates to motions satisfying the unilateral problem. We now relate them by showing that the solution to a
bilateral problem (defined just below) is asymptotic to the formal series, and that the bilateral problem reduces
to the unilateral problem, since the normal force is nonpositive for this solution. The bilateral problem is so-
called as it can be interpreted as a model of a particle subject to the two unilateral constraints u® > 0 and
u™ <0.

Bilateral Problem. Given functions f* : R x R x R¥~1 — R4! and f* : R x R x R¥~1 — R, find
tangential position and velocity functions u* and v* from a time interval [0, 7] to R?~! that satisfy:

u'(0)=0, v'0)=0, (32a)
u'=v' on [0,T7, (32b)
vl — £t ut, vt € —|uf™(t,u’, v 9||v'| for almost all ¢ in [0, T7. (32¢)

Remark 3.5. In bilateral problems, as the absolute value |f®| may be interpreted as the density of a normal
reaction measure, we only require the differential inclusion to hold for almost all ¢ in [0, 7. Thus, any solution
u' is naturally interpreted as an element of the Sobolev space W21,

Charles and Ballard Proposition 3.1 from [6] proved the existence and uniqueness of a solution to bilateral
problems, for a broader range of initial conditions than our all-zero initial conditions, under the hypothesis
that f' and f" are Lipschitz in their position and velocity arguments for each time ¢. We reuse a result from
Step 3 of their proof, which considers an iterative process for solving the bilateral problem, that generates a
sequence of functions u*%, vt utt vt1 - ub* vtk Charles and Ballard set the first elements (k = 0)
of this sequence, which we call the ansatz, based on the initial conditions of the bilateral problem. Subsequent
elements (k > 0) are uniquely defined by

ut*(0)=0, v"*(0) =0,

. . (33)
l-lt,k _ Vt’k, ‘-,t,k _ ft(t, ut,k’vt,k) c _|an(t7 ut,k—17vt,k—1)| aHvt,kH
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for almost all ¢ in [0, 7. It is shown Line 7 of page 11 from [6] that there exists a real number 3 > 0, depending
only on the time T and the Lipschitz constants of £* and f, such that the difference between consecutive iterates
is bounded by

V) =V RO < 8 ) = v ) s (349)
0

for all ¢ in [0,7T] and for all K = 1,2,.... Although Charles and Ballard prove this for a specific ansatz, with
the particle’s position varying linearly with time, examining their proof, one sees that equation (34) holds for
any ansatz in which u®® and v%° are continuous and satisfy the initial conditions of the bilateral problem.
Moreover, for any such ansatz, one sees that iteration (33) converges to a limit which is the unique solution
of the bilateral problem. The idea of the proof of the following proposition is to use truncated formal series as
ansatz in this iteration.

Proposition 3.6. Let the functions f* and f* be analytic in all their arguments, and Lipschitz in their position
and velocity arguments for all times. Let (*, V') be a formal series solution to the starting-to-slide problem (9)
for functions £* and f*, which satisfies the conclusions of Proposition 3.4. Let (u*,v*) be a solution to the
bilateral problem (32) also for functions ' and f*. Then the solution to the bilateral problem is asymptotic to
the formal series solution: for each nonnegative integer m there exist real numbers C,, and 1, > 0 such that

(W) -2 (3h)

for allt € [0,my,). Furthermore, there exist real numbers n, o and > 0 such that

< Cpt™ ! (35)

pf™ (¢, ut (), vi(t)) < 0 on (0,n) (36)

and t ':;tufn(t, ut(t),vt(t))‘ < (n+ at)|uf™(t,u' (t),v'(t))| on [0,7m). (37)

Remark 3.7. Given a formal series solution to the starting-to-slide problem, one might apply results on formal
series solutions of differential equations [16] to guarantee the existence of a potentially complex-valued function
that is asymptotic to that formal series solution, and analytic on a sector of the complex plane, treating time as
a complex number. However, those results do not guarantee that the imaginary part of this function vanishes
when time is on the positive real axis. For this reason, the following proof uses a Cauchy-Lipschitz argument
instead.

Proof of inequality (35). First note that if inequality (35) holds for some positive integer m, then it holds for
all nonnegative integers m’ < m, for appropriate choices of C,,s and 7,,,. Therefore, in the following, let m be
any positive integer with

m > ord(uf(t,a", v*)) = n, (38)

noting that n is finite by the hypothesis that the conclusions of Proposition 3.4 hold. Counsider iteration (33)
with an ansatz given by the truncated formal series

ut’O = [ﬁt]§m+ord(ﬁt)7 Vt’O — [Vt]gm-&-ord(\?t)- (39)

We draw three other inferences from the fact that the formal series satisfy the conclusions of Proposition 3.4.
First, by the conclusion that ord(v*) < oo, it follows that the ansatz consists of well-defined polynomials.
Second, as n < m + ord(v"), Lemma 3.1 gives

[uf™(t, 0, v9)]; = [uf*(t, u"0, v40)]; for i < n,
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so by the conclusion that lef(uf™(¢, 0’ v*)) < 0, there exist positive numbers 7; and «; such that

pf™(t,ut0 v0) < —aqt” for ¢ € (0,m). (40)

Third, we may define a time T' > 0, a continuous function p° : [0, 7] — R?~! that we call the residual, and a
real number ¢, such that

P’ € 0 4 £ (100 V) — [ (O V) OV and 0] S ent™  on[0,7],  (41)

in which the use of the absolute value |uf®| is justified by inequality (40).
Consider the function v%! resulting from the first iteration of equation (33), for the time 7 > 0 just defined.
By monotonicity of the subdifferential,

(V1 =) @V = DVl > 0.
Equivalently, using equations (33) and (41),
(Vt,l o vt,O) . (Vt’l o ft(t,ut’l,vt’l) o vt,O + ft(t, ut’O,Vt’O) . PO) S 0.

Integrating, noting that v*°(0) = v%!(0), and using the Cauchy-Schwarz inequality, we find

1 t
5Hvt,l(t) _ Vt,O(t)”Q S / (vt,l _ V1;,0) X (ft(t,ut’l,vt’l) _ ft(t,ut’o,vt’o) T pO) dt
0
t
S/ [Vt = VOl (IEE (F st vt — £ ut0 v |+ [ p°]) dt
0
for t € [0, 7], in which p° is integrable as it is continuous. Thus the Ou-Yang inequality' gives
t
R O R e e B L
By hypothesis, f* has a Lipschitz constant L, and by the bound (41) on residual p°, we find
t
V41 () = vt )l < / (LIvSt = v Ol + Lijutt — a0 + cpt™) dt
0
‘ t
—m_gml +/ L(1+T)||v® —v0| at,
0

“m+1

having observed that as v' is the formal derivative of @', the ansatz (39) satisfies u*? = v*9, thus

t t
[utt(t) — ()] = ||/ (vih = vt at| < / [vtt = v dt  on [0,T].
0 0
As t s ||[vhi(t) — v*O(¢)| is continuous and ¢,,t™*!/(m + 1) is nondecreasing, Gronwall’s inequality gives

t
vt (t) — v ()| < Cimltm“ exp </ L(1+T) dt) < aot™ on [0,7] (42)
m + 0

for some g > 0.

1A corollary of the Ou-Yang inequality Corollary 1.2.1 from [25] is as follows. Let f € L1(0,T) with f(¢) > 0 for almost all ¢ in
2
[0, T]. For some constant a > 0, let the continuous function w : [0, 7] — R satisfy % < g + fot f(s)w(s)ds. Then for all ¢ in
[0,T], we have |w(t)| < a -+ fg f(s)ds.
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As discussed above, Charles and Ballard Step 3 of the proof of Proposition 3.1 from [6] showed that the
following pointwise limits exist and are the unique solutions to the bilateral problem:

ut = lim u®* and vli= lim v%

k—oco k—oo

tk

and they showed that inequality (34) holds for some real number 8 > 0, from which we get

t 52 6ktk
VR v < 6 s s sup 89T < v (sl < D sup [vE) < v ()|
0 0

0<sq <t to0<s<t

Thus, using inequality (42), we may bound the distance of the ansatz from the solution by

00 kpk
IVE() = v < D v — v < Z ﬁ sup [[v0(s) = vO(s)|| < eMangt™ 1. (43)
0<s<t
Hence,
tm+2
[u’(t) —u"“ ()| </ V' (8) = v*O(t)]| dt < e'an e (44)

Therefore, the solution to the bilateral problem is asymptotic to the formal series solution:

Gt m-+ord(a*) m-+ord(V")
H =S (S ] <o - e v —vror | S a3 e
k=0 N F k=m-+1 k=m-+1
< Cmtm+1
on [0,T7], for some real number C,,. O

Proof of inequality (36). Let L be a Lipschitz constant for both f* and f*. Let m > n as in definition (38), and
let the ansatz u*® and v*? be as in definition (39). Then

< pf? (a0 V) L[V () = V@) + ut(t) — u (D))
< —ait" +Ct" <0 on (0,n)
for some real numbers C' and 1 > 0, where the second line follows from inequalities (35) and (40). O

Before proving inequality (37), we demonstrate a Lipschitz-like inequality for the non-Lipschitz function
x — x/||x].

Lemma 3.8. Let x and y be vectors in R”™ with ||x — y|| < |ly|| # 0. Then

Proof. The angle subtended at the origin by a ball of radius r < 1 centred at unit distance from the origin is
2arcsinr. As the vector x lies in a ball of radius ||x — y|| centred at distance ||y| from the origin, the angle
between the unit vectors in directions x and y is at most arcsinr where r = ||x — y||/|ly|| < 1. Thus

where the last inequality follows as V1i—r2>1-r2 O

| < valx=2.
1 o 31

X yH < V2 —2cosarcsinr = \/2 — 2v/1 — 12 < \/2r,

(e I
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Proof of inequality (37). In the following, we denote the value of a function g for arguments (¢, u(t), v*(¢)) by
g(-*) and its value for arguments (t,u"°(t), vt:°(¢)) by g(-°), where u*?, v%* and the associated integer m are
as in definition (39). As the function f(-%) is analytic with ord(f*(-°)) = n < oo, by considering its Taylor
expansion, we see that there exist real numbers c1, ¢, c3 and 1 > 0 such that

tl(d/dDf(O)] _ nl[f*(O)]n] + ert
GO T R CO)n] — eot

Let q :— m + ord(v*?) + 1 so that v*°(t) = ¥% (). As f* has Lipschitz constant L, we have

<n+cst on [0,7). (45)

(O] < CH]+ 1) = £2()]
<)+ Lla®(8) —u* ()| + LIIvSO () — v* (1)l
Thus, by inequality (35), there exists a real number C' such that
(O < (Y] + LCtT on [0,7), (46)

taking a smaller > 0 if necessary. Now, using the chain rule, equation of motion (32c), definition (41) of
residual p¥, and inequalities (36) and (40), the total time derivative of the normal force may be written in the
form

A o oy bt
(O =al by (1)
e oo viO(t)
dt (O) = a('O) + b(o) ’ ||Vt,0(t)H - po(t) C('O) (48)

on (0,n) taking a smaller n > 0 if necessary, where

n n n

10)
a’(t7xv y) = E(va y) +y- 87X(t7x7y) + ft(tvxa Y) : @(t7x7y)

By inequality (35), the possible arguments of the functions a, b, ¢ appearing in the total time derivatives (47)
and (48) are in the set

s:%mwwq<mwwmuwMWWLw<muprw}
0<t<n 0<t<n

taking a larger real number C' if necessary. As u*? and v*° are polynomials, they are bounded on [0, 7]. Hence,
set S is compact. As a, b and c are analytic functions, it follows that there exists a real number B such they
are bounded by B and B-Lipschitz on S:

la(s,x,y)| < B
[b(s,x,y)|| < B
lle(s,x,y)|| < B for all (s,x,y) and (s',x,y’) in S.
la(s,x,y) —a(s,x,y")| < Bllx — x| + Blly - ¥'l|
[b(s,x,y) —b(s,x",y')|| < Bllx —x'[| + Blly =¥’
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In the next lines, we take a larger C' < co and smaller 1 > 0 if necessary. Inequality (35) implies that
la(-*) — a(-)| < 2BCt? on [0,7). (49)
Inequality (35) and Lemma 3.8 imply that
vi(t) viO(t)
+ [b(:) - < - )
Vel ’

. vi(t) o).
" " ‘ P VOl o]
< 2pcr 4 pyalV ) = VOO

vt @)l
W for some real number C’

vi()

o ( HVtO

< opmtt on (0,7). (50)
Also, inequality (41) implies that
@) (O <Ctm on [0,1). (51)
Combining equations (45)-(51) and recalling the assumption that m > n = ord(f*(-*)) gives
d d
7fn —fn 0 t 7fn _ —fm 0
()] <o e e e - Gee
. vi(t viO(¢
< (n+cst)If (O)| + t|a(’t) - a('o)‘ +1 ‘b( ) - Vt( ;| b('O) vt OEt;H + t|p0(t) 'C('O)|

< (n+ecst) ([f"(:*)| + LCtY) + t (2BCt? + Ct™ ! + Ot™)
< (n+at)[f*()]  on (0,n)

for some 1 > 0 and « > 0. This shows that inequality (37) holds on (0,7), and as inequality (37) clearly holds
for t = 0, this completes the proof. O

4. LOCAL SOLUTION TO THE UNILATERAL PROBLEM

In this section, we show that there is always a local solution to the unilateral problem and that this solution is
unique in the space of motions with measure acceleration. Theorem 2.1 follows immediately from these results.
Our arguments correct analogous arguments presented by Charles and Ballard [6], by accounting for the fact
that the motion of a particle that is starting to slide may not be analytic at the initial time. Specifically, our
Propositions 4.1 and 4.2 correspond to Proposition 4.1 and Theorem 4.2 of Charles and Ballard; and the proof
of our Theorem 2.1 is identical to the proof of their Corollary 4.3, so we do not repeat it.

4.1. Existence of a Local Solution

We now show that there is always a local solution to the unilateral problem (with an analytic and Lipschitz
force), in which the normal reaction measure can be described as a reaction force on a time interval (0, T,s)
for some T,5 > 0, and this reaction force satisfies an inequality of the form (2). The subscript “as” emphasizes
that the solution need only be asymptotic to the corresponding formal series solution. Since there might be an
impact at time ¢ = 0, we use the right velocity v as initial condition. There is a unique such right velocity for
a given unilateral problem, as discussed in Remark 2.4. We formulate this version of the unilateral problem as
follows.

Unilateral Reaction Force Problem. Given an instance of Problem &7, with data ug, v, ,e,x and F, let

v§ denote the right velocity resulting from resolving any initial impact. Find a time T,s > 0 and functions
Uas @ [0, Ths) — R, vag 1 [0, Ths) — RY and RY, : [0, Ths) — R that satisfy:

U,5(0) = uy, vas(0) = v (52a)

U = Vas,  Vao = FU(t Uas, Vas) + Riy Vig = FU(E Uas, Vi) € —pREO|IVi |l on [0, Tas); (52b)

u,, >0, Ri, >0, u Ra, =0 on [0, Tas). (52¢)

as as
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Proposition 4.1. Let the force function be an analytic function of its arguments and a Lipschitz function of
its position and velocity arguments at each time. Then there exists a time Tos > 0, functions u,s and v,s, and
a differentiable function RY, that solve the unilateral reaction force problem (52). Furthermore, if uj = 0 then
the time Tas > 0 and real numbers m > 0 and B > 0 may be chosen such that

VE{) >0  and  t|RL()] < (m+at) [ RAL(E)]  fort €0, Ths). (53)

Proof. Recall the Cauchy-Kovalevskaya theorem [14]: let V C R™ be an open set, let xo € V, and let £ : V — R"
be analytic on V; then the initial value problem x(0) = x¢ and %X = f(x) has a unique solution x : Z — R"
that is analytic on some open interval Z containing zero. For the problem at hand, we say the particle is in firm
contact when the normal reaction force is positive.

We argue that there exists a solution corresponding to a particle in one of the following states:

(i) not in firm contact, in which case the conclusions follow from the Cauchy-Kovalevskaya theorem;
(ii) already sliding, in which case the conclusions also follow from the Cauchy-Kovalevskaya theorem;
(iii) stuck, in which case the conclusions follow from the fact that F* is analytic; or
(iv) starting to slide, in which case the conclusions follow from Propositions 3.4 and 3.6.

The proof addresses these possibilities in numerical order, with two additional steps: Step (ii~) derives some
facts that must hold if there is no solution of type (i); and Step (ii") considers the case of vanishing friction
coefficient.

Step (i). Consider the initial value problem obtained by setting RE, = 0 and ignoring inequalities (52c):
u(0) = uy, v(0) = v and a=v, v=F(t,u,v) on [0, Tas). (54)

As F is analytic, the Cauchy-Kovalevskaya theorem implies that problem (54) has an analytic solution on [0, T,s)
for some T,s > 0. If this solution satisfies u® > 0 on [0, Tys) for some T, > 0, then setting

(uaS7 Vas, RZS) = (ll, v, O) (55)

solves problem (52), and the function R}, is differentiable. Furthermore, as v is analytic, for some T,s > 0
either

v < 0 on (0,Tys) or v >0 on (0, Tys).

But, if uf =0, u® = v" and u" > 0, then we cannot have v < 0 on (0, Tys). Also, as v" is continuous, if v* > 0
on (0,T,s) then v*(0) > 0. Therefore, solution (55) satisfies

Vvas >0 on [0, Ths),

which is the first part of conclusion (53). The second part of conclusion (53) holds trivially when R2, = RZ, = 0.

Step (i~). Now say there is no T,s > 0 such that the solution to problem (54) satisfies u® > 0 on [0, Ths).
We work under this assumption for the rest of the proof. As u® is continuous and the initial conditions of the
unilateral reaction force problem satisfy uj > 0, it follows that

uy = 0. (56a)

As v™ is analytic and 0™ = v, it follows that v® < 0 on (0, T,s) for some T, > 0. But v" is continuous, and by
definition of the unilateral reaction force problem, uj = 0 implies that V3+ > 0. Hence,

vot =0. (56b)
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Asv™ < 0on (0,T,s), it follows that the leading coefficient of the Taylor series of v* at ¢ = 0 satisfies lcf(v™) < 0.
And as v*(0) = 0, we must have lcf (F”(¢,u, v)) < 0. In particular, defining n := ord(F*(¢,u, v)), in the tangential
part of the the series solution to (54), coefficients uf) and v{ are given by the initial conditions (52a), the next
few coefficients are

i =vi_y, ivi=[Ft,(0,ul; ), (0,vE,_ )i-1, i=1,2,....n, (56¢)
and the leading coeflicient of F"(¢,u,v) is
[F(t, (0,u%,,), (0,v%,))]. < 0. (56d)

Step (ii). Say viT # 0. Then the subdifferential J||vt,| is a singleton set near vl = v{*, whose single element

vi./|vi| is analytic at vt. Thus the Cauchy-Kovalevskaya theorem implies that the initial value problem

u®(0) = uy, vi(0) = viT
W=vS, VS =FYt (0,u), (0,v%)) + uE (¢, (0, u®), (o,vS))H"TH on [0, Tas)
v
has an analytic solution (u®, v®) for some T,s > 0. The superscript indicates a particle that is already sliding.
Moreover, the first few coefficients of the series solution of this initial value problem are identical to those in
equation (56¢) and thus we have lcf(F" (¢, (0, u®), (0,v®))) < 0. Hence, setting

7))
S

(uas’ Vas, Rgs) = ((0’ u’), (O’ Vo), _Fn(t’ (Oa us)7 (0’ VS)))

solves initial value problem (52) for some Typs > 0. Furthermore, this solution has v, = 0 on [0, Tys); and by the
rules of composition of analytic functions, Ry, is analytic on [0, Tys); thus RY, is differentiable and equation (53)
holds for some T,s > 0.

Step (iiT). Say the friction coefficient p vanishes. Then the subdifferential pd||vt,|| is {0}. Arguing as in Step (ii),

we see that the conclusions again follow from the Cauchy-Kovalevskaya theorem and equations (56).
Step (iii). Say vi;T = 0 and for some Tys > 0
IE* (2, (0, 1), 0)[| < |[pF™(t, (0,u5),0)]  on [0, Ts).
Then using results (56), initial value problem (52) is seen to be satisfied by
(Was; Vas, Ri) = ((0,u5), 0, —F"(, (0, ug), 0)).

Furthermore, this solution has v, = 0 on [0,7,s); and as F" is analytic, RL, is differentiable on [0,T,s) and
conclusion (53) holds for a suitably small T,s > 0.

Step (iv). The only remaining possibility is that

p>0,  vph= and  [|F*(¢, (0, u5),0)|| > [uF" (¢, (0,u5),0)]  on (0,T4)
for some T,s > 0. In this case, the functions

' (¢, ut, v') = F(t, (0,u’), (0,v")) and 2 (t,u", v — F*(¢, (0,u"), (0,v"))

satisfy the hypotheses of Propositions 3.4 and 3.6. Using these propositions, there exists a solution (u', v*) to the
bilateral problem (32) on a time interval [0, T,s), and by conclusion (36) this solution satisfies uf"(¢,u*,v*) < 0
on (0, Tys) for some T,s > 0. Hence setting

(Uas, Vas, RE) = ((0,u®), (0,v"), =" (¢,u’, v*)) on [0, Tys)

solves initial value problem (52). This solution satisfies conclusion (53), as vi, > 0, and by conclusion (37) of
Proposition 3.6. This completes the proof. (]
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4.2. Uniqueness of the Local Solution

Proposition 4.2. Let & be any instance of Problem &, in which the force function is an analytic function of
its arguments and a Lipschitz function of its position and velocity arguments at each time. Let u be any solution
in MMA([0, T],RY) to instance &; and let u,s be any solution to the unilateral reaction force problem (52) for
the same problem data as instance &P, that satisfies the conclusions of Proposition 4.1 on a time interval [0, Tas)
with Tas > 0. Then solutions u and u,s are identical on time interval [0,7) for some n > 0.

Proof. The proof is similar to proofs presented by Ballard and Basseville Theorem 4.2 from [3], and by Charles
and Ballard Theorem 4.2 from [6]. The former assume the force function does not depend on the particle’s
velocity, and the latter extend the proof to remove that assumption, so the following discussion focuses on
the latter. Whereas Charles and Ballard assume the solution u,s is analytic, we can only assume that the
solution satisfies the conclusions of Proposition 4.1. Rather than repeating Charles and Ballard’s five-page
proof, we briefly explain four changes necessary to extend their proof to such non-analytic solutions, and to
correct a minor flaw. The discussion below uses our own notation: v,¢ and R}, denote the velocity and normal
reaction force associated with u,g respectively, which satisfy Proposition 4.1; v is the right velocity associated
with solution u; and we emphasize that Charles and Ballard require the normal position and reaction to be
nonpositive, whereas we require them to be nonnegative.

Change 1. In Step 1 of their proof, Charles and Ballard show that the difference in the velocities of the two
solutions is bounded by a multiple of the integral of the normal reaction R},: for some C' > 0 and n > 0,

V() — vas(®)]| < C’/O Ry, for t € [0,n). (57)

Early in the demonstration of this inequality, it is argued that “I;Ta,n < 0, by taking a smaller time interval

[0,7) if necessary” from which the conclusion that [ (0.4] R™v}, > 0 is drawn. We adapt this statement as follows.
Either the initial condition has u”(0) > 0, in which case continuity implies that u"(¢) > 0 on [0,7) for some
n

1 > 0 and hence R" = 0 on that interval; or u”(0) = 0, in which case Proposition 4.1 gives vi, > 0 on [0,7) for
some 71 > 0.

Change 2. In Step 2, it is argued that either R, vanishes identically on [0,7), in which case the theorem follows
immediately from equation (57); or RL, does not vanish identically, in which case u”(t) = 0 = uZ(¢) on [0,7).
The demonstration of the latter fact involves an integration by parts, resulting in an integrand that may be
bounded in terms of the modulus of the function

OF™ OF™ OF™ OF™

h(S, u, V+7 Uas, Vas) = g(*& u, V+) + V+ : (Sa u, V+) - g(sy Uas, Vas) — Vas * 8Tas(sv Uas, Vas)~
Charles and Ballard correctly claim that there exists a real number ¢ such that
|h(5, 0, v, Uas, Vas)| < cf[u — uas|| + ¢f|vT — vas]| on [0,7). (58)

Here we provide a clearer? justification of that claim. Recall Hadamard’s lemma [20]: any smooth real-valued
function f defined on an open star-convex neighbourhood of a point a of R™ can be expressed in the form

fx)=[f(a) + (x - a) - g(x),

where each component of g is a smooth function defined on that neighbourhood. The hypothesis that F" is
analytic implies that & is smooth. Also, the definition of h gives h(a) = 0 at the point a = (s, Uas, Vas, Uas, Vas)-
Thus Hadamard’s lemma gives

+

h(S, u, V+, Uas, Vas) - (ll - uas) : gl(sa u, V+7 Uas, Vas) + (V - Vas) : g2(8, u, V+7 Uas, Vas)

2Charles and Ballard page 19 from [6] argue that h(s, u, v, Uas, Vas) = (U—Uas)-G1 (s, U—Uas, V—Vas )+ (V—Vas)-Ga (s, U—Uas, v—
Vas) for some functions G1 and Gz. But this is false: for instance, if F (s, u, v) = s||v||? then h(s,u, Vv, Uas, Vas) = (V—Vas) (V+Vas).



EXISTENCE AND UNIQUENESS OF THE MOTION OF A PARTICLE 1051

for some smooth functions g; and go. As the solutions are in MMA, they have bounded variation, so there
exists a real number B such that

lu—wol <B, v =vgll<B,  |uas—uol[<B, [vas—vg|<B,  onl0n).

As functions g; and g are continuous, they are bounded for arguments ranging over these compact sets.
Therefore, inequality (58) holds.

Change 3. Also in Step 2, it is claimed that if the solution satisfies R}, > 0 on (0,7,s) and Cj5 is a nonnegative
real number, then there exists an n > 0 such that

t
Lo [ RL>0 on (o) (59)
0

This claim also holds if function R}, is not necessarily analytic, but is only known to satisfy the conclusions of
Proposition 4.1. Indeed by those conclusions, R} is differentiable thus it is continuous on [0, T,s). As R, is

positive and continuous on (0, Tys), the function g(¢ fo n JRE(t) is also positive and continuous on (0, Tys);
and it follows that
RY. (s
0 < lim ¢(t) < lim ¢t sup 2s(5) =0.
t—0t t—0t o<s<t R (t)

But for any continuous function g with lim; g+ g(¢t) = 0 and g(¢) > 0 on (0, T,s), there is an n > 0 such that
g(t) < 1/C5 on (0,n): this is equivalent to inequality (59).

Change 4. Also in Step 2, the claim that there exist real numbers m and « such that ¢ |R2,(t)] < (m+at) R (t)]
for t € [0,7) holds by Proposition 4.1.

Conclusion. The remainder of Step 2 makes no further appeal to the properties of the solutions; and Steps 3
and 4 are only relevant in situations with multiple particles. This completes the proof. (Il

5. FUTURE WORK

It would be interesting to extend our main result to anisotropic friction, by replacing the subdifferential
0||z|| with the subdifferential of the support function of a convex set [4,18]. A natural open question is the the
extension to multiple interacting particles [6]. Although is straightforward to find formal series solutions for
multi-particle problems, it is not at all clear why an inequality of form (2) would hold for the normal reaction
densities, even in the case of two particles.
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