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EXPLICIT STABILIZED MULTIRATE METHODS FOR THE MONODOMAIN
MODEL IN CARDIAC ELECTROPHYSIOLOGY *

GIACOMO ROSILHO DE Souzal**®, MARcUS J. GROTE?,
SIMONE PEzzUuTO'? AND ROLF KRAUSEM

Abstract. Fully explicit stabilized multirate (mRKC) methods are well-suited for the numerical solu-
tion of large multiscale systems of stiff ordinary differential equations thanks to their improved stabil-
ity properties. To demonstrate their efficiency for the numerical solution of stiff, multiscale, nonlinear
parabolic PDE’s; we apply mRKC methods to the monodomain equation from cardiac electrophysiol-
ogy. In doing so, we propose an improved version, specifically tailored to the monodomain model, which
leads to the explicit exponential multirate stabilized (emRKC) method. Several numerical experiments
are conducted to evaluate the efficiency of both mRKC and emRKC, while taking into account differ-
ent finite element meshes (structured and unstructured) and realistic ionic models. The new emRKC
method typically outperforms a standard implicit-explicit baseline method for cardiac electrophysiology.
Code profiling and strong scalability results further demonstrate that emRKC is faster and inherently
parallel without sacrificing accuracy.
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1. INTRODUCTION

Spatial discretizations of parabolic partial differential equations (PDEs), possibly nonlinear, typically lead
to large systems of stiff ordinary differential equations (ODEs). The degree of stiffness, be it mild or severe,
depends in particular on the rate of change of individual components or the mesh size. For time discretization,
there is generally a trade-off between explicit and implicit time-marching schemes. Explicit schemes are easier
to implement and also cheaper per time-step, but require more steps due to stability constraints. In contrast,
implicit schemes require sophisticated (parallel) solvers for the needed linear or nonlinear systems and thus are
more expensive per time-step, but they also require fewer time-steps. Choosing between explicit and implicit
time integration is a delicate process which depends on several factors, such as the stiffness of the system
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or the efficiency of the linear or nonlinear solvers available. Indeed, an unfortunate choice can increase the
computational cost by orders of magnitude due to abrupt changes in any methods’ performance.

Explicit stabilized methods, such as Runge-Kutta—Chebyshev (RKC) methods [59, 63], strike a balance
between explicit and implicit schemes while their computational cost smoothly depends on the degree of stiff-
ness. On the one hand, they are fully explicit and thus simple to implement in parallel, even in the presence
of nonlinearity; on the other hand, they adapt to the current degree of stiffness by modifying the number of
stages accordingly. Since their stability domain grows quadratically with the number of stages, they are signif-
icantly more efficient than standard explicit methods. Compared to implicit methods, they can also be more
efficient in particular for large-scale three-dimensional linear, or nonlinear, problems [1, 3,4, 18]. In summary,
explicit stabilized schemes combine the advantages of both explicit and implicit methods while avoiding any
abrupt performance deterioration when transitioning from a non-stiff to stiff regime, or from linear to nonlinear
problems.

When stiffness is induced only by a few components, as in the presence of spatial local mesh refinement or
coupled chemical reactions, the efficiency of RKC methods can deteriorate. To overcome that crippling effect
due to a few severely stiff components, multirate Runge-Kutta—Chebyshev (mRKC) methods were proposed
in [5]; they remain fully explicit, and thus easy to parallelize, though with a stability condition independent
of those few severely stiff components. Explicit multirate RKC methods thus permit to circumvent any overly
stringent stability constraint due to local mesh refinement; hence, they also extend local time-stepping (LTS)
methods [27-30] to parabolic PDE’s.

Here we shall consider the monodomain model for cardiac electrophysiology, which consists of a parabolic
PDE for the diffusion of the electric potential and a system of ODE’s for the ionic model of the intracellular
and membrane dynamics of the cardiac cell [13]. After spatial discretization, the monodomain model can be
written as

Y = fry) + fs(y) + fely),  y(0)=wyo, (1)

where fr is cheap but stiff (“F” for “fast”), fs is non-stiff but expensive (“S” for “slow”), and fg is in general
a severely stiff term of the form

fe(y) = AY)(Y — Yo (v)), (2)

with A(y) a diagonal matrix and y..(y) a nonlinear function. Typically, fr represents the discrete diffusion
operator while fg, fg depend on the ionic model; here, fg corresponds to the gating variables and fg to the
remaining ones.

A common and efficient approach for the time integration of the non-diffusive component of (1) is based on
the Rush—Larsen scheme [14,53]. The Rush-Larsen scheme is a first-order splitting method employing explicit
Euler for fs and exponential Euler for fg (hence the “E” notation for the “exponential”) — see [39] for a
recent review paper on the possible variants of this approach. The diffusive term fr is treated either explicitly
or implicitly, depending on the degree of stiffness. For the monodomain model, fr is mildly stiff and, as a
consequence, the choice between an explicit or an implicit approach somewhat challenging. Clearly, explicit
stabilized schemes, such as RKC methods, can efficiently treat the fg and fr terms, but often perform poorly
for the full monodomain model, due to its multiple components and inherent multiscale nature.

In contrast, multirate explicit stabilized methods such as mRKC [5, 16] are more appropriate for the mon-
odomain model because they can adapt the number of stages locally to individual components depending on
their respective degree of stiffness. Here following [14,53], we shall further take full advantage of the special
structure (2) of fg by integrating it with an exponential method, while integrating fr and fs explicitly with
the mRKC scheme. We denote this combined exponential- mRKC time integrator by exponential multirate RKC
(emRKC). The emRKC method is cheap because it is explicit while utilizing an exponential integrator for the
most severely stiff yet diagonal terms. Albeit only first-order, it is more accurate than other commonly used
first-order schemes, as its special structure, inherited from mRKC, guarantees a robust coupling between the
different model components. Although the emRKC method was developed specifically for the monodomain
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equation (for both ventricular or atrial geometries, or even the entire heart), it can be applied to any physical
model that can be written as (1) and (2).

In Section 2, we first present the monodomain model from cardiac electrophysiology. Next, in Section 3,
we recall the RKC [59, 63] and mRKC methods from [5,16], summarize their properties, and describe them
from an algorithmic point of view. In Section 4, we first adapt mRKC to the particular structure (1) of the
monodomain model, which yields the new emRKC method; then we analyze its accuracy and stability properties.
In Section 5, we compare both mRKC and emRKC to a standard baseline method on a sequence of numerical
experiments. Both two- and three-dimensional problems are considered, either with structured or unstructured
meshes, including realistic ionic models. Concluding remarks are presented in Section 6.

2. MONODOMAIN MODEL

The monodomain model is commonly used to simulate electric potential propagation in cardiac tissue. Though
a simplification of the more complex bidomain model, it remains important in practice. In this section, we provide
a brief introduction to the model; for a more complete description, we refer to [10]. The monodomain model is
given by the following reaction-diffusion system of equations:

Cmaalgn =x"'v. (DVVm) + Litim (t, @) — Tion(Vin, 2E, 25), in  x (0,71, (3a)

0z .
TtE =95V, z8) = a(Vi) (1 — z8) — B(Vm) 25, in Q x (0,77, (3b)
025 _ g5(Vin, 25.75), in 2 % (0,7), (30)
-DVV,, - n=0, on 02 x (0,77, (3d)
Vm(oaw) = Vm,Oa ZE(Oa ib) = ZE.0, ZS(O,H)) = 25,0y in Q7 (36)

where parameters and variables are described in Table 1. Electric conduction in the myocardium is anisotropic,
with a conductivity tensor of the form

D(z) = opae(x) @ ag(x) + ora(x) @ ai(x) + 0, (I — ap(x) ® ap(x) — ar(x) @ ar(x)), (4)

where 0, = 0i0¢/(0t +0¢) and o¢, o¢ are also given in Table 1. The vector fields a;(x) and a;(z) are orthonormal
and are aligned with the local fiber and sheet direction, respectively.

The ionic current Ij,, models the total transmembrane currents through a set of gating and auxiliary variables,
respectively denoted by zg and zg. The gating variables zg are probabilities that control the opening and closing
of ion channels in the cell membrane, whereas the remaining variables zg represent other quantities, such as ion
concentration, or intracellular calcium dynamic. Many different ionic models exist in the literature, depending
on the type of cell and the pathophysiological state, but in most cases the overall structure is fixed as in (3)
and follows the so-called Hodgkin—Huxley formalism. Specifically, the total current I;,, is the sum of several
ionic currents, each depending on its own set of gating and auxiliary variables. An archetypal instance is the
celebrated Hodgkin—Huxley model for electric propagation in axons:

Iion(Vma ZE) = gNam3h(Vm - VNa) + gKn4(Vm - VK) + gleak(vm - Vieak)a

where zg = (m, h,n) and there is no auxiliary variable zg. State-of-the-art cardiac ionic models are more
advanced in the sense that they include several more currents and the intracellular calcium dynamic, thus
significantly increasing the computational complexity and temporal stiffness. In this respect, it is common to
take advantage of the Hodgkin—Huxley structure of the system to avoid implicit numerical schemes or excessively
small time steps. In fact, equation (3b) can be rewritten as:

8zE

ot = AE(Vm)(ZE - zOO(Vm))v (5)
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TABLE 1. Description of variables and parameters for the monodomain model. The values of
the coefficients are from [42].

Variable Description Value Units
Vin(t, ) Transmembrane potential - mV
ze(t,x) Vector of gating variables - Probability
zs(t, x) Vector of auxiliary ionic variables - Depends
Iion(Vin, 2E,2s) Transmembrane current density — HA mm 2
Tstim (L, @) Stimulus current density - BA mm 2
X Surface area-to-volume ratio of cardiac cells 140 mm !
Cm Cell membrane electrical capacitance 0.01 uF mm 2
0137 ot, ol Intracellular electric conductivities [0.17,0.019,0.019] mS mm ™!
o, 0f, oy, Extracellular electric conductivities [0.62,0.24,0.24] mSmm ™!
a(Vin), B(Vin) Transition rates (diagonal matrices) - ms™?

where Ap(V,,) = —(a(Vin) + B(Vin)) is a diagonal matrix and zg o (Vin) = —a(Vin)(@(Vin) + B(V,)) 7t is
the steady state value of zg. In general, Ag(V;,) is very stiff for a physiological range of V;,,, but it can be
efficiently integrated with exponential methods (hence the “E” notation) since Ag(V;;,) is diagonal. In contrast,
9s(Vin, zE, zs) is not stiff (“S” for “slow”) and rather expensive to evaluate; thus, it is usually integrated with
the explicit Euler scheme. This split approach of integrating zp and zg with an exponential and standard
explicit method, respectively, was first proposed in the seminal paper of Rush and Larsen [53] and remains very
popular even to this day.

2.1. Space discretization

The spatial discretization of the monodomain equations (3) using conforming piecewise linear finite elements
leads to the semi-discrete system

dv,,

CMMW = XﬁlAVm + MIstim(t) - MIion(ta Vma ZE, zS)v (68')
dZE
v - ms ’ b
3 = 98(Vm, 25) (6b)
dz
dits :gS(VmazEsz)7 (6C)

with appropriate initial conditions and where A and M are respectively the stiffness and mass matrices. (For the
sake of simplicity, we keep using the vector notation for zg and zg.) Equations (6b) and (6¢) are evaluated point-
wise, due to the absence of differential operators in space in the equations. The nonlinear term I;,, is evaluated
component-wise and then interpolated, whereas Iy (t) is obtained by linear interpolation of Igim (¢, ). This
is commonly done in the cardiac modeling community and called Tonic Current Interpolation (ICI), see [44,45].
Alternatively, one could first evaluate V,,, zg, zs at the quadrature nodes and then evaluate Ij,, there, an
approach known as State Variable Interpolation (SVI). Here, we opt for ICI due to its lower computational cost,
as SVI requires interpolating every state variable at the quadrature nodes, which is expensive for ionic models
with a large number N of state variables. Finally, the mass matrix M is always lumped to take advantage of
explicit time integrators.
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The semi-discrete equation (6) can be written as (1) for y = (V;,, 25, 25) " by defining

(XCoM) ' AV, Crt (Lstim (t) = Lion(t, Vin, 25, 25))
fr(t,y) = 0 . fs(ty) = 0 : (7a)
0 QS(Vm7ZE7ZS)
0
fet,y) = | 95(Vin, 2z8) | = Ay)(Y — Yoo (V) (7b)
0
with
0 0 0 0
Aly) =10 Ap(Vm) 0], yo(y) = | 28,0 (Va) |- (7c)
0 0 0 0

Note that fr is stiff but very cheap to evaluate, since it only involves a matrix-vector multiplication thanks to
mass-lumping. The fg term, which contains the most complicated terms of the ionic model, is expensive yet
non-stiff since the stiff terms of the ionic model are contained in gg. Clearly, fg is very stiff but straightforward
to integrate exponentially, since A(y) is diagonal.

The time stepping methods presented in the sequel are not limited to the present spatial discretization. Still,
the resulting mass matrix must be diagonal, or very cheap to invert, regardless of the spatial discretization
used, to preserve the efficiency of any explicit method. For standard conforming triangular or tetrahedral finite
elements, mass-lumping is available up to a certain polynomial order [12,24]. Alternative spatial discretizations
that lead to diagonal or block diagonal mass matrices at any order are, for instance, higher order finite elements
with orthogonal basis functions, spectral finite element methods [6], finite differences, and discontinuous Galerkin
methods [43].

3. MULTIRATE EXPLICIT STABILIZED METHODS

In this section, we recall the multirate explicit stabilized mRKC method from [5] for

v =fly)=friy)+ fs(y),  y(0)=yo, (8)

where fr is fast (stiff) but cheap, while fg slow (non-stiff or mildly stiff) yet expensive to evaluate.

To simplify the notation, we restrict the discussion to autonomous problems. Still, the methods proposed
here also apply to non-autonomous problems while all listed pseudo-codes apply to the general non-autonomous
case. For the sake of brevity, we concentrate here on algorithmic aspects of the mRKC method from a practical
point of view. First, in Section 3.1, we recall standard explicit stabilized RKC methods without any multirate
time-stepping strategy. Then, in Section 3.2, we summarize the mathematical derivation and main properties
of the mRKC method. The full mRKC Algorithm is then listed in Section 3.3. Finally, in Section 3.4 we apply
the mRKC method to the monodomain model (3).

3.1. Explicit stabilized methods
The coefficients of standard explicit Runge-Kutta (RK) methods for

yl = f(y)a y(O) = Yo, (9)

are generally optimized for high accuracy. Those high-order methods, however, suffer from severe stability
constraints on the time-step. In contrast, explicit stabilized (ES) methods fix the order p (usually p = 1,2)
while utilizing an increasing number of stages s > p and the corresponding free coefficients to optimize for
stability. The resulting stability polynomial, Rs(z), of ES methods then satisfies |R4(2)| < 1 for z € [—3s2,0],
where s is the number of stages and 8 > 0 depends on the method. Therefore, the stability domain grows
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quadratically with s, and hence with the number of function evaluations, so that ES methods remain efficient
without sacrificing explicitness. Moreover, the number of stages s can easily be adapted every time-step to
accommodate the problem’s instantaneous stiffness, measured in terms of the spectral radius p of the right-
hand side’s Jacobian. Since ES methods are defined via a recursive relation, they can be implemented using
only three vectors, regardless of s, and are therefore very efficient memory-wise.

Various explicit stabilized methods, such as RKC [59], RKL [41], RKU [50] and ROCK [1, 3], are available.
Both first- and second-order versions exist for RKC, RKL, and RKU methods, while ROCK methods are second-
or fourth-order accurate. Here, we shall only consider the classical first-order RKC method from Algorithm 1,
see [2,59,63-66] for further details.

Algorithm 1. One step of the RKC method.

1: function RKC__STEP(t,, yn, At, f, p)

2 e=0.05

3 s,0s = GET__STAGES(At, p, €)

4 Yn+1 = RKC__ITERATION(ty,, yn, At, f, s, €)
5: return vy, 1

6: function GET_STAGES(At, p, €)

7 B =2—4e/3

8 s = [\/Atp/B], s = Bs*

9 return s, /

10: function RKC_ ITERATION(¢, y, At, f, s, €)
11: Ij,Vj, Kj,C; = GET__COEFFS(s, €)

12: dgo=1Y

13: g1 =go+ Atf(t,g0)

14: for j=2,...,sdo

15: g = Vjgj—1 + Kjgj—2 +,UjAtf(t+Cj_1At,gj_1)
16: return g,

17: function GET__COEFFS(s, €)

18: wo=1+¢/s? w1 = Ts(wo)/T(wo)

19: bjzl/T’J(OJ()),jzo,,S

20: 1 = wl/wo

21: co=0,c = 1

22: for j=2,...,sdo

23: Hj = 2w1bj/bj,1, v = 20\)0[)]‘/[)]‘,1, Kj = —bj/bj,Q
24: Cj =VjCj—1 + KjCj—2 + [4;

25: return u;,v;, Kj,cj

At each time step, the function RKC_STEP of Algorithm 1 computes the approximate solution y,,41 at the
new time t,41. Its input arguments are the the solution y,, at the current time t,,, the step size At, the right-
hand side f, and an approximation p to the spectral radius of df/9y(ty,yn). The spectral radius p is either
known or estimated using any simple method, such as Gershgorin’s theorem ([32], p. 89) or a nonlinear power
iteration, as described in Algorithm 5 in Appendix A (see also [37,38,57,58,64]).

In Algorithm 1, we note that the main iteration in Line 15 can be performed using only three distinct
vectors for g;_a, gj—1, and g;. Moreover, at Line 8 the number of stages is proportional to the square root of p,
instead of p, as in standard explicit (RK) methods. The damping parameter € > 0 guarantees that the stability
polynomial R(z) satisfies |Rs(z)| < 1 — ¢ along the negative real axis for z € [—3s%, —4] and small § > 0. It
also slightly extends the stability domain into the imaginary direction thereby ensuring a stable narrow strip
along the negative real axis; typically, we set € = 0.05. The method’s coefficients u, v, k, ¢ depend on Chebyshev
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polynomials of the first kind, Tj(z). Indeed, the stability polynomial R,(z) is a shifted and scaled Chebyshev
polynomial.

3.2. Modified equation and averaged force

Explicit stabilized methods, such as RKC, certainly alleviate the stringent stability constraint on the time-
step due to the stiff term fr in (8). Nonetheless, the number s of evaluations of the expensive term fg still
depends on the stiffness of fr, as p, and hence s, are still dictated by the stiffness of fr. To ensure that the
number of evaluations of fg only depends on its own stiffness, and no longer on that of fr, the evaluation of
fr and fg must be decoupled.

Following [5], we therefore introduce the modified equation

y:, = fo(yn), Yn(0) = o, (10)

with a free parameter n > 0. Here, the averaged force f, : R — R" is defined as

faly) = = (uln) —y), (11)
where the auxiliary solution wu(s) is defined by the auxiliary equation

u' = fr(u)+ fsly) se0,n,  u(0)=y. (12)

We now briefly summarize the main properties of the above modified equation and averaged force; for further
details, we refer to [5].

Accuracy. The modified equation (10) is a first-order approximation to (8) with error O(n), since it follows
from (11) and (12) that

o) = Fs) + 1 / " fr(u(s) ds = fs(y) + fr(y) + O0). (13)

In fact, equation (13) also implies that f, is a particular average of fr + fs along the auxiliary solution wu.

Stability. If the multirate problem (8) is contractive ([31], Chap. IV.12), then, under some assumptions, equa-
tion (10) is also contractive and

t
ly(&) —yn ()]l < 0(77)/0 | fr(y(s) + fs(y(s))ll ds (14)
holds, where y(t) is the exact solution to (8), u < 0, and C(n) < 1 with C(n) = O(n) for n — 0. Hence, the
solutions of (8) and (10) remain close even during long-time integration.

Stiffness. The spectral radius p, of the Jacobian of f, decreases with increasing 7. Hence, for 7 sufficiently
large, it holds

pPn < ps, (15)

where pg if the spectral radius of the Jacobian of fg. As the stiffness of (10) then depends only on the slow
term fg, the numerical solution of (10) with any explicit method will require fewer right-hand side evaluations
than that of (8).

Clearly, there is a trade-off between choosing 7 sufficiently small to preserve accuracy in (13) and (14)
yet sufficiently large to satisfy the stiffness condition (15). Fortunately, both conditions are typically satisfied
simultaneously, as (15) is already satisfied for quite small n < At (often n < At), where At is the step size
used to solve the modified equation (10). Then, equation (10) not only is a good approximation to (8) but also
much less stiff thanks to (15). Discretization of the modified equation (10) finally leads to the mRKC method,
first proposed in [5].
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3.3. Multirate explicit stabilized method algorithm

Instead of solving (8) directly, the multirate explicit stabilized (mRKC) method [5] solves the modified
problem (10) using an RKC method. In doing so, every evaluation of f,, u(n) is approximated by solving (12)
with yet another RKC method. Special care is taken when choosing the number of stages s and m needed for
(10) and (12), respectively, and the value of 7. For an accuracy and stability analysis of the method, we refer
to [5,49].

In Algorithm 2, we list the mRKC method for the numerical solution of (8). The input parameters of
MRKC_STEP are t,, y, and At (as for RKC_STEP), the two right-hand sides fr, fs and the spectral radii
pr, ps of their respective Jacobians. A single step of Algorithm 2 mainly consists of an outer RKC_ITERATION
(Line 6), which solves (10) with the approximate averaged force ?nv and an inner RKC_ITERATION (Line 10),
which solves (12) whenever ?n is needed.

Algorithm 2. One step of the mRKC method.

1: function MRKC_STEP(tn, UYns At, frs fs, PF, ps)
2: s, ls = GET__STAGES(At, pg, 0.05)

n=2At/l

m, ly = GET__STAGES(7, pr, 0.05)

fo(t,y) = AVERAGED_ FORCE(t, y, 1, fr, fs, m)

3
4
5
6: Yn+1 = RKC_ITERATION(ty,, yn, At, f,, s, 0.05)
7
8
9

: return vy, 1
: function AVERAGED _FORCE(t, y, 1, [F, fs, m)
fu(T7u) = fF(’f',U) +fS(tay)
10: u, = RKC__ITERATION(t, y, 1, fu, m, 0.05)

11: return %(m7 —y)

Since the mRKC method is composed of two embedded RKC iterations, the stabilization process is “multi-
plicative”, in the sense that the number of outer RKC iterations or stages, s, suffices to stabilize the fg term,
whereas the product of outer and inner RKC iterations, s x m, suffices to stabilize the fr term. This property
is reflected in the computational cost.

Computational cost. For each evaluation of ?n’ there is a call to the inner loop, which involves one evaluation

of fs and m evaluations of fr. Since there are s evaluations of ?n during each time step, there are s evaluations
of fs and s x m evaluations of fr. According to Algorithm 2, we compute

<~ /Atﬁps’
#fF eVal.ZSXm%UAtﬂpS”n"%: \/A;ps\/zétspf ;:J,\/2Aﬂt2pF ~ \/AtﬂpF (17)

Hence, the number of fs and fr evaluations depends only on their own inherent stiffness.

#fs eval. (16)

The total number of evaluations of fp is approximately the same as with a standard RKC method, for
which the number of stages is given by /Atp/0 with p ~ pp. In contrast, the number of evaluations of fg are
drastically reduced. Finally, the “multiplicative” property of the mRKC method is clearly apparent in (17), as
s x m satisfies precisely the stability condition Atpr ~ 3(sm)? for fr.
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3.4. The mRKC method for the monodomain model

To apply mRKC to the semi-discrete monodomain model (6) from Section 2.1, we must first rewrite it as
in (8). The monodomain model (6), however, fits the general form (1), which involves the additional fg term
from the ionic model. In this section, we briefly describe a straightforward but somewhat simplistic and at times
inefficient approach to deal with fr and thus apply mRKC directly to (6). Then, in Section 4, we shall adapt
mRKC to differential equations as in (1) by judiciously exploiting the particular structure of fg, which will
yield a more efficient solver for (6). To directly apply mRKC to (6), we first need to absorb the fg term from
the ionic model into fr and fg. With y, fr, fs, fg as in (7a), we define

gl = fF(t’ g) + fs(tvg)v (183')

with
fNF(tvy>:fF(t7y)+f]13(t7y)v fs(tvy):fs(t7y)+f§(t7y)' (lsb)

In doing so, we have split the ionic model as f1(t,y) + fa(t,y) = fr(t,y), where fi contains only the stiffest
components while f% contains all the remaining ones. Now, mRKC can be applied to the monodomain model
(6) by solving (18).

Depending on the ionic model and the mesh size, the term fp in (18) is usually stiffer than fg, but still
cheap to evaluate since ff, involves only a few components. In contrast, as f% is significantly less stiff than f,
the term fs is only mildly stiff but more expensive to evaluate. Nevertheless, this approach not only remains
unsatisfactory, as it does not exploit the special structure of fg, but also cumbersome to implement because
the stiffest gating variables in fp must be identified. In the next section, we shall introduce a different more
efficient mRKC approach, which exploits the particular structure of fg without the need for splitting the gating
variables.

Remark 3.1. For the cardiac models considered here, it turns out that the stiffest components fi from the
ionic model always reduced to a single variable for the entire simulation. To identify that stiffest gating variable,
we temporarily set fr(t,y) = fh(t,y) thereby ignoring diffusion. Next, selecting one gating variable at a time
in f}, we run the simulation while evaluating the stiffness of fp and fs at each time step with the nonlinear
power iteration — see Algorithm 5 in the appendix. The stiffest gating variable is that with the highest spectral
radius for fp over the entire simulation.

4. EXPONENTIAL MULTIRATE EXPLICIT STABILIZED METHODS

As shown in Section 3.4, the mRKC method can be directly applied to (1) by splitting fr and absorbing the
two terms into fr and fg. Still, whenever fg is stiffer than fr, it will induce a higher number of stages m in
Algorithm 2. To improve on the efficiency, we shall now exploit the special structure (2) of fg, as in the Rush—
Larsen method [53], by using an exponential Euler step to integrate fg. The combined mRKC/exponential
Euler method then yields the emRKC method for (1), and hence for the monodomain equation (6).

4.1. Exponential Euler method

A very efficient method for the numerical solution of

y =rfety),  y0)=uyo, (19)
with fe(y) = AY) (¥ — Yoo (y)) as in (2) and A(y) a diagonal matrix, is the exponential Euler method [33]:
Yn+1 = Yn + At (AL A(yn)) f5(Yn), (20)
where —
o7 _
p(z) = (21)

z
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is an exponential-like function. In contrast to the explicit Euler method, y,,+1 = yn + At fe(yn), the exponential
Euler method employs the matrix exponential (At A(y,)), which dampens all large eigenvalues (in magnitude)
and stabilizes the discrete dynamical system. Hence, the exponential Euler method is not only unconditionally
stable but here also relatively cheap because A(y) is diagonal. Higher-order variants of this method exist, we
refer to [33] for a review article.

4.2. Exponential Euler step for the auxiliary equation

Instead of splitting fg, as in Section 3.4, we could also entirely include it into the “fast” term fr. Hence, the
auxiliary equation (12) would read

u' = fr(u) + fs(y) + fe(u) te0m],  u(0)=y. (22)

As in Section 3.4, however, the cost would again increase whenever fg is stiffer than fp.

To design an explicit multirate method for (1), which avoids any further stability restriction due to fr while
taking advantage of its particular diagonal structure, we now modify the auxiliary problem (22) by taking
inspiration from splitting methods as follows: first, advance the fgr term with the exponential Euler method
and then integrate the remaining terms. This yields the split auxiliary equation:

ye =y +nenAy))fey), (23a)
u' = fr(u)+ fs(ye) t€[0,n], u(0) = yg. (23b)

In contrast to (22), the stiffness of (23b) is independent from the fg term; hence, approximating u with any
explicit method is cheaper.

The emRKC method is derived similarly to mRKC though by considering the split auxiliary equation (23)
instead of (22). Hence, emRKC also solves the modified equation (10) instead of the original problem (1) and
the definition (11) of the averaged force f, remains identical, except that w(n) in (11) is now computed from
(23).

Remark 4.1. Alternatively, we may also split the auxiliary equation with yg as in (23a) yet with (23b) replaced

by v = fr(u) + fs(ye) + (nA(y)) fe(y) with w(0) = y; hence, the contribution of ¢(nA(y))fe(y) is added
progressively during the integration. In our numerical experiments, both splittings led to a similar performance.

4.3. Pseudo-code for the exponential multirate explicit stabilized method

In Algorithm 3, we list a pseudo-code for the emRKC method. Its main differences with respect to Algorithm 2
are: first, the additional input argument, fg, for EMRKC_STEP and AVERAGED_FORCE; second, the redefinition
of the f, term at Lines 9 and 10; third, the different input argument in Line 11. To avoid round-off errors due
to small diagonal values in A(y) or small 7, the computation of the exponential Euler step is done employing
the identity indicated in Line 14.

4.4. Stability analysis

Here we analyse the stability of the emRKC method starting from previous results for mRKC. In particular,
we show that there are no constraints on the step size At for sufficiently many internal stages s, m. Hence, we
consider the standard linear scalar test equation,

y, = >\Fy + )‘SZ/ + )\E'yv y(O) = Yo, (24)

where Ap, Ag, A\g < 0 correspond to fr, fs, fE, respectively. Before tackling the analysis for the emRKC method,
we briefly recall the stability analysis for the mRKC method [5,49].
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Algorithm 3. One step of the emRKC method.

. function EMRKCisTEP(tn, Yn, At, fF, fs, fE7 PF, ps)
: s, Us = GET__STAGES(At, pg, 0.05)

n = 2At/l

m, l,, = GET__STAGES(7, pr, 0.05)

1
2
3
4:
5: [y(t;y) = AVERAGED__FORCE(t, y, , fF, fs, fE, m)
6
7
8
9

Yni1 = RKC__ITERATION(t,,, ypn, At, f,, s, 0.05)

7]’
: return vy,
: function AVERAGED_FORCE(t, y, 0, fr, [s, fE, m)

yr = EXPONENTIAL _EULER(y, 1, A(Y), Yo (y))

10: fu(rau) :fF(rau)+fS(t7yE)

11: u, = RKC__ITERATION(t, yg, 1, fu, m, 0.05)

12: return %(“n —y)

13: function EXPONENTIAL _EULER(y, 0, A, Yoo)

14: return y + (€™ — I)(y — yoo)

4.4.1. Stability analysis for the mRKC method

The stability analysis of the mRKC scheme [5,49] also relies on (24) yet with Ag = 0; hence, we consider the
test equation
y'=Ary+Asy,  y(0) = yo. (25)
First, we recall a key result from [5], crucial for proving the stability of the mRKC method when applied to the
test equation (25).

Lemma 4.1. Let P, (z) be the stability polynomial of the inner RKC iteration of mRKC (Line 10 of Algo-
rithm 2). Let ®,,(2) = (Pn(2) — 1)/z. If

—Ls <At ®, (nAF)(AF 4+ As) <0 (26)
holds, the mRKC method applied to the test equation (25) is stable.

Sketch of proof. Since mRKC is equivalent to an s-stage RKC method applied to the averaged force 7n(y)
(Line 6 of Algorithm 2), we conclude that mRKC is stable if
of
—l < At—(y) < 0. 27
< At < (21)
To complete the proof, one shows that ?n(y) = ®,,(nAr)(Ar+As)y when mRKC is applied to the test equation
(25); thus, condition (26) is equivalent to (27). O

In [49], the conditions on s, m, 7 to satisfy (26) were studied in two different scenarios. In the first case, Ag, Ag
can take any non-positive values and general stability conditions on s, m, 7 are derived. In the second case, it is
assumed that A\p < Ag < 0, thus yielding milder stability conditions. We recall these conditions in Lemma 4.2
below.

Lemma 4.2. Let pr = |Ap| and ps = |\s|, s = Bs? and £,, = Bm?>. Define the hypotheses:
Hi : Ap,As <0 and s, m,n such that

6At  m?2

Atﬂséés, UPFng, n:Tm'
S
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H2 : A\p < Ag <0 and s, m,n such that

Atpsﬁgm npr Sema n= (29)

If either H1 or H2 are true, then (26) is satisfied.

For the proof of this lemma and more details on the condition A\r < A\g < 0! we refer to [49]. By combining
Lemmas 4.1 and 4.2, we eventually prove the stability of the mRKC method for the test equation.

Theorem 4.3. If either hypothesis H1 or H2 in Lemma 4.2 is satisfied, the mRKC method applied to the test
equation (25) is stable.

Proof. Follows from Lemmas 4.1 and 4.2. O

Note that H2 places stronger restrictions on Ag, Ag, but also yields a smaller n than H1, and hence a smaller
number of stages m which results in fewer fr function evaluations and therefore a more efficient algorithm. For
the context of this work, it makes sense to assume that H2 is satisfied, hence A\p <« Ag < 0, which stands for
fr significantly stiffer than fg. Indeed, it was found in [5], that in general for systems of ODEs stemming from
the spatial discretization of parabolic PDEs, the stability conditions (29) yield stable solutions. Note that (29)
are the constraints encoded in Algorithms 2 and 3.

We also remark that there is no constraint on the step size At. Indeed, given pr, pg, one can always choose At
according to the desired accuracy. Stability is then achieved by setting s sufficiently large to ensure Atpg < £,
and finally computing 1 and m.

4.4.2. Stability analysis for the emRKC method

The stability analysis of the emRKC method follows from that for the mRKC method. In particular, we find

that the same stability conditions hold and therefore there are no constraints on the step size At.

Theorem 4.4. If eithe hypothesis H1 or H2 in Lemma 4.2 is satisfied, the emRKC method applied to the test
equation (24) is stable.

Proof. Following [5], we deduce for emRKC applied to (24) that
uy = (P (0Ar) + @i (1AF)1A)YE = (P (DAr) + P (AR )7 As )€™ y. (30)

The averaged force 7,] (y) is therefore given by

1
(un = y) = . (Pm(nAr) + .0 (NAR)1As)E™E — 1)y
(Pn(mAr) — 1+ Bp(nAr)nAs)e™= + ™5 — 1)y (31)
= ((I)m(ﬁ/\p)(/\p + As)enAE + (P(??)\E))\E)y
Since emRKC is an s-stage RKC method applied to ?n(y) (Line 6 of Algorithm 3), it is stable if
or,

v, < —t < 0.
0, < At 3 (y) <0 (32)

1Essentially we need Ap < 4\g.
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By using ¢(z) > 0, Ag < 0 and (26), we obtain

of
0> Atafyr’(y) = APy (nAF)(AF + As)e™” + o(nAp)Ap)

(33)

At At

> LM 4 (M — 1) = £, + (e™F — 1) < - es) > 4.

n n
The last inequality follows from "2 — 1 < 0 and the fact that % — {5 < 0 holds for both choices of  in (28)
or (29). O

Note that Ag does not impact the choice of s,m, or n due to its exponential integration.

4.5. Accuracy analysis

To prove that the emRKC method is first-order accurate, we assume that fr, fg, fg are sufficiently smooth.
Furthermore, for simplicity of presentation, we restrict ourselves to the autonomous case when fr, fs, fg are
time independent.

Theorem 4.5. The emRKC method is first-order accurate.
Proof. We start by computing a Taylor expansion of the exact auxiliary solution u(n) defined by the split

auxiliary equation (23). We have yg = y + nfe(y) + O(n?) and u(s) = u(0) + O(s). Since u(0) = yz, we thus
obtain

u() = u(0) + / " (s)ds = yg + / " fr(u(s) + fs(ye) ds = yg + / " fr(ye) + fs(um) + O(s) ds

=yr +0fr(ye) +nfsye) + OW°) =y +n(fry) + fs(v) + fey) + O0?).

(34)

Since the inner RKC method (Line 11 of Algorithm 3) used to approximate the integral in (34) is first-order
accurate, it introduces a local error of O(n?); hence, the numerical auxiliary solution uy, satisfies

up = u(n) +O0m*) =y +n(fry) + fsy) + fe(y) + O0°). (35)

Therefore, the numerical averaged force ?n (y) computed in Algorithm 3 satisfies

7. () = %(un —y) = fr(y) + fs () + fuly) + O(). (36)

Hence it is a first-order approximation in 7 of the exact right-hand side. At any time step given y,, the outer
RKC method (Line 6 of Algorithm 3) computes y,41 as

90 ="Yn, 91 =go+ mALf,(g),
95 = Vigi—1 + Kigi—2 + i ALf, (g5-1), J=2,...,5, (37)

Yn+1 = Gs-
By setting d; = g; — y,, and using v; + k; = 1 we can rewrite (37) as
do =0, dy=pmAtf,(tn,yn)

dj = vidj_1 + Kjdj—o + AL (yn + dj1), J=2,....8, (38)
Yn+1 = Yn + ds-
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From Lemma 3.1 of [16] with A =0 and r; = p;Atf, (yn + d;_1) we obtain

s bs s bs B
Ynt1 = Yn + ; FjUs—j(wO)rj =yn+ At; FjUs—j(WO)ﬂjfn(yn +dj—1), (39)
where the b; are as in Algorithm 1 and Uj(x) denotes the Chebyshev polynomial of the second kind of degree
j. Since d;j = O(At) (shown recursively) it follows

YUni1 = yn + ALY %Us-j(womj (f(yn) + O(A)) =y + AL, (yn) + O(AL), (40)

j=1"7

where the last equality follows from the identity Z‘;:l %';Us_j (wo)p; =1 (see [16]). Finally, we use (40) in (36)
to obtain

Yn+1 = Yn + At(fF(yn) + fS(yn) + fE(yn)) + (/)(Aﬁ2 + At??)- (41)

Since n = O(At), the local error is O(At?) and the method is first-order accurate. O

5. NUMERICAL EXPERIMENTS

In this section, we apply the mRKC and emRKC methods to the monodomain model (3) and compare
them with the popular implicit-explicit Rush-Larsen (IMEX-RL) method described below. Their performance
depends on a number of factors, such as the mesh size and regularity, the nonlinearity, the stiffness, and the
number of ionic state variables; moreover, the performance of the IMEX-RL method also depends on the type
of solver used during each time step. To take into account all these factors, we perform numerical experiments
either with structured or unstructured meshes for different mesh sizes, while considering ionic models of varying
size and stiffness, both in two and three space dimensions thereby including both direct and iterative linear
solvers into the comparison.

More specifically, we first assess in Section 5.1 the effective stability properties of the emRKC method when
compared with the theoretical results of Section 4.4. Then, in Section 5.2 we perform a two-dimensional exper-
iment on a structured mesh, where we compare the various methods for different ionic models and mesh sizes.
In Section 5.3, we repeat the experiment yet for a three-dimensional structured mesh; hence, an iterative solver
is used for the linear systems needed in the IMEX-RL method. Next in Section 5.4, we consider a more realis-
tic three-dimensional geometry of the left atrium with an unstructured mesh. Again we repeat the numerical
experiment for the same geometry but in the presence of unhealthy fibrotic tissue when the diffusion tensor is
discontinuous. We conclude in Section 5.6 with a scalability experiment.

The implicit-explicit-Rush—Larsen method. The well-known IMEX-RL method for the monodomain
model will be used as a benchmark to assess the performance of mRKC and emRKC. It is based on an IMEX
scheme for (6a) and the Rush-Larsen approach [53] for the ionic model (6b) and (6c); hence, zg is integrated
explicitly whereas the gating variables zg via an exponential integrator.

The IMEX-RL method proceeds as follows. First, it solves the ODE subsystem (6b) and (6¢) with the Rush—
Larsen method [53]. Hence, at the beginning of each time step, the method freezes the electric potential V,,
and solves (6b) with the exponential Euler method. Then it solves (6¢) with the explicit Euler method. Finally,
it solves (6a) by treating the linear term implicitly and the remaining terms explicitly. A pseudo-code for the
resulting IMEX-RL method is provided in Algorithm 4.

Since the stiffest terms gg(V,,, zg) and AV,, are treated exponentially and implicitly, respectively, the scheme
only has a mild stability constraint. It is also quite efficient because Ag(V,,) is diagonal and the implicit step
is linear in the unknown.
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Algorithm 4. One step of the IMEX-RL method.

1: function IMEX-RL STEP(ty, Viun, ZEn, 28,0, At)

2: ZEn+1l = ZEn + (eAtAE(Vimn) _ (zEn — 2E,00(Vinn))
3: ZSn+1 = 2Sn + Atgs(vm’”, ZE n+l, Zsm,)
4
5

. Vint1—Vm,n —
Solve for Vm,n+1- Cm,M# =X 1-A‘/Tm,n+1 + MIstim(tn) - MIion(tna Vm,ny ZE.n+1, ZS,71,+1)-
return Vi, ni1, ZEnt1, 28,n+1

TABLE 2. Ionic models’ size and stiffness, with IV the number of state variables and p,.x the
maximal spectral radius of the right-hand side’s Jacobian in (6).

HH CRN TTP

N 3 20 18
pmax 40 130 1000

Computational setup. The monodomain model (3) is implemented in Python employing the FEniCSx [8,55,
56] library, where, under the hood, all expensive computations are performed in C/C++. In particular, all linear
algebra operations are performed through the PETSc [9,17] library. As ionic models should not be implemented
by hand, due to their high complexity, their definitions were obtained from the CellML [40] model repository;
in doing so, we adapted the C code generated by the Myokit [11] library and created wrappers to call it from
Python. Numerical experiments of Section 5.2 are performed on our workstation, while those of Sections 5.3-5.6
on the Piz Daint supercomputer at the Swiss National Supercomputing Centre (CSCS).

The mRKC method always incorporates the splitting of the gating variables described in (18b) — see also
Remark 3.1. In contrast, the emRKC method employs the same splitting as the IMEX-RL method, which is
the usual one used in the cardiac community.

Unless stated otherwise, the initial values for V,,, zg, zg are provided by the ionic model’s definition and
are uniformly set throughout the computational domain. Here we shall consider the Hodgkin—-Huxley (HH)
[34], the Courtemanche-Ramirez—Nattel (CRN) [15] and the ten Tusscher—Panfilov (TTP) [62] model. Thus
our numerical experiments span a wide range of situations from the small nonstiff HH model, to the larger and
mildly stiff CRN model, and even to the large and very stiff TTP model, see Table 2 and [60,61]. In all numerical
experiments, we use the parameter values specified in Table 1. Finally, the vector fields a;(x), a;(x), a,(x) (see
(4)), which define the fibers’ orientation in Section 5.4, are generated with lifex-fiber [7,47]. The applied stimulus
Iim (1) is specified individually for each experiment.

The linear systems needed in the IMEX-RL method are solved differently in two or three space dimensions:
in 2-D we use the Cholesky factorization, and in 3-D the conjugate gradient method preconditioned using the
algebraic multigrid library hypre [19]. For mRKC and emRKC, the spectral radii pr, ps are computed only once
at the beginning of the simulation employing Algorithm 5 in Appendix A.

During the numerical experiments, we always monitor the relative error in the potential V' at the final time
with respect to the L?(£2)-norm:

[V* = VN2
IV*[L2(0)

where Vi is the numerical solution obtained with either one of the IMEX-RL, mRKC, emRKC methods and
V* is a reference solution to (6) computed with a much smaller time-step At = 10~ ms using a method similar
to IMEX-RL but fully explicit, i.e., Line 4 in Algorithm 4 is performed explicitly; we denote this method EXEX-
RL. The final time is chosen such that a propagating wave is located inside the domain and the solution is still
far from equilibrium.

rel. L%-err. = (42)
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F1GURE 1. Effective stability. Relative norm of the numerical solution V  and number of stages
for increasing step size At. Recall that s, m are the number of stages used by the outer and
inner RKC iterations, respectively. (a) Relative norm of Vi as At increases. (b) Number of
stages s,m as At increases.

5.1. Practical stability limit

In Section 4.4 we proved for a scalar linear test equation that the emRKC method is stable for all step sizes
At > 0 if the numbers of stages s, m are sufficiently large and satisfy the stability condition (29). In this first
numerical experiment, we study the effective stability properties of emRKC in a more realistic setting.

To assess the practical stability properties of the emRKC method, we solve the monodomain equation (3)
with increasing step size At and verify that the norm of the solution remains bounded, ignoring accuracy
here. To push the method to its stability limit, we choose a setting where the stiffness of fr and fg is severe,
i.e., we choose a relatively small mesh size Az = 0.025mm in a one dimensional domain © = [0,20] mm and
employ the TTP ionic model. Although the stiffness of fs depends on the ionic model, too, it usually does only
mildly so. We integrate the monodomain equation up to the final time 7" = 100 ms with an applied stimulus
Xstim (t, ) = 50 uAmm~3 for & € [0,1.5] mm and ¢ < 2ms, and else x/yim(t, ) = 0.

In Figure la we display the relative norm of the numerical solution V y with respect to a reference solution
V* as a function of the step size At. We see that the method remains stable up to At < 4.5ms. In contrast,
a standard explicit scheme, such as the EXEX-RL method described at the beginning of Section 5 (i.e., as in
Algorithm 4 but performing Line 4 explicitly), remains stable only up to At < 0.003 ms. In Figure 1b we show
the number of stages s, m taken by emRKC. We observe that m > 1 already for small A¢, indicating that the
diffusion fr has to be stabilized very soon by the inner iterations of emRKC. The outer stages are needed to
stabilize the non stiff term fg, as indicated by s > 1 only for relatively large At. The “V” shaped behavior of
m is typical and further discussed in the next Section 5.2.

In Section 4.4, we proved that for the test equation (24) the step size At can be taken arbitrarily large, as
the emRKC method remains stable as long as the number of stages s, m are sufficiently large and satisfy the
stability condition (29). In contrast, as shown in the current experiment, due to nonlinearity the maximal step
size is bounded in practice. Nevertheless, this practical bound is remarkably large, At < 4.5 ms when compared
to the stability bound for a standard explicit method, where At < 0.003 ms, thus yielding a maximal step size
increase by a factor of 1500! In that sense, we claim that in practice emRKC has no stability restriction on the
step size, since we rarely use At > 0.1 ms because of accuracy requirements.

5.2. Two-dimensional rectangle

First, we consider the two-dimensional version of the benchmark problem proposed in [42], hence (3) with
Q = [0,20] x [0,7)mm? and the final time 7' = 25ms. To initiate the propagation of the action potential, the
applied stimulus is defined as X Igim(t, ) = 50 yA mm—2 if t < 2ms and ||Z||oo < 1.5mm, else xIim(t, ) = 0.
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To begin we assess the accuracy of the various time integration methods, in particular we verify that the
first-order of convergence predicted by Theorem 4.5 also holds in practice. More precisely, for each mesh size
Az = 0.2mm, 0.1 mm, 0.05 mm and every ionic model HH, CRN, TTP, we successively reduce the step size
as At; = 27'ms for i = 0,...,9, i.e., from 1ms down to approximately 0.002ms. As shown in Figure 2, all
methods achieve the expected first-order convergence. Moreover, in all but one case, the emRKC is equally or
even more accurate than the standard IMEX-RL method.

Nonetheless, in Figures 2a, 2d and 2g we also notice that some data points for large At are missing for the
mRKC and emRKC methods, indicating instability, yet only for the HH model and not for the more realistic
CRN and TTP models. We believe that instabilities in the HH model are due to the overly large imaginary
part of the eigenvalues of the right-hand side’s Jacobian, compared to the more realistic CRN and TTP models
whose eigenvalues have relatively small imaginary parts [60,61]. In fact, those instabilities become even more
pronounced as the mesh size decreases, probably because the stability of mRKC and emRKC for non-real
eigenvalues deteriorates as fr becomes increasingly stiffer; this effect, however, is not well understood yet, since
a stability analysis of mRKC and emRKC with complex eigenvalues is still lacking.

In Figure 3, we display the number of stages s, m used by the mRKC and emRKC methods. For the CRN
and TTP models, a closer look reveals that both tend to lose some accuracy when the number of inner stages
m increases. As expected, the number of outer stages s typically remains the same for both methods, since s
depends on fg for enRKC but on fs+ f2 for mRKC, yet with f& much less stiff than fs. The number of inner
stages m for emRKC depends only on the diffusion term fr, whereas for mRKC it depends on fr + f5. In
Figure 3, we also observe that the number of stages m for the two methods often differ, thus indicating that f
is indeed stiffer than the diffusion fr. In those instances, the efficiency of mRKC deteriorates against emRKC.
We also observe for mRKC that m depends not only on the ionic model but also on the mesh size, while for
emRKC it depends only on the mesh size. Finally, the “V” shape behavior in the graph of m apparent at larger
step sizes stems from the “multiplicative” stabilization procedure of the methods, as discussed in Section 3.
Indeed, for decreasing At, a constant number of outer stages s also implies a decreasing number of inner stages
m. In contrast, for decreasing s, the number of inner stages m can slightly increase to compensate for the weaker
stabilization of the outer loop. Still, s x m always decreases with At.

Finally, in Figure 4 we display work vs. accuracy by monitoring the L?-norm relative errors against the total
CPU time. The emRKC method tends to be the most efficient scheme except for one instance, while the mRKC
method also performs reasonably well. The high performance of emRKC compared to the other methods stems
from a number of factors. First, in comparison to IMEX-RL, the explicit emRKC method is cheaper and tends
to be more accurate because the fg, fp terms take part in the stabilization procedure for the diffusion term
fr (Line 11 of Algorithm 3); thus, a strong coupling between the different model’s components is guaranteed
(not so in the splitting strategy of IMEX-RL). Second, in comparison to mRKC, emRKC is cheaper due to the
smaller number of inner stages m and has higher accuracy because it employs the more accurate exponential
integrator for the gating variables.

5.3. Three-dimensional cuboid

Next, we perform a series of numerical experiments very similar to those in Section 5.2 but in three dimensions.
Hence, we set Q2 = [0, 20] x [0, 7] x [0, 3] mm? while the applied stimulus and final simulation time remain identical.
Again all methods achieved first-order convergence in time for all three ionic models — those plots are omitted
here for the sake of brevity. We also omit the graphs of the number of stages taken by mRKC and emRKC,
which are identical to the two-dimensional case.

The work wvs. accuracy diagrams, shown in Figure 5, again confirm the high efficiency of emRKC. Still, it
tends to be slower than in 2-D probably because the inner iterations are more expensive when the diffusion
matrix stems from a three-dimensional problem. Again we note that the mRKC and emRKC schemes are stable
for the CRN and TTP models, even at the largest step size At = 1 ms, but not for the HH model.
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F1GURE 2. Two dimensional rectangle. Convergence experiments with different mesh sizes Ax
and ionic models. (a) HH model, Az = 0.2mm. (b) CRN model, Az = 0.2 mm. (¢) TTP model,
Az = 0.2mm. (d) HH model, Az = 0.1mm. (¢) CRN model, Az = 0.1 mm. (f) TTP model,

Az = 0.1mm. (g) HH model, Az = 0.05 mm. (h) CRN model, Az = 0.05 mm. (i) TTP model,
Az = 0.05 mm.

5.4. Left atrium geometry

Here we compare the performance of the mRKC and emRKC methods against the IMEX-RL benchmark
but now consider a realistic left atrium geometry. The computational mesh was obtained by refining twice the
realistic mesh used in [20,21], which led to an average mesh size of 0.26 mm, maximal mesh size of 0.69 mm,
minimal mesh of size 0.026 mm, and about 1.7 million degrees of freedom for the FE-solution. The vector fields
a;(x) and a;(x) which define the fiber and sheet orientation in (4), have been generated with the lifex-fiber
library [7,47]. The initial value, shown in Figure 6a, is no longer constant throughout € but instead generated
by solving the monodomain equation for ¢ € [0,800] ms and applying the same stimulus-pacing protocol as in
[23,54] in a fixed region of the domain.

As in Sections 5.2 and 5.3, we perform convergence and efficiency experiments for the three ionic models HH,
CRN, and TTP. The final time is set to 7' = 50 ms, see Figure 6 for an illustration of the solution at ¢ = T. Here,
the applied stimulus is identically zero, as the initial condition already contains a propagating wave. Again, all
three methods achieve first-order convergence in time for all three models, as shown in Figure 7. Unlike the
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FIGURE 3. Two dimensional rectangle. Number of stages taken by the mRKC and emRKC
methods, with different mesh sizes Az and ionic models. Recall that s, m are the number of
stages taken by the outer and inner RKC iterations, respectively. (a) HH model, Az = 0.2 mm.
(b) CRN model, Az = 0.2mm. (¢) TTP model, Az = 0.2mm. (d) HH model, Az = 0.1 mm.
(e) CRN model, Az = 0.1mm. (f) TTP model, Az = 0.1 mm. (g) HH model, Az = 0.05 mm.
(h) CRN model, Az = 0.05 mm. (i) TTP model, Az = 0.05 mm.

previous cases, however, the mRKC method here is unstable for the TTP model, whereas the emRKC method
always remains stable. The relative error for emRKC is always comparable if not better (HH case) to the error
for IMEX-RL, which is the standard method in the cardiac community. Note that relative error of 1%—5% is
comparable to the spatial error, which is of the same order for linear FE and mesh size of ~0.25 mm, see [45].

In Figure 8, we observe that the number of stages used by the mRKC and emRKC methods is higher because
of the smaller minimal mesh size. Therefore, the mRKC method evaluates the stiff part f} of the ionic model
many times (18b), which may be the source of internal instabilities. As the internal stability analysis of mRKC
is not available, this issue is not fully understood yet. Finally, we note that both explicit multirate methods
always take a number of stages significantly larger than one, indicating that any standard explicit method would
be highly unstable for such large step sizes. In Figure 9, the results from the efficiency experiment again suggest
that emRKC is slightly faster than the IMEX-RL method, despite the high number of stages (Fig. 8) due to
the mesh induced increased stiffness.
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FIGURE 4. Two dimensional rectangle. Efficiency experiments with different mesh sizes Az and
ionic models. (a) HH model, Az = 0.2mm. (b) CRN model, Az = 0.2mm. (¢) TTP model,
Az = 0.2mm. (d) HH model, Az = 0.1 mm. (e) CRN model, Az = 0.1 mm. (f) TTP model,
Az = 0.1mm. (g) HH model, Az = 0.05 mm. (h) CRN model, Az = 0.05 mm. (i) TTP model,

Az = 0.05 mm.

Finally, we provide some code profiling results for the emRKC and IMEX-RL methods. First, we measure
how much time the emRKC method spends in evaluating fg, fg, and in performing the exponential Euler
step for fr (see Algorithm 3). To do so, we apply emRKC with At = 275ms = 0.015625ms and profile the
EMRKC_STEP function of Algorithm 3. We choose this At since it is the largest one yielding a relative error of
about 1% (Fig. 7). Moreover, in view of the efficiency results depicted in Figure 9, we deduce that the outcome
of the profiling is only weakly affected by the size of At. The results for the three ionic models are displayed
in Figure 10, where for each graph we show the average over five runs. The four wedges in the pie chart are as
follows: F' represents the time spent in evaluating fr, S the time spent evaluating fg, F the time for computing
the exponential step for fg, and “other” the time required for all remaining operations, such as communications
and vector additions. The size of each wedge is proportional to the time spent in the corresponding task, with
the total time (spent in the EMRKC_STEP routine) at the center of the pie chart. At first sight, the time spent
in F' seems to depend on the ionic model, even though the number of matrix-vector multiplications only depends
on the mesh. Still, a closer look at those timings reveals that this variability is due to large fluctuations in the
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F1GURE 5. Three dimensional cuboid. Efficiency experiments with different mesh sizes Ax and
ionic models. (a) HH model, Az = 0.2mm. (b) CRN model, Az = 0.2mm. (c) TTP model,
Az = 0.2mm. (d) HH model, Az = 0.1 mm. (e) CRN model, Az = 0.1 mm. (f) TTP model,
Az = 0.1mm. (g) HH model, Az = 0.05mm. (h) CRN model, Az = 0.05 mm. (i) TTP model,

Az = 0.05 mm.
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FIGURE 6. Left atrium geometry. Initial value and solution at ¢ = 50ms for the CRN ionic

model. (a) Initial value. (b) Solution at ¢ = 50 ms.
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FIGURE 9. Left atrium geometry. Efficiency experiments with different ionic models. (a) HH
model. (b) CRN model. (¢) TTP model.

time spent computing matrix-vector multiplications. In contrast, the execution timings for S and E are truly

ionic model dependent.
Next, we perform the same profiling experiments for the IMEX-RL code while measuring the time spent

in IMEX-RL_STEP of Algorithm 4. The corresponding pie charts are displayed in Figure 11, where the total
execution time is again distributed between the four wedges F', S, F and “other”. Here, F' represents the time
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F1GURE 10. Left atrium geometry. Code profiling of the emRKC method. Wedges F', S, F indi-
cate time spent evaluating fr, fs, and computing the exponential step, respectively. Remaining
operations are represented by the “other” wedge. (a) HH model. (b) CRN model. (¢) TTP
model.

F F

other other

F1GURE 11. Left atrium geometry. Code profiling of the IMEX-RL method. Wedges F, S,
F indicate time spent solving the linear system for fr, evaluating fg, and computing the
exponential step, respectively. Remaining operations are represented by the “other” wedge. (a)
HH model. (b) CRN model. (¢) TTP model.

spent in solving the linear system in ALgorithm 4 Line 4, S the time spent in evaluating the slow components
of the ionic model in Line 3 of Algorithm 4 , and E the time spent in evaluating the exponential for the gating
variables in Line 2 of Algorithm 4.

As expected, both emRKC and IMEX-RL spend approximately the same amount of time in S and F, since
the required operations are indeed identical. Due to the larger number of vector additions, the emRKC method
spends more time in the “other” wedge. However, the total time required by IMEX-RL to solve the linear
systems is about 6-7 times larger than the time spent by emRKC in evaluating fr (compare the two F wedges).
This significant reduction in execution time implies that the stabilization procedure of emRKC for the diffusion
term fr is much cheaper than solving a linear system during each implicit Euler step. Remarkably, we achieve
this reduction in computational cost without sacrificing accuracy, as illustrated in Figure 7. Overall, emRKC
achieves a speed-up factor of about 2 over IMEX-RL for the two most relevant ionic models CRN and TTP.

5.5. Left atrium with fibrosis

Finally, we repeat the numerical experiments from Section 5.4 using the same computational mesh but in
the presence of fibrosis in the cardiac tissue — a common condition in patients with history of atrial fibrillation.
Mathematically, fibrosis can be modelled by locally reducing the electric conductivity tensor and altering some
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() (D)

FIGURE 12. Left atrium with fibrosis. The fibrosis pattern (panel B), has been obtained by
clipping at level 0.5 the random field (panel A). All elements within the red region in panel (B)
are considered “fibrotic” and assigned a transverse conductivity of 0 (no transverse conduction).
We also report the initial value (panel C) and solution at ¢ = 50ms (panel D) for the CRN
ionic model. (a) Fibrosis random field u(z). (b) Fibrosis pattern, in red where oy = 0. (¢) Initial
value. (d) Solution at ¢ = 50 ms.

ionic currents in the membrane model. Here, we incorporate fibrosis only in the conductivity tensor by decoupling
cells in the cross-fiber direction [23,25,26]. The spatial heterogeneity is obtained from a spatially-correlated
random field u : Q — [0, 1], where we set oy = 0 if u(x) > ¢, where ¢ is some quantile value; in our simulations,
we use the median. Following Section 2 of [46], we generate the random field u, shown in Figure 12a, by solving
a stochastic differential equation. The corresponding fibrosis pattern is shown in Figure 12b.

The initial value is generated exactly as in Section 5.4 and is displayed in Figure 12c, whereas the solution
at the final time 7" = 50 ms is shown in Figure 12d. Again in Figure 13, we verify first-order convergence for all
three methods and models and also observe instabilities in mRKC but not in emRKC. The number of stages
taken by the methods is omitted here since it essentially coincides with that in Figure 8. In Figure 14, we
display the results from the efficiency experiments where we again observe that emRKC is slightly faster than
IMEX-RL.

5.6. Parallel performance and scalability

To illustrate the inherent parallelism of the explicit emRKC method, we now conduct a strong scalability
experiment where for a fixed problem size we progressively increase the number of processors. Again we consider
the left atrium geometry from Section 5.4 and use the CRN ionic model with 21 state variables (20 for the ionic
model and 1 for the potential). Since the FE mesh has about 1.7 x 10° degrees of freedom (dof’s), the resulting
total problem size is about 36 x 10 dof’s.

In Figure 15, we display for both the emRKC and IMEX-RL methods the total execution CPU time against
the number of processors ranging from 16 to 1024; hence, we start with about 2.2 x 10% dof’s per processor and
end up with only about 35000 dof’s per processor. Although both methods yield an optimal speed-up up to 256
processors for this problem size, the parallel efficiency of the implicit IMEX-RL then declines. Although those
preliminary computational results are limited to 1024 processors and a relatively modest problem size, they
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already illustrate not only that the explicit emRKC method is faster than the IMEX-RL methods, as expected
from Figures 10 and 11, but also that the explicit emRKC method exhibits better parallel scalability than the

IMEX-RL method.
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6. CONCLUSION

Explicit stabilized methods, such as RKC, strike a judicious balance between explicit and implicit methods
in particular for the time integration of large-scale nonlinear parabolic PDE’s. The monodomain equation from
cardiac electrophysiology is in principle well-suited for explicit stabilized methods due to its moderately stiff
diffusive part. However, in the presence of coupled stiff nonlinear ionic models, which are inherently multiscale
in nature, conventional RKC methods can become ineffective. By adapting the number of stages locally to
individual components depending on their respective degree of stiffness, mRKC methods [5] significantly mitigate
this efficiency loss, yet without exploiting the particular diagonal structure of ionic models as in the standard
Rush-Larsen approach.

To further improve upon the mRKC approach, we have proposed the emRKC method tailored specifically to
the monodomain model. Drawing inspiration from the Rush—Larsen approach, the emRKC method leverages
the special diagonal structure of ionic models for which it applies exponential integration. The combination of
mRKC with exponential time integration results in a particularly efficient approach for solving the monodomain
equations. Moreover, since it is fully explicit, the emRKC is particularly well-suited for implementation on GPU
architectures in a parallel HPC environment. As existing fully explicit solvers for the monodomain model are
always limited to structured grids [36], the emRKC thus removes this limitation and extends explicit time
integration to unstructured grids, which are crucial for electro-mechanical [22,48] and sub-cellular [35,51,52]
models.

The stability and accuracy properties of the emRKC method have been analyzed in Sections 4.4 and 4.5.
In particular, in Theorem 4.4 we show that for a linear scalar test equation the method is stable without
constraint on the step size for sufficiently many stages. We also prove in Theorem 4.5 that the method is first-
order accurate. Both stability and accuracy are also verified numerically. In particular, we show in Section 5.1
through a realistic nonlinear example that emRKC can take up to 1500 times larger time steps than a standard
explicit method.

In our numerical experiments, emRKC outperformed or was on par with a standard baseline method, which
combines IMEX integration for the parabolic component with exponential integration for the ionic model, as
such a fair benchmark for comparison. All numerical experiments unequivocally showcased the good performance
of emRKC, even in the presence of severe stiffness and nonlinearity.

The results of our study provide compelling evidence that explicit methods can indeed be exploited effec-
tively for the solution of large-scale, stiff, nonlinear equations and can be a robust and efficient choice for
simulating multiscale dynamics. Furthermore, the outcomes of this study provide a foundation for the design
and implementation of explicit parallel-in-time methods specifically tailored for addressing the monodomain
equation.

APPENDIX A. NONLINEAR POWER ITERATION

Here we provide a pseudo-code for the nonlinear power iteration [37,38,57,58,64] used in the RKC, mRKC, and
emRKC methods to estimate the spectral radii of the right-hand sides f, fr, fs. The function COMPUTE_RHO
below takes as input parameters the time ¢t and state y, for which the spectral radius of g—gj(t,y) needs to be

estimated, the nonlinear function f, and an initial guess v, p for the dominant eigenvector of %(t,y) and its
spectral radius. If no initial guess v, p is available, we simply choose an arbitrary random vector and set p = 0.
The computed values v, p returned by COMPUTE_RHO provide an initial guess for the next function call.

The function COMPUTE_RHO indeed corresponds to a power iteration, as Line 8 of Algorithm 5 implies that

v 8Lt y) (2 —y) = ¢BL(t, y)vou, (A1)
while Line 10
ot _ M) = fEyl ) = S(ty).z—y) (55 (1y)g - vola, g voia) (G} (ty)vota, Vota) (4.2)
5 EErT Iz =yl lg - volal? [vorall®
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Algorithm 5. Nonlinear power iteration.
: function COMPUTE__RHO(t, y, f, v, p)
ny = |lyll, no = [|v]|
e=10"%,86 = nye, g =4/n,
tol = 10727 Pold =0
while |p — pola| > tol - p do
Pold = P, Vold =V
zZ=1Y+q" Vold
v=f(tz) = f(t,y)
ny = |lv|l, ¢ = 6/,
p="ny/0
return v, p

=
= O

approximately bounds the Rayleigh quotient. In practice, p is subsequently multiplied by a safety factor o > 1,
typically o = 1.05.

The added computational cost from Algorithm 5 during time integration scheme is marginal. On the one
hand, there is no need to update v, p at every time step, every so often, or even just once, is usually sufficient.
On the other hand, subsequent calls typically converge very fast (1—2 iterations) thanks to the previous values
of v, p now available as initial guesses.
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