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CONTRACTION RATE ESTIMATES OF STOCHASTIC GRADIENT KINETIC
LANGEVIN INTEGRATORS*

BENEDICT LEIMKUHLER, DANIEL PAULIN AND PETER A. WHALLEY™**

Abstract. In previous work, we introduced a method for determining convergence rates for integra-
tion methods for the kinetic Langevin equation for M-VLipschitz m-log-concave densities [Leimkuhler
et al., SIAM J. Numer. Anal. 62 (2024) 1226-1258]. In this article, we exploit this method to treat
several additional schemes including the method of Brunger, Brooks and Karplus (BBK) and stochastic
position/velocity Verlet. We introduce a randomized midpoint scheme for kinetic Langevin dynamics,
inspired by the recent scheme of Bou-Rabee and Marsden [arXiv:2211.11003, 2022]. We also extend our
approach to stochastic gradient variants of these schemes under minimal extra assumptions. We provide
convergence rates of O(m/M), with explicit stepsize restriction, which are of the same order as the
stability thresholds for Gaussian targets and are valid for a large interval of the friction parameter. We
compare the contraction rate estimates of many kinetic Langevin integrators from molecular dynam-
ics and machine learning. Finally, we present numerical experiments for a Bayesian logistic regression
example.
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1. INTRODUCTION

Efficient sampling of high dimensional probability distributions is required for applications such as Bayesian
inference and molecular dynamics (see for example [5,34,41]). A popular approach is to employ a Markov chain
constructed by discretizing a stochastic differential equation (SDE) and to approximate observable averages
using the central limit theorem. Some common choices of SDEs include overdamped Langevin dynamics [3,55,
56] and underdamped /kinetic Langevin dynamics (see below). Other popular methods for MCMC are based
on combining Hamiltonian dynamics with Metropolis-Hastings accept/reject condition or combining simple
dynamics with stochastic refreshments, which can be simulated exactly [4,10,51].

The focus of this article is on kinetic Langevin dynamics which is the stochastic differential equation system
defined by

dX, =V, dt,

1.1
dV, = —VU(X,;) dt — vV dt + \/ﬂqu -y
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where X;,V, € R%, U is a “potential energy” function, v > 0 is a friction parameter and W, is the driving
d-dimensional Brownian motion. It can be shown under mild assumptions on the potential U that the invariant
measure 7 of this process has density proportional to exp (—U(X) — 3||V[|?) [50]. Particle masses and a temper-
ature parameter are typically included in the context of molecular dynamics, which we neglect here in order to
simplify the presentation of results; if desired our analysis could easily be modified to include them. Overdamped
Langevin dynamics is the high friction limit of kinetic Langevin dynamics following a time rescaling [50].

In this article, we focus our attention to proving convergence rates of numerical methods for kinetic Langevin
sampling in Wasserstein distance (see [63]). We use coupling methods to establish these convergence rates (see
[36]), more specifically synchronous coupling as in [19,23,35,44,47, 58]. Demonstrating that a certain coupling
leads to contraction has become a widely used method for demonstrating convergence in terms of Wasserstein
distance in both continuous-time scenarios and when discretizing Langevin dynamics and Hamiltonian Monte
Carlo [7-9,24,30,44,53,59]. The numerical methods we consider are the Euler—-Maruyama discretisation (EM),
the Brunger—Brooks—Karplus discretisation (BBK) [12], the stochastic position and velocity Verlet (SPV, SVV)
[46], popular splitting methods including BAOAB and OBABO [13,40], a randomized method based on the
Hamiltonian integrator of [8] (rOABAO) and the stochastic Euler scheme (SES/EB) [16,31,62].

When considering MCMC methods the performance of a sampling scheme is often assessed by measuring the
number of steps needed to achieve a certain level of accuracy in the Wasserstein distance metric. By combining
the results of this paper with estimates of the stepsize-dependent bias of the numerical methods, it is possible
to develop such non-asymptotic bounds in Wasserstein distance which can ultimately provide insight into the
computational complexity, convergence rate, and accuracy of the sampling scheme. Bias estimates of some
relevant numerical methods have been treated in [35,44,47,58].

The aim of this article is to extend the results of [44] to obtain Wasserstein convergence estimates for a wide
interval of the friction parameter whilst maintaining reasonable assumptions on the stepsize. We also propose
here a new sampling scheme based on the randomized midpoint method of [6] for Hamiltonian Monte Carlo and
we provide convergence results. Moreover, we discuss the use of stochastic gradients and how these proofs can
be extended to that setting, which is particularly important in the context of machine learning. We demonstrate
our results on an anisotropic Gaussian as well as a Bayesian logistic regression problem involving the MNIST
dataset. Although we only treat convergence towards the invariant measure of the scheme in this article, we
demonstrate the bias of the methods and discuss these results in combination with the convergence results
achieved. We verify the convergence results for the anisotropic Gaussian example, by computing spectral gaps
for the numerical methods.

It is also important to note that bias analysis of kinetic Langevin dynamics in the stochastic gradient setting
has been considered in Proposition 4 of [60] using the techniques of [1,66]. Assuming smooth test functions
that are compactly supported, they achieve order one bias estimates in the stepsize for the stochastic gradient
OABAOQO scheme. This aligns with what is observed in practice. It remains an open problem to achieve order
one in stepsize (for both overdamped Langevin and kinetic Langevin dynamics) in Wasserstein distance, where
bias estimates of order 1/2 have been shown in [17,22,35].

Using full gradients at each iteration can be computationally expensive in the case of large datasets. The
predominant approach used in machine learning optimization is to rely on a stochastic approximation of the
gradient (see e.g. [54] for one of the first applications of such approaches). In the context of sampling, there
has been a great deal of interest to also use such ideas to improve the scalability of MCMC to large datasets,
see e.g. [67], or the recent review paper [49]. Our contribution here is to generalize the contraction rates for
all schemes in Table 1 to appropriate versions of these schemes using stochastic dynamics (see Tab. 3 for a
summary of results). We allow for a flexible choice of unbiased gradient estimators (i.e. they do not necessarily
have to be based on subsampling) and control errors via expected variability in the Jacobian of the stochastic
gradient versus the Hessian of the true potential. It turns out that for all schemes, there is some reduction in
convergence rate as the gradient noise increases (we observed this in our numerical experiments when using
sub-sampling with very small batch sizes). Nevertheless, for a fixed level of gradient noise, the relative reduction
in the contraction rate due to stochastic gradients becomes negligible as the stepsize decreases.



CONTRACTION ESTIMATES FOR STOCHASTIC GRADIENT LANGEVIN INTEGRATORS 2257

TABLE 1. The table provides our stepsize restrictions and optimal contraction rates of the
discretized kinetic Langevin dynamics with stepsize h for an m-convex, M-V Lipschitz potential
and previous results of [44] and other recent work for further integrators for comparison. We
define n = e=7".

Algorithm  Stepsize restriction One-step contraction rate
EM 0(1/7) O(mh/~)

BBK 0(1/7) O(mh/~)

SPV O(1/7) O(mh/7)

SVV 0(1/7) O(mh/~)

BAOAB  O((1 —n)/VM) [44]  O(mh®/(1 —n)) [44]
OBABO  O((1—n)/VM) [44 O(mh?/(1 —n)) [35,44]
rOABAO  O((1 —n)/vVM) O(mh?/(1 —n))

SES/EB O(1/7) [44,58] O(mh/~v) [23,44,58]

2. ASSUMPTIONS AND DEFINITIONS

2.1. Assumptions on the potential

We place assumptions on the target measure and the resulting potential U. These are strong but allow us to
easily obtain quantitative convergence rates. We assume that the potential has a M-Lipschitz gradient and is
m-strongly convex, which is equivalent to the following assumptions on the Hessian of U:

Assumption 2.1 (M-VLipschitz and m-convex). For all x € R there exists m and M such that 0 < m <
M < oo, and
mlg < VU (z) < MI,.

These assumptions are widely used in the analysis of optimisation and sampling methods for gradient descent
(see [11,21,25]). Analysis of sampling algorithms in the non-convex setting has also been studied (see [15,30,45]).

2.2. Modified Euclidean norms

We introduce a modified Euclidean norm as in [47] to establish convergence of the discretizations of kinetic
Langevin dynamics. It is not possible to establish one-step contraction using the standard Euclidean norm; due
to the fact that the generator of kinetic Langevin dynamics is hypoelliptic a specialized metric is needed. We
introduce the modified Euclidean norm for z = (z,v) € R??

2 2 2
12llap = Izl + 2b{x;, v) + allv],
for a,b > 0 which is equivalent to the Euclidean norm when b < a/4 with explicit constants given by
1 3
SlzlZ0 <1212, < Sl

2.3. Wasserstein distance

We introduce a notion of distance between probability measures to measure convergence. The metric we
consider is the p-Wasserstein distance on P, (de) the space of probability measures with finite p-th moment,
for p € [0, 00). For probability measures u,v € P, (de) the p-Wasserstein distance with respect to the modified
norm || - [|q4 (introduced in Sect. 2.2) is defined by

1/p
Wasve) = _int [ o= ally o))

€€l (v,p) JR2
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where I'(u, v) is the set of all couplings between p and v (the set of joint probability measures with marginals
w and v).

If one is able to show contraction of any coupling of two paths of a numerical integrator for kinetic Langevin
dynamics then one also obtains convergence in p-Wasserstein distance, as it is the infimum over all such couplings
(see [18], Cor. 7 or [47], Cor. 20). The coupling technique we consider for quantitative contraction rates is
synchronous coupling, where the two paths are generated using identical noise increments. This coupling is also
used in [18,23,48].

Proposition 2.2 ([44], Prop. 2.3). Assume a numerical scheme for kinetic Langevin dynamics with a m-strongly
convex M-V Lipschitz potential U and transition kernel Py. If any two synchronously coupled chains with initial
conditions (xg,v0) € R?? and (Zo,70) € R?? of the numerical scheme have the contraction property

I(x = &n, o = 58) 12, < C(1 = c(h)*[|(xo — o, v0 — T0) 2, (2.1)

for a contraction rate c(h) > 0, C > 0, 42 > C,M, h < Cy(v, VM) and a,b > 0 such that b*< a/4, where
C, > 0 is a constant and Cp(y,vVM) > 0 is a constant depending on v and VM Then we have that for all
¥2 > CyM, h < Cp(y, VM), p,v € Po(R??), and all k € N,

k
Wi o (VPR 1Py) < C(1 = c(h))" W3 44 (v, ).
Further to this, P, has a unique invariant measure which depends on the stepsize, wy,, where wp, € Pg(RQd).

Proof. The proof is given in Corollary 20 of [47], which relies on Corollary 5.22, Theorem 6.18 of [65]. O

3. PROOF STRATEGY

We use the proof strategy introduced in [44] to prove contraction of the numerical schemes considered in
this article. We summarize the proof strategy and for further details we refer the reader to [44]. Our method
relies on proving contraction of a “twisted Euclidean norm” or modified norm (as stated in Sect. 2.2) which is
equivalent to the standard Euclidean norm with an explicit constant. The approach is to find constants a,b > 0
such that b? < a/4 and the contraction property

- 2 . 2
12641 = Zitllap < (L= )2k = 2kllqps (3.1)

holds with explicit weak assumptions on the parameters v and h. Now this is equivalent to showing that

zZh (1 —c(h))M — PTMP)z, >0, where M = <ll) 2>7 (3.2)

(Zi)ien := (% — 2i);en and Zpy1 = PZp. P is determined by the scheme and implicitly depends on zj, and 2
through a mean value theorem and the Hessian of the potential. If this relation holds for any choice of z; and
Zj, then it implies contraction. Therefore proving contraction with a rate c(h) is equivalent to proving that the
matrix H := (1 — ¢(h))M — PTMP = 0 is positive definite. We can use the symmetric structure of the matrix

H
H— (é g) (3.3)

to show that H is positive definite by applying the following Proposition 3.1.

Proposition 3.1 ([44]). Let H be a symmetric matriz of the form (3.3), then H is positive definite if and only
if A= 0 and C — BA™'B = 0. Further if A, B and C commute then H is positive definite if and only if A = 0
and AC — B? = 0.

Proof. Proof given in [44]. O
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4. NUMERICAL INTEGRATORS

We will consider several popular numerical integrators for kinetic Langevin dynamics, arising in the literatures
of molecular dynamics and machine learning. The numerical methods are generally defined by (z,v;,) € R% x R?
for k € N with initial conditions (zg,v9) € R? x R? and given noise sequences.

Choices for the algorithm include:

— the Euler-Maruyama discretization (EM);

— splitting methods based on breaking the dynamics into parts which can be solved analytically (in the weak
sense) [13,40,43];

— the stochastic Euler scheme (SES/EB) (see [16,31,62]), which is popular in the machine learning literature
(see [19,23,58]) and is based on keeping the force constant and integrating exactly over the interval;

— the Brunger-Brooks—Karplus (BBK) scheme which uses a leapfrog-like approach to propagate position and
velocity components, combined with implicit and explicit Euler steps in velocity [12,32];

— the stochastic position and velocity Verlet schemes (SPV, SVV) based on integrating the force and the OU
process together in a splitting scheme introduced in [46];

— a new randomized midpoint method based on a Hamiltonian integrator from [8].

We recommend [28,32] for an introduction to many of these schemes. We next describe these algorithms by
giving their respective update rules. We introduce the notation ¥z (x,v) to represent the one-step phase-space
map corresponding to the operator F' with initial condition (x,v) for a step of size h > 0, where the operator
could be for example the operators By, Ba, B, A,V introduced in the following sections.

4.1. Euler—-Maruyama

The Euler-Maruyama discretization with initial conditions (xg,vo) € R?? and iterations (zy,v;) € R?? for
k € N are defined by the update rule

Tpq1 = Tk + hog,

(4.1)
V41 = Uk — hVU(xk) — hvvk + 2"/hf[ﬁ,1,

where (£&5)ken are independent N(0, I;) draws.

4.2. Splitting methods

Integrators studied in [13,40] are defined by splitting the dynamics into parts given by B (integrating the
velocity by the force), A (integrating the position by the velocity) and O (the solution in the weak sense to the
OU process) with update rules given by

B:v—v—hVU(x),
A:xz— x+ ho, (4.2)

O:v—nu++/1-—n3%,

where
1= exp (—h).

Then the schemes we will study in this framework are BAOAB and OBABO (the ordering given from left to
right based on their application as operators defined in (4.2)). When there is a repeated letter in the ordering
that means that each operator is taken with half a step, i.e. h — h/2, n — n'/2. For example BAOAB performs
two half steps of B and A and one full step of O. For computational efficiency, in practice the same gradient
evaluation for the last B step in a BAOAB iteration is used for the first B step in the next iteration, as the
position is not updated.
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4.3. Stochastic Euler scheme

The stochastic Euler scheme is based on keeping the force constant and integrating the dynamics exactly
over the time interval. For initial conditions (zg,vo) € R2¢, the iterations (zx,vy) € R?? for k € N are defined
by the update rule

1—-7n Yh4+n—1
Tp4+1 = Tk + 5 Vg —

5 VU(zk) + Qo1
. 7 (4.3)
Vg1 = MU — TVU(M) + Wiy,

where 7 := exp (—yh) and

h C(hes) h 1— ef'y(hfs)
Ck_;,_l = \/2’7/ e s dWhﬂH_s, Wk4+1 = \/2"}// deh’y—!—s'
0 0
(Cks Wk) ey are i.i.d Gaussian random vectors with covariances matrix ¥ ® Iy with ¥ given by
X1 Yo
Y= (22 23), (4.4)
where
1 —4 2
v =t <2h _ 377+77)
v gl
%= (1)
2= _ =N,
v
Y3=1- 7727

as defined in [28].

All of the schemes mentioned so far were studied in [44]. We now introduce some additional schemes, which
include the BBK integrator [12] which is popular in molecular dynamics and the stochastic position and velocity
Verlet methods [46].

4.4. BBK

For initial conditions (zg,vo) € R2?, the iterations (zj,v;) € R?? for k € N of the BBK method of [12] are
defined by the update rule

h h2 h3/2
Tpt1 = Tp + h<1 — 2)% - 7VU(331«) + v 277&,
_1—~h/2 h V2vh
k1 = 7 +7h/2vk 50T h/2) (VU (zk) + VU (Tp41)) + S0+ 4h2) (Ekt1 + &),

which can be rewritten as [32]

(B1) kg1 =k + g (—VU(xk) — vk + ﬁﬁk)

(A) k41 = ok + hogy)o,

h V2
(B2)  Uky1 = Uggr2 + 5 <_VU(Ik+1) — YUk41 + \/ﬁka)'

This can be viewed as an explicit Euler step followed by a position update followed by an implicit Euler step.
We denote the explicit Euler step by By and the implicit Euler step by Bs.
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4.5. Stochastic position and velocity Verlet

The stochastic position and velocity Verlet schemes are defined through an alternative splitting of the dynam-
ics based on keeping the B and O steps together in an exact integration. We define the operators involved in
the update rule by

1—
V(h):v—>77v—T”VU(:lc)—i-\/l—n2 ,
A(h) : x — x + ho,

where 77 = e~7". Then the stochastic position Verlet is defined by A(h/2)V(h).A(h/2) and the stochastic velocity
Verlet is defined by V(h/2)A(R)V(h/2).

4.6. Randomized midpoint method

Other algorithms for kinetic Langevin dynamics include the randomized midpoint methods considered in [61]
and analyzed in [14], which have improved dimension dependence in non-asymptotic estimates. However, they
involve multiple gradient evaluations at each step and cannot be analyzed in our framework; this problem has
been discussed in [58]. For contractivity of algorithms involving several gradient evaluations we refer the reader
to [57].

In the recent paper [8] the authors consider such a method for Hamiltonian Monte Carlo, whose discretization
is closely related to the OBABO or OABAO discretization in the v — oo limit [35]. More precisely one could
consider the following procedure.

Fix a stepsize h then sample u ~ [0, h] and compute

A:x — 2+ uv,
B:v—uv—hVU(2),
Az — x4+ (h—u)v,

which is the following update

Tgt1 = Xk + hog — h(h — w)VU (2, + uvg),
Vg1 = Vg — hVU(CCk + uvk),

then only considering the randomness in the gradient evaluation we arrive at the Verlet scheme considered in
[8]. We define r ABA to be the update

h2
Tpt1 = Tg + hvg — 3VU(xk + uvg),

Vg1 = g — hVU (2 + uvg),

where u ~ U(0, h) as introduced in [8]. The key difference being that the gradient is evaluated at a random
midpoint in the interval of numerical integration. We define the kinetic Langevin dynamics integrator rOABAO
to be O(rABA)O.

We remark that we can achieve contraction rates by coupling two trajectories which have common noise
(in Brownian increment and randomized midpoint) (Cx,ux),cy With the previously introduced methods. The
convergence rates will be established in Section 6.

5. CONVERGENCE RATES

Theorem 5.1. For the numerical schemes for kinetic Langevin dynamics given in Table 2 with an m-strongly
convezx, M-V Lipschitz potential U we consider any sequence of synchronously coupled random variables with
initial conditions (xo,vo) € R%¢ and (%o, 0p) € R
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TABLE 2. Constants for contraction of each scheme. Implicit refers to the implicit assumption
on 7 through the stepsize restriction hg, the value of ¥2 must be greater than a certain constant
multiple of M. For example for hg = (1—1n)/av M is satisfied when v > 2av M and h < 1/(27)

and for h > 1/(2v) we have hg > 1/(6avM).

Algorithm  ho Yo b c(h) C s
EM 1/2v 2vVM 1/ mh/2y 1k
BBK 1/4v VI2M  h/24+1/y mh/4y 7 k-1
SPV 1/2y VIIM  h/(1—n) mh/4y 7T k-1
SVv 1/2y 11M  h/(1—7n) mh/dy 7T k-1
BAOAB (1—n)/2v/M implicit h/(1—n) h*m/4(1—-n) 7 k-1
OBABO (1—=n)/4V/M implicit h/(1—n) R*m/4(1—-n) 7 k-1
rOABAO (1 —7)/2V/M implicit h/(1—n) h*m/4(1—n) 7 k-1
SES/EB  1/2y 5vVM 1/v mh/4vy 1k

Under stepsize restrictions h < hg and v > o for constants given in Table 2 we have the contraction

o = a0 = B0l < C(1 = e(h)? (0 = Fo, 00 = o)l
with norm given with constants a = 1/M and b, where b, the contraction rate c(h), the preconstant C and the
number of steps s are given in Table 2 and are specific to each scheme.

The proofs for EM, BAOAB, OBABO, SES are given in [44]; for all other schemes the proofs are given here.

Referring to Table 2 we have that the convergence rate c¢(h) is proportional to m/v for small h, which is
shown to match the convergence rate of the continuous dynamics for large v (see for example [23]). We have
that the convergence rate is hm/~ for all the schemes apart from BAOAB, OBABO and rOABAO, which have
convergence rates which are faster than the continuous dynamics for large values of v and h (as originally
noted in [44]). This is due to the fact that the O step is integrated exactly separately and one can take the
high friction limit. Since the O step also leaves the measure invariant the bias in these types of schemes comes
from the discretization error of the Hamiltonian integrator and hence retains high order asymptotic bias [43].
However, these splitting schemes are only strong order 1 and this can be seen particularly for large values of
friction when the convergence rates are higher than for the continuous dynamics. (It fails to approximate the
continuous dynamics, but it is accurate in the sampling context [44]).

6. PROOF OF THEOREM 5.1

In the following contraction rate proofs we follow the structure of [44] for the additional schemes that we are
analysing.

Proof for rOABAO. Using the fact that (rOABAO)" = O(rABAO)"~1rABAO, we can instead proof con-
traction of rABAQO. This is done to simplify the problem to one gradient evaluation per step. Denoting two
synchronous realisations (synchronous in the sense of (ux)ken and (§x)ren) of rABAO as (x;,v;) and (Z;,7;)
for j € N. Further we denote T := (Z; — z;) and T = (0; — v;). We define z; = (z;,7;) for j =k, k+1for ke N
by the update rule

1
Tyl = Tk + hog, — 5h?Q(Ek + urUk), g1 = N0k — hnQ(Tk + upTy).
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Q, by mean value theorem, is defined by Q = ftlzo V2U (2 + updp + t(xg — T +ug (v, — %)) dt, then VU (2, +
up¥) — VU (21 + upvg) = Q(T + uxv). We use the notation of (3.3), where

A= —c(h)I;+ Q(2bnh + h?) + Q* <an2h2 — bnh® — ih“),

B=(b(1-n)—h-0be(h)Iz+Q <an2h + gbnhQ + bnhu + %hQu + ;m)
+Q? (—anZhZu — bphPu — ih‘*u),

C = (a(1 —n?) — ac(h) — 2bnh — h?) I + Q(2an*hu + 3bnh*u + h’u)
+Q? (—an2h2u2 — bnh3u® — ih4u2>,

for this scheme and 1 = exp {—~h}, further for the ease of notation we have used u := u. We have chosen b,
such that B simplifies to

3 1 1 1
B = —be(h)Iy+Q (an2h + 5bnh2 + bnhu + §h2u + 2h3> +Q? (—athQu — bnph3u — 4h4u).

It is sufficient to prove that A = 0 and that C — BA~!'B = 0, noting that A, B and C all commute as they are
all polynomials in Q. It is therefore sufficient to show that A = 0 and AC — B? = 0 and A is positive definite
by the proof of Theorem 6.1 from [44]. We use Pyc_p2()\) to denote the eigenvalues of AC' — B2, where \ are
eigenvalues of @, where we know \ € [m, M] due to the assumptions on U. AC — B? = 0 is shown as follows

Pac_p(N) _ (P =Detn) (A0 A )’ 2e(yfu
hA hM A M M?2 h2M M\ hM

142 1 2 2 2 293 2
+h2<c(h)(_ + 77++77+77)\>+u<77>\+ A +C(h)77/\u)>

7 o Tat oot oae M a—pM T M
NI U / NS S« () P\ ¢ S/ B2
(1=n® (1=n® L1=n hF(1=n)A AM (I—=n)M

h) 2n 1 3n 2n° )\ A 2\ nA
S O + - - tul -5 - -
u( h 1-n? 1-n 1-n @QA-nM “\7a (1-n)? 1-7n

4 c(h) 3n 1 A nA
+h< ((1—77)2+17}+4M+(177)M>>

h
( 3%\ 2nA A c(h)Au n c(h)nAu))

+htu

A—n? 1-y 20— ' —an " Ki-n)

ensfo A 2¢(h)nAu c(h)Au
4

1-n)? h(1—n)° 2h(1-7n)

s 3nt5/4 1=\ et 2P\ o 1 1
() ) ()

3h Snh (377h 5h h h 6h>>0’

> Loy (Lo o L D
AM ~ 4M 4M  16M 16M  32M  64M
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where we have imposed the restriction h < \1/4_71\’1[ and used u < h. Therefore contraction of rABAO holds and
all computations can be checked using symbolic computing. We now bound the remaining terms to achieve a
contraction result for rOABAO. We bound O operator on || - ||4,5 by

~ o~ 2 — —\12
H(I)O@;vv) - (I)O(‘T7v)||a,b < 3”(37’7})“51,17’

where we have used the norm equivalence in Section 2.2. We bound

2

)
a,b

1
< 3(||x+ wol* + M2 + ol + an (|11 + A2z + uv||2))

- _ 1 _ _ _
1®:aBAG(E, D) — PraBao(z, v)|I2, = H <1’ + hv — ihQQ(l’ +u), 0T — ' 2 Q(z + U’U))

< 14/, 0)|7. 1
and we can combine these estimates to achieve the contraction result of rOABAO. O
Proof for BBK. Using the relation
(Pppk)" = Pp, 0 Pp o (P, 0 Py, 0 P4)" ' 0 Dp,,
where

a(2,0) = (2 + hv,v),

bu) = (s (00 ),

B, (2,0) = (m (1 + ZV) - <v U + ‘/252»,

and &1, & ~ N (04, I7). We can instead prove contraction of &g, o @, o 5, by doing this we only have to deal
with a single evaluation of the Hessian at each step. We will denote two synchronous realisations of &g, o®p,0®4
as (zj,v;) and (Z;,0;) for j € N. Further we denote T := (Z; — x;), T = (¥; — v;) and Z = (Z,7). We define
z; = (T;,v;) for j = k,k+ 1 by the update rule

Tpy1 = Tk + hvg, O _1—§7<U_hQ(x +hv))—hQ(x + hvg)
k+1 — Lk ks k+1_1—|—%’y k 9 k k 9 k k)

where @ is defined by mean value theorem, Q = ftlzo V2U (%) + hoy + t(zg — Tk + h(vg — 1)) dt, then
VU (%, + hvy) — VU (zg, + hvg) = Q(T + hv). We use the notation of (3.3), where
WhQ  ah?Q?
37h+1 (%'yh—i—l)z7
h ah(1— 3vh 2bh? hQ?
B(b17 hbc(h)>1d+Q ( 272)+1 oo
37h+1 (3vh+1)" v+ 1) (Gah+1)
a(1—1yh)*  2bh(1 — Lyh) .
(Lyh+1) 37h+1

A=—c(h)Ig+

C= <a(1 —c(h)) — h?
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2ah?(1 — vh) 2bh3 B ah*Q?
(Iyh+ 1) 57 +1) (Iyh41)?

This motivates the choice of b = (%h + 1)/~. We have chosen b such that B simplifies to

1
B = be(h)ly + 0O (ah(l — 37h) 2bh? ) ah?Q?

(Evh+12 T+t ) (yh+1)2

It is sufficient to prove that A = 0 and that C — BA~'B = 0, noting that A, B and C commute as they are all
polynomials in Q. It is therefore sufficient to prove that A = 0 and AC — B? = 0. First considering A with our
choice of ¢(h), a and b, we have that

2hA h2\?
Pa\) = —ch)+ 2 - —— 2 > h/\<7 - h) >0,
T M(37vh+1) 4y

where h < %. What remains is to show that AC — B2 > 0. This discretization is more complicated that the
previous discretisations, we find that expanding P, _ g2 in terms of a is convenient to show positive definiteness
(as in [44]). By using for example symbolic computing one can check that Pyc_p2(\) = (co + c1a + c2a®)/hA,
where

1
(C1+62a)/h>\:z* 1 2 7t " 2+h$1_§7h2 -z
Yol +1) (1)t (el
. 2bc(h) (L — 57h)  2he(h)(1 — 5vh) 2h2\ c(h) ~c(h)
(37h + 1)2 (37h + 1)2 v(37h + 1)2 hA(3vh + 1)2 hA
o yelh)  20h%c(h)A 17%he(h) h3c(h)\ N c(h)?

A(%7h+1)2 (%7h+1)2 )\(%vh+1)2 (%7h+1)2 hA

a( he(WA  hA )
(%'yh—i—l)Q (%7]1—1—1)2 ’

Th 2c(h) ~e(h) 3 20h2c(h)A

8(Lyh+1) YA+ (yh+1)?

v

h
_64 (7 1 n2mA( %+ 1) mh 64, (5 1\ _h_Th
=518 1 272 22 =81'\8 64) 8% 20
where we have relied on the fact that 42 > 4M > 4m, and, for h < %, that 1 — 3vh > L and 1/(37h+1) > 3.
Now considering the remaining terms we have that

7b20(h)2 n 4bhe(h)  4h  2h2%c(h) n 2¢(h) < _4h

hX v YA T2

Co —

where we can combine this with the previous estimate to obtain

Pac-p2(N) Y
hA = \20M  A2)

which holds for v > v/12M. Hence AC' — B? = 0 and our contraction results hold.
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Now we need to compute the prefactors. First we consider

-1
<x+ ho, (1 + ;Lv) (v - gQ(E+ hv)))
_9 2
< 3<||x2 s+ a1+ 50) (Il + 502 (1 + h2||v||2)))

— 12
< 7@ )

2
|9, © ®a (2, v) — Bp, 0 Ba(E,0)|2, <

a,b

then observe

2

o h h 3 h\? h2
|®B, (2,0) — ®p, (&,0)]2, < ||( 7,7 - 5QT — 757D < {1 +20(1-22) o) + a% M2z
’ 2 2 ap 2 2 2
2
< 6[[(@, )], 4,
and combine these estimates to achieve the contraction result for BBK. O

Proofs for SPV and SVV. We now turn our attention to the stochastic position Verlet (SPV) method, where
we use the fact that
(q)spv)n = (I)A 0] (I)V o ((I)A o (I)v)n_l ) q)A7

where
1—
Oy (z,v) = (acﬂyv - T”VU(JL‘) ++v1- 7725)7

and & ~ N (0g4,I;). We can instead prove contraction of ®5 o ®v. This simplifies the estimation task but will
introduce a prefactor to take into account the estimation of the head and tail operators AV and A. We denote
two synchronous realizations of AV as (x;,v;) and (&;,0;) for j € N. Next, write T := (&; — z;), T = (0; — v;)
and Z = (%, v), where Z; = (%;,7;) for j =k, k+ 1 for k € N, and Zj, are defined by the update rule

1_
Tpy1 = Tk + WUk,  Upy1 = N0 — T”Q(@ + hvy),

where 7 = exp (—yh) and we define @ from the mean value theorem as Q = ftlzo V2U (%, + hiy + t(zg, — Tk +
h(vi — x))) dt, then VU(Zy, + hoy) — VU (2, + hvg) = Q(T + hv). We use the notation of (3.3), where

2b(1 _a(l- n)?

A= —c(h);+ W_")Q " Q%

(=) — ] — be an(l—mn)  2bh(1—mn)\ , ah(l-n)?* ,
B= 01— ) - e+ (P 2= ) g U2
C = (a(1 =) — ac(h) — 2byh — h?) I, + 2R =) (4 4 by — W

which motivates the choice of b = % We have chosen b, such that B simplifies to

B = —be(h)I; + (an(lv— n Qbh(i— n))Q B ah(l’y; ")2Q2.

It is sufficient to prove that A = 0 and that C — BA~'B = 0, noting that A, B and C commute as they are all
polynomials in Q; it is sufficient to prove that A = 0 and AC — B? = 0. We will use P4 and P4c_p2 to denote
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the eigenvalues of the respective matrices, which will be polynomials in terms of the eigenvalues of (), which we
know belong in [m, M]. First considering A with our choice of ¢(h), a and b we have that
h  2h 1—n)? hA (7 1—n)?
m (1-n) /\2><_( 77)>>07

Pi(\) = ——— + 25\ =
a®) 47+7 M~? v \4 hry

as%“’glfngh’yforh<%.

Next, AC — B? = 0 is shown as follows

Pac_p2(N) _ (1—n)°\ +h<2(1n2) L) ((1 —n)’A 1—n2)>

A T 2M? v M h NIVE M

c(h c(h)? A1 —=n?
+h2<—i7(]\4)(1—?72)+h2(]\}A+ (72Mn )>

+h3<2(1+77)+0(h)<(1+77)(1—’72)A>>+h4<20(h)(1+n) c(h)? )

(I=n)yy h \(1=nA M yh(1—=n)  h2(1—n)2A
(I=nh 20—n)(1+n) 1-9° s 2(1+n)
= M +h( YM 47M)+h ( (1—77)7>
3(1—=n*)h  8(1—n*)h
> M - 7 > 0,

where we have imposed the restriction v > v/11M. Hence AC — B2 = 0 and our contraction results hold. All
computations can be checked using symbolic computing. Now we wish to explicitly compute estimates of the
prefactors and the remaining terms, first, we consider

2

h 1-— h
|®v o ®a(z,v) — Dy o @A(v’faﬁ)\\i,b < H (:13+ 567 no — 777Q(x+ 2v>)
a,b

- 3<<1 +2<177))2M> =™+ (“’72 = (1 +2(1,Y">ZM)) ||v2>

< 7@ 0))2,

and
2
2
< 7@, ), p-
a,b

. h
ot - Er@ DI, < | (4 5.0)

We can combine these estimates to achieve the contraction result for SPV.

Now for the stochastic velocity Verlet we have that (VAV)" = V(AVV)" L AV. We will now focus our
attention on proving contraction of AVV. From the fact that V(h/2)V(h/2) = V(h), contraction of AVYV is
shown in our argument for the stochastic position Verlet.

Now we wish to explicitly compute estimates of the prefactors and the remaining terms, first, we consider

2

— 2
< 6[(, )45
a,b

o - _ 1— 1/2 u
v - by o), < | (20 - 2
and

1 — pl/2 2

%Q(E—F hv))

[®y o Pa(z,v) — Py o @A(f,f})nib < H (x +ho, 0% —
a,b
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1—pl/2\? 1—pl/2\?
<3 1+2(”> M ||z + [ an+ »? 1+2(”> M) ) |e)?
Y Y
< T .

If we combine these estimates we have the required result. ([l

7. STOCHASTIC GRADIENTS

In many machine learning and statistics applications, the cost of a gradient evaluation is high as it requires an
evaluation of the entire data set. Instead, stochastic gradients are used, where one takes a random sub-sample
of the data-set to approximate the gradient with an unbiased estimate. An analysis of convergence rates of the
discretizations with stochastic gradients is performed in [35].

Definition 7.1. A stochastic gradient approzimation of a potential U is defined by a function G : R? x Q — R?
and a probability distribution p on a Polish space €, satisfying that G is measurable on (2, F), and that for
every x € RY, for W ~ p,

E(G(z,W)) = VU (x).

The function G and the distribution p together define the stochastic gradient, which we denote as (G, p).

In many applications, this can dramatically reduce the computational cost as the approximation will usually
come at a fraction of the workload. The numerical schemes considered in [44] and in this article are roughly
one gradient evaluation per sample, roughly meaning when negating the extra gradient evaluations at the head
and tail of the simulation of the algorithm (for the first and last sample). This is done by using the same
gradient evaluation in consecutive velocity updates when the position has not been updated, for an increase in
computational efficiency. We treat this case when it also comes to stochastic gradients to improve computational
efficiency, for example in the BAOAB scheme the last B and first B of each iteration will share an estimate
of the force (using the same stochastic gradient evaluation). For clarity, a stochastic gradient version of each
algorithm is provided in Appendix A.

In our convergence rate estimates, we impose the assumption that the variance of the Jacobian of the stochas-
tic gradient is bounded.

Assumption 7.2. We assume that the Jacobian of the stochastic gradient G, D, G(x, W) exists and it is mea-
surable on (Q, F). We also assume there ezists Cq > 0 such that for W ~ p,

sup E||D,G(x, W) — V2U(2)|* < Cq.
z€ER

Our results extend to the stochastic gradient setting by including a coupling in the mini-batches or the stochastic
gradients in the same way as OABAO in [35]. Further the results for the other schemes in this article and [44]
are generalized to the case of stochastic gradients when the same stochastic gradient is chosen as in Appendix A
for each algorithm. In this way, there is still one gradient evaluation per step.

We remark that these assumptions hold when G is of the form G(z, W) = > ., VU;(z), where W €
Q C [N]B, B is the batch size, and (Us)ieqn) are strongly convex and gradient-Lipschitz, this is the setting
of minibatching in many Bayesian learning problems. The contraction results of Theorem 5.1 are extended to
the stochastic gradient setting in Theorem 7.3. We remark that our assumptions are more flexible than the
assumptions imposed in [35], where they assume that the stochastic gradient is universally gradient Lipschitz
and strongly convex over the entire state space €.

Theorem 7.3. Consider the numerical schemes for stochastic gradient kinetic Langevin dynamics given in
Appendiz A and Table 3, where the potential U is m-strongly convex and M-V Lipschitz. Assume a stochastic
gradient approzimation defined by (G, p) (see Def. 7.1) satisfying Assumption 7.2 with constant C. We consider
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TABLE 3. Contraction rates ¢(h) and preconstants C'(h) in (7.1).

Algorithm  ¢(h) C(h)

EM mh/2y — 2h*Cq /M 1

BBK mh /4y — 4h*Cq /M 74 3h*Cq/M
SPV mh/4y — 4h*Cq /M 74+ 12h%Ce /M
SVv mh/4dy — 4h*Cq/M 7+ 6R*Cq/M
BAOAB  h*m/4(1 —n) —5h°Ca(n/M + 1h*) 7+ 3h*Ca/M
OBABO  h?m/4(1 —n) — 4h*Ce/M 8+ 3h2Cq/M
rOABAO  h*m/4(1 —n) — 5h°Ca(n/M + 3h*) 8+ 8h*Ca/M
SES/EB  mh/4y — 4h*Ce/M 1

any sequence of synchronously coupled random variables (in Brownian increment and stochastic gradient) with
initial conditions (zo,v) € R*? and (Zo, 0p) € R4,

Under stepsize restrictions h < hy and v > ~y, where hg and ~y are given in Table 2, and given initial
conditions (wg,vo) € R and (Fg,0y) € R* we have the expected contraction

(Bl (2 — &a, 00 — 8)12) 72 < CR)(A = e(R))*2 || (w0 — Fo, vo — B0) laps (7.1)

with norm given with constants a = 1/M and b, where the contraction rate c(h) and the preconstant C(h) are
given in Table 3 and b and the number of steps s are given in Table 2 with all parameters specific to each scheme.

Remark 7.4. Compared to Theorem 5.1 with deterministic gradients, Theorem 7.3 demonstrates expected
contraction, because the randomness from the stochastic gradients can be integrated out. This allows us to
make Assumption 7.2 less restrictive than it would need to be otherwise. Rather than deterministic contraction
we have contraction in expectation.

Remark 7.5. Our analysis suggests a reduction in the convergence rate for large gradient noises, which we
have observed in numerical experiments when using sub-sampling and very small batches. For large gradient
noise Cg and stepsize h it is possible that these bounds become vacuous and the loss of convergence was also
confirmed in our experiments.

Remark 7.6. The implementation of the BAOAB algorithm and other algorithms considered in Section A is
non-Markovian, because the last B step of each iteration and the first B step of the next iteration share the same
stochastic gradient sample. This is not an issue in our convergence rate framework as we consider convergence
of a different operator, which is Markovian, for example ABAQO for BAOAB, which does not share stochastic
gradients with consecutive iterations. We simplify the problem into proving convergence of an operator which
only has a single gradient evaluation and hence is Markovian in the stochastic gradient setting.

Proof of Theorem 7.3. For stochastic gradients, we synchronously couple Brownian increments as well as the
stochastic gradients. We wish to instead consider expected contraction of the update rule we used to prove
contraction in the full gradient setting, i.e. for synchronously coupled (in stochastic gradient and Brownian
increment) iterates (x7,v;), (Z;,7;) € R?? for [ € N and (7;,7;) = (Z1,9;) — (27,v;) and for k € N

El|@rr1,Tr)lI2 , < (1= c(B)||@x T0)II2,

then we have
E(zp P"MPz;) < (1 —c(h))z} Mz,
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Now if Q is deﬁnf)d through the mean value theorem of D,G (the Jacobian of G) and is a random variable in
W, such that E(Q) = Q. Then PTMP is of the form

(@) @
" \ne) nie)

where P, P, and P3; are quadratics in Q of the form

Lol

Py (Q) = ap + a1Q + a2Q%,
Py (Q) = by + b1Q + b2Q?,
Ps (Q) =co+ 1@ + Q.

Then we have )

a:E(Q - Q)2 bE(Q-Q)
bE(Q - Q)2 <E(Q-Q)

in combination with the Theorem 5.1 result we have that

E(P"MP) =P(Q) +

2 )

wE(Q-Q)" E(Q-Q)
Ell@rer ver)lp < L= el @ron)lZp +25 | 0 7, ) %
bE(Q-Q)  EQ-Q)
= (1= el @esvi) I+ 2 R(Q)

where we use the notation

(5 a2E(Q—Q)2 1)21[3(@—@)2
O \us(o-0) as(o-o)

Then we will bound the remainder term z”R(Q)z separately for each scheme and we refer the reader to the
contraction estimate proofs in [44] for the coefficients as, ba and co for Euler—-Maruyama, BAOAB, OBABO and
SES and to Section 6 for the schemes analyzed in this article. We remark that we analyze the update rules for
which we proved contraction for all the schemes, which aren’t necessarily the same as the scheme for example
we analyze ABAQO for BAOAB. Throughout these estimates we use the equivalence of norms in Section 2.2
and the stepsize and parameter restrictions imposed in the contraction estimates of the respective schemes. We
define Var(Q) := E(Q — Q)?, to be the variance of Q.

(1) For the Euler-Maruyama as > 0 and by = ¢z = 0, therefore we have for z = (z,v) € R??
zTR<Q)z < h?aCellz||” < 2h%aCq||2|2 -

(2) For BAOAB we have for ABAO

ZTR<Q)Z = ah? (772 + bnhM + }fM) (x + Z’U) TVar(Q) <3: + Zv)

h? h?
< 40l Ca (1P + bahd1 + "1 ) [0 < 500G (n+ "0 ) ) .
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(3) For OBABO we have for ABOB

R(Q)= = aln+ 172 (@ + 1) Var (Q) &+ ) < aly + 1 KC (.02, < 4akCo .02,

(4) For SES we have

2 2

(5) For rOABAO we have for rABAO
. 1 .
T _ 272 3, 1,4 T
z R(Q)z = (an h* + bnh®> + 4h ) ((33 + uv) Var(Q) (z+ uv))
1 1
< a1 4 oun + 40 ) Coll@ 02y < 50 (an-+ 312 )Cal o)l
(6) For BBK we have for AByB;
B2 -
%(m + hv)TVar (Q) (x 4+ hv) < 4ahQCg||(3c, v)sz

(7) For SPV and SVV we have for AB,

ZTR(Q) 2=

ZTR(Q)Z - W(z + hw)Var (Q) (¢ + hv) < 4ah>Co (2, v)|2,-

Due to the stochastic gradient, we have to recompute the preconstants for BAOAB, OBABO, rOABAOQO,
BBK, SPV and SVV. We will use the fact that

e - 2] (@~ Q)"+ st = (co+ o

to compute the preconstants, we will now perform the calculation for all necessary schemes, we refer you to [44]
and Section 6 for the operators at the head and tail of the contraction estimates that we will need to bound.

(1) For BAOAB in [44], contraction of ABAQO was proven and hence we need to bound BAO and AB. For
k € N and iteration (zy,vs), (1, 0) € R2? we first estimate

SO 2 ah? 2 — 2 h?  ah? 2 — 2
E[®ap(Zk, 0%) — Pan(@r, vi)ll,, < 3 1+7(CG+M) |Zell” + G+Z+?(M +Cq) ) ||kl

1 ht
<T@, +3( jatCalml + o’ ol
S (7 + 3ah2CG) H (Ekvﬁk)ni,b)

and where we have defined Ty, = Z) — xx and T = U — vi. We then estimate

~ ~ h2 h2 B h2 B
E||®sao(ZTr, Uk) — ‘bBAO(xkzvk)”z,b < 3<<1 + e (‘1772 + 2> (Ca + MQ)) |Zel|” + <a772 + 2) |Uk|2>

h2 5  h? — 2
< (74 ?CG an +? ||(:Ek’vk)”a,b'

Now combining these constants we have the relevant preconstant for the constraction estimate for BAOAB.
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(2) Similarly we have the following bounds to compute preconstants for OBABO:

. ah? ah*
E||®aBo (&, Bk) — Paso @k, vi) |2, < 3<(1 + T(OG + M2)> Z ] + <a + 0+ T(CG + M2)> ||Uk||2)

< (8+3ah2Cq) | @k, T 12 -

and then we estimate
. 2 1 ah? o = 112 2
E|[®op(Zx, 0%) — ®on(zk, ve)llay < 3| { 5 + T(OG +M?) ) [T ]|” + al[v]
< (6 +2ah2Ce) | Tk, Tr) |12 -
Now combining these constants we have the relevant preconstant for the contraction estimate for OBABO.
(3) Now considering rOABAOQO the preconstant bound for O is unaffected so we just need to estimate the
operator rABAQO. We have

E||®,aBa0(Zx, U%) — @rABAo(Ik,vk)”i,b < (14 + 14ahCg) H(Tkﬁk)ﬂi,b,

and we can combine this wiht the bound for O given in Section 6.
(4) For BBK we have the estimates

E||®p, o DA (Ek, Uk) — P8, 0 Pa(zk, v, < (7 + 3ah*Co)||@n, Tw)II2
and
E||®p, (Zk, 0r) — g, (21, v0) |2, < (6 4 20h*Ce) | (Tu, Tr) |12,

which we can combine to get the desired preconstant.
(5) For SPV we estimate

E[[@y 0 ®a(Fk, Uk) — Py 0 Pa(zk, vi) |2, < (7+ 12ah%C) [Tk, To) |12 .

and we can use the previous estimate of A to estimate the preconstant.
(6) Finally for SVV we estimate

E|| By (&, 0k) — v (zk, vp)ll; , < (6+ 3ah>Co)||(@x, Tr)|7 5
and

E||®y 0 4 (Fg, 0) — By 0 Pa(wr,vi)|2, < (7 + 6ah?Cg) ||(fk,@k)|\i,b-

a,b =

We have all desired preconstants and penalty terms for the contraction rate when the gradient is a stochastic
estimate. O

Proposition 7.7. Consider the numerical schemes for stochastic gradient kinetic Langevin dynamics given in
Appendiz A and Table 3, where the potential U is m-strongly convex and M-V Lipschitz. Assume a stochastic
gradient approzimation defined by (G, p) (see Def. 7.1) satisfying Assumption 7.2 with constant Cq. We use Py,
to denote the marginal transition kernel of the numerical schemes. For the constants given in Tables 2 and 3
we have for any two synchronously coupled chains, (xk,vr) and (Tk, ) under the assumptions specific to the
schemes imposed in Theorem 7.3 we have for all ju,v € P2(R??), and all k € N,

W3 (vPf, uPy) < 3C(h) max {M, 1\14}(1 — c(h)) W3 (v, ).
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Proof. We remark that the stochastic gradients are independent from position and hence can be marginalized
out in the following estimates over the extended state space. We first denote P, to be the transition kernel
for which contraction is proved in Theorem 5.1 or [44]. For example stochastic gradient ABAO for BAOAB.
From Theorem 7.3 and following Corollary 20 of [47] we know that for z; = (xp,vg), Zx = (T, Ux) such that
20 = (z0,v0) ~ p and Zg = (&g, 7o) ~ v and (20, Z9) is a Ws optimal coupling of 1 and v then under P,

3 5 . 2
W3 o (WP VBE) < Ellek = 22, < (1= c(h) Wi (1),

then we can use the equivalence of norms in Section 2.2 and the preconstant estimates of Table 3 to achieve the
desired result for Pj,. O

Remark 7.8. We remark that the contraction rate of BAOAB and rOABAO can be upper bounded by a simpler
form, for example, O(mh?/(1 —n) — h?Cg /M), but we have included the more detailed estimate because it has
the property that as you take the friction parameter v — oo then the contraction rate is of the same order as
the overdamped Langevin dynamics scheme as discussed in Section 7.1.

7.1. Overdamped Langevin dynamics

If we take the limit of the friction parameter (v — oc) in (1.1), with a time-rescaling (¢’ = vt) we have the
overdamped Langevin dynamics given by (see [50], Sect. 6.5)

dX; = —VU(X,) dt +V2dW,. (7.2)

This equation has invariant measure with density proportional to exp(—U(z)), like the marginal of the under-
damped counterpart.

Two discretizations of the SDE (7.2) considered in [44] and linked to the BAOAB and OBABO schemes
through high friction limits are the Euler—Maruyama (EM) method which is defined by the update rule

Thy1 = Tk — hVU(’l}k) + Vv 2h§k+1, (73)
and the BAOAB limit method of Leimkuhler and Matthews (LM) [40,42] which is defined by the update rule

Thi1 = 2 — WU () + w;ﬁ’”%g’“-

Now we can apply coupling arguments to the overdamped dynamics in a simpler way (using the standard
Euclidean distance), but we will also consider the case of stochastic gradients. Coupling arguments in the
overdamped setting have been extensively studied with and without stochastic gradients (see [18, 20, 21, 25—
27,29)).

Proposition 7.9. Consider the Fuler—-Maruyama and Leimkuhler—Matthews schemes for stochastic gradient
Langevin dynamics, where the potential U is m-strongly convex and M-V Lipschitz. Assume a stochastic gradient
approzimation defined by (G, p) (see Def. 7.1) satisfying Assumption 7.2 with constant Ce. We consider any
sequence of synchronously coupled random variables (in Brownian increment and stochastic gradient) with initial
conditions xo € R? and yo € RY. We have the contraction property

k
Elzy, — yil|®> < (1 — (hm(2 — hM) — B2Cg)) " |lzo — wol*.
Proof. If we first consider two chains z; and y; with shared noise such that

Tpy1 = 2 — hG(2p, Wi) + V2h&k,  Yrs1 = Yx — hG(yr, Wi) + V2h&y,
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where W, ~ p and &, ~ N (0g, 1) for all k¥ € N and this can be either the Euler-Maruyama or Leimkuhler—
Matthews method, we have chosen Euler-Maruyama. Then we have that

Elzer1 — yrr | = Ellze — ye + h(=G @k, Wi)) = (=G (yx, Wi))||?
= llzx — wll* = 20 {2k — yr, Q(2k — yr))
+ W (e — Yk, Q% (2 — Yi)) + h2<$k - yk,Var(Q) (zr — yk)>v

where Q = ftlzo DG (xy + t(yr — 1), W) dt and Q = E(Q). Q has eigenvalues which are bounded between m
and M, so Q? < M@, and hence

R {(xk — yi, Q% (zk — yi)) < KM {(zs, — yi, Q(z — yi))-
If we impose Assumption 7.2 on the Jacobian of the stochastic gradient then we have that
h2<$k - yk,Var(Q> (zr — yk)> < WColler — i,
and therefore
k41 — yk+1||2 < llze — yk”2 — h(2 = hM)(zr — yr, Q(@e — yi)) + h2<3€k - ykavar<Q) (zk — yk)>
< lzx — ye|* (1 — hm(2 — hM) + h*Cg).
O

In the same way as Proposition 7.7 the contraction property of Proposition 7.9 implies convergence in Wasser-
stein distance in the stochastic gradient setting. Now if we take the limit as v — oo for the BAOAB and rOABAO
scheme we get a contribution from the stochastic gradient of O(h*C¢) in the convergence rate estimate, and
for the overdamped analysis we have a contribution of O(h*Cg) in the high friction limit of BAOAB and
rOABAO. However for OBABO we get a contribution of O(thG /M ), which agrees with the overdamped
Langevin analysis for the largest choice of stepsize.

8. OVERDAMPED LIMIT

Now reflecting on the contraction rates achieved in [44] we also consider the 4-limit convergent (GLC)
property, i.e. the convergence of the integrator obtained in the v — oo limit.

8.1. BAOAB and OBABO

As originally noted in [40] the high friction limit of the BAOAB method is

h? h
Tht1 = Tk — 7VU(~T1@) + 5(& +&rr1),

which is simply the Leimkuhler-Matthews scheme of [40] with stepsize h?/2. As studied in [44] this imposes
stepsize restrictions h? < 2/M due to the analysis of the overdamped counterpart. The limiting contraction rate
is given by
h2
lim c(h) = m

y—00 4 ’

which agrees with contraction rate estimates for the overdamped dynamics.
Similarly for the OBABO scheme the limiting method

h2
Tpt1 = Tp — ?VU(IIJ + hékt1,

is the Euler-Maruyama scheme for overdamped Langevin with stepsize h?/2, and the limit contraction rate is
consistent with the contraction rate for the underdamped dynamics as noted in [44].
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8.2. BBK integrator

Taking the limit as v — oo and by considering two consecutive iterations (vyy; = —vg in this limit) one
arrives at the following update rule

h? V2yh3/?
T4 = T — E(VU(MH) + VU($k)) + ’YT

(& + Err1),
and hence the method is not GLC as this does not converge to overdamped dynamics as the stepsize is taken
to zero.

8.3. Stochastic position Verlet and stochastic velocity Verlet

If one takes the limit as v — oo for the stochastic position and velocity Verlet then we get the operators

V(h) v =&,
A(h) : & — x + ho,

hence these schemes do not converge to the overdamped dynamics as one takes the stepsize to zero.

8.4. rOABAO
The rOABAO scheme is GLC and, interestingly, by taking the high friction limit one arrives at the scheme

h2
Th4+1 = Tk — ivU(xk + ué-k:) + hgka

where u ~ U(0,h), which has the correct invariant measure and is a randomized midpoint version of the
Euler-Maruyama scheme for overdamped Langevin dynamics and the one-step HMC scheme of [8].

9. NUMERICAL EXPERIMENTS

To quantify and validate our convergence results and contraction rates we approximate the spectral gap of the
numerical scheme c(h) for an Anisotropic Gaussian example. We then compare this to the continuous dynamics
via

1 —c(h)
h b
which converges to the spectral gap of the continuous dynamics as o — 0, and is normalized by stepsize. We
also compare the bias of the numerical integrators in a Bayesian classification application.

9.1. Anisotropic Gaussian

We first consider a simple low-dimensional example to compare the convergence rates, the anisotropic Gaus-
sian distribution on R? with potential U : R? — R given by U(z,y) = 2ma? + £ My?. This potential satisfies
Assumption 2.1 with constants M and m respectively. For this example we can analytically solve for the con-
traction rates, which coincide with the convergence rates of E(X,,). We can do this by computing the spectral
gap of the transition matrix P, by 1 — |Apax|, where Apax is the largest eigenvalue of the matrix P due to
Gelfand’s formula. This converges to the spectral gap of the continuous dynamics as h — 0.

The dependence of the convergence rate on the friction parameter + is given in Figure 1. We will study how
this changes for the discretisations with contour plots of stepsize versus contraction rate for all the numerical
methods we consider. If we take a slice of our contour plots for small stepsizes then this will coincide with
Figure 1. This is given in Figure 2.
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F1cURE 1. Contraction rate of continuous kinetic Langevin dynamics for an anisotropic Gaus-
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FIGURE 2. Contour plots of In (1_+(h)) for various schemes in the case of an anisotropic Gaussian
with parameters m = 1 and M = 10. Regions of white indicate instability. The rOABAO

contour plot is approximate and all other plots are exact (analytic). (a) BAOAB. (b) OBABO.
(c) SPV. (d) SVV. () EM. (f) SES/EB. (g) BBK. (h) tOABAO.

Due to the fact that each update matrix P for the anisotropic Gaussian using the rOABAO scheme is in fact

a random matrix, we estimate the contraction rate using [33,38], where
Nlim log||PiPz...Py||/N — log(1 — c(h)),

where P; for i € N is the transition matrix of the ith iteration. We approximate this limit by Monte Carlo
simulations with a random u ~ [0, h] from the randomized midpoint at each stage to approximate the spectral

radius.
consider (apart from for rOABAQ, which is an approximate Monte Carlo estimation) for a range of stepsizes h

and friction parameters 7. BAOAB, OBABO, rOABAO fail to approximate the true kinetic Langevin dynamics
for large stepsizes, but still have low bias in the invariant measure as they act like overdamped Langevin
dynamics. The y-limit convergent property is reflected in Figure 2 for large v as BAOAB, OBABO and rOABAO

have large contraction rates for large values of the stepsize and no longer scale with 1/, like the other schemes.

Figure 2 illustrates the exact synchronously coupled contraction rates for all the numerical integrators we
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Ficure 3. MNIST 3 and 5 digits.

SVV, SPV and BBK remain stable, but have convergence rates which scale with 1/, indicated by the parallel
contour lines in Figure 2. The SES and EM methods have large regions of instability, SES being unstable for
small values of the friction parameter when h scales larger than ~.

We have only illustrated convergence results towards the invariant measure, there has been work which
provides Wasserstein bias estimates for a few of the numerical methods explored (see [35,47,58]). Although the
focus of this article is to provide convergence rate estimates, we will provide a comparative numerical study of
the bias of each of these numerical methods for some choices of the friction parameter for an application in the
following section.

9.2. Bayesian logistic regression on MNIST

We next consider a more involved example, which has a V-Lipschitz and convex potential. This is a Bayesian
posterior sampling application in multinomial logistic regression using the MNIST machine learning data set
[39]. The data set contains 60 000 training data points and 10000 test data points. The images are of size 28 by
28 pixels and hence can be represented in R84, However, we will consider the reduced problem of classifying
digits 3 and 5. Sample images are shown in Figure 3.

We use a i.i.d. Gaussian prior py with mean 0 and variance o = 0.001. The likelihood function for logistic
regression is

exp (y' (27, q))
1+exp (y/(af, q))’

where there are 2 classes (i.e. ¢/ can take values 0 and 1, with 1 corresponding to digit 5, and 0 corresponding to
digit 3) and (27, yj)évzl are the respective training points and labels for a data set of size N (there are N = 11552
training images of 3 or 5). We then define the posterior potential by

p(y’ |27,q) =

N
U(q) = —log (po(@)) — > _log (p(y’ | 27, q)). (9.1)
=1

A commonly used method in machine learning and other fields is rely on a stochastic gradient approximation,
an unbiased estimator of the gradient of the potential defined in (9.1). This is typically obtained based on a
sub-sample of size B of a data set of size N, where B < N, i.e. for a random selection Ip C [N]:={1,...,N}
one would consider the gradient of

VaU(@) g = —Vaqlog (po(a)) - % > Vqlog (p(y7 | 27,q)), (9.2)

i€lp

where the sub-samples are chosen i.i.d at each gradient evaluation (or iteration) of the algorithm. Let W = Ig

—

as defined above, and G(q, W) = VqU(q) ¢, then it is easy to see that the conditions of Definition 7.1 hold.
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TABLE 4. Bias for potential function, v = v M.

Algorithm h=2/vVM h=1/vVM h=1/2VM) h=1/(4V/M)

v=vM v=vM v=vM v=vM
EM 4.2(+0.089) 1.5(£0.13) 0.79(+0.18)  0.28(+0.23)
BBK 2.7(40.061) 0.67(£0.099)  0.016(+0.14)  —0.18(£0.2)
SPV 123(40.079) 32.1(+£0.091)  819(+0.13)  2.07(£0.18)
SVV 126(40.097) 32.8(£0.091)  817(+0.13)  2.03(+0.17)
BAOAB —0.043(+0.049)  —0.002(+0.058)  0.13(+£0.086)  —0.055(+0.12)
BAOAB VRSG  0.47(+0.043)  0.23(+£0.066)  0.035(+0.087) 0.036(+0.12)
OBABO 2.7(+0.056) 0.67(£0.076)  0.22(+0.13)  0.17(0.19)
rOABAO —2.6(+0.062)  —0.61(£0.094)  0.025(£0.13)  —0.16(+0.19)
SES/EB 2.6(+0.072) 1.2(£0.094) 0.71(£0.11)  0.2(+0.18)

One more accurate estimator for the gradient is the variance reduced stochastic gradient [37], also called
the control variate method in the context of MCMC (see [2,52]). This estimator uses the minimizer (or an
approximation) q,,;,, and estimates the gradient as

-

N
VQU(Q)VRSG = —Vq log (pO (Q)) - quin Z log (p(yj ‘ xjy qnlin)) (93)
=1

~ 23 [Valog (p( | #9,a)) ~ Va, Tog (0 | 27, a0))].
i€lp

This can be also shown to satisfy Definition 7.1 with W = I and G(q, W) = m)VRSG. Both (9.2) and (9.3)
are unbiased estimators of the gradient. In situations where the distribution is concentrated near the minimizer
(as the sample size is large compared to the number of parameters, or the prior is sufficiently strong), the (9.3)
approximation has much smaller variance, and we found that this reduces the bias of sampling algorithms. In
the following numerics we first consider full gradients for each scheme. We also implemented variance reduced
stochastic gradients for BAOAB, based on (9.3) with batch size B = 100.

We minimized the potential based on the BFGS algorithm, and computed the smallest and largest eigenvalues
of the Hessian at the minimizer, which were m = 10% and M = 1.7342-10°. Note that computing the upper and
lower bounds on the Hessian globally is not easy for this problem, so we used these eigenvalues at the minimizer
instead for setting the parameters in our simulations. We tried two different friction parameters: v = v/M (the
lowest value of v for which our theory works) and v = /m (a good choice based on the contraction rates
for Gaussians shown on Fig. 2). In terms of stepsize, we tried h € {2/v/M,1/v/M,1/(2v/M),1/(4v/M)}. The
stepsize h = 2/ V/M is near the anticipated stability threshold of these methods, this is confirmed by the fact
that a larger stepsize (h = 4/v/M) resulted in unstable behaviour and biases above 10° for all methods.

We used the potential U as a test function, which is often a good choice for examining convergence of
Markov chains. The ground truth posterior mean of U was established based on running a well-tuned HMC
with accept/reject steps (400 parallel runs, 440 million gradient evaluations in total, with 10% burn-in), this
had a standard deviation of 0.023. The posterior standard deviation of U was also estimated based on these
samples, it was found to be 19.82.

All tested methods were run in parallel 80 times for 120000 iterations per run (20000 burn-in, 100000
samples), initiated from the minimum of the potential. We computed effective sample sizes based on the approach
of [64], using the Matlab package https://github.com/lacerbi/multiESS. All methods were implemented in
Matlab on a desktop computer using GPU acceleration (Tabs. 4-7).
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TABLE 5. Bias for potential function, v = /m.

Algorithm h=2/vVM h=1/vM h=1/2VM)  h=1/(4V/M)
y=vm y=vm y=vm y=Vym
EM 6.4-10%(+0.82) 1.5-10%(40.72) 1.1-10%(+0.73)  4.9(+0.11)
BBK 2.8(40.034) 0.68(£0.041) 0.1(+£0.05) 0.0038(40.066)
SPV 0.72(+0.036) 0.14(40.043) 0.06(40.054) —0.014(40.073)
SVV 3.5(+0.036) 0.81(=£0.043) 0.26(£0.061) 0.05(40.089)
BAOAB 0.03(£0.038) —0.011(£0.049)  —0.046(%0.062)  0.043(£0.074)
BAOAB VRSG  6.4(+0.04) 2.4(40.051) 1.1(£0.063) 0.55(40.075)
OBABO 2.7(+0.032) 0.65(£0.041) 0.22(£0.052) 0.11(£0.071)
rOABAO —1.7(40.041) —0.55(£0.041)  —0.2(40.054) —0.033(40.081)
SES/EB 6.0 -10*(£0.61) 1.5-10%(£0.48) 1.1-10%(£0.59)  4.7(40.068)

TABLE 6. Gradient evaluations/ESS (potential function), v = v M.

Alvorithm h=2/vM h=1/YM h=1/2VM) h=1/(4V/M)
& v =VM v =VM y=vM y=VM
EM 146(40.7) 221(40.998)  282(40.822) 327(40.581)
BBK 85(4-0.535) 148(40.726)  221(#0.969) 285(+0.933)
SPV 86.7(£0.554)  148(+0.775)  221(40.887) 284(+0.992)
SVvV 86.5(£0.645)  147(4£0.801)  222(+£0.916) 283(40.825)
BAOAB 44.3(£0.304)  88.7(£0.585)  152(40.812) 228(40.822)
BAOAB VRSG  44.6(40.332) 86.8(0.578)  152(£0.915) 226(40.934)
OBABO 68.6(£0.491)  140(4-0.84) 218(+£0.942) 282(+0.809)
rOABAO 68.5(£0.507)  140(40.692)  219(40.781) 283(40.862)
SES/EB 87.4(£0.593)  149(40.663)  220(40.831) 284(4:0.809)

TABLE 7. Gradient evaluations/ESS (potential function), v = y/m. N.A. indicates that the
method did not converge for the given stepsize.

Algorithm h=2/vVM h=1/YM h=1/2VM) h=1/(4V/M)
y=vm y=vm y=vm y=vm
EM N.A. N.A. N.A. 189(40.955)
BBK 15(4£0.124)  30.1(£0.233)  57.5(+0.352)  108(%0.717)
SPV 15.1(£0.106)  29.7(40.209)  57.4(+0.408)  109(+0.725)
SVV 15(+0.121)  29.9(+0.222)  57.5(+0.341)  108(40.628)
BAOAB 18.8(+0.128)  36.4(4+0.288)  66.4(+0.461)  116(+0.849)
BAOAB VRSG  19.7(+0.169)  36.4(+0.242) 67.8(40.447)  114(%0.662)
OBABO 15(£0.118)  30(£0.204)  57.5(+0.471)  108(%0.711)
rOABAO 16.5(£0.236)  29.7(40.218)  58.2(+0.356)  109(+0.669)
SES/EB N.A. N.A. N.A. 108(+0.652)
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Firstly, when changing from v = VM to v = v/m, we can see that the changes in bias are not significant
for BAOAB, OBABO, rOABAO, and BBK, the bias increases significantly for EM and SES (instability issues)
and somewhat for BAOAB VRSG, and the bias decreases significantly for SPV and SVV. In terms of gradient
evaluations per ESS, the choice v = y/m is more efficient by a factor of 2-6 for all methods except EM and SES.
This is in line with the recent research in accelerated convergence rates for underdamped Langevin dynamics
[15,68].

We can see that BAOAB has impressively low bias for the potential test function even at the largest stepsize
2/ V/M, and it also has a competitive computational cost in terms of gradient evaluations/effective sample size
(ESS). The VRSG variant of BAOAB has somewhat larger bias (especially at lower frictions), but it requires a
similar number of iterations per ESS, with much lower computational cost per iteration compared to using full
gradients. The rOABAQO scheme based on randomized midpoints has a relatively low bias at all stepsizes, and
requires a rather small number of gradient evaluations per iteration. It is beyond the scope of this paper, but
we think that more significant differences could arise between these schemes for less smooth potentials.

10. CONCLUSION

In this article we have extended the results of [44] to further integration schemes. By building stepsize-
dependent norms we achieve convergence rates which hold on a large interval of stepsize, in many cases the
same as the stability threshold of the numerical method (up to a constant factor). We further considered the case
of stochastic gradients, where we allow a flexible choice of unbiased gradient estimator under the assumption
that the expected variance of the Jacobian of the estimator is bounded. We show that this results in a reduced
convergence rate based on the variance of the Jacobian of the estimator, which coincides with what we have
observed numerically for small batch sizes in a subsampled stochastic gradient. Most previous results in the
literature (see e.g. [22]) require the mean square error of the stochastic gradients E(||G), — VU (zx)||?) to be
uniformly bounded, which can be easily violated even for strongly convex and gradient-Lipschitz potentials U;
when using standard subsampling schemes. We do not need such a stringent requirement; our conditions on the
stochastic gradients stated in Assumption 7.2 are applicable for subsampling-based estimators as long as each
U; is gradient-Lipschitz.

We have provided numerical results comparing the bias of each of the numerical methods based on choices
of the friction parameter which are optimal according to our theory or the optimal choice for the Gaussian
distribution, where we solved for the convergence rates exactly. We compared the errors of the integrators in a
Bayesian logistic regression application and have seen that some of the integrators performed well with large
stepsizes, even in the presence of stochastic gradients.

Our theoretical and numerical results indicate that using stochastic gradients with advanced numerical inte-
grators can perform well and have significant computational advantages compared to full-gradient methods. In
the case of sufficiently large batch sizes, there is little change in terms of the stability threshold and convergence
rate compared to the full-gradient version.

APPENDIX A. STOCHASTIC GRADIENT KINETIC LANGEVIN DYNAMICS INTEGRATORS

For the Euler—-Maruyama, stochastic Euler scheme, rOABAOQ, stochastic position Verlet only one force eval-
uation is used in each iteration, so every gradient evaluation is taken as a stochastic gradient estimate. The
complete algorithms are stated below in Algorithms 1-4.
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Algorithm 1: Stochastic gradient Euler-Maruyama (EM).

— Initialize (zo,v0) € R24, stepsize h > 0 and friction parameter v > 0.
— fork=1,2,...,K do

Sample Wy, ~ p

Gr—1— G(@p—1,Wg)

Sample & ~ N (0g, 1q)

Tp — Tp—1 + hvg_1

Vg — Vg—1 — hGr—1 — hyvg—1 + V27hE,
— Output: Samples (z)i_,.

Algorithm 2: Stochastic gradient stochastic Euler scheme (SES/EB).

— Initialize (zo,v0) € R24, stepsize h > 0 and friction parameter v > 0.
~fork=1,2,...,K do

Sample ((k,wg) ~ N(04,), where T is given in (4.4).

Sample Wy ~ p

Gr—1— G(Tr—1, Wi)

T — Tp—1 + 1;7171%—1 - %Gk—l + Ck

Vg = NUE—1 — PTWG + wg
— Output: Samples (z)E_,.

Algorithm 3: Stochastic gradient rOABAO.

— Initialize (z0,v0) € R24, stepsize h > 0 and friction parameter v > 0.
— fork=1,2,...,K do
Sample uyg ~ U (0, h)
Sample Wy, ~ p
Gr—1 — G(xp—_1 + upvp—_1, Wi)
Sample & ~ N(0g, I4)
(0) v —n'2vp_1 + VT =ng
Tp — Tp—1 + hvg_1 — %Gk—l
v — vp—1 — hGg_1
Sample &, ~ N (0g, I4)
(0) vk — 1'% + T—7E}

— Output: Samples (zk)i{:@

Algorithm 4: Stochastic gradient stochastic velocity Verlet (SVV).

— Initialize (zo,v0) € R24, stepsize h > 0 and friction parameter v > 0.
— fork=1,2,...,K do
(A) z = ap—1+ %Uk—l
Sample Wy, ~ p
Gr—1 — G(z, Wy)
Sample & ~ N (04, 14)
V) vk — nug—1 — I_TnGk—l + /1 - 7%
(A) zp —z+ %vk
— Output: Samples (z)E .
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For BAOAB the first and last B of each iteration share a stochastic gradient evaluation to make the algorithm

roughly one gradient evaluation per step. The complete algorithm is given in Algorithm 5.

Algorithm 5: Stochastic gradient BAOAB.

— Initialize (zo,vo) € R24 stepsize h > 0 and friction parameter v > 0.
— Sample W ~ p
- Go — G(xo, W1)
— fork=1,2,...,K do
(B) v—vp_1— 2Ghy
(A) z > xp_1 + %v
Sample & ~ N(0g, I4)
(0) v—mu+/1—n%¢
(A) zp >z + %v
Sample Wiy ~ p
G — G(zk, Wii1)
(B) vy —v— %Gk
— Output: Samples (Ik)i(:o'

Similarly for OBABO the first and last B of each iteration share a stochastic gradient evaluation to make
the algorithm roughly one gradient evaluation per step. The complete algorithm is given in Algorithm 6.

Algorithm 6: Stochastic gradient OBABO.

— Initialize (zo,vo) € R24 stepsize h > 0 and friction parameter v > 0.
— Sample W7 ~ p
- Go — G(x0, W1)
— fork=1,2,...,K do
Sample & ~ N(0g, I4)
(0) v — vy + VT —néy

B) —xp_q — %Gk—l
(A) z—z+hv

Sample Wi41 ~ p

G — G(x, Wii1)
B) zp — x — gGk

Sample & ~ N (04, 14)
(0) v = n'/?v 4+ VT —ng;

— Output: Samples (z3)5_.

If we express each iteration of the BBK methods as ®p, o ®a o ®p, as in Section 6, then the last ®p, step
of each iteration and the first ®p, of the next iteration share the same stochastic gradient evaluation to make
the algorithm roughly one gradient evaluation per step. The complete algorithm is given in Algorithm 7.

Algorithm 7: Stochastic gradient Brunger-Brooks—Karplus (BBK).

— Initialize (zo,v0) € R24 stepsize h > 0 and friction parameter v > 0.
— Sample W7 ~ p
- Go — G(xo0, W1)
— fork=1,2,...,K do
Sample & ~ N (04, 1)
(B1) v—ovp—1+ %(—Gk—1 —YUp—1+ %fk)
(A) Tl — T—1 + hv
Sample Wy41 ~ p
Gr — G(zg, Wiy1)
Sample &) ~ N (04, 14)
B 1)t ha, 4 YO
(B2) Ukﬁ< +§“/> (U*§ k+ﬁﬁk>

— Output: Samples (z)E .
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Finally for SVV the last V step of each iteration and the first V of the next iteration share the same
stochastic gradient evaluation. The complete algorithm is given in Algorithm 8.

Algorithm 8: Stochastic gradient stochastic velocity Verlet (SVV).

— TInitialize (z0,v0) € R, stepsize h > 0 and friction parameter v > 0.
— Sample Wy ~ p
- Go — G(zo, W)
— fork=1,2,...,K do
Sample & ~ N(0g, I4)
V) 0= 20y — 12202
(A) @k — g1+ hv
Gr — G(xg, Wiy1)
Sample &, ~ N (0g, I4)

V) v — /20— #Gk +V1=n¢;,
— Output: Samples (z)E .

Gr—1+ V1 —n
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