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THE NON-INTRUSIVE REDUCED BASIS TWO-GRID METHOD APPLIED TO
SENSITIVITY ANALYSIS

Elise Grosjean1,* and Bernd Simeon2

Abstract. This paper deals with the derivation of Non-Intrusive Reduced Basis (NIRB) techniques
for sensitivity analysis, more specifically the direct and adjoint state methods. For highly complex
parametric problems, these two approaches may become too costly ans thus Reduced Basis Methods
(RBMs) may be a viable option. We propose new NIRB two-grid algorithms for both the direct and
adjoint state methods in the context of parabolic equations. The NIRB two-grid method uses the HF
code solely as a “black-box”, requiring no code modification. Like other RBMs, it is based on an offline-
online decomposition. The offline stage is time-consuming, but it is only executed once, whereas the
online stage employs coarser grids and thus, is significantly less expensive than a fine HF evaluation.
On the direct method, we prove on a classical model problem, the heat equation, that HF evaluations
of sensitivities reach an optimal convergence rate in 𝐿∞(0, 𝑇 ; 𝐻1

0 (Ω)), and then establish that these
rates are recovered by the NIRB two-grid approximation. These results are supported by numerical
simulations. We then propose a new procedure that further reduces the computational costs of the
online step while only computing a coarse solution of the state equations. On the adjoint state method,
we propose a new algorithm that reduces both the state and adjoint solutions. All numerical results
are run with the model problem as well as a more complex problem, namely the Brusselator system.
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1. Introduction

Sensitivity analysis is a critical step in optimizing the parameters of a parametric model. The goal is to see
how sensitive its results are to small changes of its input parameters.

Several methods have been developed for computing sensitivities, see [5] for an overview. We focus here
on two differential-based sensitivity analysis approaches, in connection with models given as reaction-diffusion
equations.

– The first method which we consider is called “the direct method”, and is also known as the “forward method”.
It may be used when dealing with discretized solutions of parametric Partial Differential Equations (PDEs).
The sensitivities (of the solution or other outputs of interest) are computed directly from the original
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problem. One drawback is that it necessitates solving a new system for each parameter of interest, i.e. for
𝑃 parameters of interest, 𝑃 + 1 problems have to be solved.

– The second method we consider is “the adjoint state method”, also known as the “backward method”. It
may be a viable option [56] when the direct method becomes prohibitively expensive. In this setting, the
goal is to compute the sensitivities of an objective function that one aims at minimizing. The associated
Lagrangian is formulated, and by choosing appropriate multipliers, a new system known as “the adjoint”
is derived. This approach is preferred in many situations since it avoids calculating the sensitivities with
respect to the solutions. For example, in the framework of inverse problems, one can determine the “true”
parameter from several measurements (which are usually provided by multiple sensors) while combining it
with a gradient-type optimization algorithm. As a result, one gets the “integrated effects” on the outputs
over a time interval. The advantage is that it only requires two systems to solve regardless of the number of
parameters of interest.

Thus, the direct method is appealing when there are relatively few parameters, whereas the adjoint state
method is preferred when there are many parameters.

Earlier works. For extremely complex simulations, both methods may still be impractical with a High-
Fidelity (HF) classical solver. Several reduction techniques have thus been investigated in order to reduce the
complexity of the sensitivity computation. Among them, Reduced Basis Methods (RBMs) are a well-developed
field [4,44,50]. They use an offline-online decomposition, in which the offline step is time-consuming but is only
performed once, and the online step is significantly less expensive than a fine HF evaluation. In the context of
sensitivity analysis, the majority of these studies relies on a RB-Galerkin projection [53] onto the adjoint state
system in the online part. In what follows, we present a brief review of previous works on RBMs combined with
both sensitivity methods.

– Let us begin with the direct method. It has been employed and studied with Reduced Basis (RB) spaces
in various applications, e.g. [13, 49, 59]. In [37], to improve the precision of the sensitivity approximations,
a combined method is proposed (based on local and global approximations with series expansion and a RB
expression), which was first developed in [36]. Conversely, the sensitivities may be used to enhance the RB
generation [29], as in [30], where the authors examine two strategies that use the sensitivity of the Proper
Orthogonal Decomposition (POD) modes with respect to the problem parameters to improve the flows
representation in the context of Navier–Stokes equations.

– Concerning the adjoint state formulation, its first applications in conjunction with computational reduction
approaches can be found in [33] in the context of RBMs, where several RB sub-spaces are compared, or in [54]
with the POD method, where the underlying PDE has an affine parameter dependence. Particular emphasis
is being placed on developing accurate a posteriori error estimates in order to improve the reduced basis
generation [11, 12, 52, 58]. In recent studies of optimal control problems, RBMs have been simultaneously
employed on the state, adjoint and control variables [2, 35].
Even if the adjoint state method is frequently preferred, writing its associated reduced problem can be
difficult when the adjoint formulation is not straightforward. It may also be reformulated to take advantage
of previously developed RB theory. For example, in [47], it is rewritten as a saddle-point problem for Stokes-
type problems.

We would like to note also that variance-based sensitivity analysis (with Sobol indices) has been investigated
using RBMs [34] and in particular Non-Intrusive Reduced Basis (NIRB) methods [41].

In this paper, we focus on the NIRB two-grid method, which has been developed to approximate state direct
problems in the context of elliptic equations [8] with the Finite Element Method (FEM) and has been extended
to the context of finite volume schemes in [20]. Recently, it has been extended to parabolic equations [22]. To
conclude this brief overview of RBMs applied to sensitivity analysis, note that the present work adapts the
NIRB two-grid method to sensitivity analysis thanks to a prediction of the RB coefficients, an idea that has
already been tested to some extent with Radial Basis Functions (RBF) or neural networks approaches [28,32].
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Motivation. Even though the RB-Galerkin method is prevalent in the literature, in general, its main disad-
vantage lies in its intrusiveness. Indeed, if the PDE has a non-linear dependency with respect to the parameter
[3] or if the whole matrix (or the right-hand side) of the underlying problem cannot be retrieved, the assembly
routines computed from its formulation must be changed in the HF code, leading to an intrusive procedure [53].
This may be difficult if the HF code is very complex or even impossible if it has been purchased, as is often the
case in an industrial context. NIRB methods are more practical to implement than other RBMs because they
require the execution of the HF code as a “black-box” solver only. Several nuances of non-intrusivity coexist,
with the goal of making RBMs adaptable to a wider range of softwares. The methods we shall consider are
non-intrusive in the sense that they require the knowledge of the spatial and temporal coordinates, solutions of
the state equations and of the underlying sensitivity problems only. Note that if the mesh connectivity is not
known, the method still works, as shown in the context of elliptic equations in [19]. It should be noted that
some solvers can provide sensitivity solutions via algorithm differentiation (see e.g. SU2 solver [15]). Apparently,
NIRB methods have not yet been used to approximate sensitivities except for statistical approaches such as
variance-based sensitivity analysis [34].

In the present study, we shall focus on the NIRB two-grid method [8, 9, 20, 55] (see also other NIRB meth-
ods [1, 7, 17], that differ from the two-grid method). Like most RBMs, the NIRB two-grid method relies on
the assumption that the manifold of all solutions has a rapidly decaying Kolmogorov 𝑛-width [39]. Its main
advantages are that it can be used for a wide range of PDEs and that it is simple to implement. Furthermore,
its non-intrusivity makes it appealing from an engineering standpoint, as explained above. The effectiveness of
this method depends on its offline/online decomposition (as for most RBMs). The offline part, which generates
the RB, takes time but is performed once only. The specific feature of this NIRB approach is to solve the para-
metric problem with the solver solely on a coarse mesh during the online step, and then to rapidly improve the
precision of the coarse solution by projecting it onto the reduced space. It makes this portion of the algorithm
much cheaper than a fine HF evaluation.

Main results. Our main results may be summarized as follows:

– Direct method. We carry out a thorough theoretical analysis of the heat equation as a model problem.
In this setting, we derive optimal convergence rates in 𝐿∞(0, 𝑇 ; 𝐻1

0 (Ω)) for the fully-discretized sensitivity
solution. It turns out that we obtain these optimal rates theoretically and numerically also for the NIRB
sensitivity approximations. Our main theoretical result is given by Theorem 3.1. Then, drawing inspiration
from recent works [21, 24], we efficiently apply a supervised learning process that makes the online stage
much quicker. Indeed, only the state equations have to be solved, on the coarse mesh. In particular, the
online stage no longer requires to solve as many systems as there are parameters, hence making the direct
method more competitive with the adjoint one.

– Backward method. In this context, we adapt the NIRB two-grid algorithm by applying two reduc-
tions (both on the state and on the adjoint solutions) to the underlying problem. Finally, we numerically
demonstrate its efficacy on the heat equation and on the Brusselator problem.

Outline of the paper. The remainder of this paper is organized as follows. Section 2 describes both sensitivity
methods along with established convergence results and the NIRB two-grid algorithm for parabolic equations.
Section 3 is devoted to the theoretical results on the rate of convergence for the NIRB sensitivity approximation.
In Section 4, we present the new NIRB algorithms for the direct and adjoint methods. In the last Section 5,
several numerical results are presented to support the theoretical results.

2. Mathematical background

Let Ω be a polygonally bounded domain in R𝑑 (with 𝑑 ∈ N+), and consider a parametric time-dependent
problem 𝒫 on Ω. Let 𝜇 ∈ 𝒢 be its parameter of interest. For each parameter value 𝜇 ∈ 𝒢, 𝑢(𝑡; 𝜇) ∈ 𝑉 is the
associated solution of 𝒫 at time 𝑡 ∈ [0, 𝑇 ], where 𝑉 is a suitable Banach space. In what follows, we consider
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homogeneous Dirichlet boundary conditions, so that 𝑉 := 𝐻1
0 (Ω), with the associated norm | · |𝐻1(Ω). Note that

we use the notation (·, ·) to denote the classical 𝐿2(Ω)-inner product.
In this section, we shall introduce our model problem, that of the heat equation, in a continuous setting,

and then its spatial and time discretizations. Then, we detail the sensitivity problems associated to the heat
equation and recall the NIRB algorithm in the context of parabolic equations.

In the next sections, 𝐶 will denote various positive constants independent of the size of the spatial and
temporal grids and of the parameter 𝜇, and 𝐶(𝜇) will denote constants independent of the sizes of the grids but
dependent on 𝜇.

2.1. A model problem: The heat equation

2.1.1. The continuous problem

Our aim is to find accurate sensitivity approximations of the heat equation. We thus first consider the following
heat equation on the domain Ω with homogeneous Dirichlet boundary conditions, which takes the form⎧⎪⎨⎪⎩

𝑢𝑡 −∇ · (𝐴(·; 𝜇)∇𝑢) = 𝑓(𝜇), in Ω× ]0, 𝑇 ],
𝑢(·, 0; 𝜇) = 𝑢0(·; 𝜇), in Ω,

𝑢(·, 𝑡) = 0, on 𝜕Ω× ]0, 𝑇 ],
(1)

where

the parameter 𝜇 = (𝜇1, · · · , 𝜇𝑃 ) ∈ 𝒢 ⊂ R𝑃 and 𝒞2(𝒢) ∋ 𝐴 : Ω× 𝒢 → R𝑑×𝑑 is measurable, bounded,
and uniformly elliptic, 𝑓(𝜇) ∈ 𝐿2(Ω× [0, 𝑇 ]), while 𝑢0(𝜇) ∈ 𝐻1

0 (Ω) ∩ 𝒞1(𝒢). (2)

We assume that under these assumptions, the state solution is differentiable with respect to 𝜇 [10] (see [6]
for general nonlinear equations). For any 𝑡 > 0, the solution is 𝑢(·, 𝑡) ∈ 𝐻1

0 (Ω), and 𝑢𝑡(·, 𝑡) ∈ 𝐻−1(Ω) stands for
the derivative of 𝑢 with respect to time.

We use the conventional notations for space-time dependent Sobolev spaces [42]

𝐿𝑝(0, 𝑇 ; 𝑉 ) :=

⎧⎨⎩𝑢 | ‖𝑢‖𝐿𝑝(0,𝑇 ;𝑉 ) :=

(︃∫︁ 𝑇

0

‖𝑢(·, 𝑡)‖𝑝
𝑉 d𝑡

)︃1/𝑝

< ∞

⎫⎬⎭, 1 ≤ 𝑝 < ∞,

𝐿∞(0, 𝑇 ; 𝑉 ) :=
{︂

𝑢 | ‖𝑢‖𝐿∞(0,𝑇 ;𝑉 ) := ess sup
0≤𝑡≤𝑇

‖𝑢(·, 𝑡)‖𝑉 < ∞
}︂

.

We shall employ FEM for the spatial discretization, and thus consider the variational formulation of (1):⎧⎪⎨⎪⎩
Find 𝑢 ∈ 𝐿2(0, 𝑇 ; 𝐻1

0 (Ω)) with 𝑢𝑡 ∈ 𝐿2(0, 𝑇 ; 𝐻−1(Ω)) such that
(𝑢𝑡(·, 𝑡), 𝑣) + 𝑎(𝑢(·, 𝑡), 𝑣; 𝜇) = (𝑓(·, 𝑡; 𝜇), 𝑣), ∀𝑣 ∈ 𝐻1

0 (Ω) and 𝑡 ∈ (0, 𝑇 ),
𝑢(·, 0; 𝜇) = 𝑢0(·; 𝜇), in Ω,

(3)

where 𝑎 is given by

𝑎(𝑤, 𝑣; 𝜇) =
∫︁

Ω

𝐴(x; 𝜇)∇𝑤(x) · ∇𝑣(x) dx, ∀𝑤, 𝑣 ∈ 𝐻1
0 (Ω). (4)

We remind that (3) is well posed (see [16] for the existence and the uniqueness of solutions to problem (3)) and
we refer to the notations of [16].
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2.1.2. The various discretizations

To approximate our solution via the NIRB algorithm, we shall consider two spatial grids of Ω:

– one fine mesh, denoted 𝒯ℎ, where its size ℎ is defined as

ℎ = max
𝐾∈𝒯ℎ

ℎ𝐾 ,

– and on coarse mesh, denoted 𝒯𝐻 , with its size defined as

𝐻 = max
𝐾∈𝒯𝐻

𝐻𝐾 ≫ ℎ,

where the diameter ℎ𝐾 (or 𝐻𝐾) of any element 𝐾 in a mesh is equal to supx,y∈𝐾 |x− y|.

We employ P1 finite elements to discretize in space. Thus, we introduce 𝑉ℎ and 𝑉𝐻 , the continuous piecewise
linear finite element functions (on fine and coarse meshes, respectively) that vanish on the boundary 𝜕Ω. We
consider the so-called Ritz projection operator 𝑃 1

ℎ : 𝐻1
0 (Ω) → 𝑉ℎ (𝑃 1

𝐻 on 𝑉𝐻 is defined similarly) which is given
by (︀

∇𝑃 1
ℎ𝑢,∇𝑣

)︀
= (∇𝑢,∇𝑣), ∀𝑣 ∈ 𝑉ℎ, for 𝑢 ∈ 𝐻1

0 (Ω). (5)

In the context of time-dependent problems, a time stepping method of finite difference type is used to get a
fully discrete approximation of the solution of (1). In analogy with the spatial discretizations, we consider two
different time grids for the time discretization:

– One time grid, denoted 𝐹 , is associated to fine solutions (for the generation of the snapshots). To avoid
making notations more cumbersome, we consider a uniform time step ∆𝑡𝐹 . The time levels can be written
𝑡𝑛 = 𝑛∆𝑡𝐹 , where 𝑛 ∈ N+.

– Another time grid, denoted 𝐺, is used for coarse solutions. By analogy with the fine grid, we consider a
uniform grid with time step ∆𝑡𝐺. Now, the time levels are written ̃︀𝑡𝑚 = 𝑚∆𝑡𝐺, where 𝑚 ∈ N+.

As in the elliptic context [8], the NIRB algorithm is designed to recover the optimal estimate in space. To do
so, the NIRB theory uses the Aubin–Nitsche lemma in the context of FEM. Yet, since there is no such argument
as the Aubin–Nitsche lemma for time stepping methods, we must consider time discretizations that provide the
same precision with larger time steps, as detailed in [22]. Thus, we consider a higher order time scheme for the
coarse solution. As in [22], we use an Euler scheme (first order approximation) for the fine solution and the
Crank–Nicolson scheme (second order approximation) for the coarse solution on our model problem.

Thus, we deal with two kinds of notations for the discretized solutions:

– 𝑢ℎ(x, 𝑡) and 𝑢𝐻(x, 𝑡) (or 𝑢ℎ(x, 𝑡; 𝜇) and 𝑢𝐻(x, 𝑡; 𝜇) in order to highlight the 𝜇-dependency) that respectively
denote the fine and coarse solutions of the spatially semi-discrete solution, at time 𝑡 ≥ 0.

– 𝑢𝑛
ℎ(x) and 𝑢𝑚

𝐻(x) (or 𝑢𝑛
ℎ(x; 𝜇) and 𝑢𝑚

𝐻(x; 𝜇)) that respectively denote the fine and coarse full-discretized
solutions at time 𝑡𝑛 and ̃︀𝑡𝑚.

Remark 2.1. To simplify notations, we consider that both time grids end at time 𝑇 here,

𝑇 = 𝑁𝑇 ∆𝑡𝐹 = 𝑀𝑇 ∆𝑡𝐺.

The semi-discrete form of the variational problem (3) reads for the fine mesh (similarly for the coarse mesh):⎧⎪⎨⎪⎩
Find 𝑢ℎ(𝑡) = 𝑢ℎ(·, 𝑡) ∈ 𝑉ℎ for 𝑡 ∈ [0, 𝑇 ] such that
(𝑢ℎ,𝑡(𝑡), 𝑣ℎ) + 𝑎(𝑢ℎ(𝑡), 𝑣ℎ; 𝜇) = (𝑓(𝑡), 𝑣ℎ; 𝜇), ∀𝑣ℎ ∈ 𝑉ℎ and 𝑡 ∈ ]0, 𝑇 ],
𝑢ℎ(·, 0; 𝜇) = 𝑢0

ℎ(·; 𝜇) = 𝑃 1
ℎ (𝑢0)(·; 𝜇).

(6)
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From the definition of the Ritz projection operator 𝑃 1
ℎ (5), the initial condition 𝑢0

ℎ(𝜇) (and similarly for the
coarse mesh) is such that (︀

∇𝑢0
ℎ(𝜇),∇𝑣ℎ

)︀
=
(︀
∇𝑢0(𝜇),∇𝑣ℎ

)︀
, ∀𝑣ℎ ∈ 𝑉ℎ, (7)

and hence, it corresponds to the finite element approximation of the corresponding elliptic problem whose exact
solution is 𝑢0(𝜇).

The full discrete form of the variational problem (3) for the fine mesh with an implicit Euler scheme can be
expressed as: ⎧⎪⎨⎪⎩

Find 𝑢𝑛
ℎ ∈ 𝑉ℎ for 𝑛 = 0, . . . , 𝑁𝑇 such that(︀

𝜕𝑢𝑛
ℎ, 𝑣ℎ

)︀
+ 𝑎(𝑢𝑛

ℎ, 𝑣ℎ; 𝜇) = (𝑓(𝑡𝑛; 𝜇), 𝑣ℎ), ∀𝑣ℎ ∈ 𝑉ℎ and 𝑛 = 1, . . . , 𝑁𝑇 ,

𝑢ℎ(·, 0; 𝜇) = 𝑢0
ℎ(·; 𝜇),

(8)

where the time derivative in the variational form of the problem (6) has been replaced by a backward difference

quotient, 𝜕𝑢𝑛
ℎ = 𝑢𝑛

ℎ−𝑢𝑛−1
ℎ

Δ𝑡𝐹
.

For the coarse mesh with the Crank–Nicolson scheme, and with the notation 𝜕𝑢𝑚
𝐻 = 𝑢𝑚

𝐻−𝑢𝑚−1
𝐻

Δ𝑡𝐺
, it becomes:⎧⎪⎨⎪⎩

Find 𝑢𝑚
𝐻 ∈ 𝑉𝐻 for 𝑚 = 0, . . . ,𝑀𝑇 , such that(︀

𝜕𝑢𝑚
𝐻 , 𝑣𝐻

)︀
+ 𝑎
(︁

𝑢𝑚
𝐻+𝑢𝑚−1

𝐻

2 , 𝑣𝐻 ; 𝜇
)︁

=
(︁
𝑓
(︁̃︀𝑡𝑚− 1

2 ; 𝜇
)︁
, 𝑣𝐻

)︁
, ∀𝑣𝐻 ∈ 𝑉𝐻 and 𝑚 = 1, . . . 𝑀𝑇 ,

𝑢𝐻(·, 0; 𝜇) = 𝑢0
𝐻(·; 𝜇),

(9)

where ̃︀𝑡𝑚− 1
2 = ̃︀𝑡𝑚+̃︀𝑡𝑚−1

2 .
To approximation the solution 𝑢(𝜇) with the NIRB two-grid method, as explained in [22], we need to inter-

polate in space (as for elliptic equations) and in time the coarse solution. So let us introduce the quadratic
interpolation in time of a coarse solution at time 𝑡𝑛 ∈ 𝐼𝑚 = [̃︀𝑡𝑚−1,̃︀𝑡𝑚] defined on [̃︀𝑡𝑚−2,̃︀𝑡𝑚] from the coarse
approximations at times ̃︀𝑡𝑚−2,̃︀𝑡𝑚−1, and ̃︀𝑡𝑚, for all 𝑚 = 2, . . . ,𝑀𝑇 . To this purpose, we employ the following
parabola on [̃︀𝑡𝑚−2,̃︀𝑡𝑚].

For 𝑚 ≥ 2, ∀𝑡𝑛 ∈ 𝐼𝑚 = [̃︀𝑡𝑚−1,̃︀𝑡𝑚],

𝐼2
𝑛[𝑢𝑚

𝐻 ](𝜇) := 𝑢𝑚−2
𝐻 (𝜇)

(︀̃︀𝑡𝑚 − 𝑡𝑛
)︀(︀

𝑡𝑛 − ̃︀𝑡𝑚−1
)︀(︀̃︀𝑡𝑚 − ̃︀𝑡𝑚−2

)︀(︀̃︀𝑡𝑚−2 − ̃︀𝑡𝑚−1
)︀ + 𝑢𝑚−1

𝐻 (𝜇)

(︀̃︀𝑡𝑚−2 − 𝑡𝑛
)︀(︀

𝑡𝑛 − ̃︀𝑡𝑚)︀(︀̃︀𝑡𝑚−2 − ̃︀𝑡𝑚−1
)︀(︀̃︀𝑡𝑚−1 − ̃︀𝑡𝑚)︀

+ 𝑢𝑚
𝐻(𝜇)

(︀̃︀𝑡𝑚−1 − 𝑡𝑛
)︀(︀

𝑡𝑛 − ̃︀𝑡𝑚−2
)︀(︀̃︀𝑡𝑚−1 − ̃︀𝑡𝑚)︀(︀̃︀𝑡𝑚 − ̃︀𝑡𝑚−2
)︀ · (10)

For 𝑡𝑛 ∈ 𝐼1 = [̃︀𝑡0,̃︀𝑡1], we use the same parabola defined by the coarse approximations at times ̃︀𝑡0, ̃︀𝑡1, ̃︀𝑡2 as the
one used over [̃︀𝑡1,̃︀𝑡2]. We denote by ̃︁𝑢𝐻

𝑛(𝜇) = 𝐼2
𝑛[𝑢𝑚

𝐻 ](𝜇) the piecewise quadratic interpolation of 𝑢𝑚
𝐻 at a time

𝑡𝑛. Note that we choose this interpolation in order to keep an approximation of order 2 in time (it works also
with other types of quadratic interpolations).

2.2. Sensitivity analysis: The direct problem

In this section, we shall recall the sensitivity systems (continuous and discretized versions) for 𝑃 parameters
of interest. Then, with the direct formulation, we prove several numerical results on the model problem which
are used for the proof of the NIRB error estimate.

2.2.1. The continuous setting

We consider 𝑃 parameters of interest, denoted 𝜇𝑝 with 𝑝 = 1, . . . , 𝑃 . We aim at approximating the exact
derivatives, also known as the sensitivities

Ψ𝑝(𝑡,x; 𝜇) :=
𝜕𝑢

𝜕𝜇𝑝
(𝑡,x; 𝜇), in [0, 𝑇 ]× Ω. (11)
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To do so via the direct method, we solve 𝑃 new systems, which can be directly obtained by differentiating the
state equations with respect to each 𝜇𝑝. The continuous state problem (3) may be rewritten⎧⎪⎨⎪⎩

Find 𝑢(𝑡) ∈ 𝑉 for 𝑡 ∈ [0, 𝑇 ] such that
(𝑢𝑡(𝑡), 𝑣) = 𝐹 (𝑢(𝑡), 𝑣; 𝜇) := −𝑎(𝑢(𝑡), 𝑣; 𝜇) + (𝑓(𝑡; 𝜇), 𝑣), ∀𝑣 ∈ 𝑉, 𝑡 ∈ ]0, 𝑇 ],
𝑢(·, 0; 𝜇) = 𝑢0(·; 𝜇),

(12)

where the bilinear form 𝑎 is defined by (4). Using the chain rule and since the time and the parameter derivatives
commute,

(Ψ𝑝,𝑡(𝑡), 𝑣) =
𝜕𝐹

𝜕𝑢
(𝑢(𝑡), 𝑣; 𝜇) ·Ψ𝑝(𝑡) +

𝜕𝐹

𝜕𝜇
(𝑢(𝑡), 𝑣).

We therefore obtain the following problem⎧⎪⎪⎨⎪⎪⎩
Find Ψ𝑝(𝑡) ∈ 𝑉 for 𝑡 ∈ [0, 𝑇 ] such that

(Ψ𝑝,𝑡(𝑡), 𝑣) + 𝑎(Ψ𝑝(𝑡), 𝑣; 𝜇) = −
(︁

𝜕𝐴
𝜕𝜇𝑝

(𝜇)∇𝑢(𝑡),∇𝑣
)︁
, for 𝑣 ∈ 𝑉, for 𝑡 ∈ ]0, 𝑇 ],

Ψ0
𝑝(𝜇) = 𝜕𝑢0

𝜕𝜇𝑝
(·; 𝜇),

(13)

which is well-posed since 𝑢 ∈ 𝐿2(0, 𝑇 ; 𝐻1
0 (Ω)), and under the assumptions (2), the so-called “parabolic regularity

estimate” implies that 𝑢 ∈ 𝐿2(0, 𝑇 ; 𝐻2(Ω)) ∩ 𝐿∞(0, 𝑇 ; 𝐻1
0 (Ω)) [16,57].

2.2.2. The spatially semi-discretized version

To derive the NIRB approximation, as previously for the state solution, we discretize the sensitivity problems
(13) in space and in time.

The corresponding spatially semi-discretized formulation on 𝒯ℎ (similarly on 𝒯𝐻) reads⎧⎪⎪⎨⎪⎪⎩
Find Ψ𝑝,ℎ(𝑡) ∈ 𝑉ℎ for 𝑡 ∈ [0, . . . , 𝑇 ] such that

(Ψ𝑝,ℎ,𝑡(𝑡), 𝑣ℎ) + 𝑎(Ψ𝑝,ℎ(𝑡), 𝑣ℎ; 𝜇) = −
(︁

𝜕𝐴
𝜕𝜇𝑝

(𝜇)∇𝑢ℎ(𝑡; 𝜇),∇𝑣ℎ

)︁
, for 𝑣ℎ ∈ 𝑉ℎ, for 𝑡∈ ]0, 𝑇 ],

Ψ0
𝑝,ℎ(·; 𝜇) = 𝑃 1

ℎ (Ψ0
𝑝)(·; 𝜇),

(14)

where 𝑃 1
ℎ is the Ritz projection operator given by (5).

2.2.3. The fully-discretized versions

From (14), we can derive the fully-discretized systems for the fine and coarse grids.
The direct sensitivity problems with respect to the parameter 𝜇𝑝 on the fine mesh 𝒯ℎ with an Euler scheme

read ⎧⎪⎪⎨⎪⎪⎩
Find Ψ𝑛

𝑝,ℎ ∈ 𝑉ℎ for 𝑛 ∈ {0, . . . , 𝑁𝑇 } such that(︁
𝜕Ψ𝑛

𝑝,ℎ, 𝑣ℎ

)︁
+ 𝑎
(︁

Ψ𝑛
𝑝,ℎ, 𝑣ℎ; 𝜇

)︁
= −

(︁
𝜕𝐴
𝜕𝜇𝑝

(𝜇)∇𝑢𝑛
ℎ(𝜇),∇𝑣ℎ

)︁
, for 𝑣ℎ ∈ 𝑉ℎ, for 𝑛 = {1, . . . , 𝑁𝑇 },

Ψ0
𝑝,ℎ(·; 𝜇) = 𝑃 1

ℎΨ0
𝑝(·; 𝜇),

(15)

where, as before, the time derivative in the variational form of the problem (12) has been replaced by a backward

difference quotient, 𝜕Ψ𝑛
𝑝,ℎ =

Ψ𝑛
𝑝,ℎ−Ψ𝑛−1

𝑝,ℎ

Δ𝑡𝐹
.

Before proceeding with the proof of Theorem 3.1 on the NIRB error estimate, we need several theoretical
results that can be deduced from [57], but require some precisions. Indeed, first, in [57], the estimates are
proven on the heat equation with a non-varying diffusion coefficient. Secondly, the right-hand side function 𝑓
vanishes when seeking the error estimates, whereas in our case, the right-hand side function depends on 𝑢 and
necessitates more precise estimates.

To not make the notations too cumbersome in the following proofs, we consider the case 𝑃 = 1 and 𝜇 ∈
R+
* (= R>0) for the analysis and we drop the 𝜇-dependency notations for 𝑢 and 𝑢0. With the fully-discretized

version (15), the following estimate holds.
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Theorem 2.2. Let Ω be a convex polyhedron. Let 𝐴(𝜇) = 𝜇𝐼𝑑, with 𝜇 ∈ R+
* .

Consider 𝑢 ∈ 𝐻1(0, 𝑇 ; 𝐻2(Ω)) ∩ 𝐻2(0, 𝑇 ; 𝐿2(Ω)) to be the solution of (1) with 𝑢0 ∈ 𝐻2(Ω) and 𝑢𝑛
ℎ be the

solution of the fully-discretized variational form (8). Let Ψ and Ψ𝑛
ℎ be the corresponding sensitivities, respectively

given by (13) and (15). Then

∀𝑛 = 0, . . . , 𝑁𝑇 ,‖Ψ𝑛
ℎ −Ψ(𝑡)‖𝐿2(Ω) ≤ 𝐶ℎ2

⃦⃦
Ψ0
⃦⃦

𝐻2(Ω)

+ ℎ2

⎛⎝𝐶

∫︁ 𝑡𝑛

0

‖Ψ𝑡‖𝐻2(Ω) d𝑠 + 𝐶(𝜇)

[︃∫︁ 𝑡𝑛

0

‖𝑢𝑡‖2𝐻2(Ω) d𝑠

]︃1/2
⎞⎠

+ ∆𝑡𝐹

⎛⎝𝐶

∫︁ 𝑡𝑛

0

‖Ψ𝑡𝑡‖𝐿2(Ω) d𝑠 + 𝐶(𝜇)

[︃∫︁ 𝑡𝑛

0

‖𝑢𝑡𝑡‖2𝐿2(Ω) d𝑠

]︃1/2
⎞⎠.

The proof of Theorem 2.2 is detailed in the Appendix A.1.
With the fully-discretized version (15), the following estimate holds with the 𝐻1

0 norm.

Theorem 2.3. Let Ω be a convex polyhedron. Let 𝐴(𝜇) = 𝜇𝐼𝑑, with 𝜇 ∈ R+
* .

Consider 𝑢 ∈ 𝐻1(0, 𝑇 ; 𝐻2(Ω)) ∩ 𝐻2(0, 𝑇 ; 𝐿2(Ω)) to be the solution of (1) with 𝑢0 ∈ 𝐻2(Ω) and 𝑢𝑛
ℎ be the

solution of the fully-discretized variational form (8). Let Ψ and Ψ𝑛
ℎ be the corresponding sensitivities, respectively

given by (13) and (15). Then

∀𝑛 = 0, . . . , 𝑁𝑇 ,‖∇Ψ𝑛
ℎ −∇Ψ(𝑡)‖𝐿2(Ω)

≤ ℎ

⎡⎣𝐶
⃦⃦

Ψ0
⃦⃦

𝐻2(Ω)
+ 𝐶(𝜇)

∫︁ 𝑡𝑛

0

‖Ψ𝑡‖𝐻2(Ω) d𝑠 + 𝐶(𝜇)

[︃∫︁ 𝑡𝑛

0

‖𝑢𝑡‖2𝐻2(Ω) d𝑠

]︃1/2
⎤⎦

+ 𝐶(𝜇)∆𝑡𝐹

⎛⎝∫︁ 𝑡𝑛

0

‖Ψ𝑡𝑡‖𝐿2(Ω) d𝑠 +

[︃∫︁ 𝑡𝑛

0

‖𝑢𝑡𝑡‖2𝐿2(Ω) d𝑠

]︃1/2
⎞⎠.

Proof. In the proofs, we use 𝐴 . 𝐵 for 𝐴 ≤ 𝐶𝐵 with 𝐶 not depending on ℎ nor 𝐻 and independent of the time
steps. As in [57], we first decompose the error with two components 𝜃𝑛 and 𝜌𝑛 such that, on the discretized
time grid (𝑡𝑛)𝑛=0,...,𝑁𝑇

,

∀𝑛 = 0, . . . , 𝑁𝑇 , 𝑒𝑛 := Ψ𝑛
ℎ −Ψ(𝑡𝑛) =

(︀
Ψ𝑛

ℎ − 𝑃 1
ℎΨ(𝑡𝑛)

)︀
+
(︀
𝑃 1

ℎΨ(𝑡𝑛)−Ψ(𝑡𝑛)
)︀
,

:= 𝜃𝑛 + 𝜌𝑛. (16)

– The estimate on 𝜌𝑛 is classical (see [57], Lem. 1.1) and leads to

‖∇𝜌𝑛‖𝐿2(Ω) . ℎ‖Ψ(𝑡𝑛)‖𝐻2(Ω) ≤ ℎ

[︃
Ψ0
⃦⃦

𝐻2(Ω)
+
∫︁ 𝑡𝑛

0

‖Ψ𝑡‖𝐻2(Ω) d𝑠

]︃
, ∀𝑛 = 0, . . . , 𝑁𝑇 . (17)

– For the estimate of 𝜃𝑛, instead of choosing 𝑣 = 𝜃𝑛 as in the proof of Theorem 2.2 in equation (A.3), we take
𝑣 = 𝜕𝜃𝑛 and we have⃦⃦

𝜕𝜃𝑛
⃦⃦2

𝐿2(Ω)
+ 𝜇

(︀
∇𝜃𝑛,∇𝜕𝜃𝑛

)︀
=

1
𝜇

(︀
𝜕𝑢𝑛

ℎ − 𝑢𝑡(𝑡𝑛), 𝜕𝜃𝑛
)︀
−
(︀
𝑤𝑛, 𝜕𝜃𝑛

)︀
, (18)

with
𝑤𝑛 := 𝑤𝑛

1 + 𝑤𝑛
2 , with 𝑤𝑛

1 :=
(︀
𝑃 1

ℎ − 𝐼
)︀
𝜕Ψ(𝑡𝑛), 𝑤𝑛

2 := 𝜕Ψ(𝑡𝑛)−Ψ𝑡(𝑡𝑛),
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which entails
𝜇
(︀
∇𝜃𝑛,∇𝜕𝜃𝑛

)︀
≤ 1

2𝜇2

⃦⃦
𝜕𝑢𝑛

ℎ − 𝑢𝑡(𝑡𝑛)
⃦⃦2

𝐿2(Ω)
+

1
2
‖𝑤𝑛‖2𝐿2(Ω) .

By definition of 𝜕

𝜇‖∇𝜃𝑛‖2𝐿2(Ω) ≤
(︀√

𝜇∇𝜃𝑛,
√

𝜇∇𝜃𝑛−1
)︀

+
∆𝑡𝐹
2𝜇2

⃦⃦
𝜕𝑢𝑛

ℎ − 𝑢𝑡(𝑡𝑛)
⃦⃦2

𝐿2(Ω)
+

∆𝑡𝐹
2
‖𝑤𝑛‖2𝐿2(Ω) ,

and by Young’s inequality

𝜇‖∇𝜃𝑛‖2𝐿2(Ω) ≤ 𝜇
⃦⃦
∇𝜃𝑛−1

⃦⃦2

𝐿2(Ω)
+

∆𝑡𝐹
𝜇2

⃦⃦
𝜕𝑢𝑛

ℎ − 𝑢𝑡(𝑡𝑛)
⃦⃦2

𝐿2(Ω)
+ ∆𝑡𝐹 ‖𝑤𝑛‖2𝐿2(Ω) ,

which, by recursion, gives

𝜇‖∇𝜃𝑛‖2𝐿2(Ω) ≤
∆𝑡𝐹
𝜇2

𝑛∑︁
𝑗=1

⃦⃦⃦
𝜕𝑢𝑗

ℎ − 𝑢𝑡

(︀
𝑡𝑗
)︀⃦⃦⃦2

𝐿2(Ω)⏟  ⏞  
𝑇 ′1,𝑛

+ ∆𝑡𝐹

𝑛∑︁
𝑗=1

⃦⃦
𝑤𝑗
⃦⃦2

𝐿2(Ω)⏟  ⏞  
𝑇 ′2,𝑛

. (19)

∙ As for the previous estimate (of Thm. 2.2), detailed in Appendix A.1, a bound of 𝑇 ′1,𝑛 is derived from
(A.12) to (A.14) (here, we consider an additional factor 1

𝜇 ), which yields

𝑇 ′1,𝑛 .
1
𝜇2

[︃
ℎ4

∫︁ 𝑡𝑛

0

‖𝑢𝑡‖2𝐻2(Ω) d𝑠 + ∆𝑡2𝐹

∫︁ 𝑡𝑛

0

‖𝑢𝑡𝑡‖2𝐿2(Ω) d𝑠

]︃
.

∙ To find a bound for 𝑇 ′2,𝑛, we simply use (A.13) and (A.14) again but with the sensitivity function Ψ
instead of the state function 𝑢, and thus, we obtain

𝑇 ′2,𝑛 . ℎ4

∫︁ 𝑡𝑛

0

‖𝑢𝑡‖2𝐻2(Ω) d𝑠 + ∆𝑡2𝐹

∫︁ 𝑡𝑛

0

‖𝑢𝑡𝑡‖2𝐿2(Ω) d𝑠.

Combining the estimates on (19) (with the estimates on 𝑇 ′1,𝑛 and 𝑇 ′2,𝑛), and (17) concludes the proof.

�

Remark 2.4. With the assumptions of Theorem 2.3, we remark that the estimate, that we derive, is optimal.
Indeed, we adapt an optimal result from [57] where the rates of convergence are in 𝒪(ℎ + ∆𝑡𝐹 ). Compared to
the estimate of [57], we now have an additional term in (19), denoted as 𝑇 ′1,𝑛 and which takes into account the
additional dependence of the source terms in (15) with the state solution. We show in Theorem 2.3 that it does
not degrade these rates, up to some constants that are independent of spatial and temporal grid steps.

With 𝜕Ψ𝑚
𝑝,𝐻 =

Ψ𝑚
𝑝,𝐻−Ψ𝑚−1

𝑝,𝐻

Δ𝑡𝐺
, on the coarse mesh 𝒯𝐻 with the Crank–Nicolson scheme, the fully-discretized

system (9) yields⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Find Ψ𝑚
𝑝,𝐻 ∈ 𝑉𝐻 for 𝑚 ∈ {0, . . . ,𝑀𝑇 } such that(︀

𝜕Ψ𝑚
𝑝,𝐻 , 𝑣𝐻

)︀
+ 𝑎

(︂
Ψ𝑚

𝑝,𝐻+Ψ𝑚−1
𝑝,𝐻

2 , 𝑣𝐻 ; 𝜇
)︂

= −
(︁

𝜕𝐴
𝜕𝜇𝑝

(𝜇)∇𝑢𝑚
𝐻 (𝜇)+∇𝑢𝑚−1

𝐻 (𝜇)

2 ,∇𝑣𝐻

)︁
, for 𝑣𝐻 ∈ 𝑉𝐻 , for 𝑚 = {1, . . . ,𝑀𝑇 },

Ψ0
𝑝,𝐻(·; 𝜇) = 𝑃 1

𝐻Ψ0
𝑝(·; 𝜇).

(20)

We have the following result in the 𝐿2 norm with the Crank–Nicolson scheme on the coarse mesh 𝒯𝐻 .
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Theorem 2.5. Let Ω be a convex polyhedron. Let 𝐴(𝜇) = 𝜇𝐼𝑑, with 𝜇 ∈ R+
* .

Consider 𝑢 ∈ 𝐻2(0, 𝑇 ; 𝐻2(Ω)) ∩ 𝐻3(0, 𝑇 ; 𝐿2(Ω)) to be the solution of (1) with 𝑢0 ∈ 𝐻2(Ω) and 𝑢𝑚
𝐻 be the

solution of the fully-discretized variational form (9) (on the coarse mesh 𝒯𝐻). Let Ψ and Ψ𝑚
𝐻 be the corresponding

sensitivities, respectively given by (13) and (15). Then

∀𝑚 = 0, . . . ,𝑀𝑇 ,
⃦⃦

Ψ𝑚
𝐻 −Ψ

(︀̃︀𝑡𝑚)︀⃦⃦
𝐿2(Ω)

≤ 𝐶𝐻2

⎡⎣⃦⃦ Ψ0
⃦⃦

𝐻2(Ω)
+
∫︁ ̃︀𝑡𝑚

0

‖Ψ𝑡‖𝐻2(Ω) ds + 𝐶(𝜇)

[︃∫︁ ̃︀𝑡𝑚

0

‖𝑢𝑡‖2𝐻2(Ω) ds

]︃1/2
⎤⎦

+ 𝐶∆𝑡2𝐺

⎛⎝∫︁ ̃︀𝑡𝑚

0

‖Ψ𝑡𝑡𝑡‖𝐿2(Ω) ds +

[︃∫︁ ̃︀𝑡𝑚

0

‖∆𝑢𝑡𝑡‖2𝐿2(Ω) ds

]︃1/2

+ 𝐶(𝜇)

⎡⎣[︃∫︁ ̃︀𝑡𝑚

0

‖𝑢𝑡𝑡𝑡‖2𝐿2(Ω) ds

]︃1/2

+
∫︁ ̃︀𝑡𝑚

0

‖∆Ψ𝑡𝑡‖𝐿2(Ω) ds

⎤⎦⎞⎠.

Proof. In analogy with (16), the same definitions of 𝜌𝑚 and 𝜃𝑚 is used but with the coarse grids.

– For 𝜌𝑚 we get

‖𝜌𝑚‖𝐿2(Ω) . 𝐻2

[︃
Ψ0
⃦⃦

𝐻2(Ω)
+
∫︁ ̃︀𝑡𝑚

0

‖Ψ𝑡‖𝐻2(Ω) d𝑠

]︃
, ∀𝑚 ∈ {0, . . . ,𝑀𝑇 }.

– Then, we introduce the following notation for 𝑚 ∈ {1, . . . ,𝑀𝑇 }

̂︁𝑢𝑚
𝐻 :=

1
2
(︀
𝑢𝑚

𝐻 + 𝑢𝑚−1
𝐻

)︀
. (21)

Thanks to the Crank–Nicolson formulation on Ψ𝑚
𝐻 (20) and 𝑢𝑚

𝐻 (9) on the coarse mesh 𝒯𝐻 ,(︀
𝜕𝜃𝑚, 𝑣

)︀
+ 𝜇

(︁
∇̂︁𝜃𝑚,∇𝑣

)︁
=
(︀
𝜕Ψ𝑚

𝐻 , 𝑣
)︀
−
(︀
𝜕𝑃 1

𝐻

(︀
Ψ
(︀̃︀𝑡𝑚)︀)︀, 𝑣)︀+ 𝜇

(︁
∇̂︂Ψ𝑚

𝐻 ,∇𝑣
)︁

− 𝜇

2
(︀(︀
∇𝑃 1

𝐻Ψ
(︀̃︀𝑡𝑚)︀,∇𝑣

)︀
+
(︀
∇𝑃 1

𝐻Ψ
(︀̃︀𝑡𝑚−1

)︀
,∇𝑣

)︀)︀
,

= −
(︁
∇̂︁𝑢𝑚

𝐻 ,∇𝑣
)︁
−
(︀
𝜕𝑃 1

𝐻

(︀
Ψ
(︀̃︀𝑡𝑚)︀)︀, 𝑣)︀− 𝜇

2
(︀
(∇Ψ(̃︀𝑡𝑚),∇𝑣) +

(︀
∇Ψ

(︀̃︀𝑡𝑚−1
)︀
,∇𝑣

)︀)︀
,

= −
(︁
∇̂︁𝑢𝑚

𝐻 ,∇𝑣
)︁
− 𝑤𝑚

I [Ψ]− 𝑤𝑚
II [Ψ]−

(︁
Ψ𝑡

(︁̃︀𝑡𝑚− 1
2

)︁
, 𝑣
)︁

− 𝜇

2
(︀(︀
∇Ψ

(︀̃︀𝑡𝑚)︀,∇𝑣
)︀

+
(︀
∇Ψ

(︀̃︀𝑡𝑚−1
)︀
,∇𝑣

)︀)︀
,

=
(︁
−∇̂︁𝑢𝑚

𝐻 +∇𝑢
(︁̃︀𝑡𝑚− 1

2

)︁
,∇𝑣

)︁
− 𝑤𝑚

I − 𝑤𝑚
II + 𝜇

(︁
∇Ψ

(︁̃︀𝑡𝑚− 1
2

)︁
,∇𝑣

)︁
− 𝜇

2
(︀
∇Ψ

(︀̃︀𝑡𝑚)︀+∇Ψ
(︀̃︀𝑡𝑚−1

)︀
,∇𝑣

)︀
,

=
(︁
∇𝑢
(︁̃︀𝑡𝑚− 1

2

)︁
− ∇̂𝑢𝑚

𝐻 ,∇𝑣
)︁
−

⎛⎜⎝𝑤𝑚
I [Ψ] + 𝑤𝑚

II [Ψ] + 𝜇𝑤𝑚
III[Ψ]⏟  ⏞  

𝑤𝑚
𝑇 [Ψ]

, 𝑣

⎞⎟⎠,

where 𝑤𝑚
I , 𝑤𝑚

II and 𝑤𝑚
III are defined by

𝑤𝑚
I [Ψ] :=

(︀
𝑃 1

𝐻 − I
)︀
𝜕Ψ
(︀̃︀𝑡𝑚)︀, 𝑤𝑚

II [Ψ] := 𝜕Ψ
(︀̃︀𝑡𝑚)︀−Ψ𝑡

(︁̃︀𝑡𝑚− 1
2

)︁
,

and 𝑤𝑚
III[Ψ] := ∆Ψ

(︁̃︀𝑡𝑚− 1
2

)︁
− 1

2
(︀
∆Ψ(̃︀𝑡𝑚) + ∆Ψ

(︀̃︀𝑡𝑚−1
)︀)︀

.
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Thus, equation (A.3), with a Crank–Nicolson scheme and with 𝑣 = ̂︁𝜃𝑚, becomes(︁

𝜕𝜃𝑚, ̂︁𝜃𝑚
)︁

+ 𝜇
(︁
∇̂︁𝜃𝑚,∇̂︁𝜃𝑚

)︁
=

1
𝜇

(︁
𝜕𝑢𝑚

𝐻 − 𝑢𝑡

(︁̃︀𝑡𝑚− 1
2

)︁
, ̂︁𝜃𝑚

)︁
−
(︁
𝑤𝑚

𝑇 [Ψ], ̂︁𝜃𝑚
)︁
, (22)

where 𝑤𝑚
𝑇 [Ψ] = 𝑤𝑚

I [Ψ] + 𝑤𝑚
II [Ψ] + 𝜇𝑤𝑚

III[Ψ]. By definition of 𝜕 (with the coarse time grid), and since the
second term in (22) is always non-negative, we get(︁

𝜃𝑚, ̂︁𝜃𝑚
)︁
−
(︁
𝜃𝑚−1, ̂︁𝜃𝑚

)︁
≤ ∆𝑡𝐺

[︂
1
𝜇

⃦⃦⃦
𝜕𝑢𝑚

𝐻 − 𝑢𝑡

(︁̃︀𝑡𝑚− 1
2

)︁⃦⃦⃦
𝐿2(Ω)

+‖𝑤𝑚
𝑇 [Ψ]‖𝐿2(Ω)

]︂⃦⃦⃦̂︁𝜃𝑚
⃦⃦⃦

𝐿2(Ω)
,

and by definition of ̂︁𝜃𝑚 (21),

‖𝜃𝑚‖2𝐿2(Ω) −
⃦⃦
𝜃𝑚−1

⃦⃦2

𝐿2(Ω)
≤ ∆𝑡𝐺

[︂
1
𝜇

⃦⃦⃦
𝜕𝑢𝑚

ℎ − 𝑢𝑡

(︁̃︀𝑡𝑚− 1
2

)︁⃦⃦⃦
𝐿2(Ω)

+‖𝑤𝑚
𝑇 [Ψ]‖𝐿2(Ω)

]︂⃦⃦
𝜃𝑚 + 𝜃𝑚−1

⃦⃦
𝐿2(Ω)

,

so that, after cancellation of a common factor,

‖𝜃𝑚‖𝐿2(Ω) −
⃦⃦
𝜃𝑚−1

⃦⃦
𝐿2(Ω)

≤ ∆𝑡𝐺

[︂
1
𝜇

⃦⃦⃦
𝜕𝑢𝑚

𝐻 − 𝑢𝑡

(︁̃︀𝑡𝑚− 1
2

)︁⃦⃦⃦
𝐿2(Ω)

+‖𝑤𝑚
𝑇 [Ψ]‖𝐿2(Ω)

]︂
,

and by recursive application, it entails

‖𝜃𝑚‖𝐿2(Ω) ≤
∆𝑡𝐺
𝜇

𝑚∑︁
𝑗=1

⃦⃦⃦
𝜕𝑢𝑗

𝐻 − 𝑢𝑡

(︁̃︀𝑡𝑗− 1
2

)︁⃦⃦⃦
𝐿2(Ω)⏟  ⏞  

𝑇 ′′1,𝑛

+ ∆𝑡𝐺

𝑚∑︁
𝑗=1

⃦⃦⃦
𝑤𝑗

𝑇 [Ψ]
⃦⃦⃦

𝐿2(Ω)⏟  ⏞  
𝑇 ′′2,𝑛

. (23)

∙ To estimate 𝑇 ′′1,𝑛, we use the same tricks as in the appendix, equation (A.8). First, we decompose 𝑇 ′′1,𝑛

in two contributions, such that

∆𝑡𝐺
𝜇

𝑚∑︁
𝑗=1

⃦⃦⃦
𝜕𝑢𝑗

𝐻 − 𝑢𝑡

(︁̃︀𝑡𝑗− 1
2

)︁⃦⃦⃦
𝐿2(Ω)

≤ ∆𝑡𝐺
𝜇

𝑚∑︁
𝑗=1

⃦⃦⃦
𝜕𝑢𝑗

𝐻 − 𝜕𝑃ℎ
1 𝑢
(︀̃︀𝑡𝑗)︀⃦⃦⃦

𝐿2(Ω)⏟  ⏞  
‖𝜕𝜃𝑗

𝑢‖
𝐿2(Ω)

+
⃦⃦⃦
𝜕𝑃ℎ

1 𝑢
(︀̃︀𝑡𝑗)︀− 𝑢𝑡

(︁̃︀𝑡𝑗− 1
2

)︁⃦⃦⃦
𝐿2(Ω)⏟  ⏞  

‖𝑤𝑗
I [𝑢]+𝑤𝑗

II[𝑢]‖
𝐿2(Ω)

,

where 𝜃𝑚
𝑢 is the coarse version of (A.6). From the Cauchy–Schwarz inequality

∆𝑡𝐺
𝜇

𝑚∑︁
𝑗=1

⃦⃦⃦
𝜕𝑢𝑗

𝐻 − 𝑢𝑡

(︁̃︀𝑡𝑗− 1
2

)︁⃦⃦⃦
𝐿2(Ω)

≤
(︀̃︀𝑡𝑚 − ̃︀𝑡0)︀1/2

𝜇

⎡⎢⎣
⎛⎝ 𝑚∑︁

𝑗=1

∆𝑡𝐺
⃦⃦
𝜕𝜃𝑗

𝑢

⃦⃦2

𝐿2(Ω)

⎞⎠1/2

+

⎛⎝ 𝑚∑︁
𝑗=1

∆𝑡𝐺

⃦⃦⃦
𝑤𝑗

I [𝑢] + 𝑤𝑗
II[𝑢]

⃦⃦⃦2

𝐿2(Ω)

⎞⎠1/2
⎤⎥⎦,

.
∆𝑡

1/2
𝐺

𝜇

⎡⎢⎣
⎛⎝ 𝑚∑︁

𝑗=1

⃦⃦
𝜕𝜃𝑗

𝑢

⃦⃦2

𝐿2(Ω)

⎞⎠1/2

+

⎛⎝ 𝑚∑︁
𝑗=1

⃦⃦⃦
𝑤𝑗

I [𝑢] + 𝑤𝑗
II[𝑢]

⃦⃦⃦2

𝐿2(Ω)
+
⃦⃦⃦
𝑤𝑗

III[𝑢]
⃦⃦⃦2

𝐿2(Ω)

⎞⎠1/2
⎤⎥⎦. (24)

To estimate the first term of (24), we choose 𝑣 = 𝜕𝜃𝑚
𝑢 , and from the Crank–Nicolson scheme (9),⃦⃦

𝜕𝜃𝑚
𝑢

⃦⃦2

𝐿2(Ω)
+ 𝜇

(︁
∇̂︁𝜃𝑚

𝑢 ,∇𝜕𝜃𝑚
𝑢

)︁
= −

(︀
𝑤𝑚

𝑇 [𝑢], 𝜕𝜃𝑚
𝑢

)︀
.
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By definitions of 𝜕 and ̂︁𝜃𝑚
𝑢 , it can be rewritten⃦⃦

𝜕𝜃𝑚
𝑢

⃦⃦2

𝐿2(Ω)
+

𝜇

2∆𝑡𝐺
‖∇𝜃𝑚

𝑢 ‖
2
𝐿2(Ω) −

𝜇

2∆𝑡𝐹

⃦⃦
∇𝜃𝑚−1

𝑢

⃦⃦2

𝐿2(Ω)
= −

(︀
𝑤𝑚

𝑇 [𝑢], 𝜕𝜃𝑚
𝑢

)︀
,

and with Young’s inequality, we get⃦⃦
𝜕𝜃𝑚

𝑢

⃦⃦2

𝐿2(Ω)
+

𝜇

∆𝑡𝐺
‖∇𝜃𝑚

𝑢 ‖
2
𝐿2(Ω) −

𝜇

∆𝑡𝐺

⃦⃦
∇𝜃𝑚−1

𝑢

⃦⃦2

𝐿2(Ω)
≤‖𝑤𝑚

𝑇 [𝑢]‖2𝐿2(Ω) . (25)

Now by summing over all time steps to obtain a telescoping sum, we find that

𝑚∑︁
𝑗=1

⃦⃦
𝜕𝜃𝑗

𝑢

⃦⃦2

𝐿2(Ω)
≤ 𝜇

∆𝑡𝐺
‖∇𝜃𝑚

𝑢 ‖
2
𝐿2(Ω) +

𝑚∑︁
𝑗=1

⃦⃦⃦
𝑤𝑗

𝑇 [𝑢]
⃦⃦⃦2

𝐿2(Ω)
,

and by repeated application using (25) to bound the first right-hand side term, we find that

𝑚∑︁
𝑗=1

⃦⃦
𝜕𝜃𝑗

𝑢

⃦⃦2

𝐿2(Ω)
≤ 2

𝑚∑︁
𝑗=1

⃦⃦⃦
𝑤𝑗

I [𝑢] + 𝑤𝑗
II[𝑢] + 𝜇𝑤𝑗

III[𝑢]
⃦⃦⃦2

𝐿2(Ω)
≤ 4

𝑚∑︁
𝑗=1

⃦⃦⃦
𝑤𝑗

I [𝑢] + 𝑤𝑗
II[𝑢]

⃦⃦⃦2

𝐿2(Ω)
+
⃦⃦⃦
𝜇𝑤𝑗

III[𝑢]
⃦⃦⃦2

𝐿2(Ω)
,

therefore we obtain for (24)

∆𝑡𝐺
𝜇

𝑚∑︁
𝑗=1

⃦⃦⃦
𝜕𝑢𝑗

𝐻 − 𝑢𝑡

(︁̃︀𝑡𝑗− 1
2

)︁⃦⃦⃦
𝐿2(Ω)

. ∆𝑡
1/2
𝐺

⎡⎢⎣
⎛⎝ 𝑚∑︁

𝑗=1

1
𝜇2

⃦⃦⃦
𝑤𝑗

I [𝑢] + 𝑤𝑗
II[𝑢]

⃦⃦⃦2

𝐿2(Ω)
+
⃦⃦⃦
𝑤𝑗

III[𝑢]
⃦⃦⃦2

𝐿2(Ω)

⎞⎠1/2
⎤⎥⎦. (26)

Now, we can estimate the right-hand side terms of (26) as done in [57]. We first remark that 𝑤𝑗
I [𝑢] = 𝑤𝑗

1,𝑢

(and the estimate is given by (A.13) but with the coarse spatial and time grids), so it remains to seek
bounds for 𝑤𝑗

II[𝑢] and 𝑤𝑗
III[𝑢]. For 𝑤𝑗

II[𝑢], we have

∆𝑡𝐺

𝑚∑︁
𝑗=1

⃦⃦⃦
𝑤𝑗

II[𝑢]
⃦⃦⃦2

𝐿2(Ω)
=

1
∆𝑡𝐺

𝑚∑︁
𝑗=1

⃦⃦⃦
𝑢
(︀̃︀𝑡𝑗)︀− 𝑢

(︀̃︀𝑡𝑗−1
)︀
−∆𝑡𝐺𝑢𝑡

(︁̃︀𝑡𝑗− 1
2

)︁⃦⃦⃦2

𝐿2(Ω)
,

=
1

4∆𝑡𝐺

𝑚∑︁
𝑗=1

⃦⃦⃦⃦
⃦⃦∫︁ ̃︀𝑡𝑗− 1

2

̃︀𝑡𝑗−1

(︀
𝑠− ̃︀𝑡𝑗−1

)︀2
𝑢𝑡𝑡𝑡(𝑠) +

∫︁ ̃︀𝑡𝑗

̃︀𝑡𝑗− 1
2

(𝑠− ̃︀𝑡𝑗)2𝑢𝑡𝑡𝑡(𝑠) d𝑠

⃦⃦⃦⃦
⃦⃦

2

𝐿2(Ω)

. ∆𝑡3𝐺

𝑚∑︁
𝑗=1

⃦⃦⃦⃦
⃦
∫︁ ̃︀𝑡𝑗

̃︀𝑡𝑗−1
𝑢𝑡𝑡𝑡(𝑠) d𝑠

⃦⃦⃦⃦
⃦

2

𝐿2(Ω)

,

≤ ∆𝑡4𝐺

𝑚∑︁
𝑗=1

∫︁ ̃︀𝑡𝑗

̃︀𝑡𝑗−1
‖𝑢𝑡𝑡𝑡‖2𝐿2(Ω) d𝑠 ≤ ∆𝑡4𝐺

∫︁ ̃︀𝑡𝑚

̃︀𝑡0
‖𝑢𝑡𝑡𝑡‖2𝐿2(Ω) d𝑠. (27)

For 𝑤𝑗
III[𝑢], we get

∆𝑡𝐺

𝑚∑︁
𝑗=1

⃦⃦⃦
𝑤𝑗

III[𝑢]
⃦⃦⃦2

𝐿2(Ω)
= ∆𝑡𝐺

𝑚∑︁
𝑗=1

⃦⃦⃦⃦
∆𝑢(̃︀𝑡𝑗− 1

2 )− 1
2

(∆𝑢
(︀̃︀𝑡𝑗)︀+ ∆𝑢(̃︀𝑡𝑗−1))

⃦⃦⃦⃦2

𝐿2(Ω)

,

=
∆𝑡𝐺

4

𝑚∑︁
𝑗=1

⃦⃦⃦⃦
⃦⃦∫︁ ̃︀𝑡𝑗− 1

2

̃︀𝑡𝑗−1
(𝑡𝑗−1 − 𝑠)∆𝑢𝑡𝑡(𝑠) d𝑠 +

∫︁ ̃︀𝑡𝑗

̃︀𝑡𝑗− 1
2

(︀
𝑠− ̃︀𝑡𝑗)︀∆𝑢𝑡𝑡(𝑠) d𝑠

⃦⃦⃦⃦
⃦⃦

2

𝐿2(Ω)

,
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. ∆𝑡3𝐺

𝑚∑︁
𝑗=1

⃦⃦⃦⃦
⃦
∫︁ ̃︀𝑡𝑗

̃︀𝑡𝑗−1
∆𝑢𝑡𝑡 d𝑠

⃦⃦⃦⃦
⃦

2

𝐿2(Ω)

≤ ∆𝑡4𝐺

∫︁ ̃︀𝑡𝑚

̃︀𝑡0
‖∆𝑢𝑡𝑡‖2𝐿2(Ω) d𝑠.

Altogether, we obtain

𝑇 ′′1,𝑛

.

⎡⎣𝐻2

𝜇

(︃∫︁ ̃︀𝑡𝑚

0

‖𝑢𝑡‖2𝐻2(Ω) d𝑠

)︃1/2

+ ∆𝑡2𝐺

⎛⎝(︃ 1
𝜇

∫︁ ̃︀𝑡𝑚

0

‖𝑢𝑡𝑡𝑡‖2𝐿2(Ω)

)︃1/2

+

(︃∫︁ ̃︀𝑡𝑚

0

‖∆𝑢𝑡𝑡‖2𝐿2(Ω)

)︃1/2

d𝑠

⎞⎠⎤⎦.

(28)

∙ To estimate 𝑇 ′′2,𝑛 defined in (23), we remark that 𝑤𝑗
I = 𝑤𝑗

1 (but with the coarse spatial and time grids).
For 𝑤𝑗

II, we have

∆𝑡𝐺

⃦⃦⃦
𝑤𝑗

II

⃦⃦⃦
𝐿2(Ω)

≤
⃦⃦⃦

Ψ
(︀̃︀𝑡𝑗)︀−Ψ

(︀̃︀𝑡𝑗−1
)︀
−∆𝑡𝐺Ψ𝑡

(︁̃︀𝑡𝑗− 1
2

)︁⃦⃦⃦
𝐿2(Ω)

,

=
1
2

⃦⃦⃦⃦
⃦⃦∫︁ ̃︀𝑡𝑗− 1

2

̃︀𝑡𝑗−1

(︀
𝑠− ̃︀𝑡𝑗−1

)︀2
Ψ𝑡𝑡𝑡(𝑠) +

∫︁ ̃︀𝑡𝑗

̃︀𝑡𝑗− 1
2

(︀
𝑠− ̃︀𝑡𝑗)︀2Ψ𝑡𝑡𝑡(𝑠) d𝑠

⃦⃦⃦⃦
⃦⃦

𝐿2(Ω)

. ∆𝑡2𝐺

∫︁ ̃︀𝑡𝑗

̃︀𝑡𝑗−1
‖Ψ𝑡𝑡𝑡‖𝐿2(Ω) d𝑠.

Finally, for 𝑤𝑗
III, we write

∆𝑡𝐺

⃦⃦⃦
𝑤𝑗

III

⃦⃦⃦
𝐿2(Ω)

= ∆𝑡𝐺

⃦⃦⃦⃦
Ψ
(︁̃︀𝑡𝑗− 1

2

)︁
− 1

2
(︀
Ψ
(︀̃︀𝑡𝑗)︀+ Ψ

(︀̃︀𝑡𝑗−1
)︀)︀⃦⃦⃦⃦

𝐿2(Ω)

. ∆𝑡2𝐺

∫︁ ̃︀𝑡𝑗

̃︀𝑡𝑗−1
‖∆Ψ𝑡𝑡‖𝐿2(Ω) d𝑠.

Altogether, it entails

𝑇 ′′2,𝑛 . 𝐻2

∫︁ ̃︀𝑡𝑚

0

‖Ψ𝑡‖𝐻2(Ω) d𝑠 + ∆𝑡2𝐺

∫︁ ̃︀𝑡𝑚

0

(︁
‖Ψ𝑡𝑡𝑡‖𝐿2(Ω) + 𝜇‖∆Ψ𝑡𝑡‖𝐿2(Ω)

)︁
d𝑠, (29)

which concludes the proof (combining (23), (28) and (29)).

�

In analogy with the previous work on parabolic equations [22], we define

̃︂Ψ𝐻

𝑛
= I2𝑛[Ψ𝑚

𝐻 ](𝜇), for 𝑛 = 0, . . . , 𝑁𝑇 , (30)

with I2𝑛 defined by (10) as the piecewise quadratic interpolation in time of the coarse solution at the fine times.

Corollary 2.6 (of Thm. 2.5). Under the assumptions of Theorem 2.5, let 𝑢𝑚
𝐻 be the fully-discretized solution

(9) on the coarse mesh 𝒯𝐻 . Let Ψ and Ψ𝑚
𝐻 be the corresponding sensitivities, respectively given by (13) and by

(20). Let ̃︂Ψ𝐻

𝑛
be the piecewise quadratic interpolation of the coarse solution Ψ𝑚

𝐻 given by (30). Then,

∀𝑛 = 0, . . . , 𝑁𝑇 ,
⃦⃦⃦̃︂Ψ𝐻

𝑛
−Ψ(𝑡𝑛)

⃦⃦⃦
𝐿2(Ω)

≤ 𝐶𝐻2

⎡⎣⃦⃦ Ψ0
⃦⃦

𝐻2(Ω)
+
∫︁ 𝑡𝑛

0

‖Ψ𝑡‖𝐻2(Ω) d𝑠 + 𝐶(𝜇)

[︃∫︁ 𝑡𝑛

0

‖𝑢𝑡‖2𝐻2(Ω) d𝑠

]︃1/2
⎤⎦
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+ 𝐶∆𝑡2𝐺

⎛⎝∫︁ 𝑡𝑛

0

‖Ψ𝑡𝑡𝑡‖𝐿2(Ω) d𝑠 +

[︃∫︁ 𝑡𝑛

0

‖∆𝑢𝑡𝑡‖2𝐿2(Ω) d𝑠

]︃1/2

+ 𝐶(𝜇)

⎡⎣[︃∫︁ 𝑡𝑛

0

‖𝑢𝑡𝑡𝑡‖2𝐿2(Ω) d𝑠

]︃1/2

+
∫︁ 𝑡𝑛

0

‖∆Ψ𝑡𝑡‖𝐿2(Ω) d𝑠

⎤⎦⎞⎠.

In the next section, we proceed with the adjoint state formulation.

2.3. Sensitivity analysis: The adjoint problem

The adjoint can result from an inverse method, where we aim at retrieving the optimal parameter of an
objective function ℱ . The latter will have a different meaning whether the goal is to retrieve the parameters
from several measurements (for parameter identification) or if we want to optimize a function depending on the
variables (PDE-constrained optimization). In this paper, we focus on an objective ℱ with the following form
(in its fully-discretized version)

ℱ(𝜇) =
1
2

𝑁𝑇∑︁
𝑛=0

‖𝑢𝑛
ℎ(𝜇)− 𝑢𝑛‖2𝐿2(Ω)⏟  ⏞  
‖err(𝑡𝑛;𝜇)‖2

𝐿2(Ω)

, (31)

where the term 𝑢𝑛 refers to the measurements which may be noisy (here for simplicity we consider the case of
measurements on the variables although it may be given by other outputs). Note that by differentiating ℱ with
respect to the parameters 𝜇𝑝, 𝑝 = 1, . . . , 𝑃 , we can observe the influence on the objective function of the input
parameters through the normalized sensitivity coefficients (also called elasticity of 𝒫) [5]

𝑆𝑝 =
𝜕ℱ
𝜕𝜇𝑝

(𝜇) · 𝜇𝑝

ℱ(𝜇)
, 𝑝 = 1, . . . , 𝑃.

2.3.1. The continuous setting

– Let us for instance consider the first case outlined above given in its continuous version by

ℱ(𝜇) =
1
2

∫︁ 𝑇

0

‖err(𝑡; 𝜇)‖2𝐿2(Ω) . (32)

– To minimize ℱ under the constraint that “𝑢 is the solution of our model problem (1)”, we consider the
following Lagrangian with (𝜒, 𝜙) the Lagrange multipliers

ℒ(𝑢, 𝜒, 𝜙, 𝜁; 𝜇) = ℱ(𝜇) +
∫︁ 𝑇

0

[︁
(𝜒, (∇ · (𝐴(𝜇)∇𝑢) + 𝑓 − 𝑢𝑡))𝐿2(Ω) + (𝜙, 𝑢)𝐿2(𝜕Ω)

]︁
d𝑠

+ (𝜁, 𝑢0(𝜇)− 𝑢(0; 𝜇))𝐿2(Ω), (33)

where
– 𝜒 ∈ 𝐻1

0 (Ω) is the multiplier associated to the constraint “𝑢 is a solution of (1)”,
– 𝜙 ∈ R is the multiplier associated to the constraint of the Dirichlet boundary condition on 𝜕Ω. Since we

here consider a homogeneous condition, we just impose 𝜙 = 0,
– 𝜁 ∈ 𝐻1

0 (Ω) is the multiplier associated to the constraint “𝑢(0; 𝜇) is the exact initial condition”. As for 𝜙,
we impose 𝜁 = 0.

– Differentiating ℒ with respect to the parameter 𝜇𝑝, for 𝑝 = 1, . . . , 𝑃 , we obtain the following adjoint system
in its variational form (see [18,56] for more details)⎧⎪⎨⎪⎩

Find 𝜒(𝑡) ∈ 𝑉 for 𝑡 ∈ [0, 𝑇 ] such that

(𝜒𝑡(𝑡), 𝑣) = −
(︀

𝜕𝑒𝑟𝑟
𝜕𝑢 (𝑡; 𝜇), 𝑣

)︀
+ (𝐴(𝜇)∇𝜒(𝑡),∇𝑣), ∀𝑣 ∈ 𝑉, 𝑡 ∈ [0, 𝑇 [,

𝜒(·, 𝑇 ) = 0, in Ω.

(34)
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– After solving (34) with the parameter 𝜇, one can compute the sensitivities of the objective function 𝑑ℱ
𝑑𝜇𝑝

by
noticing that [18,56]

dℱ
d𝜇𝑝

=
dℒ
d𝜇𝑝

=
∫︁ 𝑇

0

(︂
𝜒,∇ ·

(︂
𝜕𝐴

𝜕𝜇𝑝
(𝜇)∇𝑢

)︂)︂
d𝑠. (35)

2.3.2. Discretized setting

In analogy with the direct method, we first discretize the system (34) in space, and then apply an Euler scheme
backward in time with the fine grids and the Crank–Nicolson method with the coarse ones. The semi-discretized
version on 𝒯ℎ reads⎧⎪⎪⎨⎪⎪⎩

Find 𝜒ℎ(𝑡) ∈ 𝑉ℎ for 𝑡 ∈ [0, 𝑇 ] such that

(𝜒ℎ,𝑡(𝑡), 𝑣ℎ)− 𝑎(𝜒ℎ, 𝑣ℎ; 𝜇) = −
(︁

𝜕errℎ

𝜕𝑢ℎ
(𝑡; 𝜇), 𝑣ℎ

)︁
, ∀𝑣ℎ ∈ 𝑉ℎ, 𝑡 ∈ [0, 𝑇 [,

𝜒ℎ(·, 𝑇 ) = 0, in Ω.

(36)

With the fully-discretized version on the fine grids, the adjoint system (36) becomes⎧⎪⎨⎪⎩
Find 𝜒𝑛

ℎ ∈ 𝑉ℎ for 𝑛 ∈ {0, . . . , 𝑁𝑇 } such that(︀
𝜕𝜒𝑛

ℎ, 𝑣ℎ

)︀
− 𝑎(𝜒𝑛

ℎ, 𝑣ℎ; 𝜇) = −(𝑢𝑛
ℎ − 𝑢𝑛, 𝑣ℎ), ∀𝑛 = 0, . . . , 𝑁𝑇 − 1,

𝜒𝑁𝑇

ℎ (·) = 0.

(37)

Note that to compute 𝜕err𝑛
ℎ

𝜕𝑢ℎ
, we need the fine solutions 𝑢𝑛

ℎ and the associated measurements. As for the state
variable (9), we also compute the adjoint on the coarse mesh with the Crank–Nicolson scheme,⎧⎪⎨⎪⎩

Find 𝜒𝑚
𝐻 ∈ 𝑉𝐻 for 𝑚 ∈ {0, . . . ,𝑀𝑇 } such that(︀

𝜕𝜒𝑚
𝐻 , 𝑣𝐻

)︀
− 𝑎
(︁̂︁𝜒𝑚

𝐻 , 𝑣𝐻 ; 𝜇
)︁

= − 1
2

(︀
(𝑢𝑚

𝐻 − 𝑢𝑚, 𝑣𝐻) +
(︀
𝑢𝑚−1

𝐻 − 𝑢𝑚−1, 𝑣𝐻

)︀)︀
, ∀𝑚 = 0, . . . ,𝑀𝑇 − 1,

𝜒𝑀𝑇

𝐻 (·) = 0,

(38)

with ̂︁𝜒𝑚
𝐻 = 1

2 (𝜒𝑚
𝐻 + 𝜒𝑚−1

𝐻 ). Finally, note that the problems (37) and (38) are well-posed, since they are solved
backward in time (see [18] for precisions in the general setting of time-dependent PDEs).

In the next section, we recall the NIRB algorithm in the context of parabolic equations.

2.4. The Non-Intrusive Reduced Basis method (NIRB) in the context of parabolic
equations

Let 𝑢(𝜇) be the exact solution of problem (1) for a parameter 𝜇 ∈ 𝒢. With the NIRB two-grid method, we
aim at quickly approximating this solution by using a reduced space, denoted 𝑋𝑁

ℎ , constructed from 𝑁 fully
discretized solutions of (8), namely the so-called snapshots. We emphasize that the efficiency of this method
relies on the assumption that its manifold solution 𝒮 = {𝑢(𝜇), 𝜇 ∈ 𝒢} has a small Kolmogorov 𝑁 -width [39].
Since each snapshot is a HF finite element approximation in space at a time 𝑡𝑛, 𝑛 = 0, ..., 𝑁𝑇 (𝑁𝑇 potentially
being very high), not all of the time steps may be required for the construction of the reduced space. Let
𝑁 refer to the number of snapshots employed for the RB construction and 𝑁𝜇 be the corresponding number
of parameters used. For each parameter 𝜇𝑖, 𝑖 = 1, . . . , 𝑁𝜇, selected during the RB generation, the associated
number of time steps employed is denoted 𝑁 𝑖. Thus, the RB space is defined as

𝑋𝑁
ℎ := Span

{︁
𝑢

(𝑛𝑗)𝑖

ℎ (𝜇𝑖)| (𝑛𝑗)𝑖 ⊂ {0, · · · , 𝑁𝑇 }, 𝑖 = 1, . . . , 𝑁𝜇, 𝑗 = 1, . . . , 𝑁 𝑖
}︁

, with 𝑁 :=
𝑁𝜇∑︁
𝑖=1

𝑁 𝑖. (39)
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Once the RB is created, the NIRB approximation, denoted 𝑢𝑁,𝑛
𝐻ℎ , takes a coarse FEM solution and projects it

onto the RB space. As a result, the classical approximation has the following form:

For 𝑛 = 0, . . . , 𝑁𝑇 , 𝑢𝑁,𝑛
𝐻ℎ (𝜇) :=

𝑁∑︁
𝑖=1

𝐴𝑛
𝑖 (𝜇)Φℎ

𝑖 ,

where 𝐴𝑛
𝑖 (𝜇) are coefficients of the projection of the coarse FEM solution onto 𝑋𝑁

ℎ .
We now recall the offline/online decomposition of the NIRB two-grid procedure with parabolic equations and

summarize it in Algorithms 2 and 3:

– “Offline step”
The offline part of the algorithm allows us to construct the reduced space 𝑋𝑁

ℎ .
1. From training parameters (𝜇𝑖)𝑖∈{1,...,𝑁train}, we define 𝒢train = ∪𝑖∈{1,...,𝑁train}{𝜇𝑖}. Then, in order to

construct the RB, we employ a greedy procedure which adequately chooses the parameters (𝜇𝑖)𝑖=1,...,𝑁𝜇

within 𝒢train. This procedure is described in Algorithm 1 (with the setting 𝑁𝜇 = 𝑁 to simplify notations).
Note that a POD-greedy algorithm may also be employed [22,26,27,38].

Algorithm 1. Greedy algorithm.
Input: 𝑡𝑜𝑙, {𝑢𝑛

ℎ(𝜇1), · · · , 𝑢𝑛
ℎ(𝜇𝑁train) with 𝜇𝑖 ∈ 𝒢train, 𝑛 = 0, . . . , 𝑁𝑇 }.

Output: Reduced basis {Φℎ
1 , · · · , Φℎ

𝑁}.
◁ Choose 𝜇1, 𝑛1 = arg max𝜇∈𝒢train,𝑛∈{0,...,𝑁𝑇 }‖𝑢

𝑛
ℎ(𝜇)‖𝐿2(Ω) ,

◁ Set Φℎ
1 =

𝑢
𝑛1
ℎ

(𝜇1)

‖𝑢
𝑛1
ℎ

(𝜇1)‖
𝐿2

◁ Set 𝒢1 = {𝜇1, 𝑛1} and 𝑋1
ℎ = span{Φℎ

1}.
for 𝑘 = 2 to 𝑁 do:

◁ 𝜇𝑘, 𝑛𝑘 = arg max(𝜇,𝑛)∈(𝒢train×{0,...,𝑁𝑇 })∖𝒢𝑘−1

⃦⃦
𝑢𝑛

ℎ(𝜇)− 𝑃 𝑘−1(𝑢𝑛
ℎ(𝜇))

⃦⃦
𝐿2 ,

with 𝑃 𝑘−1(𝑢𝑛
ℎ(𝜇)) :=

∑︀𝑘−1
𝑖=1 (𝑢𝑛

ℎ(𝜇), Φℎ
𝑖 )Φ𝑘

𝑖 .

◁ Compute ̃︁Φℎ
𝑘 = 𝑢

𝑛𝑘
ℎ (𝜇𝑘)− 𝑃 𝑘−1(𝑢

𝑛𝑘
ℎ (𝜇𝑘)) and set Φℎ

𝑘 =
̃︂Φℎ

𝑘⃦⃦
⃦̃︂Φℎ

𝑘

⃦⃦
⃦

𝐿2(Ω)

.

◁ Set 𝒢𝑘 = 𝒢𝑘−1 ∪ {𝜇𝑘} and 𝑋𝑘
ℎ = 𝑋𝑘−1

ℎ ⊕ span{Φℎ
𝑘}.

◁ Stop when
⃦⃦
𝑢𝑛

ℎ(𝜇)− 𝑃 𝑘−1(𝑢𝑛
ℎ(𝜇))

⃦⃦
𝐿2 ≤ 𝑡𝑜𝑙, ∀𝜇 ∈ 𝒢train, ∀𝑛 = 0, . . . , 𝑁𝑇 .

end for

The RB time-independent functions, denoted (Φℎ
𝑖 )𝑖=1,...,𝑁 , are generated at the end of this step from

fine fully-discretized solutions {𝑢𝑛
ℎ(𝜇𝑖)}𝑖∈{1,...,𝑁𝜇},𝑛={0,...,𝑁𝑇 } by solving the problem with the first order

scheme (e.g. (8) in case of the heat equation) with the HF solver. Note that even if all the time steps
are computed, only 𝑁 𝑖 are used for each 𝑖 ∈ {1, . . . , 𝑁𝜇} in the RB construction. Since at each step 𝑘
of the procedure, all sets added in the RB are in the orthogonal complement of 𝑋𝑘−1

ℎ , it yields an 𝐿2

orthogonal basis without further processing. Hence, 𝑋𝑁
ℎ can be defined as 𝑋𝑁

ℎ = Span{Φℎ
1 , . . . , Φℎ

𝑁},
with (Φ𝑖

ℎ)𝑖=1,...,𝑁 𝐿2-orthonormalized functions.
Remark 2.7. In practice, the algorithm is halted with a stopping criterion such as an error threshold
or a maximum number of basis functions to generate.

2. Then, we solve the following eigenvalue problem:{︃
Find Φℎ ∈ 𝑋𝑁

ℎ , and 𝜆 ∈ R such that:

∀𝑣 ∈ 𝑋𝑁
ℎ ,
∫︀
Ω
∇Φℎ · ∇𝑣 dx = 𝜆

∫︀
Ω

Φℎ · 𝑣 dx.
(40)

We get an increasing sequence of eigenvalues 𝜆𝑖, and orthogonal eigenfunctions (Φℎ
𝑖 )𝑖=1,··· ,𝑁 , which do

not depend on time, orthonormalized in 𝐿2(Ω) and orthogonalized in 𝐻1(Ω). Note that with the Gram-
Schmidt procedure of the classical greedy Algorithm 1, we only obtain an 𝐿2-orthonormalized RB.
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3. We remark that, for any parameter 𝜇𝑘, 𝑘 = 1, . . . , 𝑁𝜇, the classical NIRB approximation differs from
the HF 𝑢ℎ(𝜇𝑘) computed in the offline stage (see also [22]). Thus, to improve NIRB accuracy, we use
a “rectification post-processing”. We construct rectification matrices denoted R𝑛 for each fine time
step 𝑛 = 0, . . . , 𝑁𝑇 . They are built from the HF snapshots 𝑢𝑛

ℎ, 𝑛 = 0, . . . , 𝑁𝑇 and coarse snapshots
generated with the higher order scheme (e.g. (9)), interpolated in time at the fine time steps by (10),
and whose parameters are the same as for the fine snapshots. More precisely, for all 𝑛 = 0, . . . , 𝑁𝑇 , for
all 𝑖 = 1, · · · , 𝑁 , and for all 𝜇𝑘 ∈ 𝒢train, we define the coarse coefficients as

𝐴𝑛
𝑘,𝑖 =

∫︁
Ω

̃︁𝑢𝐻
𝑛(𝜇𝑘) · Φℎ

𝑖 dx, (41)

where ̃︁𝑢𝐻
𝑛 stands for an interpolation of second order in time of the coarse snapshots, and the fine

coefficients as

𝐵𝑛
𝑘,𝑖 =

∫︁
Ω

𝑢𝑛
ℎ(𝜇𝑘) · Φℎ

𝑖 dx. (42)

Then, we compute the vectors

R𝑛
𝑢,𝑖 =

(︁
(A𝑛)𝑇 A𝑛 + 𝛿I𝑁

)︁−1

(A𝑛)𝑇 B𝑛
𝑖 , 𝑖 = 1, · · · , 𝑁, (43)

where I𝑁 refers to the identity matrix and 𝛿 is a regularization parameter.
Remark 2.8. Note that since every time step has its own rectification matrix, the matrix A𝑛 is a “flat”
rectangular matrix (𝑁train ≤ 𝑁), and thus the parameter 𝛿 is required for the inversion of (A𝑛)𝑇 A𝑛.
To sum up this offline procedure, we resort to Algorithm 2 where the two last steps are concerned with
the rectification post-treatment.

Algorithm 2. Offline rectified NIRB algorithm.
Input: 𝑡𝑜𝑙, 𝒢train

Output: Reduced basis {Φℎ
1 , · · · , Φℎ

𝑁}.

◁ Construct {𝑢𝑛
ℎ(𝜇1), · · · , 𝑢𝑛

ℎ(𝜇𝑁train) with 𝜇𝑖 ∈ 𝒢train, 𝑛 = 0, . . . , 𝑁𝑇 }.
◁ Find a RB {Φℎ

1 , · · · , Φℎ
𝑁} of 𝑋𝑁

ℎ via Algorithm 1.
◁ Solve (40).
◁ Generate {̃︁𝑢𝐻

𝑛(𝜇1), · · · , ̃︁𝑢𝐻
𝑛(𝜇𝑁train) with 𝜇𝑖 ∈ 𝒢train, 𝑛 = 0, . . . , 𝑁𝑇 } by computing the coarse snapshots and

interpolating them via (10).
◁ Construct the rectification matrices (43).

– “Online step”
The online part of the algorithm is much faster than a fine HF evaluation.
1. For a new parameter 𝜇 ∈ 𝒢 we are interested in, we solve the problem with the higher order scheme (e.g.

(9)) on the coarse mesh 𝒯𝐻 at each time step 𝑚 = 0, . . . ,𝑀𝑇 .
2. We quadratically interpolate in time the coarse solution 𝑢𝑚

𝐻(𝜇) on the fine time grid with (10) and denote
as ̃︁𝑢𝐻

𝑛(𝜇) the new approximation.
3. Then, we piecewise linearly interpolate in space ̃︁𝑢𝐻

𝑛(𝜇) on the fine mesh in order to compute the 𝐿2-
inner product with the RB functions. Finally, the approximation used in the classical two-grid method
is

For 𝑛 = 0, . . . , 𝑁𝑇 , 𝑢𝑁,𝑛
𝐻ℎ (𝜇) :=

𝑁∑︁
𝑖=1

(︀̃︁𝑢𝐻
𝑛(𝜇), Φℎ

𝑖

)︀
Φℎ

𝑖 , (44)
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and with the rectification post-treatment step, it becomes

R𝑛
𝑢

[︀
𝑢𝑁

𝐻ℎ

]︀
(𝜇) :=

𝑁∑︁
𝑖,𝑗=1

𝑅𝑛
𝑢,𝑖𝑗

(︀̃︁𝑢𝐻
𝑛(𝜇), Φℎ

𝑗

)︀
Φℎ

𝑖 , (45)

where (R𝑛
𝑢)𝑖𝑗 = 𝑅𝑛

𝑢,𝑖𝑗 is the rectification matrix at time 𝑡𝑛, given by (43).

Algorithm 3. Online (classical or rectified) NIRB algorithm.
Input: Reduced basis {Φℎ

1 , · · · , Φℎ
𝑁}, and a parameter of interest 𝜇 ∈ 𝒢 ; Rectification matrices in case of the rectified

version
Output: NIRB approximation.

◁ Compute the coarse solution associated to 𝜇.
◁ Interpolate it via (30).
◁ Construct the NIRB approximation via (44) or (45).

In [22], the following estimate for the heat equation has been proven

for 𝑛 = 0, . . . , 𝑁𝑇 ,
⃒⃒⃒
𝑢(𝑡𝑛)(𝜇)− 𝑢𝑁,𝑛

𝐻ℎ (𝜇)
⃒⃒⃒
𝐻1(Ω)

≤ 𝜀(𝑁) + 𝐶1(𝜇)ℎ + 𝐶2(𝑁)𝐻2 + 𝐶3(𝜇)∆𝑡𝐹 + 𝐶4(𝑁)∆𝑡2𝐺, (46)

where 𝐶1, 𝐶2, 𝐶3 and 𝐶4 are constants independent of ℎ and 𝐻, ∆𝑡𝐹 and ∆𝑡𝐺. The term 𝜀(𝑁) depends on a
proper choice of the RB space as a surrogate for the best approximation space associated to the Kolmogorov
𝑁 -width. It decreases when 𝑁 increases and it is linked to the error between the fine solution and its projection
on the reduced space 𝑋𝑁

ℎ , given by ⃒⃒⃒⃒
⃒𝑢𝑛

ℎ(𝜇)−
𝑁∑︁

𝑖=1

(︀
𝑢𝑛

ℎ(𝜇), Φℎ
𝑖

)︀
Φℎ

𝑖

⃒⃒⃒⃒
⃒
𝐻1(Ω)

. (47)

On the other hand, the constants 𝐶2(𝑁) and 𝐶4(𝑁) in (46) increase with 𝑁 . Thus, a trade-off needs to be
done between increasing 𝑁 to obtain a more accurate manifold, and keeping these constants as low as possible.
Details on the behavior of these constants are provided in [22].

If 𝜀(𝑁) is small enough, 𝐻 is such as 𝐻2 ∼ ℎ and ∆𝑡2𝐺 ∼ ∆𝑡𝐹 with 𝐶2(𝑁) and 𝐶4(𝑁) not too large,
the estimate (46) entails an error estimate in 𝒪(ℎ + ∆𝑡𝐹 ). We therefore recover an optimal error estimate in
𝐿∞(0, 𝑇 ; 𝐻1

0 (Ω)). Our aim is to extend this error estimate (46) to the context of sensitivity analysis.

3. NIRB error estimate on the sensitivities

Let 𝑢(𝜇) be the exact solution of 𝒫 (e.g. (1) for the heat equation) for a parameter 𝜇 = (𝜇1, . . . , 𝜇𝑃 ) ∈ 𝒢
and Ψ𝑝 its sensitivity with respect to the parameter 𝜇𝑝, 𝑝 = 1, . . . , 𝑃 . We define the training set 𝒢𝑝,train =
∪𝑖∈{1,...,𝑁𝑝,train}{̃︀𝜇𝑖}, from a set of training parameters (̃︀𝜇𝑖)𝑖=1,··· ,𝑁𝑝,train . The RB function are generated via
the offline steps described above (see Algorithms 1 and 2), but from fine HF fully-discretized sensitivities
{Ψ𝑛

𝑝,ℎ(̃︀𝜇𝑖)}𝑖∈{1,...𝑁𝜇,𝑝},𝑛={0,...,𝑁𝑇 } (𝑁𝜇,𝑝 ≤ 𝑁𝑝,train) instead of the state solutions {𝑢𝑛
ℎ(𝜇𝑖)}𝑖={1,...,𝑁𝜇},𝑛={0,...,𝑁𝑇 }

(e.g. with (15) in case of the heat equation). At the end of this procedure, we obtain 𝑁𝑝 RB (time-independent)
functions, denoted (𝜁ℎ

𝑝,𝑖)𝑖=1,...,𝑁𝑝
, orthogonal in 𝐿2 and 𝐻1, for each reduced space 𝑋

𝑁𝑝

𝑝,ℎ := Span{𝜁ℎ
𝑝,1, . . . , 𝜁

ℎ
𝑝,𝑁𝑝

}
with 𝑝 = 1, . . . , 𝑃 , as well as rectification matrices, that we denote R𝑝,𝑛

Ψ , associated to the sensitivity problem
((15) for the heat equation), for each 𝑝 ∈ {1, . . . , 𝑃} and each fine time step 𝑛 ∈ {0, . . . , 𝑁𝑇 }, such that

R𝑝,𝑛
Ψ,𝑖 = ((A𝑝,𝑛)𝑇 A𝑝,𝑛 + 𝛿𝑝I𝑁𝑝

)−1(A𝑝,𝑛)𝑇 B𝑝,𝑛
𝑖 , 𝑖 = 1, · · · , 𝑁𝑝, (48)
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where

∀𝑖 = 1, · · · , 𝑁𝑝, and ∀̃︀𝜇𝑘 ∈ 𝒢𝑝,

𝐴𝑝,𝑛
𝑘,𝑖 =

∫︁
Ω

Ψ̃𝑝,𝐻

𝑛
(̃︀𝜇𝑘) · 𝜁ℎ

𝑝,𝑖 dx, (49)

𝐵𝑝,𝑛
𝑘,𝑖 =

∫︁
Ω

Ψ𝑛
𝑝,ℎ(̃︀𝜇𝑘) · 𝜁ℎ

𝑝,𝑖 dx, (50)

and where we use (30) to compute Ψ̃𝑝,𝐻

𝑛
(̃︀𝜇𝑘).

The online part of the algorithm is much faster than 𝑃 + 1 fine HF evaluations and follows the NIRB two-
grid online part, described above in the context of parabolic state equations Section 2.4 (see Algorithm 3). The
approximation on the sensitivity obtained from the classical two-grid method is

For 𝑛 = 0, . . . , 𝑁𝑇 , Ψ𝑁𝑝,𝑛
𝑝,𝐻ℎ(𝜇) :=

𝑁𝑝∑︁
𝑖=1

(︁
Ψ̃𝑝,𝐻

𝑛
(𝜇), 𝜁ℎ

𝑝,𝑖

)︁
𝜁ℎ
𝑝,𝑖, (51)

and with the rectification post-treatment step, it becomes

R𝑝,𝑛
Ψ

[︁
Ψ𝑁𝑝

𝑝,𝐻ℎ

]︁
(𝜇) :=

𝑁𝑝∑︁
𝑖,𝑗=1

𝑅𝑝,𝑛
𝑖𝑗

(︁
Ψ̃𝑝,𝐻

𝑛
(𝜇), 𝜁ℎ

𝑝,𝑗

)︁
𝜁ℎ
𝑝,𝑖, (52)

where R𝑝,𝑛
Ψ is the rectification matrix at time 𝑡𝑛, given by (48).

Main result. Our main theoretical result is the following theorem, which applies to the direct sensitivity
formulation.

Theorem 3.1 (NIRB error estimate for the sensitivities). Let 𝐴(𝜇) = 𝜇𝐼𝑑, with 𝜇 ∈ R+
* , and let us consider

problem (1) with its exact solution 𝑢(x, 𝑡; 𝜇), and the full discretized solution 𝑢𝑛
ℎ(x; 𝜇) to problem (8). Let

Ψ(x, 𝑡; 𝜇) and Ψ𝑛
ℎ(x; 𝜇) be the corresponding sensitivities, given by (13) and (15). Let (𝜁ℎ

𝑖 )𝑖=1,...,𝑁1 be the 𝐿2-
orthonormalized and 𝐻1-orthogonalized RB generated with the greedy Algorithm 1. Let us consider the NIRB
approximation defined by (51) i.e.

for 𝑛 = 0, . . . , 𝑁𝑇 , Ψ𝑁,𝑛
𝐻ℎ (𝜇) :=

𝑁1∑︁
𝑖=1

(︁̃︂Ψ𝐻

𝑛
(𝜇), 𝜁ℎ

𝑖

)︁
𝜁ℎ
𝑖 ,

where ̃︂Ψ𝐻

𝑛
(𝜇) is given by (30). Then, the following estimate holds

∀𝑛 = 0, . . . , 𝑁𝑇 ,
⃒⃒⃒
Ψ(𝑡𝑛)(𝜇)−Ψ𝑁,𝑛

𝐻ℎ (𝜇)
⃒⃒⃒
𝐻1(Ω)

≤ 𝜀(𝑁)+𝐶1(𝜇)ℎ+𝐶2(𝜇, 𝑁)𝐻2 +𝐶3(𝜇)∆𝑡𝐹 +𝐶4(𝜇, 𝑁)∆𝑡2𝐺, (53)

where 𝐶1, 𝐶2, 𝐶3 and 𝐶4 are constants independent of ℎ and 𝐻, ∆𝑡𝐹 and ∆𝑡𝐺. The term 𝜀 depends on the
Kolmogorov 𝑁 -width and measures the error given by (47).

Corollary 3.2 (of Thm. 3.1). Under the same assumptions than Theorem 3.1, if 𝐻 is such as 𝐻2 ∼ ℎ,
∆𝑡2𝐺 ∼ ∆𝑡𝐹 , and 𝐶2(𝜇, 𝑁) and 𝐶4(𝜇, 𝑁) not too large, then (54) yields

∀𝑛 = 0, . . . , 𝑁𝑇 ,
⃒⃒⃒
Ψ(𝑡𝑛)(𝜇)−Ψ𝑁,𝑛

𝐻ℎ (𝜇)
⃒⃒⃒
𝐻1(Ω)

≤ 𝜀(𝑁) + 𝐶(𝜇, 𝑁)(ℎ + ∆𝑡𝐹 ), (54)

where 𝐶(𝜇, 𝑁) is a constant independent of ℎ, 𝐻, ∆𝑡𝐹 and ∆𝑡𝐺. If 𝜀(𝑁) is small enough, this inequality states
that we recover optimal error estimates in 𝐿∞(0, 𝑇 ; 𝐻1(Ω)).
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We now go on with the proof of Theorem 3.1.

Proof. The NIRB approximation at time step 𝑛 = 0, . . . , 𝑁𝑇 , for a new parameter 𝜇 ∈ 𝒢 is defined by (51).
Thus, the triangle inequality gives⃒⃒⃒
Ψ(𝑡𝑛)(𝜇)−Ψ𝑁,𝑛

𝐻ℎ (𝜇)
⃒⃒⃒
𝐻1(Ω)

≤ |Ψ(𝑡𝑛)(𝜇)−Ψ𝑛
ℎ(𝜇)|𝐻1(Ω) +

⃒⃒⃒
Ψ𝑛

ℎ(𝜇)−Ψ𝑁,𝑛
ℎℎ (𝜇)

⃒⃒⃒
𝐻1(Ω)

+
⃒⃒⃒
Ψ𝑁,𝑛

ℎℎ (𝜇)−Ψ𝑁,𝑛
𝐻ℎ (𝜇)

⃒⃒⃒
𝐻1(Ω)

=: 𝑇1 + 𝑇2 + 𝑇3, (55)

where Ψ𝑁1,𝑛
ℎℎ (𝜇) =

∑︀𝑁1
𝑖=1(Ψ𝑛

ℎ(𝜇), 𝜁ℎ
𝑖 )𝜁ℎ

𝑖 .

– The first term 𝑇1 may be estimated using the inequality given by Theorem 2.3, such that

|Ψ(𝑡𝑛)(𝜇)−Ψ𝑛
ℎ(𝜇)|𝐻1(Ω) ≤ 𝐶(𝜇)(ℎ + ∆𝑡𝐹 ). (56)

– We then denote by 𝒮 ′ℎ = {Ψ𝑛
ℎ(𝜇, 𝑡), 𝜇 ∈ 𝒢, 𝑛 = 0, . . . 𝑁𝑇 } the set of all the sensitivities. For our model prob-

lem, this manifold has a low complexity. It means that for an accuracy 𝜀 = 𝜀(𝑁) related to the Kolmogorov
𝑁 -width of the manifold 𝒮 ′ℎ, for any 𝜇 ∈ 𝒢, and any 𝑛 ∈ 0, . . . , 𝑁𝑇 , 𝑇2 is bounded by 𝜀 which depends on
the Kolmogorov 𝑁 -width. Thus,

𝑇2 =

⃒⃒⃒⃒
⃒Ψ𝑛

ℎ(𝜇)−
𝑁1∑︁
𝑖=1

(︀
Ψ𝑛

ℎ(𝜇), 𝜁ℎ
𝑖

)︀
𝜁ℎ
𝑖

⃒⃒⃒⃒
⃒
𝐻1(Ω)

≤ 𝜀(𝑁). (57)

– Since (𝜁ℎ
𝑖 )𝑖=1,...,𝑁1 is a family of 𝐿2 and 𝐻1 orthogonalized RB functions (see [22] for only 𝐿2 orthonormalized

RB functions) ⃒⃒⃒
Ψ𝑁,𝑛

ℎℎ −Ψ𝑁,𝑛
𝐻ℎ

⃒⃒⃒2
𝐻1(Ω)

=
𝑁1∑︁
𝑖=1

⃒⃒⃒(︁
Ψ𝑛

ℎ(𝜇)−̃︂Ψ𝐻

𝑛
(𝜇), 𝜁ℎ

𝑖

)︁⃒⃒⃒2⃒⃒
𝜁ℎ
𝑖

⃒⃒2
𝐻1(Ω)

, (58)

where ̃︂Ψ𝐻

𝑛
(𝜇) is the quadratic interpolation of the coarse snapshots on time 𝑡𝑛, ∀𝑛 = 0, . . . , 𝑁𝑇 , defined by

(30). From the RB orthonormalization in 𝐿2, the equation (40) yields⃒⃒
𝜁ℎ
𝑖

⃒⃒2
𝐻1(Ω)

= 𝜆𝑖

⃦⃦
𝜁ℎ
𝑖

⃦⃦2

𝐿2(Ω)
= 𝜆𝑖 ≤ max

𝑖=1,··· ,𝑁
𝜆𝑖 = 𝜆𝑁 , (59)

such that the equation (58) leads to⃒⃒⃒
Ψ𝑁,𝑛

ℎℎ −Ψ𝑁,𝑛
𝐻ℎ

⃒⃒⃒2
𝐻1(Ω)

≤ 𝐶𝜆𝑁

⃦⃦⃦
Ψ𝑛

ℎ(𝜇)−̃︂Ψ𝐻

𝑛
(𝜇)
⃦⃦⃦2

𝐿2(Ω)
. (60)

Now by definition of ̃︂Ψ𝐻

𝑛
(𝜇) and by Corollary 2.6 and Theorem 2.2, for 𝑡𝑛 ∈ 𝐼𝑚,⃦⃦⃦
Ψ𝑛

ℎ(𝜇)−̃︂Ψ𝐻

𝑛
(𝜇)
⃦⃦⃦

𝐿2(Ω)
≤ 𝐶(𝜇)

(︀
𝐻2 + ∆𝑡2𝐺 + ℎ2 + ∆𝑡𝐹

)︀
, (61)

and we end up for equation (60) with⃒⃒⃒
Ψ𝑁,𝑛

ℎℎ −Ψ𝑁,𝑛
𝐻ℎ

⃒⃒⃒
𝐻1(Ω)

≤ 𝐶(𝜇)
√︀

𝜆𝑁

(︀
𝐻2 + ∆𝑡2𝐺 + ℎ2 + ∆𝑡𝐹

)︀
, (62)

where 𝐶(𝜇) does not depend on 𝑁 . Combining these estimates (56), (57) and (62) concludes the proof and
yields the estimate (54).

�
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4. New NIRB algorithms applied to sensitivity analysis

In this section, we propose several adaptations of the NIRB two-grid algorithm to the context of sensitivity
analysis with the direct and adjoint formulations. The differentiability of the state 𝑢 with respect to parameters
𝜇 ∈ 𝒢 is assumed in what follows.

4.1. NIRB two-grid GP algorithm for the direct problem

In this section, we propose a NIRB two-grid algorithm with a new post-treatment which reduces the online
computational time.

The main drawback of the algorithm described in the previous section is that it requires 1+𝑃 coarse systems in
the online part (see Sect. 2.4 in the context of state parabolic equations). The online portion of the new algorithm
described below requires the resolution of one coarse problem only, regardless of the number of parameters of
interest. The idea is to construct a learning post-treatment between the coarse and the fine coefficients as in
[21] with different RB but here through a Gaussian Process Regression (GPR) [24,48] instead of a deterministic
procedure. We adapt the Gaussian Processes (GP) employed in [25] by using the coarse coefficients as inputs
of our GP instead of the time steps and parameters. We test different kernels for the covariance function and
consider time-independent RB functions. This new non-intrusive algorithm is simple to implement and it may
yield very good performance in both accuracy and efficiency for time-dependent problems applied to sensitivity
analysis, as shown in Section 5.

We refer to the following offline/online decomposition:

– “Offline part”
1. From a parameter training set 𝒢𝑇,train := 𝒢train ∪ 𝒢𝑝,train (for 𝑝 = 1, . . . , 𝑃 ), we seek the RB parameters

in 𝒢𝑇 := 𝒢𝑁 ∪ 𝒢𝑝 for the state and sensitivity solutions through a greedy algorithm, as in Algorithm 1,
that allows us to generate the modes of the state and sensitivity reduced spaces, 𝑋

𝑁𝜇,𝑇
ℎ and 𝑋

𝑁𝜇,𝑇

𝑝,ℎ

respectively. We denote the cardinality of 𝒢𝑇 as 𝑁𝜇,𝑇 . At the end of this part, we obtain 𝑁𝜇,𝑇 RB
functions for the problem solutions denoted (Φℎ

𝑖 )𝑖=1,...,𝑁𝜇,𝑇
and 𝑁𝜇,𝑇 RB functions for the sensitivities,

denoted (𝜁ℎ
𝑝,𝑖)𝑖=1,...,𝑁𝜇,𝑇

for each 𝑝 = 1, . . . , 𝑃 .
2. Gaussian Process Regression (GPR)

We then use the fact that the sensitivities are directly derived from the initial solutions, and thus, we
consider a Gaussian metamodel to recover the fine coefficients of the sensitivities (50) from the coarse
coefficients of the problem solutions (41). In addition to the fine sensitivity coefficients already computed
for the RB generation, we compute the coarse coefficients for the problem solutions. Thus, we define

∀̃︀𝜇𝑘 ∈ 𝒢𝑇 , ∀𝑖 = 1, · · · , 𝑁𝜇,𝑇 , ∀𝑛 = 0, · · · , 𝑁𝑇 ,

𝐴𝑛
𝑖 (̃︀𝜇𝑘) =

∫︁
Ω

̃︁𝑢𝐻
𝑛(̃︀𝜇𝑘) · Φℎ

𝑖 dx, (63)

𝐵𝑝,𝑛
𝑖 (̃︀𝜇𝑘) =

∫︁
Ω

Ψ𝑛
𝑝,ℎ(̃︀𝜇𝑘) · 𝜁ℎ

𝑝,𝑖 dx, (64)

and use them as a set of inputs-outputs for our GPR model,

𝒟 = {(A𝑘,B𝑘) : 𝑘 = 1, . . . , 𝑁𝑇,train}, (65)

with A𝑘 = (𝐴𝑛
𝑖 (̃︀𝜇𝑘))𝑛=0,...,𝑁𝑇 ,𝑖=1,...,𝑁𝜇,𝑇

and B𝑘 = (𝐵𝑛
𝑖 (̃︀𝜇𝑘))𝑛=0,...,𝑁𝑇 ,𝑖=1,...,𝑁𝜇,𝑇

for 𝑘 = 1, . . . , 𝑁𝑇,train.
We denote A = {A1, . . . ,A𝑁𝑇,train} the training inputs and by B = {B1, . . . ,B𝑁𝑇,train} the associated
outputs.
Here, we deal with 3 kinds of indices:
∙ the number of modes: 𝑁𝜇,𝑇 ,
∙ the cardinality of the training set: 𝑁𝑇,train,
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∙ and the number of time steps which is 𝑁𝑇 + 1.
The observed input-output pairs in 𝒟 are assumed to follow some unknown regression function

𝑓 : R𝑁𝜇,𝑇×(𝑁𝑇 +1) → R𝑁𝜇,𝑇×(𝑁𝑇 +1), 𝑓(A𝑘) = B𝑘, 𝑘 = 1, . . . , 𝑁𝑇,train.

From a Bayesian perspective, we can define a prior and posterior GP on the regression:
∙ the prior GP reflects our beliefs about the metamodel before seeing any training data, and is solely

defined by a mean and a covariance function;
∙ the posterior GP conditions the prior on the training data, i.e. includes the knowledge from the data
𝒟.

The prior GP is defined by a mean and a covariance function such that

for (x,x′) ∈ R𝑁𝜇,𝑇×(𝑁𝑇 +1) × R𝑁𝜇,𝑇×(𝑁𝑇 +1), 𝑓(x) ∼ GP(0, 𝜅(x,x′)),y = 𝑓(x),

where the covariance function 𝜅 is a positive definite kernel (see [14] for an overview on different kernels).
There are many different options for the covariance functions. For our model problem, we use the standard
squared exponential covariance function (which is a special instance of radial basis functions)

for (x,x′) ∈ R𝑁𝜇,𝑇×(𝑁𝑇 +1) × R𝑁𝜇,𝑇×(𝑁𝑇 +1), 𝜅(x,x′) = 𝜎2
𝑓 exp

(︂
− 1

2𝑙2
‖x− x′‖

)︂
, (66)

with ‖·‖ being the usual Euclidean norm and where two hyperparameters are employed: the standard
deviation parameter 𝜎𝑓 and the correlated length-scale 𝑙. We assume that the prior mean function is zero
which is common practice and does not limit the GP model.
The goal of GPR is then to use the training data 𝒟 (65) to make predictions when given new inputs.
In our case, those new points (where we predict the output) will be the coarse coefficients given by (63)
for a new parameter 𝜇 ∈ 𝒢.
To incorporate our knowledge from the training data, we condition the prior GP on our set of training
data points 𝒟 (65). The posterior distribution of the output 𝑓* for a new input A* ∈ R𝑁𝜇,𝑇×(𝑁𝑇 +1) is
then given by Wirthl et al. [60]

𝑓*|A*,A,B ∼ 𝒩 (𝑚*(A*), 𝐶*(A*,A*)),

with 𝑚*(A*) = 𝐾*𝑇 𝐾−1
𝑦 B,

and 𝐶*(A*,A*) = 𝐾** −𝐾*𝑇 𝐾−1
𝑦 𝐾*, (67)

where 𝐾𝑦 = 𝜅(A,A) + 𝜎2
𝑦I𝑁𝑇,train (I𝑁𝑇,train being the 𝑁𝑇,train-dimensional unit matrix), 𝐾* = 𝜅(A*,A)

and 𝐾** = 𝜅(A*,A*).
The hyperparameters 𝜃 = (𝜎𝑓 , 𝑙) in (66) are optimised by maximising the log marginal likelihood using
a gradient-based optimiser. The log marginal likelihood is given by

𝜃𝑜𝑝𝑡 ∈ arg max
𝜃

log 𝑝(B|A) = arg max
𝜃

{︂
−1

2
B𝑇 𝐾−1

𝑦 (𝜃)B− 1
2

log |𝐾𝑦(𝜃)| − 𝑁𝑇,train

2
log(2𝜋)

}︂
,

where 𝑝(B|A) is the conditional density function of B given A, also considered as the log marginal
likelihood. Note that computing the inverse of 𝐾𝑦 may be expensive computationally, i.e. on the order
𝒪(𝑁3

𝑇,train), increasing the offline computational cost when the number of training samples increases. Yet,
we get rid of the time complexity since we employ a “global” GP on time and the covariance function
defined by (66).

– “Online step”
1. We solve the problem (1) on the coarse mesh 𝒯𝐻 for a new parameter 𝜇 ∈ 𝒢 at each time step

𝑚 = 0, . . . ,𝑀𝑇 using (9).
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2. We interpolate quadratically in time the coarse solution 𝑢𝑚
𝐻 on the fine time grid with (10) to get ̃︁𝑢𝐻

𝑛(𝜇).
3. Then, we piecewise linearly interpolate ̃︁𝑢𝐻

𝑛(𝜇) on the fine mesh in order to compute the 𝐿2-inner product
with the basis functions. We derive the new coarse coefficients with

𝐴𝑛
𝑗 (𝜇) =

(︀̃︁𝑢𝐻
𝑛(𝜇), Φℎ

𝑗

)︀
for 𝑗 = 1, . . . , 𝑁𝜇,𝑇 and 𝑛 = 0, . . . , 𝑁𝑇 . (68)

We denote A*(𝜇) these coefficients. Then, the new sensitivity fine coefficients BGP are approximated
following (67), thus

BGP(A*(𝜇)) ∼ GP(𝑚*(A*(𝜇)), 𝐶*(A*(𝜇),A*(𝜇))),

with 𝑚* and 𝐶* defined by (67). Finally, the new NIRB approximation is obtained by

ΨGP,𝑛
𝑝,𝐻ℎ(𝜇) :=

𝑁𝜇,𝑇∑︁
𝑖=1

[︀
BGP(A*(𝜇))

]︀𝑛
𝑖
𝜁ℎ
𝑝,𝑖. (69)

Now, we proceed with the NIRB two-grid algorithm adapted to the adjoint formulation.

4.2. On the adjoint formulation

The adjoint formulation requires some modifications of the NIRB two-grid algorithm presented in Section 2.4.
Since in (35), for all 𝑛 ∈ {0, . . . , 𝑁𝑇 }, the fine solution 𝑢𝑛

ℎ(𝜇) is required to obtain the sensitivities on ℱ , it
follows that here we have to compute two reductions: one for the initial solution 𝑢 and one for the adjoint 𝜒.
So let 𝑢(𝜇) be the exact solution of problem (1) for a parameter 𝜇 ∈ 𝒢 and 𝜒(𝜇) its adjoint given by (34). In
this setting, we use the following offline/online decomposition for the NIRB procedure:

– “Offline part”
1. During the offline stage, we first construct the reduced space 𝑋𝑁

ℎ and the RB function (Φℎ
1 , . . . , Φℎ

𝑁 ) with
the steps 1 and 2 of Section 2.4.

2. Then, we use the same steps 1 and 2 but with the adjoint problem on the fine mesh, as (37) in case of
the heat equation. We denote by 𝑋𝑁1

1 the reduced space.
Thus, for a set of training parameters (̃︀𝜇𝑖)𝑖=1,··· ,𝑁1,train , we define 𝒢1,train = ∪𝑖∈{1,...,𝑁1,train}{̃︀𝜇𝑖}. Then,
through a greedy procedure 1, we adequately choose the parameters of the RB. During this procedure,
we compute fine fully-discretized solutions {𝜒𝑛

ℎ(̃︀𝜇𝑖)}𝑖∈{1,...𝑁𝜇,1},𝑛={0,...,𝑁𝑇 } (𝑁𝜇,1 ≤ 𝑁1,train) with the HF
solver (e.g. by solving either (37) or the associated problem where 𝑢𝑛

ℎ is replaced by its NIRB rectified
version R𝑛

𝑢[𝑢𝑁,𝑛
𝐻ℎ ] obtained from the algorithm of Sect. 2.4).

In analogy with Section 2.4, a few time steps may be selected for each parameter of the RB, and thus,
we obtain 𝑁1 𝐿2 orthogonal RB (time-independent) functions, denoted (𝜉ℎ

𝑖 )𝑖=1,...,𝑁1 , and the reduced
space 𝑋𝑁1

ℎ := Span{𝜉ℎ
1 , . . . , 𝜉ℎ

𝑁1
}.

3. Then, we solve the eigenvalue problem (40) on 𝑋𝑁1
ℎ :{︃

Find 𝜉ℎ ∈ 𝑋𝑁1
ℎ , and 𝜆 ∈ R such that:

∀𝑣 ∈ 𝑋𝑁1
ℎ ,

∫︀
Ω
∇𝜉ℎ · ∇𝑣 dx = 𝜆

∫︀
Ω

𝜉ℎ · 𝑣 dx.
(70)

We get an increasing sequence of eigenvalues 𝜆𝑖, and eigenfunctions (𝜉ℎ
𝑖 )𝑖=1,··· ,𝑁1 , orthonormalized in

𝐿2(Ω) and orthogonalized in 𝐻1(Ω).
4. As in the offline step 3 from Section 2.4, the NIRB approximation is enhanced with a rectification post-

processing. Thus, we introduce a rectification matrix, denoted R𝑛
𝜒 for each fine time step 𝑛 ∈ {0, . . . , 𝑁𝑇 },

such that

R𝑛
𝜒,𝑖 =

(︁
(A𝑛)𝑇 A𝑛 + 𝛿I𝑁1

)︁−1

(A𝑛)𝑇 B𝑛
𝑖 , 𝑖 = 1, · · · , 𝑁1, (71)
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where

∀𝑖 = 1, · · · , 𝑁1, and ∀̃︀𝜇𝑘 ∈ 𝒢𝑝, 𝐴𝑛
𝑘,𝑖 =

∫︁
Ω

̃︁𝜒𝐻
𝑛(̃︀𝜇𝑘) · 𝜉ℎ

𝑖 dx, and 𝐵𝑛
𝑘,𝑖 =

∫︁
Ω

𝜒𝑛
ℎ(̃︀𝜇𝑘) · 𝜉ℎ

𝑖 dx,

and where I𝑁1 refers to the identity matrix and 𝛿𝑝 is a regularization term required for the inversion of
(A𝑛)𝑇 A𝑛 (note that we use (30) for ̃︁𝜒𝐻

𝑛(̃︀𝜇𝑘)).
– “Online part”

1. We first solve the forward problem (e.g. (1)) on the coarse mesh 𝒯𝐻 for a new parameter 𝜇 ∈ 𝒢 at each
time step 𝑚 = 0, . . . ,𝑀𝑇 using a second order time scheme for the discretization in time (e.g. (9)).

2. Then, we solve the coarse associated adjoint problem (e.g. (38)) with the same parameter 𝜇, at each time
step 𝑚 = 0, . . . ,𝑀𝑇 .

3. We interpolate quadratically in time the coarse solution 𝜒𝑚
𝐻 on the fine time grid with (30) to get ̃︁𝜒𝐻

𝑛(𝜇).
4. Then, we piecewise linearly interpolate ̃︁𝜒𝐻

𝑛(𝜇) on the fine mesh in order to compute the 𝐿2-inner product
with the basis functions. The approximation used for the adjoint in the two-grid method is

For 𝑛 = 0, . . . , 𝑁𝑇 , 𝜒𝑁1,𝑛
𝐻ℎ (𝜇) :=

𝑁1∑︁
𝑖=1

(︀̃︁𝜒𝐻
𝑛(𝜇), 𝜉ℎ

𝑖

)︀
𝜉ℎ
𝑖 , (72)

and with the rectification post-treatment step, it becomes

R𝑛
𝜒

[︁
𝜒𝑁1

𝐻ℎ

]︁
(𝜇) :=

𝑁1∑︁
𝑖,𝑗=1

𝑅𝑛
𝜒,𝑖𝑗

(︀̃︁𝜒𝐻
𝑛(𝜇), 𝜉ℎ

𝑗

)︀
𝜉ℎ
𝑖 , (73)

where R𝑛
𝜒 is the rectification matrix at time 𝑡𝑛, given by (71).

5. Then, we use the steps 5 and 6 of Section 2.4 in order to obtain a NIRB approximation for 𝑢(𝜇) from
the coarse solution 𝑢𝑚

𝐻 given by step 4 of this online part.
6. Finally, the sensitivities’ NIRB approximations of ℱ are given by

for 𝑝 = 1, . . . , 𝑃,

[︂
𝜕ℱ
𝜕𝜇𝑝

]︂𝑁1

𝐻ℎ

(𝜇) :=
𝑡𝑛∑︁

𝑗=1

∆𝑡𝐹

(︂
𝜒𝑁1,𝑗

𝐻ℎ ,∇ ·
(︂

𝜕𝐴

𝜕𝜇𝑝
(𝜇)∇𝑢𝑁,𝑗

𝐻ℎ

)︂)︂
, from (35), (74)

and with the rectification post-treatment step, it becomes

for 𝑝 = 1, . . . , 𝑃,R𝜒

[︃[︂
𝜕ℱ
𝜕𝜇𝑝

]︂𝑁1

𝐻ℎ

]︃
(𝜇) :=

𝑡𝑛∑︁
𝑗=1

∆𝑡𝐹

(︂
R𝑗

𝜒

[︁
𝜒𝑁1,𝑗

𝐻ℎ

]︁
(𝜇),∇ ·

(︂
𝜕𝐴

𝜕𝜇𝑝
(𝜇)∇R𝑗

𝑢

[︁
𝑢𝑁,𝑗

𝐻ℎ

]︁
(𝜇)
)︂)︂

. (75)

5. Numerical results

In this section, we apply the NIRB algorithms on several numerical tests. We have implemented the problem
model and the Brusselator system (as our two NIRB applications) using FreeFem++ (version 4.9) [31] to
compute the fine and coarse snapshots, and the solutions have been stored in VTK format.

Then we have applied the NIRB algorithms with python (with the library scikit-learn [40] for the GP ver-
sion), in order to highlight the non-intrusive side of the two-grid method (as in [22]). After saving the NIRB
approximations with Paraview module in Python, the errors have been computed with FreeFem++.

5.1. On the heat equation

In order to validate our numerical results, we have chosen a right-hand side function such that for 𝜇 = 1, the
analytical solution for 𝑢 is given by

𝑢(𝑡,x; 1) = 10(𝑡 + 1)𝑥2(1− 𝑥)2𝑦2(1− 𝑦)2, ∀𝑡 ∈ [0, 1], (76)
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Figure 1. Direct sensitivities – heat equation: 𝐻1
0 relative FEM errors (left) compared to 𝐻1

0

relative NIRB errors (right) with several ∆𝑡𝐹 ≃ ℎ ≃ 𝐻2 ≃ ∆𝑡𝐺 and 𝜇 = 1.

where x = (𝑥, 𝑦) ∈ Ω :=[0, 1]2. We have solved (1) and (12) on the parameter set 𝒢 = [0.5, 9.5]. The initial
solution 𝑢0(𝜇) solves the elliptic equation (with homogeneous Dirichlet boundary conditions)

−𝜇∆𝑢0 = 𝑓0, with 𝑓0(x) = −20
[︀(︀

6𝑥2 − 6𝑥 + 1
)︀(︀

𝑦2(𝑦 − 1)2
)︀

+
(︀
6𝑦2 − 6𝑦 + 1

)︀(︀
𝑥2(𝑥− 1)2

)︀]︀
.

We have retrieved several snapshots on 𝑡 = [0, 1] (note that the coarse time grid must belong to the interval
of the fine one), and tried our algorithms on several size of meshes, always with ∆𝑡𝐹 ≃ ℎ and ∆𝑡𝐺 ≃ 𝐻 (both
schemes are stable), and such that ℎ = 𝐻2.

– Figure 1 illustrates the convergence rates in ℓ∞(0, . . . , 𝑁𝑇 ; 𝐻1
0 (Ω) of the FEM and NIRB sensitivity approx-

imations. We have taken 18 parameters in 𝒢 for the RB construction such that 𝜇𝑖 = 0.5𝑖, 𝑖 = 1, . . . , 19, 𝑖 ̸= 2
and a reference solution to problem (15), with 𝜇 = 1 and its mesh and time step such that ℎ𝑟𝑒𝑓 ≃ ∆𝑡𝐹,𝑟𝑒𝑓 =
0.0025. We have compared the FEM errors with coarse and fine grids to the ones obtained with the NIRB
algorithms (classical NIRB, NIRB with rectification and NIRB with GPR, all described in Sect. 4.1).

– Then, we have taken 19 parameters in 𝒢 for the RB construction such that 𝜇𝑖 = 0.5𝑖, 𝑖 = 1, . . . , 19 and have
applied the “leave-one-out” strategy in order to evaluate the NIRB algorithm with respect to the parameters
(whereas Fig. 1 illustrates results with 𝜇 = 1). Table 1 presents the maximum relative 𝐻1

0 -errors between
the true solution Ψ𝑝,ℎ(𝜇) and the NIRB approximations over the parameters (inside the parameters training
set). The plain NIRB error is defined by

max
𝜇∈𝒢train

⃦⃦⃦
Ψ𝑝,ℎ𝑟𝑒𝑓

(𝜇)−Ψ𝑁𝑝

𝑝,𝐻ℎ(𝜇)
⃦⃦⃦

ℓ∞(0,...,𝑁𝑇 ;𝐻1
0 (Ω))⃦⃦

Ψ𝑝,ℎ𝑟𝑒𝑓
(𝜇)
⃦⃦

ℓ∞(0,...,𝑁𝑇 ;𝐻1
0 (Ω))

, (77)
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Table 1. Direct formulation: Maximum relative ℓ∞(0, . . . , 𝑁𝑇 ; 𝐻1
0 (Ω)) error over the param-

eters (compared to the true projection and to the FEM coarse projection) with 𝑁 = 5 with
several ℎ ≃ ∆𝑡 ≃ 𝐻2 ≃ ∆𝑡2𝐺.

Δ𝑡𝐹 –Δ𝑡𝐺 Plain NIRB NIRB rectified NIRB-GP max
𝜇∈𝒢train

⃦⃦
⃦Ψ𝑝,ℎ𝑟𝑒𝑓

(𝜇)−Ψ
𝑁𝑝
𝑝,ℎℎ

(𝜇)
⃦⃦
⃦

ℓ∞(0,...,𝑁𝑇 ;𝐻1
0(Ω))⃦⃦

⃦Ψ𝑝,ℎ𝑟𝑒𝑓
(𝜇)
⃦⃦
⃦

ℓ∞(0,...,𝑁𝑇 ;𝐻1
0(Ω))

max
𝜇∈𝒢train

⃦⃦
⃦Ψ𝑝,ℎ𝑟𝑒𝑓

(𝜇)−Ψ𝑝,𝐻 (𝜇)
⃦⃦
⃦

ℓ∞(0,...,𝑀𝑇 ;𝐻1
0(Ω))⃦⃦

⃦Ψ𝑝,ℎ𝑟𝑒𝑓
(𝜇)
⃦⃦
⃦

ℓ∞(0,...,𝑀𝑇 ;𝐻1
0(Ω))

0.01–0.1 3.79× 10−2 1.71× 10−2 1.71× 10−2 1.69× 10−2 1.56× 10−1

0.02–0.1414 8.24× 10−2 3.49× 10−2 3.39× 10−2 3.38× 10−2 2.32× 10−1

0.05–0.22 1.38× 10−1 7.89× 10−2 7.89× 10−2 7.89× 10−2 3.24× 10−1

0.1–0.32 2.99× 10−1 1.58× 10−1 1.57× 10−1 1.57× 10−1 4.38× 10−1

Table 2. Adjoint formulation without noise: Maximum absolute ℓ∞(0, . . . , 𝑁𝑇 ; 𝐻1
0 (Ω)) error

over the parameters (compared to the true projection and to the FEM fine and coarse projec-
tions) with 𝑁 = 15 with several ℎ ≃ ∆𝑡 ≃ 𝐻2 ≃ ∆𝑡2𝐺.

Δ𝑡𝐹 –Δ𝑡𝐺
NIRB rectified
error

Maximum absolute
fine error

Maximum absolute
true projection
error

Maximum absolute
coarse error

0.01–0.1 4.9× 10−6 7.0× 10−6 7.0× 10−6 3.3× 10−4

0.02–0.1414 9.1× 10−6 8.1× 10−6 8.1× 10−6 7.0× 10−4

0.05–0.22 1.2× 10−4 1.0× 10−4 1.0× 10−4 1.3× 10−3

0.1–0.32 2.2× 10−4 1.7× 10−4 1.7× 10−4 2.3× 10−3

Notes. With ℎ𝑟𝑒𝑓 ≃ Δ𝑡𝐹,𝑟𝑒𝑓 = 0.0025 for the measurements 𝑢 and with a reference solution for the adjoint 𝜒𝑟𝑒𝑓 where
ℎ𝑟𝑒𝑓 ≃ Δ𝑡𝐹,𝑟𝑒𝑓 = 0.005.

and for the NIRB rectified error Ψ𝑁𝑝

𝑝,𝐻ℎ(𝜇) is replaced by RΨ[Ψ𝑁𝑝

𝑝,𝐻ℎ](𝜇) in (77), and by ΨGP
𝑝,𝐻ℎ(𝜇) for the GP

version (respectively defined by (52) and (69). We have compared these errors to the ones obtained with the
true projection on 𝑋

𝑁𝑝

𝑝,ℎ, denoted by Ψ𝑁𝑝,𝑛
𝑝,ℎℎ (𝜇) and given by

Ψ𝑁𝑝,𝑛
𝑝,ℎℎ (𝜇) :=

𝑁𝑝∑︁
𝑖=1

(︀
Ψ𝑛

𝑝,ℎ(𝜇), 𝜁ℎ
𝑝,𝑖

)︀
𝜁ℎ
𝑝,𝑖, for 𝑛 = 0, . . . , 𝑁𝑇 . (78)

– Finally, to demonstrate the great capability of the NIRB two-grid method to approximate a solution of the
adjoint sensitivity equations, we have tested the backward approach on several parameters (included in the
training set 𝒢) with a leave-one-out strategy and we present the results in Tables 2 and 3, with and without
noisy measurements for 𝑢 (where for the noisy version, we have added a Gaussian noise centered in 0 and
of standard deviation 𝜎 = 0.1). We see that, with the NIRB rectified algorithm, we retrieve the accuracy of
the fine adjoint solutions in both cases.

5.2. On the Brusselator system

In this section, we shall consider the nonlinear rate equations of the trimolecular model or Brusselator. It
is used for the study of cooperative processes in chemical kinetics [46, 51]. It is a more complex test from a
simulation point of view than the heat equation due to its nonlinearity. The chemical concentrations 𝑢1 and 𝑢2

are controlled by parameters 𝜇 = (𝑎, 𝑏, 𝛼) throughout the reaction process, making it an interesting application
of a NIRB method in the context of sensitivity analysis.
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Table 3. Adjoint formulation with noise: Maximum absolute ℓ∞(0, . . . , 𝑁𝑇 ; 𝐻1
0 (Ω)) error over

the parameters (compared to the true projection and to the FEM coarse projection) with
𝑁 = 15 with several ℎ ≃ ∆𝑡 ≃ 𝐻2 ≃ ∆𝑡2𝐺 and noisy measurements.

Δ𝑡𝐹 –Δ𝑡𝐺
NIRB rectified
error

Maximum absolute
fine error

Maximum absolute
true projection
error

Maximum absolute
coarse error

0.01–0.1 6.7× 10−4 6.6× 10−4 6.7× 10−4 4.0× 10−3

0.02–0.1414 1.4× 10−3 1.3× 10−3 1.3× 10−3 6.0× 10−3

0.05–0.22 6.3× 10−3 6.3× 10−3 6.3× 10−3 8.1× 10−3

0.1–0.32 3.2× 10−3 3.0× 10−3 3.0× 10−3 1.0× 10−2

Notes. With ℎ𝑟𝑒𝑓 ≃ Δ𝑡𝐹,𝑟𝑒𝑓 = 0.0025 for the measurements 𝑢 and with a reference solution for the adjoint without
noise 𝜒𝑟𝑒𝑓 where ℎ𝑟𝑒𝑓 ≃ Δ𝑡𝐹,𝑟𝑒𝑓 = 0.005.

Let us consider as the spatial domain Ω = [0, 1]2. The nonlinear system of this two-dimensional reaction-
diffusion problem with u = (𝑢1, 𝑢2) is:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝜕𝑡𝑢1 = 𝐹1(u) := 𝑎 + 𝑢2
1𝑢2 − (𝑏 + 1)𝑢1 + 𝛼∆𝑢1, in Ω× ]0, 𝑇 ]

𝜕𝑡𝑢2 = 𝐹2(u) := 𝑏𝑢1 − 𝑢2
1𝑢2 + 𝛼∆𝑢2, in Ω× ]0, 𝑇 ],

𝑢1(x, 0) = 𝑢0(x) = 2 + 0.25𝑦, in Ω
𝑢2(x, 0) = 𝑣0(x) = 1 + 0.8𝑥, in Ω,

𝜕𝑛𝑢1 = 0, 𝜕Ω,

𝜕𝑛𝑢2 = 0, 𝜕Ω.

Our parameter, denoted 𝜇 = (𝑎, 𝑏, 𝛼), belongs to 𝒢 := [2, 5] × [1, 5] × [0.0001, 0.05]. These parameters are
standard [46]. We have taken a final time 𝑇 = 4. We note that for 𝑏 ≤ 1 + 𝑎2 the solutions are stable, and for
𝛼 small enough they converge to (𝑢𝑙, 𝑣𝑙) = (𝑎, 𝑏

𝑎 ).
We have used an implicit Euler scheme for fine solutions and fine sensitivities with the Newton algorithm to

deal with the nonlinearity and the Crank–Nicolson scheme for the coarse mesh.

– We have tested our NIRB algorithms on several parameters in 𝒢 with a leave-one-out strategy, and 34
training parameters for the RB (see [45] for a Greedy algorithm with adaptive choice of optimal training
set, adapted to a target accuracy). We have employed a refined mesh to represent the solution of reference
(with ℎ𝑟𝑒𝑓 = ∆𝑡𝑟𝑒𝑓 = 0.005). In Tables 4 and 5, we have compared the ℓ∞(0, . . . , 𝑁𝑇 ; 𝐻1(Ω)) error of the
fine FEM solutions to the corresponding NIRB errors with the rectification post-treatment and with the GP
process, with 40 modes and ℎ = 0.02 = ∆𝑡𝐹 and 𝐻 = ∆𝑡𝐺 = 0.1. For the GP kernel, we have employed a
Dot Product kernel [43] which takes the form

𝜅(x,x′) = 1 + x · x′.

– In order to observe the effect of the number of modes 𝑁 on the NIRB-GP approximation, we plot its errors
for several 𝑁 and the ones obtained from the FEM fine and coarse approximations in Figure 2 (sensitivities
of 𝑎) and compare them to the true projection for the worst-case scenario (with 𝑎 = 3, 𝑏 = 4 and 𝛼 = 0.01).
In Figure 3, we present the sensitivities with the fine HF solver and with the NIRB-GP approach, after 100
time steps.

– Then, we have tested the NIRB algorithm with the adjoint formulation (Sect. 4.2), where we have used as
the objective function ℱ(𝜇) = 1

2

∑︀𝑁𝑇

𝑛=0‖u𝑛
ℎ(𝜇)− u𝑛‖2𝐿2(Ω) as in (31) (or (32) in its continuous version). We

have considered noisy measurements u𝑛. We display in Table 6 the evaluations of the sensitivity 𝜕ℱ
𝜕𝑎 (𝜇) with
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Table 4. Relative ℓ∞(0, . . . , 𝑁𝑇 ; 𝐻1(Ω)) errors (and ℓ∞(0, . . . ,𝑀𝑇 ; 𝐻1(Ω)) for the coarse ones)
with leave-one-out strategy 𝑁 = 40 for the parameter 𝑎.

Parameters
𝑎–𝑏–𝛼

Fine error Coarse error True projection 𝑢𝑁
ℎℎ NIRB + rectification NIRB+GPR

3–2–0.01 5.6× 10−2 2.8× 10−1 5.6× 10−2 5.6× 10−2 6.0× 10−2

3–3–0.01 5.9× 10−2 2.8× 10−1 5.9× 10−2 5.9× 10−2 7.0× 10−2

3–4–0.01 9.2× 10−2 3.8× 10−1 9.2× 10−2 9.2× 10−2 1.5× 10−1

4–2–0.0005 7.3× 10−2 3.3× 10−1 7.3× 10−2 7.3× 10−2 6.0× 10−2

4–3–0.0005 6.7× 10−2 3.1× 10−1 6.7× 10−2 6.7× 10−2 7.0× 10−2

4–4–0.0005 8.4× 10−2 3.7× 10−1 8.4× 10−2 8.4× 10−2 9.2× 10−2

Table 5. Relative ℓ∞(0, . . . , 𝑁𝑇 ; 𝐻1(Ω)) errors (and ℓ∞(0, . . . ,𝑀𝑇 ; 𝐻1(Ω)) for the coarse
ones) with leave-one-out strategy 𝑁 = 40 for the parameter 𝑏.

Parameters
𝑎–𝑏–𝛼

Fine error Coarse error True projection 𝑢𝑁
ℎℎ NIRB + rectification NIRB+GPR

3–2–0.01 6.4× 10−2 3.1× 10−1 6.4× 10−2 6.4× 10−2 6.8× 10−2

3–3–0.01 6.2× 10−2 3.0× 10−1 6.2× 10−2 6.2× 10−2 6.9× 10−2

3–4–0.01 8.6× 10−2 3.9× 10−1 8.6× 10−2 8.6× 10−2 1.4× 10−1

4–2–0.0005 7.3× 10−2 3.3× 10−1 7.3× 10−2 7.3× 10−2 6.8× 10−2

4–3–0.0005 7.1× 10−2 3.3× 10−1 7.1× 10−2 7.1× 10−2 7.7× 10−2

4–4–0.0005 8.5× 10−2 3.8× 10−1 8.5× 10−2 8.5× 10−2 9.2× 10−2

Figure 2. Sensitivities ℓ∞(0, . . . , 𝑁𝑇 ; 𝐻1(Ω)) relative errors with respect to time 𝑡 = [0, 4],
with the worst-case scenario where the parameter is (𝑎, 𝑏, 𝛼) = (3, 4, 0.01): NIRB-GP version
compared to the true RB-projection.
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Figure 3. Magnitude of the sensitivities, with the worst-case scenario where the parameter is
(𝑎, 𝑏, 𝛼) = (3, 4, 0.01): Fine HF solution vs. NIRB-GP version, after 100 time steps. (a) With
fine HF solver. (b) With NIRB-GP approximation.

Table 6. Objective sensitivity values with 𝑁 = 40 with ℎ = 0.02 ≃ 𝐻2.

Parameter High-Fidelity values Rectified NIRB adjoint version

𝑎 −2.74× 10−6 5.70× 10−5

𝑏 1.17× 10−5 1.66× 10−4

𝛼 −6.73× 10−4 −3.8× 10−2

the fine sensitivities (respectively with 𝑏 and 𝛼) and compare them with the NIRB ones given by (75). Now,
the Lagrangian for the Brusselator system with 𝜒 = (𝜒1, 𝜒2) as our lagrange multiplier takes the form:

ℒ(u, 𝜒; 𝜇) = ℱ(𝜇) +
∫︁ 𝑇

0

(𝜒1, 𝐹1(u)− 𝑢1𝑡) + (𝜒2, 𝐹2(u)− 𝑢2𝑡) d𝑠. (79)

We obtain the following associated adjoint system (in its continuous version)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜒1𝑡 = −𝜕𝑒𝑟𝑟
𝜕𝑢1

− 2𝑢1𝑢2𝜒1 + (𝑏 + 1)𝜒1 − 𝛼∆𝜒1 − 𝑏𝜒2 + 2𝑢1𝑢2𝜒2, in Ω× [0, 𝑇 [,

𝜒2𝑡 = −𝜕𝑒𝑟𝑟
𝜕𝑢2

− 𝜒1𝑢
2
1 + 𝜒2𝑢

2
1 − 𝛼∆𝜒2, in Ω× [0, 𝑇 [,

𝜒1(·, 𝑇 ) = 0, in Ω,

𝜒2(·, 𝑇 ) = 0, in Ω,

𝜕𝑛𝜒1(·, 𝑡) = 0, on 𝜕Ω× [0, 𝑇 [,

𝜕𝑛𝜒2(·, 𝑡) = 0, on 𝜕Ω× [0, 𝑇 [.

(80)

5.2.1. Time execution (min,sec)

Finally, the computational costs are reduced well during the online part of these NIRB algorithms as it is
highlighted with this example (ℎ = 0.02 and 𝐻 = 0.1). In average, one FEM forward simulation lasts 07:05
(min:sec) for the fine HF solver and 00:58 for the coarse approximation. We present the NIRB runtimes with the
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Table 7. NIRB runtimes (𝑁 = 40, h:min:sec).

Offline Online

Rectified NIRB 01:25:00 00:04:02
NIRB-GP 01:32:00 00:03:57

Table 8. Values of 𝜆(𝑁)1/2 for 𝑁 = 1 to 𝑁 = 40.

2.4× 10−2 1.1× 101 6.1× 101 8.7× 101 1.2× 102 . . . 3.4× 102 3.4× 102 3.4× 102 3.4× 102 3.4× 102

adjoint rectified and with the GP versions (offline and online times), for one instance of parameter, in Table 7.
Both results already show online a saving of 3 min for one parameter compared to the HF fine solution.

Remark 5.1. On the parameter 𝑏, we present in Table 8 the values of 𝜆(𝑁)1/2 for different number of modes,
and we refer to [22] for more details on why we can assume that it remains bounded.
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[7] F. Casenave, A. Ern and T. Lelièvre, A nonintrusive reduced basis method applied to aeroacoustic simulations. Adv.
Comput. Math. 41 (2014) 961–986.

[8] R. Chakir and Y. Maday, A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parametric dependent PDE, in 9e Colloque national en calcul des structures (2009).

[9] R. Chakir, B. Streichenberger and P. Chatellier, A non-intrusive reduced basis method for urban flows simulation,
in ECCOMAS Congress 2020, 14th World Congress on Computational Mechanics (WCCM) (2021).

[10] G. Chavent, Identification of functional parameters in partial differential equations, in Joint Automatic Control
Conference (1974) 155–156.

[11] L. Dede, Reduced basis method and a posteriori error estimation for parametrized linear-quadratic optimal control
problems. SIAM J. Sci. Comput. 32 (2010) 997–1019.

https://github.com/grosjean1/SensitivityAnalysisWithNIRBTwoGridMethod
https://github.com/grosjean1/SensitivityAnalysisWithNIRBTwoGridMethod


NIRB TWO-GRID METHOD APPLIED TO SENSITIVITY ANALYSIS 131

[12] L. Dede, Reduced basis method and error estimation for parametrized optimal control problems with control con-
straints. J. Sci. Comput. 50 (2012) 287–305.

[13] Z. Ding, J. Shi, Q. Gao, Q. Huang and W-H. Liao, Design sensitivity analysis for transient responses of viscoelastically
damped systems using model order reduction techniques. Struct. Multi. Optim. 64 (2021) 1501–1526.

[14] D. Duvenaud, Automatic model construction with Gaussian processes. Ph.D. Thesis, University of Cambridge (2014).

[15] T.D. Economon, F. Palacios, S.R. Copeland, T.W. Lukaczyk and J.J. Alonso, Su2: an open-source suite for multi-
physics simulation and design. AIAA J. 54 (2016) 828–846.

[16] L.C. Evans, Partial Differential Equations. American Mathematical Society, Providence, RI (2010).

[17] R. Geelen, S. Wright and K. Willcox, Operator inference for non-intrusive model reduction with quadratic manifolds.
Comput. Methods Appl. Mech. Eng. 403 (2023) 115717.

[18] D. Givoli, A tutorial on the adjoint method for inverse problems. Comput. Methods Appl. Mech. Eng. 380 (2021)
113810.

[19] E. Grosjean, Variations and further developments on the Non-Intrusive Reduced Basis two-grid method. Ph.D. Thesis,
Sorbonne Universitè (2022).
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Appendix A.

A.1. Proof of Theorem 2.2

Proof. As in [57], we first decompose the error into two components 𝜃𝑛 and 𝜌𝑛 such that, on the discretized time grid
(𝑡𝑛)𝑛=0,...,𝑁𝑇 ,

∀𝑛 = 0, . . . , 𝑁𝑇 , 𝑒𝑛 := Ψ𝑛
ℎ −Ψ(𝑡𝑛) =

(︀
Ψ𝑛

ℎ − 𝑃 1
ℎΨ(𝑡𝑛)

)︀
+
(︀
𝑃 1

ℎΨ(𝑡𝑛)−Ψ(𝑡𝑛)
)︀
,

:= 𝜃𝑛 + 𝜌𝑛. (A.1)

– The estimate on 𝜌𝑛 (see [57], Lem. 1.1) leads to

‖𝜌𝑛‖𝐿2(Ω) . ℎ2‖Ψ(𝑡𝑛)‖𝐻2(Ω) ≤ ℎ2

[︃
⃦⃦
Ψ0
⃦⃦

𝐻2(Ω)
+

∫︁ 𝑡𝑛

0

‖Ψ𝑡‖𝐻2(Ω) d𝑠

]︃

, ∀𝑛 ∈ {0, . . . , 𝑁𝑇 }. (A.2)

– We proceed with the estimate of 𝜃𝑛. From (3) and (8), we know that

𝜇(∇𝑢𝑛
ℎ −∇𝑢(𝑡𝑛),∇𝑣) =

(︀
𝑢𝑡(𝑡

𝑛)− 𝜕𝑢𝑛
ℎ, 𝑣
)︀
, ∀𝑣 ∈ 𝑉ℎ,

and from the weak formulations (13) and (15), by definition of 𝑃 1
ℎ (5) and choosing 𝑣 = 𝜃ℎ, we remark that

(︀
𝜕𝜃𝑛, 𝜃𝑛)︀+ 𝜇‖∇𝜃𝑛‖2𝐿2(Ω) = −(∇𝑢𝑛

ℎ −∇𝑢(𝑡𝑛),∇𝜃𝑛)− (𝑤𝑛, 𝜃𝑛),

=
1

𝜇

(︀
𝜕𝑢𝑛

ℎ − 𝑢𝑡(𝑡
𝑛), 𝜃𝑛)︀

⏟  ⏞  
𝑒𝑢

−(𝑤𝑛
1 + 𝑤𝑛

2 , 𝜃𝑛), (A.3)

where 𝑤𝑛
1 and 𝑤𝑛

2 are defined by

𝑤𝑛
1 :=

(︀
𝑃 1

ℎ − 𝐼
)︀
𝜕Ψ(𝑡𝑛), 𝑤𝑛

2 := 𝜕Ψ(𝑡𝑛)−Ψ𝑡(𝑡
𝑛), and 𝑤𝑛 := 𝑤𝑛

1 + 𝑤𝑛
2 . (A.4)

The weak formulation (13) corresponds to the one of the heat equation with Ψ as the unknown and a source term
dependent of the solution 𝑢(𝜇). An estimate similar for 𝜃 is proved in [57] for a source term 𝑓 ∈ 𝐿2(Ω× [0, 𝑇 ]) and
𝜇 = 1 such that the discretized version of 𝑓 is the evaluation of the continuous function 𝑓 on the discretization points.
Thus, only the contribution of 𝑒𝑢 in (A.3) is new and remains to be estimated.
As a matter of fact, by definition of 𝜕 and by Cauchy–Schwarz inequality (and since the second term of the left-hand
side of (A.3) is always positive),

‖𝜃𝑛‖2𝐿2(Ω) ≤
(︂
⃦𝜃𝑛−1

⃦⃦
𝐿2(Ω)

+ Δ𝑡𝐹

[︂
1

𝜇

⃦⃦
𝜕𝑢𝑛

ℎ − 𝑢𝑡(𝑡
𝑛)
⃦⃦

𝐿2(Ω)
+‖𝑤𝑛‖𝐿2(Ω)

]︂)︂
‖𝜃𝑛‖𝐿2(Ω) ,

and by repeated application, and since
⃦⃦
𝜃0
⃦⃦

𝐿2(Ω)
= 0, it entails

‖𝜃𝑛‖𝐿2(Ω) ≤ Δ𝑡𝐹

𝑛∑︁

𝑗=1

1

𝜇

⃦⃦
⃦𝜕𝑢𝑗

ℎ − 𝑢𝑡(𝑡
𝑗)
⃦⃦
⃦

𝐿2(Ω)

⏟  ⏞  
𝑇1,𝑛

+Δ𝑡𝐹

𝑛∑︁

𝑗=1

⃦⃦
⃦𝑤𝑗

⃦⃦
⃦

𝐿2(Ω)

⏟  ⏞  
𝑇2,𝑛

, (A.5)

∙ To bound 𝑇1,𝑛, as for the unknown Ψ, we can define

𝜃𝑛
𝑢 :=

(︀
𝑢ℎ(𝑡)− 𝑃 1

ℎ𝑢(𝑡)
)︀
, (A.6)

and decompose 𝑇1,𝑛 in two contributions:

Δ𝑡𝐹

𝜇

𝑛∑︁

𝑗=1

⃦⃦
⃦𝜕𝑢𝑗

ℎ − 𝑢𝑡(𝑡
𝑗)
⃦⃦
⃦

𝐿2(Ω)
≤ Δ𝑡𝐹

𝜇

𝑛∑︁

𝑗=1

(︂
⃦⃦
𝜕𝜃𝑗

𝑢

⃦⃦
⃦

𝐿2(Ω)
+
⃦⃦
⃦𝑤𝑗

𝑢

⃦⃦
⃦

𝐿2(Ω)

)︂
,
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where
𝑤𝑗

𝑢 := 𝑤𝑗
1,𝑢 + 𝑤𝑗

2,𝑢 with 𝑤𝑗
1,𝑢 :=

(︀
𝑃 1

ℎ − 𝐼
)︀
𝜕𝑢
(︁
𝑡𝑗
)︁
, and 𝑤𝑗

2,𝑢 := 𝜕𝑢
(︁
𝑡𝑗
)︁
− 𝑢𝑡

(︁
𝑡𝑗
)︁
. (A.7)

Then by using the Cauchy–Schwarz inequality,

𝑇1,𝑛 :=
Δ𝑡𝐹

𝜇

𝑛∑︁

𝑗=1

⃦⃦
⃦𝜕𝑢𝑗

ℎ − 𝑢𝑡

(︁
𝑡𝑗
)︁⃦⃦
⃦

𝐿2(Ω)

≤
√

𝑡𝑛 − 𝑡0

𝜇

⎡

⎢⎢⎢⎢⎣

⎛

⎜⎜⎜⎜⎝

𝑛∑︁

𝑗=1

Δ𝑡𝐹

⃦⃦
⃦𝜕𝜃𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)

⏟  ⏞  
𝑇𝜃

⎞

⎟⎟⎟⎟⎠

1/2

+

⎛

⎜⎜⎜⎜⎝

𝑛∑︁

𝑗=1

Δ𝑡𝐹

⃦⃦
⃦𝑤𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)

⏟  ⏞  
𝑇𝑤

⎞

⎟⎟⎟⎟⎠

1/2⎤

⎥⎥⎥⎥⎦
. (A.8)

∘ Let us begin by the estimate on 𝑇𝜃. On the state solution 𝑢, by choosing 𝑣 = 𝜕𝜃𝑛
𝑢 , from (8) (the operator 𝜕

and the spatial derivative commute), we have

⃦⃦
𝜕𝜃𝑛

𝑢

⃦⃦2

𝐿2(Ω)
+ 𝜇

(︀
∇𝜃𝑛

𝑢 , 𝜕∇𝜃𝑛
𝑢

)︀
= −

(︀
𝑤𝑛

𝑢 , 𝜕𝜃𝑛
𝑢

)︀
, (A.9)

where 𝜃𝑛
𝑢 is given by (A.6). By definition of 𝜕 (and with Young’s inequality),

⃦⃦
𝜕𝜃𝑛

𝑢

⃦⃦2

𝐿2(Ω)
+

𝜇

Δ𝑡𝐹
‖∇𝜃𝑛

𝑢‖2𝐿2(Ω) ≤
𝜇

2Δ𝑡𝐹

(︁
‖∇𝜃𝑛

𝑢‖2𝐿2(Ω) +
⃦⃦
∇𝜃𝑛−1

𝑢

⃦⃦2

𝐿2(Ω)

)︁
+

1

2

(︁
‖𝑤𝑛

𝑢‖2𝐿2(Ω) +
⃦⃦
𝜕𝜃𝑛

⃦⃦2

𝐿2(Ω)

)︁
,

which entails
⃦⃦
𝜕𝜃𝑛

𝑢

⃦⃦2

𝐿2(Ω)
≤ 𝜇

Δ𝑡𝐹

⃦⃦
∇𝜃𝑛−1

𝑢

⃦⃦2

𝐿2(Ω)
− 𝜇

Δ𝑡𝐹
‖∇𝜃𝑛

𝑢‖2𝐿2(Ω) +‖𝑤𝑛
𝑢‖2𝐿2(Ω) , ∀𝑛 = 1, . . . , 𝑁𝑇 . (A.10)

Summing over the time steps, we get

𝑛∑︁

𝑗=1

⃦⃦
⃦𝜕𝜃𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)
≤

⃒⃒
⃒⃒
⃒

𝑛∑︁

𝑗=1

𝜇

Δ𝑡𝐹

[︂
⃦⃦∇𝜃𝑗−1

𝑢

⃦⃦
⃦

2

𝐿2(Ω)
−
⃦⃦
⃦∇𝜃𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)

]︂
+
⃦⃦
⃦𝑤𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)

⃒⃒
⃒⃒
⃒,

and we obtain from the initial condition 𝜃0
𝑢 = 0,

𝑛∑︁

𝑗=1

⃦⃦
⃦𝜕𝜃𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)
≤
⃒⃒
⃒⃒ 𝜇

Δ𝑡𝐹

(︁
⃦∇𝜃0

𝑢

⃦⃦2

𝐿2(Ω)
−‖∇𝜃𝑛

𝑢‖2𝐿2(Ω)

)︁⃒⃒
⃒⃒+

𝑛∑︁

𝑗=1

⃦⃦
⃦𝑤𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)

≤ 𝜇

Δ𝑡𝐹
‖∇𝜃𝑛

𝑢‖2𝐿2(Ω) +

𝑛∑︁

𝑗=1

⃦⃦
⃦𝑤𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)
.

From (A.10) and by repeated application, we find for the first right-hand side term that

‖∇𝜃𝑛
𝑢‖2𝐿2(Ω) ≤

Δ𝑡𝐹

𝜇

𝑛∑︁

𝑗=1

⃦⃦
⃦𝑤𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)
,

and thus, multiplying by Δ𝑡𝐹 we find that

𝑇𝜃 :=

𝑛∑︁

𝑗=1

Δ𝑡𝐹

⃦⃦
⃦𝜕𝜃𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)
≤ 2

𝑛∑︁

𝑗=1

Δ𝑡𝐹

⃦⃦
⃦𝑤𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)
. (A.11)

Now, going back to (A.8), we obtain

𝑇1,𝑛 .
1

𝜇

⎛

⎜⎜⎜⎜⎝

𝑛∑︁

𝑗=1

Δ𝑡𝐹

⃦⃦
⃦𝑤𝑗

𝑢

⃦⃦
⃦

2

𝐿2(Ω)

⏟  ⏞  
𝑇𝑤

⎞

⎟⎟⎟⎟⎠

1/2

.
1

𝜇

(︃
𝑛∑︁

𝑗=1

Δ𝑡𝐹

[︂
⃦⃦
𝑤𝑗

1,𝑢

⃦⃦
⃦

2

𝐿2(Ω)
+
⃦⃦
⃦𝑤𝑗

2,𝑢

⃦⃦
⃦

2

𝐿2(Ω)

]︂)︃1/2

. (A.12)
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∘ It remains to estimate 𝑇𝑤.

– Let us first consider the construction for 𝑤1,𝑢

𝑤𝑗
1,𝑢 =

(︀
𝑃 1

ℎ − 𝐼
)︀
𝜕𝑢
(︁
𝑡𝑗
)︁

=
1

Δ𝑡𝐹

(︀
𝑃 1

ℎ − 𝐼
)︀ ∫︁ 𝑡𝑗

𝑡𝑗−1
𝑢𝑡 d𝑠 =

1

Δ𝑡𝐹

∫︁ 𝑡𝑗

𝑡𝑗−1

(︀
𝑃 1

ℎ − 𝐼
)︀
𝑢𝑡 d𝑠,

since 𝑃 1
ℎ and the time integral commute. Thus, from the Cauchy–Schwarz inequality,

Δ𝑡𝐹

𝑛∑︁

𝑗=1

⃦⃦
⃦𝑤𝑗

1,𝑢

⃦⃦
⃦

2

𝐿2(Ω)
≤ Δ𝑡𝐹

𝑛∑︁

𝑗=1

∫︁

Ω

[︃
1

Δ𝑡2𝐹

∫︁ 𝑡𝑗

𝑡𝑗−1

(︀(︀
𝑃 1

ℎ − 𝐼
)︀
𝑢𝑡

)︀2
d𝑠

]︃

Δ𝑡𝐹

≤
𝑛∑︁

𝑗=1

∫︁ 𝑡𝑗

𝑡𝑗−1

⃦⃦(︀
𝑃 1

ℎ − 𝐼
)︀
𝑢𝑡

⃦⃦2

𝐿2(Ω)
d𝑠,

. 𝐶ℎ4
𝑛∑︁

𝑗=1

∫︁ 𝑡𝑗

𝑡𝑗−1
‖𝑢𝑡‖2𝐻2(Ω) ≤ ℎ4

∫︁ 𝑡𝑛

0

‖𝑢𝑡‖2𝐻2(Ω) d𝑠. (A.13)

– To estimate the 𝐿2 norm of 𝑤2,𝑢, we write

𝑤𝑗
2,𝑢 =

1

Δ𝑡𝐹

(︁
𝑢
(︁
𝑡𝑗
)︁
− 𝑢
(︁
𝑡𝑗−1

)︁)︁
− 𝑢𝑡

(︁
𝑡𝑗
)︁

= − 1

Δ𝑡𝐹

∫︁ 𝑡𝑗

𝑡𝑗−1

(︁
𝑠− 𝑡𝑗−1

)︁
𝑢𝑡𝑡(𝑠) d𝑠,

such that we end up with

Δ𝑡𝐹

𝑛∑︁

𝑗=1

⃦⃦
⃦𝑤𝑗

2,𝑢

⃦⃦
⃦

2

𝐿2(Ω)
≤

𝑛∑︁

𝑗=1

⃦⃦
⃦⃦
⃦

∫︁ 𝑡𝑗

𝑡𝑗−1

(︁
𝑠− 𝑡𝑗−1

)︁
𝑢𝑡𝑡(𝑠) d𝑠

⃦⃦
⃦⃦
⃦

2

𝐿2(Ω)

≤ Δ𝑡2𝐹

∫︁ 𝑡𝑛

0

‖𝑢𝑡𝑡‖2𝐿2(Ω) d𝑠. (A.14)

∙ Then, the bound of 𝑇2,𝑛, which appears in (A.5), is classical and can be found in [57]. We have

𝑇2,𝑛 . ℎ2

∫︁ 𝑡𝑛

0

‖Ψ𝑡‖𝐻2(Ω) d𝑠 + Δ𝑡𝐹

∫︁ 𝑡𝑛

0

‖Ψ𝑡𝑡‖𝐿2(Ω) d𝑠, (A.15)

and the proof ends by using (A.2), (A.5), (A.12), (A.13), (A.14), and (A.15).
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