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ERROR ESTIMATES FOR A MIXED FINITE ELEMENT METHOD FOR THE
MAXWELL’S TRANSMISSION EIGENVALUE PROBLEM

CuAao WANG!®, JiINTAO CUI>*® AND JIGUANG SUN®

Abstract. In this paper, we analyze a numerical method combining the Ciarlet-Raviart mixed finite
element formulation and an iterative algorithm for the Maxwell’s transmission eigenvalue problem.
The eigenvalue problem is first written as a nonlinear quad-curl eigenvalue problem. Then the real
transmission eigenvalues are proved to be the roots of a non-linear function. They are the generalized
eigenvalues of a related linear self-adjoint quad-curl eigenvalue problem. These generalized eigenvalues
are computed by a mixed finite element method. We derive the error estimates using the spectral
approximation of compact operators, the theory of mixed finite element method for quad-curl problems,
and the derivatives of eigenvalues.
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1. INTRODUCTION

The Maxwell’s transmission eigenvalue problem arises from the inverse scattering theory for anisotropic media
[3]. Let Q be a bounded, simply connected region with piecewise smooth boundary 9 and unit outer normal
vector n. The transmission eigenvalue problem for the Maxwell’s equations in terms of the electric field is to
find k2 € C, E € [L2(Q)]?, Eo € [L*()]?, and E — Eq € Hy(curl®, Q) such that

VXVxE—-KNE=0 inQ,
VXxVxEy—k’Ey=0 inQ,
Exn=Ejxn on 012,
(VxE)xn=(VxEy)xn  ondf,
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where the 3 x 3 matrix value function N (z) € L>(Q, R3*3) is the index of refraction. The values k? € C such that
the above equation has non-trivial solutions E and Ej are called the Maxwell’s transmission eigenvalues. This
problem plays an important role in the inverse scattering theory. One important application is the derivation
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of uniqueness for the reconstruction of inhomogeneous non-absorbing media [4]. Another one is the estimation
of the material properties, such as the index of refraction, since transmission eigenvalues can be reconstructed
from either far-field or near-field scattering data [3,22].

The non-selfadjoint and nonlinear nature of the transmission eigenvalue problem makes it a challenging topic
as the standard theory of partial differential equations do not directly apply. It is often reformulated as a
quadratic eigenvalue problem or non-standard mixed eigenvalue problem. Theoretical results in this area are
indeed partial, and there are many open problems. Numerical evidence can provide valuable insights and guide
theorists towards new directions and applications.

In the last decade, there have been considerable efforts to develop effective numerical methods for the
Helmholtz transmission eigenvalue problem [7,9,12-15, 18,23, 26, 28, 29]. However, there are only a few works
addressing the computation and/or numerical analysis for the Maxwell’s transmission eigenvalue problem due
to its complexity [1,11,17,25]. The first numerical treatment of the Maxwell’s transmission eigenvalue problem
appears in [17] where the curl-conforming and the mixed finite element method are studied. In [25], based on
a quad-curl formulation, a combination of a mixed finite element method and an iterative method is proposed.
However, no error estimates are given. In [11], a robust numerical algorithm is proposed for computing a few
smallest positive eigenvalues. In addition, an efficient Fourier-spectral-element method is developed to treat
spherically stratified media [1].

To the best of the authors’ knowledge, there are no results on the theoretical analysis for Maxwell’s trans-
mission eigenvalue problem in the framework of finite element methods.

The aim of the paper is the error analysis for the numerical approach presented in [25] for the approximations
of real Maxwell’s transmission eigenvalues. We first rewrite the Maxwell’s transmission eigenvalue problem as a
quad-curl problem. Then the transmission eigenvalues are shown to be the roots of an algebraic equation related
to a series of self-adjoint positive definite quad-curl eigenvalue problems. A mixed method similar to that in [24]
is employed for solving the quad-curl eigenvalue problem. Finally, the secant method is used to compute the
roots of the algebraic equation. The error estimate is based on the theory of spectral approximation of compact
operators [2], the error estimate of the mixed finite element method for the quad-curl problem [27], and the
convergence of the secant method.

The rest of the paper is organized as follows. In Section 2, we recall the associated generalized formulation
for (1.1)—(1.4) in [25] and present some properties. In Section 3, we introduce the mixed finite element method
and the secant method. The convergence analysis is given in Section 4. Section 5 contains conclusions and
discussions.

2. THE ASSOCIATED GENERALIZED EIGENVALUE PROBLEM

We denote by (-, -) the [L?(Q)]? scalar product and define
H(curl™, Q) = {u € [L2(Q)]? : (Vx)"u € [L*(Q)]?,j =1,--- ,m},

where m > 0 is an integer. The inner product and norm for H(curl™, §2) are

(uv v)H(Curlm,Q) = (ua U) + ((vx)ju7 (VX)j’U)
j=1

and [|u] g (curm,0) = v/ (W, V) g (curim ), Tespectively. Define

Hoy(curl, Q) :={u € H(curl,Q) :u xn =0 on 0N},
Hy(curl®, Q) := {u € Hy(curl,Q) : V x u € Hy(curl,Q)},
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which are equipped with the norms
2 2 Y
[ollaeuney = (132 + IV x vlEze)

1/
V]l £ (curtz,0) = (”v”%,Z(Q) + [V x vH2L2(Q) + [V xV x ’UH2L2(Q)) )

respectively.

We assume that N is a bounded positive definite real matrix field on Q, i.e., - N& > v|€|?, V&€ € C? a.e. inQ
with some v > 0. The assumption also holds for N=! and either (N —I)~! or (I — N)~!. For more discussions
on these assumptions, we refer the readers to [6].

We first rewrite the transmission eigenvalue problem (1.1)-(1.4) as in [6,21,25]. Setting 7 := k? and u =
E — E, the variational formulation is to find 7 € C and u € Ho(cur127 Q) such that

Ar(u,v) —TB(u,v) =0 Yo e Hy(curl®,Q), (2.1)
where
Ar(u,v) = ((N=1)"HV XV xu—7u),(VxVxv-—10))+7(u,0) (2.2)
and
B(u,v) = (V x u,V x v). (2.3)

The eigenvalue problem (2.1) is a nonlinear non-selfadjoint quad-curl problem. It is shown in [6,21] that, if
(N —I)~! is a bounded positive definite matrix field on Q, A, is a coercive Hermitian sesquilinear form on
Ho(cur12, Q) x Ho(cur127 Q). Furthermore, the sesquilinear form B is Hermitian and non-negative. This leads us
to consider the following auxiliary eigenvalue problem for fixed 7:

A (u,v) — A(1)B(u,v) =0 Yo € Hy(curl®, Q). (2.4)

Note that the generalized eigenvalue A(7) depends on 7 since A, depends on 7. Then a real transmission
eigenvalue is the root of the function

f(r)=A(r) =, (2.5)

where A(7) is a generalized eigenvalue of (2.4). Note that A can be any eigenvalue of (2.4), which leads to
different f(7) and thus different transmission eigenvalues.

It is necessary to show that the transmission eigenvalues exist as the roots of (2.5) with A(7) being a
generalized eigenvalue of (2.4) under certain condition of N(xz). To this end, we denote

N* = supns(x), N, = igf m (), (2.6)
Q

where 0 < ny(z) < ma(x) < n3(z) are the eigenvalues of the index of refraction N(x). We also define

kY2 g )
=4 —+ = |,
( Bo B3
where £ > 0 is an quad-curl eigenvalue studied in [24] and (y is the smallest Laplacian eigenvalue for Q (cf.
[16]).

Lemma 2.1. The transmission eigenvalues exist as the roots of f(7) := A7) — 7 where X(T) is the generalized
eigenvalue of (2.4) provided

1+O© <N, <€ N2)€§ <N* < o0, 1€l = 1. (2.7)
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The condition (2.7) implies that

1 _
<E-(N-Dle< .
O<N*—1_€ (N -1) £_N*—1<OO
Under the above assumption, it is shown in [6] that if
Bo
0<my< —10 2.8
" Supa [N =
then f(79) = A(79) — 70 > 0. If
Bo — 2MK/? 1
= M = 2.
T1 2 + M ) N* _ 1 ( 9)

then f(71) = A(11) — 71 < 0. Since f(7) is a continuous function of 7, there exists a 7* such that f(r*) = 0,
which implies that 7* is an transmission eigenvalue.

To compute the transmission eigenvalue, one can first determine two values of 7y and 7; as defined in
equations (2.8) and (2.9). Then an iterative method such as the bisection method can be used to find the
root of f(7). However, the bisection method requires the computation of a generalized quad-curl problem at
each step, which can be computationally intensive for 3D problems. In the following section, a secant method
is employed, which is known to converge more quickly.

The condition (2.7) on N(x) is rather strict and it can be relaxed significantly. The existence of transmission
eigenvalues only requires |N(z)[2 > « > 1 for some positive «, for example, see Theorem 3.3 of [5]. Note that,
in the inverse scattering theory, one often cares about the smallest transmission eigenvalue [25]. Note that the
method in our paper can compute other real transmission eigenvalues. For example, to compute the second
smallest eigenvalue, one computes the second smallest generalized eigenvalue of A, (u,v)—7B(u,v) =0, Vv €
Hp(curl®, Q) and plug it in f(7). The following analysis applies to all real eigenvalues.

3. COMPUTATION OF TRANSMISSION EIGENVALUES

Our numerical methods are based on finding the roots of a discrete version of (2.5). Since A(7) is the
generalized eigenvalue of operator A, with respect to B, we need to compute an approximation A\ (7) for A(7).
This is done by using a mixed finite element method for the generalized eigenvalue problem (2.4).

3.1. A mixed variational formulation

It is easy to see that the variational formulation (2.4) corresponds to the following quad-curl eigenvalue
problem:

(VXVx—T)(N—-I)"YVxVx—T)w+7?w= AV x V x w. (3.1)
Similarly to the approach in [24,27], we introduce the following auxiliary variables:

U =w,

v=(N-1)""(VxVx—1)u.
Thus we obtain a mixed form for (3.1):

(VXVx—T)o+72u=AVxVxu, (3.2)
(VxVxXx-—1)u=(N-1I)v.
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The weak formulation is to find (A, u,v) € (R, Ho(curl, ), H(curl,Q)) such that
(Vx0,Vx&)—7(v,€) +7°(u,&) = \(V x4,V x §), (3-4)
(Vxu,Vxe¢)—T1(u,¢)=((N-1I)v,¢),

for any & € Hy(curl,?) and ¢ € H(curl, Q).
For further analysis, we consider the corresponding source problem of the mixed formulation (3.4)—(3.5):

{(NI)1;+(7'V><V><)uO7 (3.6)
(VXVx-To+71*u=VxVxFf. '
The weak formulation of (3.6) is to find (u,v) € Hy(curl, Q) x H(curl,) such that
{ a(v, ) +b(u,¢) =0 V¢ € H(curl, ), 3.7)
b(v,é)—c(u,é):—(fo,Vxﬁ) VgGHo(Cul"l,Q), .
where
a(v,qb) = ((N_I)’Uad))a ( )
b(”?&) = T('Ua ) - (V X ’U,V X 5)7
c(u,&) = 7%(u,€). (3.10)
It is easy to see that the bilinear forms a(,-), b(-,-) and ¢(,-) are bounded
a(v,¢) < CT[[(N — vl 2 ll@llz2 ) < Cillvllaeuwo) |0l #curo), (3.11)
b(v,€) < C5 (ko] 20y + IV X 0[72(0)) * (1K€ T 20y + IV X €ll72(02))
< CQHUHH(curl,Q)||£||H(curl,Q)a (312)
c(u,{) < CSHu”H(curl,Q)H&.”H(curl,Q)v (313)

since (N — I) is a bounded real matrix.
Lemma 3.1. For each f € H(curl, ), the problem (3.7) is well-posed.
Proof. Define two closed subspaces of H(curl, Q) by

K ={ve H(curl,Q):b(v,&) =0 V& e Hyo(curl, )},
H = {¢ € Hy(cwr, Q) : b(v,€) =0 Vv e H(curl,Q)}.

First, a(,-) is coercive on K. More precisely, if we take « to be the smallest eigenvalue of (N — I), then we have
that

a(v,v) > y[v[|72(q) = CallvlFr o) Yo € K, (3.14)

where C} is a positive constant satisfying Cy < 1-&-% Moreover, by taking v = € € H, we have that
6(535) > C5||€H§{(curl,{2) v£ €H, (315)

where Cj is a positive constant satisfying C5 < 1:_—27 Let K+ be the orthogonal complement of K in H(curl, ).

For given v € K+, we can take £ = v € Hy(curl, ) to obtain

b(v, &) S IV % UH%2(Q)

= Z 06 V|| H(curl,Q)> (316)
ecH(curl,) 1€l H(curl,0) [ & (curt, ) ol eun.)
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where Cj is the constant in the Friedrichs inequality. Similarly, for any & € H*, we take v = & € H(curl, ) to
obtain

b(g,v IV x &7
swp  HE_ @ > Gl (317)
v€EH (curl,) H'UHH(curl,Q) ||€HH(curl,Q)
The well-posedness of (3.7) directly follows from (3.14), (3.15), (3.16) and (3.17). O

Due to the well-posedness of the weak problem (3.7) from Lemma 3.1, we can define two operators for the
spectral approximation of problems (3.4)—(3.5):

A H(curl, Q) — H(curl, ), f—Af =,
B : H(curl,Q) — Hp(curl, Q2), f—Bf =u,

where (u,v) is the solution of the source problem (3.6). Then the eigenpair (A, u,v) can be characterized
by these operators. It is also known that the problem (3.4)—(3.5) does not admit the null eigenvalue. Hence
A is an eigenvalue of (3.4)—(3.5) if and only if } is an eigenvalue of B associated with the same eigenvector
(B(Au), A(Av)). We can easily check that the operator B is a bounded linear operator. Furthermore, the operator
B is compact due to the compact imbedding of Hp(curl, ) into H(curl, Q). Thus the spectrum o(B) has 0 as
the only possible accumulation point.

3.2. Mixed finite element and iterative algorithm

In this subsection we introduce the computation method for the Maxwell’s transmission eigenvalue problem
combining a mixed finite element method and an iterative algorithm, which follows the idea from [25].

We use the curl conforming edge elements of Nédélec [19,20] to discretize the generalized eigenvalue problem.
Let Si, be the space of linear edge element and 52 be the space of functions in Sy that have vanishing DoF on
R, i.e., Sy = Sy N Hy(curl, Q). The discrete formulation for (3.4)—(3.5) is to find (A, up,vs) € (R, Sy, Sp,) such
that

(V X Uh7v X gh) - T('Uh7£h) + Tz(uhagh) = )‘h(v X ’LLh,V X gh) vgh € S}OL’ (318)

(V X Uh,v X ¢h) — T(Uh,d)h) = ((N — I)’Uh, d)h) Vd)h S Sh. (319)

Let 1, - , 9K be a basis for 52 and ¢¥1, - , YK, YK4+1, -+ ,%r be a basis for Sp,. Let uy, = Zfil u;; and
vy = ZiT:1 vith;. Furthermore, let o = (uy,--- ,ux)” and ¥ = (vy,--- ,vr)T. Then the matrix form is

SKxT?—TMKxT?-FTQMKXKU :)\hSKXKﬁ7 (320)

STXKﬂ) —TMTXKE) = MTIY;%F}, (321)

where the matrices are defined in Table 1.
From (3.21) we get

V= (MP ) N (Srxkx — TMrxk) .
Substituting @ in (3.20), we obtain a generalized matrix eigenvalue problem
AU = NSy, (3.22)
where
A= ((Sxr — M) (M ) 7 (St — TMrwk) + 7> Mi k).

For a mesh 7, for Q, assume A\, (7) is the jth eigenvalue of (3.22) (j =1,2,...). Note that A\,(7) depends on
7 continuously. Then we use Ap(7) to compute the root of (2.5). The following lemma follows the analysis in
the next section (cf. [2,8] and Thm. 4.5 in Sect. 4.).
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TABLE 1. Definitions of the finite element matrices.

Matrix  Dimension Definition

Skxx K xK S = (VX Vxi)1<i<K1<j<K
Skxr K xT Sier = (VX i,V x ), 1<i <K, 1<j<T
Srxx  TxK Sl =(Vx9hi,Vx;),1<i<T1<j< K
Mixx KxK My, e = (i), 1 <i <K 1<j < K

Mgxr K xT Mg or = (i, 9;),1 <i<K,1<j<T

Mryxx T XK Mg e = ($i, ), 1 <i<T,1<j< K

Mpoy TxT (M7 )" = (N = Dpi, ), 1 <i < T, 1<j < T

Lemma 3.2. Assume that we apply the mized finite element method for (2.4) on a Lipschitz domain  and the
index of refraction N(x) satisfies (2.7). Let A (T) be the finite element approximation of a generalized eigenvalue
A(T) on a triangular mesh Ty, with mesh size h. Then for any € > 0, there exists an ho such that if h < hqy then

[An(T) = A(1)| < e.
Now we are in the position to present a secant method to compute the root of
Ju(7) = n(7) — 7. (3.23)

Algorithm (Secant Method): 7 = secantT E(xg, z1, N (), tol, maxit)
generate a regular tetrahedra method for D

set it = 1 and § = abs(x1 — x¢)

compute the generalized eigenvalue A\, 4 of (2.4) for 7 = zg

compute the generalized eigenvalue A\, g of (2.4) for 7 = x4

while > tol and it < maxit

Tr1—XTo
,;—/\h,A
compute the eigenvalue A, of Ax = A\Bx

T =121 = AnBY%;

6 =abs(A\; — 7)

To=2T1, X1 =T, >\h,A = /\h,Ba )\h,B = A, it =it + 1.

end

Here o and z; are initial values which are chosen close to zero and zg < x1 < SupD’\%. This is due to the

fact that f(7) is positive in an interval I right to zero. The parameters maxit and tol are the maximum number
of iterations and precision, respectively.

4. CONVERGENCE ANALYSIS

In this section, we first prove the convergence of the mixed method for the eigenvalue problem (3.1). Then
we establish the error estimate of the iterative algorithm for the transmission eigenvalue, i.e., the root of (2.5).

4.1. Error analysis for the mixed finite element method

To analyze the convergence of the mixed finite element method (3.18)—(3.19), we first define some discrete
solution operators for the associated source problem and then prove the convergence using the abstract spec-
tral approximation theory for compact operators [2]. To this end, we introduce the following discrete solution
operators:

Ap o H(curl, Q) — Sy, f—ALf = vy,
By, : H(curl, Q) — SP, f = Buf:=uy,
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with (up,v),) satisfying

{a(vh7¢h)+b(uha¢h) :07 V(ﬁh € Sha (4 1)
b(vn, &) —clun, &) = —(Vx £,V x &), Y& €8). ‘
Let
Kp ={vy € Sp - b(vp, €,) =0 VE, € Sy}, (4.2)
Hy ={&, € 8S) :b(vy,€,) =0 Vo, €Sy} (4.3)
The form a(-,-) is coercive on Kj, i.e., there exists a constant C} > 0 such that
a(vhvvh) > C{L”vh”%{(curl,ﬁ) Vo € Kp. (44)
Analogous to the continuous problem, we have
(&1, €1) = Tl 720) — IV X &ull720) =0 for &, € S
Hence, the choice of C:? < 13% implies
C(uh7uh) > anuhH?{(curl,Q) vuh € SIOI (45)
Let Kj- be the complement of K} in Sp. Then for arbitrary v), € Kj-, we take &, = v), € Sj, to get
b(vp, HV X ’Uh“%z Q
sup APE)_ D > ol ey (16)
ereso 1€nllaeue) — vallaeun)
for some C% > 0. Similarly, for any &, € Hj-, we have
b E , Uh Hv X 5“%2 Q
sup A0 _ D > €t (47)
vr €Sh ||’Uh||H(cur1,Q) HEhHH(Curl,Q)

The well-posedness of the discrete scheme (4.1) then follows from (4.4), (4.5), (4.6) and (4.7) (see Thm. 3.1 of
[27)).

Next, we study the convergence of By, and A, to the continuous operators B and A, respectively. The first
step is to derive an auxiliary error estimate.

Theorem 4.1. Given f € H(curl,Q)), let (u,v) and (up,vy) be the solutions of (3.7) and (4.1), respectively.
Then there exists a positive constant C' independent of h and f such that

lw = wnllLz) + lv —vnllL2Q) <

Cl| inf (||lu— + ||lv — + inf |jv— cur , 4.8
(g, (= €l + o = uloca) + jnt, o=l (1)
PESK

where &;, and ¢;, satisfy the constraint

(Vx &,V xp,)—7&p ) = ((N=1)pp, ) Yy, € 52~ (4.9)
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Proof. Assume u € H(curl®, Q) such that

1193

(VXVxVxu,Vxv)=(VxVxuV xVxov) (4.10)
for all v € [D(Q2)]3. By density argument, it holds that for all & € Hy(curl, Q),
(Vx(N=I)""(VxVx-7)u,V x§)
—7(N=1)"HV XV x —1)u, &) +7%(u,&) = (V x f,V x §). (4.11)
Assume that (§,, ¢),) € S§) x S, satisfies the following relation
(V x €,V x ) = 7(&po i) = (N = Do) ¥y € Sy (4.12)
Note that the solution (up,vy) of the discrete problem (4.1) also satisfies
(V < un, V x ) = 7(un, ) = (N = Don, ) ¥ gy, € S (4.13)
Subtracting (4.12) from (4.13) and letting p;, = up, — &;,, we have
(V x (un = &,),V x (un — &) — 7(un — &y, un — &) (4.14)
= ((N = D)(vn — dp) un — &)
The above equation implies that
(1 =7C)|V x (un — Eh)H%Z(Q) <V x (up — §h)||%2(9) = 7[un — fh||2L2(Q)
<y wn = Pullzilun — &ullz2 @), (4.15)
where C' is the constant in the Friedrichs inequality and v* = ||[N — I|2. Note that v* = maxy o with oy

being the singular value of the matrix (N — I). Here, we assume 1 —7C > 0 in (4.15). Again by the Friderichs

inequality, we have
IV % (un — €2y < et 0n — dillzzce,
-~ C1l-70)

~y
lun —Epllz2o) < m””h — nllzz(o)-
It is easy to see that for any function pair (£, ¢;,) that satisfies (4.12), it holds

(v X E}wv X vh) - T(E}mvh) = ((N - I)d’h?’”h)y
(V xvn, V x &) = (v, &) +7°(un, &) = (V x £,V x &),

which implies

((N - I)d)huvh) :(v X fvv X gh) - T2(uh7£h)7
((N — I)vh,vh) :(V X f7V X uh) — Tz(uh,uh).

For any p, € SP, it follows from (4.11), (4.14), (4.18) and (4.19) that

(V X (up — &),V x (v — Hh)) —7(up —&pyv — py) — ((N —I)(vy, — ¢,),v — Hh)

= (V x (un = &,), V x v) = 7(up = &,,v) = (N = I)(vn — ¢y,),v)
= (Vx £,V x (up =€) = 7°(w, up — &) = (N = I)(vn — é3),v)
= =7 (u—un,up = &,) = ((v =), (N = I)(vr = ¢y)).

(4.16)

(4.17)

(4.20)
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From (4.17), (4.16) and (4.20), we have
172 (u — up, un — &) + ((v —wn), (N = 1) (v, — ¢y,))|
<V x (un = &)Lz @IV % (v = pp)ll2@) + Tllun = Epllzz@llv — pylle @)
+ 7 vn = dpllz @ llv — sz

*

v
< m“”h = Gl @IV x (v = )220

Tv*
+ %) [vn — bpllrzllv — pallLz@)

C?(1—71
+ 7 vn — dpllz@llv — mllz2 )

< Cillvw = Pl @)llv — ppllH(curr0),

where C7 = max{ C(ITTC)7 CQ(TIZ*TC),'V*}. It then directly follows from (4.21) that

(N = D]wn = dpll7za) + 2 lun = &nl72(0)
< (N =1)(vn = ¢p)svn — ¢p) +7°(un — € un — &)
=—((N=I)(vr = ¢p,),v —wvn) + (N = I)(vn — ¢),v — )
— 7 (up — &y u —up) + 7 (up — & u — &)
< (N = D) (v, — ¢p,), (v —v1)) + 72 (0 — up, up — &)
+ (N =D)(vn — @), 0 = ¢p,) + 72 (up — &, u — &)
< Cillon — dullr2(o) v — pull (e
+ 7 on = dpllz@ v — dpllz@) + 72w = Eullzz @)l — &ullL2 @),
where N, is given in (2.7). Therefore, by (4.17) and (4.22), we get

(& 1
[vn — @pllLz) < N Tlo = pnllaeuno) + N 1 [v = @nllrz(0)

7'2’}/*
C2(1—C)(N, — 1)

+ w —&llL20)-

Moreover, by using (4.17) and (4.23), we have
w = unlr2(0) + [lv = valL2(0)
< lw—=&ullzz) + 1€n — unllzz) + v = dpll2@) + llvn — @420
’y*
< = Eulzz + 1o = dullizio + (1+ Grrrgs ) fon — Bl

< CTllu =&l ) + Csllv — dpllz2 @) + Cillv — || 2 (curt, o)

(4.21)

(4.22)

(4.23)

(4.24)

where C7, C5 and C§ are positive constants that depend on C1, 7, v* and C in (4.23). The proof is then

completed by taking the infimum of the right hand side of (4.24).

O

Theorem 4.2. Given f € H(curl,Q), let (u,v) and (up,vp) be the solutions of (3.7) and (4.1), respectively.

Then there exists a positive constant C independent of the mesh size h and f such that
lw = unlr20) + v — vnllL2@) <

o inf, (= alocey + (14 QDY (= E0lzzan) + ,int, = sl

h

where a(h) = Cy/h with Cy being a positive constant.

(4.25)
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Proof. Taking p;, = pp, — ¢y, in (4.9), we have

(V x &, V X (py, — ¢h)) —T(&p by, — Dp) = ((N — D)y, py, — ¢h)-
Since n X (V x u) = 0 on 01, it holds that
(v x V Xuauhf(bh)*’r(uau’h 7¢h)
:(V X u, V X (py, — ¢h)) —7(u, py, — @p,).

Subtracting the above two equations, we have

((VX \ X“_TU)_(N_I)¢haNh_¢’h)
= (V X (u—§),V x (1, —¢’h)) —7(u—&,, 1y, — Pp)-

For regular meshes, we have the following inverse inequality [10]
IV X wnllp2@) < Ch™Honl2@)  Vou € Sh,
where C' is a positive constant independent of h. Therefore,

(VX V xu—Tu) - (N_I)¢h7p'h_¢h)‘
<V x (w =€)z @llV < (py, — &)l 20
+ 7llw — &, ll2 ) len — Pnllz o)
< ah)|V x (w—E&p)ll2llien — Pnllzz) + Tl — &l @)llen, — énllz2@)-

Then by using (4.28), we obtain that

(Ne = Dy, — ¢}L||%2(Q) < (Mh = &p (N = 1)1y, — ¢h))
= (1 — @5 (N = Dpy, = (VX V X =7)u)
+ (B, — b, (VX V x —T)u — (N — I)¢,)
<y — ¢h||L2(Q)||U - Mh”LZ(Q)
+ah)pwy — rll2@llV x (v — &) llz2 )
+ 7y — dnllzz v — Eull2 @),

where v* = |N — I||3 is the maximum of the singular value for matrix (N — I). This indicates that

ol a(h)
[ = Pullrz) < N, 1 v — ppllree) + Ne_1 IV x (u—&,)llr2(a)

.
t N 1||U —&lle )
By (4.30) and the triangle inequality, we have that

v = Ppllrz) < v — pplle) + |1y — Snllr2 @)
a(h)

< (14 52 I = iz + 59 x = €l

-
+ ﬁ”u —&nllee)-

Finally, the error estimate (4.25) can be obtained by combining (4.24) and (4.31).
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(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)
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Theorem 4.3. Given f € H(curl,Q), let (u,v) be the solution of (3.7) and assume that u € [H*(Q)]3,
(Vx)u € [H*(Q)]? with s > 1/2,5 = 1,2,3. Let (un,vy) be the solution of the discrete problem (4.1). Then
there exists a positive constant C independent of the mesh size h and f such that

[ — wnr2 () + v = vilr2) < OB ([ullae @) + IV x (). (4.32)

Proof. The result follows by applying the property of the interpolation operator of Nédélec element and Theo-
rem 4.2. The proof is similar to that Theorem 4.3 of [27] and thus is omitted here. g

We turn to the convergence of the mixed method for the quad-curl eigenvalue problem using Theorem 4.3. The
quad-curl eigenvalue problem (3.1) can be written as follows. Find A € R and (u,v) € Hy(curl, Q) x H(curl, )

such that
{ a(v, ) +b(,u) = 0 Ve € Hewl,9), )
b(v,€) —c(u, &) = —MV xu,V xE§) V& € Hy(curl, Q2), '
where a(-,-), b(-,-) and ¢(+,-) are defined by (3.8), (3.9) and (3.10), respectively.
The mixed finite element method is to find A, € R and (uy,vp,) € Sg x Sp, such that
{a(vha¢h)+b(¢h7uh) =0 V @y, € Sh, (4.34)
b(vn, &p) — c(un, &) = =An(V X up, V x &) V¢, € 5). .

It is easy to see that (A, (u,v)) is an eigenpair of (4.33) if and only if % is an eigenvalue of B with the same
eigenvector. The following result is an immediate consequence of Theorem 4.3.

Lemma 4.4. The operators A, : H(curl,Q) — Sy and By : H(curl, Q) — S? converge in norm to
A H(curl, Q) — H(curl,QY) and B : H(curl, Q) — Hy(curl, ), respectively, i.e.,

lim ||A — Ayl = lim ||B — By|| = 0.
hli%H nll =0 and hli]%” rl =0

We denote the spectrum of the compact operator B by o(B) and let 1 € o(B) be an eigenvalue with multiplicity
m. Then, for h small enough, there exist m eigenvalues pj ,--- , u of By, such that

}llir%/ﬁl =pu, forj=1,---,m. (4.35)

In summary, the following error estimate for the quad-curl eigenvalues holds.

Theorem 4.5. Let A be an eigenvalue of (4.33) with multiplicity m. For h small enough, there exist m eigen-
values A j,j =1,...,m, of(4.34) such that

|)\_)\h7]| < Ch25727 ]: 1a , M, (436)
for some constant C.

Proof. Note that A = 1/p and A, ; = l/ufl. The result follows Theorem 4.3, Lemma 4.1 and Theorem 11.1 of
[2]. O

4.2. Error estimate for the iterative method

Now we establish the error estimate of the secant method. The idea is to obtain the convergence of the root
of (2.5) to that of the discrete form (3.23) provided the mesh size is small enough. It follows the framework in
[23] for the Helmholtz transmission eigenvalue problem, where the derivatives of the eigenvalues are utilized.
The key is to verify that f5(7) is a strictly monotonic function on some interval containing the transmission
eigenvalue.
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Lemma 4.6. Let f(7) and fr(7) be two continuous functions on (a,b). Let 79 € (a,b) be some root of fn(7),
i.e., fn(10) = 0. For h small enough, there exists a T, such that f(7.) = 0. Furthermore, if f}(7.) < =6 <0 for
some § > 0, then it holds that

[fn(7e) = ()l
5 .

The first part of the lemma follows the convergence of A\, to A. The assumption f}(7.) < —d < 0 implies
that fp,(7) is a strictly monotonic function in a neighborhood of 7. € (a,b) such that the bound holds. We now
verify this as follows.

Let A, be a generalized eigenvalue of (3.22) and U be a matrix of eigenvectors associated with A, such that
UT Sk U = I. Thus we have

|TO _7—*| <

AU = SgxxUAy,

where Ay, = Apl. It is well-known that the choice of U is not unique. In general, a repeated eigenvalue Ay can
separate as 7 changes and the derivative of the eigenvalue )\, with multiplicity m > 1 is not a scalar. We will
denote it by A} = diag(\} 5, , Ay, ). There exists a matrix I' € R™*™ such that I'"T = I and the columns
of orthogonal transformation Z = UT are the eigenvectors for which a derivative can be defined. Differentiating
AZ = Sk« ik Z Ay, we obtain

A'Z + AZ" = Sy k ZAn + Sk Z' A + Sk xx ZA),.
Collecting similar terms we get

(A=A Skxr)Z = (MSkwx — AVZ + Sk xiZA),.
Multiplying U7, substituting Z = UT and using the fact that UT (A — A\,Skxx) = 0, we have

TAj, = U (A" — A\ Sk 5 )UT.
Since Sk xx does not depend on 7, we have Sy, ;- = 0 and thus
L= on)TAUr). (4.37)
If \p, is a simple eigenvalue, we have that
o=ul Ay,

where u is the associated eigenvector such that u” Sy gu = 1.
Now we show that f; () is negative on an interval to the right of 7.

Lemma 4.7. Let A}, B;, and Cj, represent the derivatives of Ay, By, and Cp,, respectively. We have f] (1) <0

when
Ao(92) 1 N*—1
T< ( 5 + N1 N (4.38)

Proof. By simple calculations, we have
a(v,¢) =0 and b(u,d)=(u,¢) and c(u,§&)=27(u,f).
Letting ¢ = v and £ = u, we have

ad(v,v)=0 and b (u,v)=(u,v) and c(u,u)=27(u,u).
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Let A}, B and C} be the matrices corresponding to a’, b’ and ¢, respectively. Note that A = B, A, !B} + ),
and, as a consequence,
A= By A B + BL(A; Y BE + ByAN(BEY + ¢y,
= By A, ' By + BuAy  (By) + Gy

Assume that the operator A,:l corresponds to the bilinear form a** (v, v), i.e., a'"*(v,v) = vTA,Zlv. We choose
v such that v7 - v = 1, thus

ainv(

v,v)a(v,v) = vT 4; lvvT Apv = 1.
In addition, we have
a(v,v) = (N —Iv,v) =v" (N - I)v < (N* - 1),

which indicates that

inv(,v ’U) S

)

a N _1

Let u be a column of Z in Sj. Then
W=2TA'Z
= (u,v)a™" (v,v)[T(v,u) = (V x v,V x u)]

+ [r(u,v) = (V x u, V x v)]a"™ (v,v)(v,u) + 27(u, u)

1
< v g lulllvllivflle] = 1V > v ]|V > ul)
1
+ 7 llellloll = 1V < ul|V < ol ollllu] + 27
2 2
= Pl — S [l < ol |9 x o] + 27 fu?
2(r —1) 2 2
< 7
< 2T V2 + vl
2(r—1) 1 n 27
TONT =1 20(Q) 0 A(Q)
where we have used the Poincaré inequality and, for simplicity, denoted || - | by || - ||. Thus if
2(r—1) 1 27
<1
N1 a0 @)
i.e.,
Ao(2) 1 N*—1
4.
7'<< 5 +N*—1 N (4.39)
we have f; = X} (7) — 1 < 0, which implies that f;(7) is monotonically decreasing. |

The combination of Lemmas 4.6, 4.7 and the triangle inequality leads to the following theorem.

Theorem 4.8. Assume we apply the mized finite element method for (2.4) on a regular mesh T;,. Under the
assumption of Lemma 4.7, let T be the root of f(T) and 1, be the approximation of T. computed by the secant
method. Then for any e > 0 such that | fr(7:) — f(74)| < €, there exists an hg such that, for h < hg, it holds that

|Th — 7| < g/6 4 tol, (4.40)

where § > 0 is indepedent of h and tol is given in the secant method.
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Proof. Let 19 be the root of fr(7), i.e., Ap(70) — 70 = 0. If 7 satisfies the condition in Lemma 4.7, there exists
d > 0 such that f;(7.) < —4. By Lemma 4.6, the triangle inequality and the fact that |7, — 79| < tol, we obtain

|Th — Tl < |Th — To| + |70 — ]

<t 4 Ual) = Il

which gives (4.40). The proof is complete. O

Our paper aims to provide effective theoretical analysis for an existing mixed finite element method. Numerical
experiments have already been carried out in our previous work [17] for the unit ball with tetrahedra meshes.
The second order convergence of the lowest Maxwell’s transmission eigenvalues is obtained, which verifies our
analysis. Numerical examples using a similar mixed method can also be found in [25], where the same convergence
rate is observed.

5. CONCLUSION

In this work, the convergence analysis for a numerical method to compute real Maxwell’s transmission eigen-
values is carried out. The error analysis of a mixed finite element for the associated generalized eigenvalue
problem is obtained using the quad-curl formulation using the framework of spectral approximation of compact
operators. Then the convergence of the secant method is established by using the derivatives of eigenvalues.

The method proposed in this paper does not apply to complex transmission eigenvalues, which are known to
exist. It is certainly interesting to develop effective finite element methods to compute the complex eigenvalues
and carry out the error analysis.

ACKNOWLEDGEMENTS

The work of Wang was partially supported by Guangdong Youth Innovation Talents Project No. 2022KQNCX108 and
GuangDong Basic and Applied Basic Research Foundation Youth project No. 2022A1515110362. The work of Cui was
partially supported by National Natural Science Foundation of China grant No. 12271214 and Natural Science Foundation
of Guangdong Province, China, grant No. 2023A1515012209.

REFERENCES

[1] J. An and Z. Zhang, An efficient spectral-Galerkin approximation and error analysis for Maxwell transmission
eigenvalue problems in spherical geometries. J. Sci. Comput. 75 (2018) 157-181.

[2] I. Babuska and J. Osborn, Eigenvalue problems. Handbook of Numerical Analysis. In Vol. II of Finite Element
Methods (Part 1), edited by P.G. Ciarlet and J.L. Lions. Elseveier Science Publishers B.V., North-Holland (1991).

[3] F. Cakoni, D. Colton and H. Haddar, On the determination of Dirichlet or transmission eigenvalues from far field
data. C. R. Math. 348 (2010) 379-383.

[4] F. Cakoni, D. Colton and H. Haddar, Inverse Scattering Theory and Transmission Eigenvalues, 2nd edition. STAM
(2023).

[5] F. Cakoni, D. Colton, P. Monk and J. Sun, The inverse electromagnetic scattering problem for anisotropic media.
Inverse Probl. 26 (2010) 074004.

[6] F. Cakoni and H. Haddar, On the existence of transmission eigenvalues in an inhomogeneous medium. Appl. Anal.
88 (2009) 475-493.

[7] J. Camaio, R. Rodriguez and P. Venegas, Convergence of a lowest-order finite element method for the transmission
eigenvalue problem. Calcolo 55 (2018) 1-14.

[8] P.G. Ciarlet, The finite element method for elliptic problems. Classics in Applied Mathematics. SIAM, Philadelphia
(2002) 40.

[9] D. Colton, P. Monk and J. Sun, Analytical and computational methods for transmission eigenvalues. Inverse Probl.
26 (2010) 045011.

[10] R. Hiptmair, Finite elements in computational electromagnetism. Acta Numer. 11 (2002) 237-339.



1200 C. WANG ET AL.

[11] T.-M. Huang, W.-Q. Huang and W.-W. Lin, A robust numerical algorithm for computing Maxwell’s transmission

eigenvalue problems. SIAM J. Sci. Comput. 37 (2015) A2403-A2423.

[12] X. Ji, J. Sun and T. Turner, Algorithm 922: a mixed finite element method for Helmholtz transmission eigenvalues.

ACM Trans. Math. Softw. 38 (2012) 29.
[13] A. Kleefeld, A numerical method to compute interior transmission eigenvalues. Inverse Probl. 29 (2013) 104012.

[14] Q. Liu, T. Li and S. Zhang, A mixed element scheme for the Helmholtz transmission eigenvalue problem for

anisotropic media. Inverse Probl. 39 (2023) 055005.

[15] J. Meng, G. Wang and L. Mei, Mixed virtual element method for the Helmholtz transmission eigenvalue problem

on polytopal meshes. IMA J. Numer. Anal. 43 (2023) 1685-1717.
[16] P. Monk, Finite Element Methods for Mazwell’s Equations. Oxford University Press (2003).

[17] P. Monk and J. Sun, Finite element methods for Maxwell’s transmission eigenvalues. SIAM J. Sci. Comput. 34

(2012) B247-B264.

[18] D. Mora and I. Veldsquez, A virtual element method for the transmission eigenvalue problem. Math. Models Methods

Appl. Sci. 28 (2018) 2803-2831.

[19] J.-C. Nédélec, Mixed finite elements in R®. Numer. Math. 35 (1980) 315-341.

[20] J.-C. Nédélec, A new family of mixed finite elements in R3. Numer. Math. 50 (1986) 57-81.

[21] L. Paivérinta and J. Sylvester, Transmission eigenvalues. SIAM J. Math. Anal. 40 (2008) 738-753.
[22]

(2010) 0150009.
3] J. Sun, Iterative methods for transmission eigenvalues. SIAM J. Numer. Anal. 49 (2011) 1860-1874.
4] J. Sun, A mixed FEM for the quad-curl eigenvalue problem. Numer. Math. 132 (2016) 185-200.

problems. Inverse Probl. 29 (2013) 104013.
[26] J. Sun and A. Zhou, Finite Element Methods for Eigenvalue Problems. CRC Press, Boca Raton, FL (2017).

J. Sun, Estimation of transmission eigenvalues and the index of refraction from Cauchy data. Inverse Probl. 27

5] J. Sun and L. Xu, Computation of Maxwell’s transmission eigenvalues and its applications in inverse medium

[27] C. Wang, Z. Sun and J. Cui, A new error analysis of a mixed finite element method for the quad-curl problem. Appl.

Math. Comput. 349 (2019) 23-38.

[28] X. Wu and W. Chen, Error estimates of the finite element method for interior transmission problems. J. Sci. Comput.

57 (2013) 331-348.

[29] Y. Yang, H. Bi, H. Li and J. Han, Mixed methods for the Helmholtz transmission eigenvalues. SIAM J. Sci. Comput.

38 (2016) A1383-A1403.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to
publish this journal in open access in the current year, free of charge for authors and
readers.

Check with your library that it subscribes to the journal, or consider making a personal donation to
the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.


mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Introduction
	The associated generalized eigenvalue problem
	Computation of transmission eigenvalues
	A mixed variational formulation
	Mixed finite element and iterative algorithm

	Convergence analysis
	Error analysis for the mixed finite element method
	Error estimate for the iterative method

	Conclusion
	References

