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QUANTUM SIMULATION OF MAXWELL’S EQUATIONS VIA
SCHRODINGERISATION

Sur Jint234 Nana Liut235 AND CHUWEN MAaAl4*

Abstract. We present quantum algorithms for electromagnetic fields governed by Maxwell’s equa-
tions. The algorithms are based on the Schrodingerisation approach, which transforms any linear PDEs
and ODEs with non-unitary dynamics into a system evolving under unitary dynamics, via a warped
phase transformation that maps the equation into one higher dimension. In this paper, our quan-
tum algorithms are based on either a direct approximation of Maxwell’s equations combined with
Yee’s algorithm, or a matrix representation in terms of Riemann—Silberstein vectors combined with
a spectral approach and an upwind scheme. We implement these algorithms with physical boundary
conditions, including perfect conductor and impedance boundaries. We also solve Maxwell’s equations
for a linear inhomogeneous medium, specifically the interface problem. Several numerical experiments
are performed to demonstrate the validity of this approach. In addition, instead of qubits, the quantum
algorithms can also be formulated in the continuous variable quantum framework, which allows the
quantum simulation of Maxwell’s equations in analog quantum simulation.
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1. INTRODUCTION

It has been pointed out in [20] that classical computing technology, which has been developing rapidly for
more than half a century, could soon reach its limit as prescribed by the laws of physics. In 1982, Feynman
[19] proposed a new type of computer called a quantum computer that could simulate the physical world
more efficiently than conventional computers. Deutsch provided a quantum-mechanical model of the theory of
quantum computing [15], and it has been shown that quantum computers could potentially outperform the most
powerful classical computers for certain types of problems [17,39]. Today, quantum computing is considered a
promising candidate to overcome the limitations of classical computing [16,22, 32, 38,40-42].
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The application of quantum algorithms to Maxwell’s equations has already been discussed in the literature,
which can be classified into two main approaches. One is to solve the linear system of equations using the
Harrow—Hassidim-Lloyd (HHL) algorithm, which is combined with finite element method (FEM) [13,50], or
Methods of Moments [12]. The other is to rewrite the source-free Maxwell formulation into a Hamiltonian
system based on the Riemann—Silberstein vectors for simulation [9,14,43,45-48]. Since the Hamiltonian results
from a tensor product of Pauli matrices, it is easy to implement the quantum lattice algorithm (QLA) [45-48],
following [49]. Despite the intensive research on quantum computing in recent years, study on the quantum
simulation of electromagnetic models with physical boundary conditions and complex medium are scarce in the
literature.

In the present paper, we investigate the use of another method — the Schrodingerisation method — which
opens many new opportunities for quantum simulation of complex physical systems, in both qubit [24,26] and
continuous-variable frameworks [23]. The main idea is to convert linear partial differential equations (PDEs) or
ordinary differential equations (ODEs) with non-unitary dynamics to a system of Schrodinger type equations
— with unitary dynamics — by a warped phase transformation. This transformation converts the non-unitary
dynamics into a unitary one by introducing one auxiliary space-like dimension. The method can also be extended
to solve open quantum systems in a bounded domain with artificial boundary conditions [25], and physical and
interface conditions [27].

Our algorithm is an extension of the Schrodingerisation method applied to Maxwell’s equations with suitable
boundary conditions. The main contributions are the following.

(a) We apply the Schrodingerisation approach combined with the spectral method or the upwind scheme to the
eight-dimensional matrix representation of Maxwell’s equations. We then construct a quantum algorithm
for Yee’s scheme [10,44] to simulate the original electromagnetic equations. Yee’s algorithm is the most
popular algorithm for numerically approximating Maxwell’s equations, due to its simplicity and preservation
of the continuous vector identities on the discrete grid. We compare these two methods theoretically and
numerically. We then analyze the influence of Schrodingerisation on the traditional numerical methods for
preserving the divergence-free condition of the magnetic field and the total energy of the electromagnetic
field.

(b) We convert the boundary and interface conditions of the original electromagnetic model into the conditions
of the matrix representation of Maxwell’s equations via a unitary transformation. We then give the imple-
mentation details of the application of the Schrédingerisation method to complex boundary value problems
and interface problems for Maxwell’s equations.

(c) We apply the Schrodingerisation method to continuous-variable quantum systems introduced in [23] to solve
the Maxwell equations. This approach avoids the dense Hamiltonian matrix caused by the discretisation of
the velocity varying with space, and allows one to use analog quantum computing to solve the system, which
may be more accessible for intermediate-term devices.

The rest of the paper is organized as follows. In Section 2, we give a brief review of Maxwell’s equations. In
Section 3, we review the Schrédingerisation approach for general linear systems. In Sections 4 and 5, we give
implementation details for the three boundary conditions, including periodic, perfect conductor and impedance
boundary conditions [4]. In Section 6, we apply the Schrédingerisation method to interface problems. In Section 7,
we show the Schrodingerisation framework in the continuous-variable representation to simulate Maxwell’s
equations. Finally, we show the numerical tests in Section 8.

Throughout the paper, we restrict the simulation to a finite time interval ¢ € [0,7], and we use a 0-based
indexing, i.e. j = {0,1,--- ,N — 1}, or j € [N], and |j) € CV, denotes a vector with the jth component being 1
and others 0. We shall denote the identity matrix and null matrix by 1 and 0, respectively, and the dimensions
of these matrices should be clear from the context, otherwise, the notation 1, stands for the N-dimensional
identity matrix.
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2. A BRIEF REVIEW OF MAXWELL'S EQUATIONS

We consider Maxwell’s equations for a medium, in presence of sources of charge p and currents J,

oD 0B

 VxH=- = E=

5 V x J, 5 +V x 0, 2.1)
V-B=0, V-D =p,

in the three-dimensional domain € = [0, 1]2. Assuming the medium to be linear, the electric field, E(x,t), the
electric flux, D(z,t), as well as the magnetic field, H(z,t), and the magnetic flux density, B(x,t), are related
through the constitutive relations

D=¢E, H=B/u, (2.2)

where € and p are the permittivity and permeability of the medium, respectively, and they may vary with space
and time.

Maxwell’s equations must be supplemented by boundary conditions that must be satisfied by the electric and
magnetic fields at physical boundaries. For the important special case of a perfect conductor, the conditions
take a special form as the perfect conductor supports surface charges and currents, whereas the fields are unable
to penetrate into the body [4], i.e.

nx E =0, n-B =0, ondf, (2.3)

where n is the unit normal to the boundary 02. However, there also exist media that are more or less dissipative,
for instance, when the exterior medium R3\( is a conductor but not a perfect one [4]. In this case, an impedance
boundary condition appears in which the tangential electric and magnetic fields are related through a surface
impedance Zj,

Exn+Zmnx(Hxn)=0, ondf. (2.4)

In its simplest form, the impedance Zs; = \/pu/e is a characteristic of the medium, which allows the plane wave
to leave the domain ) with velocity v = 1/,/ue if 99 is a plane.

2.1. A matrix representation of Maxwell’s equations

We shall now consider a medium in which € and p are independent of time. The electromagnetic equations
(2.1) and (2.2) can be written with the unknowns E and B. They read as

bumo(e- o)« (B) 5 (5] (5)o
;(;) +v<v - 216w> x (VEE) =0, <v+ 21€V5> . (VEE) = %,

where v = 1/, /e is the speed of light in the medium. Remark that vacuum is a particular case of a homogeneous
medium. For the sake of simplicity of notation, define

(2.5)

<\fE |0) + VeE,|1) + VeE,|2) + \;EBEM) + ;ﬁBy|5> + \/1ﬁ326>>,

%\

J = (J 10) + Jy[1) + J=[2) — vp[T)).

ﬂ\

Write equation (2.5) in vector form as

oMot 0 }f - J. (2.6)
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Here the operator M1, and M, are defined by

0 —0. 8, —0,
B B 0. 0 —0, =0y

M12:C—Cﬂ, Mo =—-C+Ce, C= _ay o, 0 —8z7
9, 9, 9. 0

where £ = 122 i = mT" Following [31,45], the Riemann-Silberstein vector [30] is defined by

F* = (VeE+iB/\/n)/V2. (2.7)
We define new variables and source term based on Riemann-Silberstein vector as
V= 0)eyt+)eyT, =0t +1)e ],
with the vector T and J* defined by
1

Ut = 5((—Ff +iFF)[0) + FF|1) + FF|2) + (FF £4iFF)[3)),

L

2V/2e

Then, we write Maxwell’s equation in a matrix form as

((=Jo £iJy)[0) + (Jz + 0p)[1) + (J2 —0p)|2) + (J= £ iJy)[3)).

oV , N 2V 0 LMy, My,
(%_(MO+M)\II_3_U<_|: 0 E*V:|+2|:M51Mé2 \I/_C(; (28)
where My + M’ = (TMT?), and the unitary matrix 7' and Hermitian matrix 3 are defined by
[—1 1 0O 0 - -1 0 07
0 0 1 1 0 0 i —1
0 0O 1 — 0 0 i 1
111 7 0 0 ) —1 0 o 0
=311 = 0 0o & -1 0 ol 2:[0 U]:l@a. (2:9)
0 0 1 —2 0 0 - —1
0 1 ) 0 0 —1 1
| 1 - 0 0 -5 —1 0 0

Here X -V = X100, + X020y + X30,, X; = 1 ® 04, and the Pauli matrices are defined by

o1 [0 =i R
P70 P00 T -1
The conjugate of X is denoted by X*. Each component of M’ is defined by

My =o-(VE+p)®1,  Mjy=0-((V(E—[))oz) @ o,
My =o" - ((V(e = p))oz) ® 03, My =0"-(V(E+p) @1

The electromagnetic field is recovered by a unitary matrix, i.e. F = TTW,

Mathematically, equation (2.8) is equivalent to equation (2.6) after applying a unitary transformation. In
a source-free homogeneous medium, the matrix M has nonzero 4-dimensional matrix blocks only along the
off-diagonal directions. However, M, has nonzero 2-dimensional matrix blocks along the diagonal, and all other
entries of the matrix are zero, which is a direct sum of four Pauli matrix blocks. Since the structure of the time
evolution equation resulting from the Riemann—Silberstein formulation is simpler to work with in the qubit
framework, we simulate equation (2.8) instead of equation (2.6).
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3. QUANTUM SIMULATION via SCHRODINGERISATION

In this section, we briefly review the Schrodingerisation approach first proposed in [24,26] for general linear

ODEs, which is written as

d
Su=AWu(t) +b(t),  u(0) = us, (3.1)

where u, b € C"* and A € C™*". It is noted that all semi-discrete systems (after spatial discretizations) of
(PDEs) are ODE systems.

3.1. A general framework of Schrédingerisation

Using an auxiliary constant vector function 7(t) = > ;. ]j)/€, the above ODEs can be rewritten as a

homogeneous system
o R P | R A o R B 62

where B = diag{by, bz, - ,bn} and ro = > ;1 |7), € = 1/(maxq [|b(t)[|;=). The stretch coefficient makes it
easier to obtain the target variables from the Schrodingerisation [28]. Specially, if the source is independent of

time, one could rewrite (3.2) as

dlu| [A 1, ||u]  ;lu u(0)| _ |uo

alo] =l ol Al el - 13 6
In this case, it is easier to construct a quantum circuit of A than that in (3.2). Therefore, without generality,

we assume b = 0 in (3.1). Since any matrix can be decomposed into a Hermitian term and an anti-Hermitian
one, equation (3.1) can be expressed as

d 1 1
with H; and Hy both Hermitian. Thus, the sparsity of H; equals to the sparsity of A. Using the warped phase
transformation w(t, p) = e Pu for p > 0 and extending the initial data to p < 0, equation (3.4) is converted to
a system of linear convection equations [28]:

d
—w = —H10,w + iHyw, —-3+3e Hp*+ (-5+4e Hp?—p+1 pe(-1,0),
3 9(p) = {( 7"+ ) (3.5)

dt
“IPl p e (o0, 1] U [0, 00).
w(0) = g(p)uo, ¥ pe (oo, =1]Uf0,00)
It is easy to check that g € C?(—o00,00). In addition, one could construct a smoother function g € C*(—o0, o)
for any integer k > 1. This will lead to essentially the spectral accuracy for the approximation in the extended
space, if a spectral method is used [29].
Next, we consider the continuous Fourier transform of w(p) and its inverse transformation defined by

b= FW)(E) = 5 [ o)y wi= F7@)0) = [ T ds (3.6)

- 2 R
The continuous Fourier transform in p for (3.5) gives

d
a'u} =i{H\w + iHow = Z(le + HQ)'LZ} =iHw,

w(0) = §(§)uo,

leading to a Hamiltonian system that is quite suited for computation on quantum computers.
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w(p,T)
e""‘uq 4

w(p,T) '
e""‘uq 7 7t §

- = =gl 4 - = =Pl
euy ePuy

p

0
P P
FIGURE 1. Schematic diagram for the computation domain of p. Left: u is a scalar variable

satisfying Oyu = —2u with ug = 1 and ur = e 2ug, p° = 0. Right: u is a scalar variable
satisfying Oyu = 2u with ug = 1 and up = e?ug, p® = 2.

When the eigenvalues of H; are all negative, the convection term of (3.5) corresponds to a wave moving from
the right to the left (see the left plot of Fig. 1), thus, one could recover u by choosing p = 0 and obtain

u=w(t,z,0) = / G(6)Te Jo CH1()+H(9)) dsgy 0 qe (3.8)
R

where Te is the time-ordering exponential operator. Here, equation (3.8) is the exact formula in Theorem 1
from [3] of Linear Combination of Hamiltonian Simulation (LCHS) with §(¢) = Z#(g) = F(e IPl) = m,
and it can be seen as a special recovery from Schrodingerization. For more details of the comparison between
LCHS and Schrodingerisation, we refer to [28].

Therefore, the key point of the Schrédingerisation is how to recover w from the warped transformation. For
more general Hy, the solution w can be restored by the following Theorem [28]. A simple example is shown in

Figure 1.

Theorem 3.1. Assume the eigenvalues of Hy satisfy A\ (Hy) < Ao(Hy) -+ < M\p(Hy), the solution of (3.2) can
be recovered by
w=eP w(p*), foranyp* >p°, (3.9)

where p® > max{\,(H,)T,0}, or recovered by using the integration,

*

w=el / w(q) dg, p* > p°. (3.10)
P

3.2. Implementation of Schrodingerisation

To discretize the p domain, we choose a large enough domain p € [L, R] (so wave initially supported inside
the domain remains so in the duration of computation) and set the uniform mesh size Ap = (R—L)/N where N
is a positive even integer and grid points denoted by L = pg < --- < py = R. Define the vector v the collection
of the function w at these grid points by

v=Y )@, v= ) witplk), (3.11)
JEn] kE[N]
where wj is the jth component of w. The 1-D basis functions for the Fourier spectral method are usually chosen

as
() =@+ yP—ox(l—-N/2-1)/(R—L), 1<I<N. (3.12)
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Using (3.12), we define

O = (9h) =B yens Dy =diag{vhs o R} (3.13)
Considering the Fourier spectral discretisation on p, one easily gets

d
a’l) = 7Z'(H1 ®P)'U+Z(HQ ®1N)’U. (314)
Here P is the matrix representation of the momentum operator —id, and defined by P = ®?D,(®?)~!. By a
change of variables v = [1,, ® (®P)~!]v, one gets

d _ . - o
Tl = —i[(H1 ® D) — (H2 ® 1§)]0 = —iH0. (3.15)
At this point, a quantum simulation can be carried out to the above Hamiltonian system. For time-dependent
Hamiltonians, we refer to [1,2,8,18] for quantum algorithms. In practice, H; and Hs are usually sparse, hence
the Hamiltonian H = H; ® D, — Hy ® 1y inherits the sparsity. It is easy to find that

s(H) = 0(s(4)),  [[H|[max < [[H1llmax/Dp + [ Ha[max, (3.16)

where s(H) is the sparsity of the matrix H (maximum number of nonzero entries in each row) and || H||max is
its max-norm (value of largest entry in absolute value).

The cost of simulating the time-evolution operator e *t depends on several factors: the number of system
qubits my, evolution time ¢, target error d, and how information on the Hamiltonian H is accessed by the
quantum computer. We introduce the the complexity of Hamiltonian simulation in [35] by Quantum Signal
Processing.

Lemma 3.1. A s-sparse Hamiltonian H on my qubits with matriz element specified to my, bits of precision can
be simulated for time-interval t, error §, and success probability at least 1 — 26 with O (ts||H || max + %)
queries and a factor O(myg + mypolylog(my)) additional quantum gates.

This is stronger than prior art [5,7]. For other interesting physical system described by H = Z‘;Zl o;U; a
linear combination of s— sparse unitaries, H = ((G| ® I)U(|G) ® I) the projection of a unitary oracle U onto
the state |G) related by another unitary oracle, or H = Tr[|G){G|] a density matrix obtained by tracing out
the ancilla register of a pure state prepared by some oracle G, we refer to [6,33,36,37].

Given the time interval T, the operator U := e~** is applied to obtain the state |w,(T)) = Ulwy(0)),
and |wy(T')) can be retrieved by the inverse quantum Fourier transform. Thus, a measurement (the projection
My, :=1® |k) (K|, pr. > p® ) is taken to select only the py part of the state |wy,(T)). According to Theorem 3.1,

ne h
one has Mufwon(T)) = e~ Prlu(T)|k) _ e~ Pel||lu(T) | (T ~
[ (Tl [[wn (0)] l(0)]]
2Pk u(T))?

After the measurement, the output is closed to |u(T))|k) with probability W. One should choose

e P lu(T)]]

[u(T))|k). (3.17)

pr = min{p; : p; > p®} to recover u. The cost to retrieve the results from a quantum computer is not too large,
since u(T") grows exponentially with respect to w(0) if the eigenvalues of H; are positive, leading to pr > 0,
otherwise one could choose pi = 0. The full circuit to implement the Schrodingerisation method is shown in
Figure 2, where QFT (IQFT ) denotes the (inverse) quantum Fourier transform.

The approximation to w from wj; denoted by w;f € C™! for analysis is obtained by interpolation

wil(p) = >, PG =k + NJ2, (3.18)
|K|<N/2

where w;, , = W;_,,, and wj, = (1, @ (ji|)Wh-
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FIGURE 2. Quantum circuit for Schrodingerisation.

4. QUANTUM SIMULATION OF MAXWELL’S EQUATIONS IN A LINEAR HOMOGENEOUS
MEDIUM WITH PERIODIC BOUNDARY CONDITIONS

In this section, we first consider quantum simulation for Maxwell’s equations with periodic boundary condi-
tions in a linear homogeneous medium Q = [0,1]®, namely ¢ and p are constants. In this case, the matrix M’
in (2.8) disappears. We choose a uniform spatial mesh size Az = Ay = Az = M~ with M an even positive
integer.

4.1. Quantum simulation of (2.8) with the spectral method
The 3-dimensional grid points are given by x; = (z;1, y;2, 2;3) With j = (j1, j2, j3), and
zj, = hlz, Yy, = jolNy,  zj, = jslz,  ji,j2,js € [M]. (4.1)
Let the n;th component of the vector 1, that approximates 1;(t, z;) be denoted by ; j, where
3
nj =M%+ M |G) = ljs) @ lj2) @ 1), i€ (8], (4.2)
k=1

and 1); is the ith component of ¥. Therefore, one has

R (4.3)

=S le [ i
J

1€[8]
The discretization for the source term J is denoted by
Tn=Y_l® (> Jilt,z;)li) | (4.4)
1€[8] J
The 1-D basis functions for the Fourier spectral method in z-space are defined by
O = ("N pwns, D, =diag{vy, -, v}, y=2rl—-M/2—-1), 1<I<M.

Considering the Fourier spectral discretization on @, one easily gets
d P; 0 23
— _ — _ 4 1 —_ . .
dtwh _Qwh Jha Q— ZU|:O P»{:|7 IP>1 - o Ez@H (45)

The matrices Py, P, and P; are defined by

P =®D® !, P,=®D,® ! P,=®D;® L. (4.6)
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Here & = <I>®3, D, = lM®2 RD,, Do =1y ® D, @ 15, D3 = D, ® 1;\8;. Note that the Fourier spectral
discretization will generate a matrix nglich is not sparse, so ‘gghis may affect the complexity used in Lemma 3.1
and sparse access. Thus, let c(t) = (1% @ ® by, J = (12" @ &7 1)J),, equation (4.5) is rewritten as

3
d S 6 . 1Q1 0
—_— = —_ J, = — x| = El Di. 4.7
c=Qc Q w[OQJ o ; ® (4.7)
It is obvious to see that Q is anti-Hermitian. We rewrite equation (4.7) in a homogeneous form by using the

stretch transformation
Q -  [e(0)
- O], uo) = [ 27, (1)

where ¢ = 1/(max; || J||;), J = {J} and ry = Zje[g] |7). Equation (4.8) is a n = 2*M? dimensional ODE
system. With the help of the preceding calculation, we are now in a position to apply Schrodingerisation. In
terms of (4.8), using a new variable wy, = [1,, ® (®P)~|wy,, with w,(0) = Zke[N] Zje[n] u(0),9(pk)|j)|k) and
1(0); is the jth component of u(0), one gets an ODE system that suits a quantum simulation:

d _ ) - o~
&wh = —Z[(Hl ® Dp) — (Hg X lN)]wh = —zH'wh, (49)
where the matrices H; and Hsy are defined by
11 O —€J 1 20 —€]
Hi=5| . , Hy= | _ . (4.10)
2 [—EJT 0 2 LJT 0

It is obvious to see that |[A\(Hi)| < 4, According to Theorem 3.1, one could choose p* > p® = L to recover the
original variables.

Theorem 4.1. Given the unitary Umitial that prepares the initial quantum state |u(0)) = Uipitial|0). Assume
the mesh size satisfies N = 2" and M = 2™, the source is independent of time and the solution is smooth
enough such that E,B € H"(Q), r > 2. With the Schrédingerisation method and error 0, the state |u(t)) can
be simulated for time T, and success probability at least 1 — 26 with

1 log 61
Oo\3T6 2 + ————
(3 + loglog5—1>

queries and a factor

d 1 1 1 1 _1 _1
ﬁ’(él + (r + 2) log 5 + log gpolylog (log 5)) + ﬁ(log& 10g<log5 ))

additional quantum gates, where d is the dimensional number.

Proof. Given the initial state |u(0)), one gets the following procedure

w(0) 2ET, g, (0) < () 2ET, w(t).

Due to the lack of regularity g(p) € C?((—o0, <)), E, B € H"(£2), and the spectral method for the discretization,
it implies second-order accuracy on the p- direction (see Sect. 8.2.1) and rth order accuracy on the z-direction.
In order to reach precision ¢, the total number of points is

M:ﬁ’((é)i), N:ﬁ((}s)é) (4.11)
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Since s(H) = 3 and || H || max = max{||H1||max; || H2||max } = max{O (M), O(N)} = ﬁ((%)%), one has

1 log 61!
o375 2+ —=>—
(3 o loglogé‘l)

queries. Due to (4.11), the number of qubits is my = logy(16MIN) = 4 + (¢ + $)O(logd™"). It is
known that the quantum Fourier transforms in one dimension can be implemented by using &(nlogn) =
% (log 5z log(log 5_%)). In order to approximate the matrix element with an accuracy of § = 27" the num-
ber of quantum gates is obtained by Lemma 3.1. O

Remark 4.1. It is well known that the complexity of the explicit FDTD is second-order accuracy for spatial
discretization and first-order accuracy for temporal discretization for E, B € H"(Q) for any ¢ € (0,T), r > 2.
Under the given error bound §, the mesh number M and the time step number N; satisfy M = ﬁ((S_%) and
N; = 0(571). Tt results in the complexity ¢(M?N,) = 6~ 2~1 from [21], which is much larger than quantum
algorithms especially for d = 3. There is a polynomial advantage for quantum algorithms.

4.2. Quantum simulation of (2.5) with Yee’s algorithm

Yee’s finite difference method [44] for Maxwell equations is the most popular algorithm for numerically approx-
imating Maxwell’s equations, due to its simplicity and preservation of the continuous vector identities on the
discrete grid. In this section, we use Yee’s lattice discretization of the spatial operator in equation (2.5). With-
out causing any ambiguity, let E denote /¢E, B denote B/,/ii. Maxwell’s equations in a linear homogeneous
medium is written as

) J 0

‘E- B=-", ’B E= 4.12

o vV X bl + oV x 0, (4.12a)
V.-B=0, v-E=". (4.12b)

NG

From equation (4.12), the Maxwell-Gauss equation (or Gauss’s law) and the Maxwell-Thomson equation (4.12b)
are actually consequences of the other equations and charge conservation equation

dp
E—V-J. (4.13)

The different components of the electromagnetic field and of the current densities are calculated at the cell
center (half integer index) and at the cell vertices (integer index) according to Yee’s lattice configuration:

Ej = (Evj, Byj, Bz 5) = (Em,jl,mg,m%v Eyjittiniatt Ez,m%,m%,jg)a
Bj = (Ba.j, By, B2j) = (Bz,jwé,jz,js» By 1 jat s Bz,jl,j2,js+é>~

Correspondingly, the current densities are calculated at the cell center (half integer index) and the cell vertices
(integer index) according to Yee's lattice configuration:

Tj = (Jegs Sy J=5)/VE = (Jx,jl,jw%,js%v Ty gt diodstds Jz,j1+%,jz+é,js)~

Following Yee’s algorithm, one gets the semi-discrete system

dE
7dth — oV, X By = *Jh, (4'14)
dB

b LoV, x B =0, (4.15)

dt
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where Ej,, B), and Jj, are the collections of E;, B; and Jj,

Zj E; j |.7> Zj By.j |.7> Zj J:r,j|j>
Ey= |2 Eyili) |, Bu=|>;Byild)|, Jn=|2;uild)|. (4.16)
Zj Ez,j |.7> Zj Bz,j |.7> Zj Jz,j‘j>

The discrete curl operator Vj x is the central difference, which is also used in divergence operators. Define a

matrix
M-2

Fy =Y |ii+ 1]+ |M = 1)(0], i€[M]. (4.17)
=0
Using (4.17), we define the following matrices

1y @ Fpy — 13 C _1M®FJVI®1M_1JVI3 C _FM®1M2_1J\43.

C:L’ = ’ - 3 z
Ax Y Ay Az

The matrix expression for (4.14) and (4.15) is rewritten as a n = 9M? dimensional ODE system:

En Ar —eln En(0)
—u=Au, u= |By|, A= , u(0) = |Bn(0)], (4.18)
dt 0 0

r 1z /e

2n

where J;, = [diag{J,} 00]T € R5 >3, ¢ = 1/(max ||Jx|/;=) and the matrix A; is defined by

0 -C C
0 ME # Y

A = [MB OB}, ME =v| C. 0 -C. |,
E -c, C, 0

and ME = —(ME)". Comparing with (4.18) and (4.14), (4.15), it can be seen that ME is the matrix expression
of the discrete curl operator.
Applying the Schrédingerisation, one gets an Hamiltonian system for the new variable w;, = (1, ® (®P)~)wy,

d . ) - . N o~
gwh(t) = —i(Hy; @ Dp)wy, +i(Hy @ 15)W), = —iHwp, (4.19)
where the matrices H; and H, are defined by
0 —€Jh/2 1 A —€Jh/2
o _ 2 _ 4.2
! [—GJ;/2 0 ] 2T LJZM 0 (4:20)

From (4.20), it can be seen that A\(Hp) < % Therefore, one could choose p* > p® = % to recover the target
variables.

Theorem 4.2. Assume the same assumptions in Theorem 4.1 hold true. The Schrddingerisation method for
(4.18) can be simulated with
log 6!
o576 2 + —=>—
( * loglog ¢ —1)

queries and quantum gate complexity given by

d 1 1 1 1 _1 1
ﬁ(logg 9+ <2 + 2> log 5 + log 6polylog(log 5)) + ﬁ(logé 10g(10g5 )), (4.21)

where d is the dimensional number and C is a constant independent of d and s.
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The proof is the same as that in Theorem 4.1, and we omit it here. From Theorems 4.1 and 4.2, the cost of
quantum algorithms for system (4.12) and for system (3.4) are basically same.
It is well known that Yee’s algorithm for the space derivatives satisfies

Vh . (Vh X Eh) = 0, Vh . (Eh X Bh) = Bh . (Vh X Eh) — Eh . (Vh X Bh) (422)
The discrete divergence of (4.15) gives the solenoidal property:
Vi Bp(t) =0, Vt>D0, (4.23)

as long as the initial magnetic field is divergence free. Similarly, the discrete Gauss’s law is enforced once the
charge conservation is ensured. We now check if the quantum simulation with Yee’s scheme still has the property.
It is easy to find that equation (4.19) is the discretization of equation (3.5) with H; and Hy defined in (4.20),
and one has

FE, E,

T
w=eP|B|, w0)=g(p)| Brn |, p>p®= 3
7'/6 ]_n/3/€
Taking the discrete divergence of (3.5) and using (4.22), one gets
d, _ _
&(6 PVh~Eh) =V - [JhQ(ap(e p'r‘))], (4.24)
d
N (e_pvh . Bh) =0, (4.25)

where ¢ = a ® b denotes ¢; = a;b;, and ¢;, a;, b; are the ith component of vector ¢, a and b, respectively. From
(4.25), it can be seen that the discrete magnetic field is divergence-free if we recover By, by equation (3.9). Since
the discretization of [Jh ® (ap(e_pT))] in the p-domain does not equal to —e PJ; due to the error from the
spectral method and the non-smoothness of the initial value, the discrete Gauss law may not be exactly ensured.
However, it is satisfied within the numerical tolerance error. This is because the overall error comes from two
parts, one from the spatial discretization of Yee’s algorithm and the spectral method, and the other from the
evolution of the Hamiltonian system. In particular, when the source of the system vanishes, both the discrete
Gauss law and the divergence free magnetic field are preserved due to the disappearance of H;. Moreover, the
quantum algorithm preserves the energy conservation law when the current density is set to zero.

We now compare the simulation between the discretization of (2.8) and (4.12). Obviously, the computational
complexity of the latter is smaller. Let F; denote the ith component of F, from (2.6), one obtains

O Fy=vV B[\ 2u, 0,Fs=—vV-\/c/2E +vp/V2e, (4.26)

in a linear homogeneous medium. It is known that F; = 0, Fg = 0, discrete Gauss law and Maxwell-Thomson
equation hold modulus error from discretization of F; and Fg. Besides, different from quantum simulation
(4.19), the discrete energy conservation cannot be guaranteed when the current density disappears.

5. QUANTUM SIMULATION OF MAXWELL’S EQUATIONS IN A LINEAR HOMOGENEOUS
MEDIUM WITH PHYSICAL BOUNDARY CONDITIONS

In this section, we concentrate on how physical boundary conditions can be incorporated into the framework
of Schrédingerisation, especially for the boundary conditions mentioned above in Section 2. For simplicity, we
assume € and p are constants.
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5.1. Quantum simulation of (2.8) with the upwind scheme

According to the perfect conductor conditions in (2.3), we consider the corresponding boundary conditions
of the variable W. Firstly, we give a matrix representation of the boundary conditions to the variable F:

o E A0 00 0 0
N, 0 == 0 Zg 0 0O 0 0 O
= —0. N, = | V¢ Ve N, =
|:O N2:|f BPC]: 07 1 ny —n, 0 0 ) 2 0 0 0 0 5
A 00 0 1
0 0 0 1

where the unit normal vector to the boundary is denoted by n = (ng, ny, n.)T, and we have used the fact that
Fi = Fsg =0 on 0. Since ¥ = TF, one gets the boundary condition for ¥,

B, (B)
By F = By TTW =B, ¥ = ¥ = 0. (5.1)
B? B?
pc pc
Here the matrices lem, Bf,c € C*** are denoted by
—in, —1y — Ty, —Mn, 0 0 0 0
Bl _ 1 Ny Ng Ng, —n, B2 _ 0 0 0 O
pe e | —ny +ing 0 0 Ny +ing |’ pe 0 0 0 of
0 —i\E  iy/E 0 0 -1 1 0
According to (2.4), the impedance boundary condition is written with the unknowns E and B as
Exn+unx(Bxn)=0, ond. (5.2)

Similarly, the matrix representation of the impedance boundary condition corresponding to the variable W is

BEl Bl
Bzmlp = [Blm B,ka:l\ll = 0’ Bim — [ m Zm] ,

—— (5.3)

where the matrices B-/ Bﬁg € C**2, j = 1,2 are defined by

im?

i ; 2 2 ing =" ; T
NNy ~/ P + z\/fw(ny + nz) - \/E” + i/ uvngn, 0 0
Bl _ ’\L/zg - \/ﬁv(ni + nf,) — i\ /HUN Ty, % +iy/ponyn. Bl _ 0 0
wme Ny g ‘ 2 2\ ™ T o 0|
Ny Mz /U — NG + v L\/pungn, fz\/ﬁv(nz + ny) 0 1
(- 0 _i -
_% + i/ HUNE N, MMy /iU + z\/ﬁv(nz + nz) — MT; 1 0 0
BRI _ L\fg + iy/pvnyn. T\L/zg — v (nZ +n?) —i/pongn, B _ 0 0 .
—iy/w(ni +n2)  nyn. /v — % +i% —i/aongn, (1) 8
i 0

In the following, we only consider the 1-D case for the z-transverse electric (TE) model in the domain
[0, 1]. For the three-dimensional case, a similar approach can be adopted straightforwardly. The electric field is
assumed to have a longitudinal component E,, and a transverse component E,, i.e. E = (E,(x,t), Ey(z,t),0).
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The magnetic field is aligned with the z direction and its magnitude is denoted by B,, i.e. B = (0,0, B,(z,t)).

The reduced Maxwell system is written as

OE, OE, 0B, OB, OE,
— ], -, Ey . 4
ot J ot or Ty ot or 0 (5-4)

The unit outward normal vector to the left of the computational domain is [~1,0,0] ", and to the right is [1,0,0] .
Without loss of generality, the boundary condition on the left is perfect conductor and the right is impedance
boundary condition. It is noted that ¥; can be diagonalized via a unitary matrix, that is ¥y = U T A U, with

1 0 11 1
A1—1®{0 1]7 U—1®\/§[1 1} (5.5)
We rewrite the system of the variables ¥ = (1 ® U)¥ as
d = oz
pri A SR (5.6)

where A1 =1®A; and J = (1 ® U)J. The boundary condition of the perfect conductor on the left side of the
domain is computed by

Byl =B,. (10U )¥ =B,V =0. (5.7)
Simple calculation gives
Yo 1 1 1 -1 [¥] i
W 1|-1 -1 1 —1||ds V3
= — -"| =Br2o |- |, (5.8)
ol 2v21 1 -1 1 1| |y Ps
W e Vr

where 1@» is the ith value of U, i € [8]. Similarly, we have the impedance boundary condition on the right side
of the domain:

~ v—1 v—17] ~ ~
(3 ! -1 = | [Yo o
12; 1 1 -1 v—1 v—1 ,(Z) 12;
Bl = — vt U2 = Bosp | 2. (5.9)
s 2v/2 —Zﬁ —ZI} 1 -1 Py Py
i R S i

We consider the upwind scheme for equation (5.6) on a uniform grid with space size Az = M ~!. The collection
of the new variables ¥ and the source term are denoted by

u=>Y"l)e| > dili) ], b=D_he| D> Jilw)

i8] Ji€[M] i€[8] ji€[M]

Ji) | (5.10)

where 1); ;, is the approximation of ;(z;,), and
2, = i+ DAz, i=0,2,4,6, x;, =jAz, i=1,357T. (5.11)

We define the finite difference operator D, ; when i is odd, and D, g if ¢ is even,

1 M-1 1 M—-1
Dyp=— |14 — Ni—1||, Der=—|-1 i — 1) |,
m(M > I ) ” m( wt Yl ><z|>
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It is easy to find Dy g = —D;L. Finally, one gets the system of equation (3.1) as

4
—vD, 0 v
A=14® 0 L vDLR} + " Z ((BE20)i,10si)(Esj| + (Bo2k)i,j| Eei) (Oejl) (5.12)

1,7=1
where (BOQE)i,j = <Z‘BOQE|]>a (BE20>i,j = <Z|BE20|]>, and for k € [4}7
O = 2ME, O = (2k+1)M —1, Eg = (2k+1)M, Eu =2(k+1)M — 1.
5.2. Quantum simulation of (2.5) with Yee’s algorithm

Following the algorithm in Section 4.2, we handle the physical boundary condition with Yee’s algorithm. The
discrete variables of the electromagnetic fields are

Ej = (B, iy Byis0), By=(0,0,B.,,,). (5.13)

The perfect conductor boundary condition on the left side of the domain for the discrete variables is obtained
by

E,0=0. (5.14)
The impedance boundary condition on the right side of the domain for the discrete variables is
0(Bonrey + Bonioy ) /2= By = 0. (5.15)
The collection of the discrete variables and the source term are denoted by
Zje[M] ij+%|j> _Zje[M] Jx(x]+%>|.7>
u= | 2gepn) Bysrili) | b= | — 50 Ty (a0)1) |- (5.16)
Zje[M] Bz,j+%|j> 0

Using Yee's algorithm, one gets the system of equation (3.1) with the matrix A € C3M*3M.

0 o 0
A=]0 0  —uDygp| -2 ( 2M — 1)(2M — 1] — |2M1)(3M1|). (5.17)
0 —wD,p 0 Az

Comparing with the algorithm in Section 5.1, it is easier to handle the physical boundary condition for the
quantum algorithm using Yee’s algorithm.

6. QUANTUM SIMULATION OF MAXWELL’S EQUATIONS FOR A LINEAR INHOMOGENEOUS
MEDIUM

In this section, the permittivity and permeability of the medium may depend on the space-including even
discontinuous functions. For simplicity, we may assume the periodic boundary condition for Maxwell equations.
The mesh for space discretisation is the same as in Section 4.1. The collections of the parameters &, fi and v are

defined by
e=) eltay)li), h= Zﬂ txg)lg), v=> v(t,;)5). (6.1)
J J
Using the spectral method, one obtains the followmg ODE system for quantum simulation

Qu1 0 } 1 F’v 1V, 12])
—apy, = ~ + = iv Iy, 6.2
¢} < { 0 Qun 2|Voor Vi, Y= (6.2)
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FIGURE 3. Permittivity index. (a) Permittivity index. (b) Approximate permittivity index.

where 1), and Jj, are defined as in (4.3) and (4.4), and
Q1 = 21 ® (diag{v} P1) + ¥y @ (diag{v}Py) 4 X3 ® (diag{v} Ps). (6.3)

The matrix ij, 1,7 = 1,2 are defined by

Vo1 :Zai@)l@f/fv Vo2 = Z(@@)@@@Vf (6.4)
@v,21 :Z(JZ02)®02®‘~/;-7, vv,gg :ZU;k®1®‘7i+, (65)

and the matrices f/ii i =1,2,3 are defined by
vE = diag{v ® (P;(etp))},

Next we use the Schrédingerisation approach to complete the quantum simulation.

Let us consider media with constant magnetic permeability u = po but with scalar spatially varying permit-
tivity € = e(x). For simplicity, let the electromagnetic wave propagate from a region of constant permittivity &1
to a region of higher constant permittivity 1, where

e(z) = {“51’ v<L (6.6)

€9, x> L.

Follow the idea in [47], we approximate permittivity index profile by the hyperbolic tagent function-profile

_&1tey €1 —

e(z) . . “2 tanh B(z — L), (6.7)

where (8 controls the thickness of the boundary region between the two media. Periodic boundary conditions
are enforced by adding a small buffer region after the end of the grid so that the refractive index is periodic
(see Fig. 3). Finally, we apply the Schrodingerisation method on (6.2).

However, the matrix Q, in (6.2) is not sparse, which may affect the complexity of quantum algorithms, and
this approach may not simulate the complex media and physical boundary conditions efficiently. We instead
consider the Schrodingerisation combined with the immersed boundary method (or immersed interface method).
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For the complex media which has two dielectric material Q' with parameters ;, p; and €y with parameters
€9, H2, and satisfies Q = Q1 U Q5. We define the interface conditions for the electric and magnetic fields on the
interface I' are given by

n-eE]=0, n-[B]=0, nx[E]=0, nx[B/u=0, onl, (6.8)
where 7 is the unit normal of the interface pointing to 2; and the jumps on the interface are denoted by
[E] = E|q, — Elq,, [B]=B|q, —Bla,, onl. (6.9)
Combining with the interface condition for F4 and Fg, i.e.
[Fa] =0, [Fs]=0, (6.10)

the jump conditions in terms of the variable F are

Ril 0 Ril 0
1 2 1 1 2 2
_ - — =0 11
R\F' — Ry F [ 0 R%% F [ 0 REQ} F , (6.11)
where the matrices le-l and R?Q, j =1,2 are defined by
VEilz  Einy  \Ejnz 1 Ve gy Jigns 1
m_ |0 Em Em Y | Y T o
J n _ ng ) J ng _ g
Ve 0 VEi 1 VR 0 VRS 1
RG] 0 1 TVEm Vi 01

Using the transformation matrix 7" and unitary matrix U, one gets the representation of interface conditions
on I' in terms of ¥ as o o
Ry U — RyU? =0, (6.12)

where Rj = RjTT U'. An upwinding embedded boundary method [11] can be applied for the wave equation (5.6)
with the interface condition (6.12) for the space discretization, and then the Schrédingerisation approach is used
for the quantum simulation.

7. CONTINUOUS-VARIABLE FORMULATION

We remark that the Schrodingerisation framework is not only applicable to qubit-systems, but also to
continuous-variable (CV) quantum systems. The continuous-variable analogue of a qubit is a qumode. The
Schrédingerisation framework in the qumode representation is introduced in [23].

Unlike a qubit, a CV quantum state, or “qumode”, spans an infinite-dimensional Hilbert space. A qumode
is the quantum analogue of a continuous classical degree of freedom. A qumode is acted upon by observables
with a continuous spectrum, such as the position Z and momentum p observables of a quantum particle. Its
eigenbasis can be chosen to be for instance {|z)}.cr, which are the eigenstates of &. It forms a complete basis
so [|z)(z| = I. In this basis, a qumode can be expressed as, for instance, |u(t)) = (1/[lw(t)|) [u(t, z)|z) dz,
where [|u(t)||* = [ dz|u(t,z)|? is the normalisation constant. A system of m-qumodes is a tensor product of m
qumodes. The qumode can also be acted upon by quadrature operators like the momentum p operator, where
3,5] = i.

Maxwell’s equations govern the dynamics of the electric E, , . and magnetic fields B, 4 ., in the presence of
charge density p and current density .J, , .. These are all continuous quantities and it is interesting to ask if it
is possible to represent this information in a continuous manner in a quantum device without first discretising.
This could be made possible through a qumode representation. In addition, it is easy to find from (6.3) that
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the matrix Q, is not sparse due to the discretization of varying velocity. However, this defect disappears in
a continuous-variable quantum system. It can be seen from (6.2) and (6.3) that the advantages of the matrix
representation based on Riemann—Silberstein vectors no longer exists for a linear inhomogeneous medium in
our Schrodingerisation framework. Thus we simulate equation (2.6) instead of equation (2.8) in this section.

In the qumode representation, vectors F' in bold, represents F' = [[[ F(x,y, 2)|z)|y)|z) dz dy dz, e.g., By, -,
B,y -, Juy, and p, which is a quantum system consisting of 3 qumodes. We define

1 1 1
—B,|4) + —B,|5) + —

F = eE,|0) + VEE,|1) + VeE.|2) + i N NG

J = JCE|O> + Jy“) + Jz|2> - ’Up|8>7

B.|[6),

0 WP —iPy Py
—1ip 0 ip ip . . .
D=| 7 S R M R R T L R R MR
1Py — 1P 0 1Pz
_iﬁz _iﬁy _iﬁz 0
where [0),|1),...,|8) represent the 9 possible states in the computational basis consisting of 3 qubits. In the

continuous-variable framework, we can make the replacement 0., . < —ipy .y, where p is the momentum
operator. In the continuous-variable framework, we can also make the replacement x <« % where Z is the
position operator obeying [Z,p] = 4. Then the following equation governing F with an inhomogeneous term
holds:

dF

azf’l,Affj

A= —ioy® %D(?Iféfﬂ) o ® ;D(s‘fﬂ),

where v = v(%,9,2), € = &(&,9,2) and @ = a(&,9,%). We define an operator 7 such that 7|n) = n|n). One
can then apply our Schrédingerisation formulation to the inhomogeneous case. We Schrodingerise the system
by dilating F — y = F ® |0) + J ® |1) and transform y — @ (Schrédingerisation procedure) to obtain the
Hamiltonian matrix in (3.15):

1 1 1 1
H:A2®§(1+J3)®ﬁ—§®Ul®ﬁ+A1®§(1+03)®1+§®02®1ZHT7

where A; = (A + A")/2 = AJ{, Ay = i(A - AN)/2 = A; This is a quantum simulation on a system of 4
qumodes and 4 qubits.

8. NUMERICAL SIMULATION

For the numerical tests, we use the classical computer to simulate the Hamilton system to validate the
feasibility of the algorithms above. We remark that there is no error in the error table coming from the noise of
current quantum computers, which can be quite large for realistic calculations. However, based on atomic array
quantum computing technology, to reach tens of thousands or even hundreds of thousands of physical bits, and
the two-bit gate fidelity rate of 99%, and on this basis, to produce hundreds of logical bits, is a possible goal in
the next few years. With the recent progress in the development of quantum technologies, large-scale quantum
computers could be available in a not-so-distant future [22].

The solution for (3.15) at time T is obtained by

awy, = e Ty, (0),

if H is independent of ¢. Otherwise, the Crank—Nicolson (CN) method is used to approximate the Hamiltonian
system. First, we use different quantum algorithms to simulate the propagation of the electromagnetic field
without the source term, and then we consider the Schrédingerisation method applied to physical boundary
conditions. Finally, we simulate Maxwell’s equations in media with material interfaces.
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8.1. Periodic boundary conditions

In this test, we consider 2D Maxwell’s equations in the domain Q = [0,2]? for a z-transverse magnetic (TM)
wave, where the magnetic field B is transverse to the z-direction and electric field E has only one component
along the z-direction. We set the cell number as M = 25, N = 27. The exact solution to the system is

E. = Sin(w(x Yoy \/5t)) B, = —2E./V5, B, = E./\V5.

Simulations of equation (2.8) are denoted by schr 1, and model (2.5) using the Yee’s algorithm is called schr
2. In Figure 4, the comparison of schr 1, schr 2 and QLA proposed in [47,48] shows that they are very close to
the exact solution, schr 1 ends up superior, and the error accuracy of Schrodingerisation is smaller than QLA.
Define the discrete energy as
2 2 2 2
E(T) = (B2, + B:; + By ;) 0’
J
From Table 1, we find that the values of AE = |E(T) — £(0)| and A(Vy, - By) = |V}, - Bi(t) — Vi - Bp(0)] are
close to zero for schr 2 even when errgp is much bigger, where errgp is the error between the numerical and
exact electromagnetic fields denoted by

eITpp = mj&X(\Ez,j = E.(z,T)| |Byj — Ba(xj, T)| |By,j — By(j, T)I).

Let F4p denote the approximation of Fy, which is the error of the Maxwell-Thomson equation. We find
| Faplliee ~ errgp for schr 1 and QLA.

In summary, compared to other quantum algorithms in the literature such as QLA etc., it is easy to obtain
higher accuracy, and handle the physical boundary conditions and complex medium by applying the Schrodin-
gerisation approach. In the following, we would show the numerical tests of Schrédingerisation for Maxwell’s
equations with different boundary conditions and complex media.

8.2. Physical boundary conditions with source terms

For simplicity of the exposition, we restrict ourselves to a reduced version of Maxwell’s equations with one
spatial variable, z, namely equation (5.4). Moreover we assume /e = /i = 1. Let us consider a 1D case in [0, L]
with L = 15, and use the exact solution to test the accuracy of algorithm. The cell number is set by M = 29,
N = 27. The simulation stops at 7' = 1.

8.2.1. The perfect conductor boundary condition

The perfect conductor boundary condition for the TE model reads as
E,(0) =0, E,(L)=0. (8.1)
In order to enforce the boundary condition, we set the exact solution as
2
E, =sin(2n(z +1)/5), E, = g(cos(zm/s) /(2r) — 1), B, = tsin(2rz/5). (8.2)

Using the same method in (5.7), we get the perfect conductor boundary condition on the right side of the
domain for equation (5.6)

1%1 1 -1 1 1 1%0 1/:)1
Gs| 1|1 -1 -1 —1f|de| s
5| 2v2| 1 1 -1 1%4 = Poze ds | (83)

Py -1 -1 1 —1l g 7
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F1GURE 4. Electromagnetic fields at T' = 1 with periodic boundary condition. On the left are
the computed solutions with schrl, in the middle and right are the computed and the exact
solution with z* = 39/32 and y* = 7/32. (a) E,. (b) E.(z*,y). (¢) E.(x,y*). (d) By. (e)

TABLE 1. Comparison of different schemes.

AE A(Vi-Br) Fan Fs,n erTen
QLA 1.16e—4 - 3.7le—3 3.72e—3 1.53e—1
schr 1 1.33e—15 - 9.72e—16 9.70e—16 3.72e—15

schr 2 4.44e—16 6.88e—14 - - 3.83e—2




QUANTUM SIMULATION OF MAXWELL’S EQUATIONS 1873

— & —schr1 — o —schrt
exact sol exact sol
0.2 ~ ® - upwind
0.4
06
w”-08
el
12
1.4
16
0 3 6 9 12 15
x x x
(a) (b) (c)
ey P L [ e —schr2 | .Y FE |- e —schr2 ! ) v 4T- o =schr2
1 A ; 1 \
08 \ 48 exact sol d 3 exact sol 08 4 7 exact sol
ek 41 P FDTD o2 | i b 4 % FOTD I3 (Y FDTD
\ gl / I
06F \ [ | ‘ Yl 1 P \ S [ o6k Y ‘ 1 | \
5 4 { 04t | f 1Y P 1 | \ I} \ ¥ Ly
oaf |\ : \ 4 { b ! \ ! \ 04y \ ) 3 | \
i | i J “) 4 \ ] \ | LY { | H . \ | \
0.2 & 4 | ¥ o6r { \ | 02t \ ! 1 ¥ 1
\ N \ It s ! \ ] 1 I '] \ | B | \
. \ ] y 4 1 ‘i o 1 | \ | \ ! . L 1 | \
w 0 A { | { 1 i -0.8 \ ¥ 1 | 7 | ) 1 I \ L
| £ \ \ I v ¥ i { \ f ! | \
0.2 \ { & J 1 1 i | \ 1 \ r -0.2 ! | \ f \ |
! | ] f | 1 \ § \ | § | \ | \ H ¥ |
0.4 ] d [} { { \ | ¥ ¥ \ { 04 \ i & | \ $
V] rof 1' { 12 § ! v vy L \ o Vo
06 | | \F Vo L 06 vV v\ Y
i | | 4 " v X r | [ L \ f
0.8 L L \ ¢ 14 A\ \ L .08 17 \ ¢ | |
1 A 1 w L e LJ € ] 1
h Y LY LY 4 | w4 r L '
4 | ¥ 16 8 , &, ]
0 3 6 9 12 15 0 3 6 9 12 15 0 3 6 9 12 15
x x x
(d) (e) ®)

FIGURE 5. Results for T' = 1 with perfect conductor boundaries. The first row are the simu-

lations using upwind algorithm and the second row using Yee’s algorithm. (a) E,. (b) E,. (c)
B.. (d) E;. (e) Ey. (f) B..

TABLE 2. The convergence rates of || Ef — EHLQ(Q)XL?(Q,,) and || B — Bll120)xr2(,) respec-
tively, where Ef and By is the interpolation of Ej, and By, respectively, and Q, = [0.5, 5].

Here the numerical solution |0)E} + [1)Bj, is computed by |0)E, + |1)B), = eP*w{ with
k :=min;{j : p; > 0.5}. and w is obtained by (3.18).

(Ap = Az, At) (33, 7) Order (22, 5) Order (33, 35) Order
I = Ell 2(0)x12(0,) 18901 - 5.94e—02 1.67  5.29e—03 3.49
B, = Bll2oyxr2(0,) 4-95e—02 - 1.82e—02 1.44  4.87e—03 1.90

Changing the matrix Boog in (5.12), one gets the system for the Hamiltonian simulation with the perfect
conductor boundary of the domain. The results are shown in Figure 5.

In this case, we test the convergence rates of Schrodingerisation combined with Yee’s scheme. From Table 2,
it can be seen that second order is obtained due to the regularity of g(p) € C?(R) and the application of

second-order numerical schemes. In this test, we apply the trapezoidal rule for numerical integration. The exact
solution can be viewed as a constant function of p.

8.2.2. The impedance boundary condition

In the 1D case, the impedance boundary condition reads

E,(0) +vB.(0) =0, vB.(L)— E,(L) = 0. (8.4)
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FIGURE 6. Results for T = 1 with impedance boundary conditions. The first row are the
simulations using upwind algorithm and the second row using Yee’s algorithm. (a) E,. (b) Ej.
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We set the source term and the initial value carefully such that the solution satisfies

E, = —sin(n(z +t)/5), E,=>5cos(rx/5)/n, B, =tsin(rx/5)—>5/m. (8.5)
Similar to (8.3), one gets the left impedance boundary condition of the domain for equation (5.6),
~ v—1 v—1 ~ ~
Yo 1 L =53 o3| [ 1
) 1 -1 o == o W B )
ol P R | |0 Bg2o Vs, (8.6)
¢4 2\/5 T o+l 1 1 1 ¢5 1/}5
Ve == == S S O N K (U

By replacing the matrix Bgao in (5.12), one obtains the ODE system for the quantum simulation.

Comparing with the Figures 5 and 6, it can be seen that Schrodingerisation with both upwind algorithm and
Yee’s method can match the boundary conditions very well. Since the upwind scheme only has a first order
accuracy of spatial discretization, the later is closer to the exact solution while using the same mesh size.

8.3. Simulations in inhomogeneous medium

Here, we simulate the evolution of a Gaussian pulse in 1D form a medium with €y = 1, 1 = 1 to the other
with €5 = 3, pus = 1, the discontinue parameter ¢ and its approximation are shown in Figure 3. The initial
electromagnetic pulse is given by

(8.7)

2
E,(z,0) = B,(x,0) = 0.0l exp [—(20(3130_03))] .
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FIGURE 7. Approximation of electromagnetic fields with schr 1 and QLA algorithm. (a) ¢t = 5.
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In Figure 7, the first row are the results of Schrédingerisation approach with M = N = 27 and the second row
are the approximation of QLA [47,48] with fine mesh M = 2!, which shows that the numerical solutions from
Schrodingerisation method are in agreement with the ones of QLA .

Next we verify the accuracy of the Schrodingerisation approach combined with the upwinding embedded
boundary method for equation (5.6) with the jump conditions in (6.12). The medium is divided into two parts—
the medium on the left (=9 < z < 0) is vacuum (g7 = pp = 1), the right (0 < z < 10) is a dielectric with
€2 = pto = 2 [34]. The incident plane is

Eyinc = exp [i(wt — k1x)], B inc = exp [i(wt — k12)]/v1, (8.8)
where w = 0.5, v = 1/ /E1p1, ki = w\/Eip; and Z; = /ui/ei, i = 1,2. A reflective and transmitted wave will

be generated when the incident wave encounters the interface. The boundary conditions are chosen such that
the exact solutions satisfy

212_~Z_2Z2 exp [i(wt — koz)] x>0,

exp [i(wt — ky2)] + 22225 exp [i(wt + k1z)] 2 <0
Ey(x’):{ [i( 17)] + Z2575 exp [i( 17)]

% exp [i(wt — k1x)] — % exp [i(wt + k1z)] = <0,

Z?TZQ exp [i{(wt — kox)] = > 0.

B,(z,t) = {

The mesh size is set by M = N = 27. As shown in Figure 8, the Schrédingerisation method captures the jump
conditions across the material interface well, and its approximation is close to the exact solution.
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FIGURE 8. Electromagnetic fields at T' = 3. (a) Re(E,). (b) Im(E,).

In this paper, we propose quantum algorithms for Maxwell’s equations, using the Schrédingerisation method
introduced in [24,26]. The proposed method has been demonstrated for the eight-dimensional matrix represen-
tation of Maxwell’s equations based on the Riemann—Silberstein vectors, and to electromagnetic models based
on electric and magnetic fields. While source terms and physical boundary conditions are natural in simulations,
quantum simulation incorporating these conditions are difficult due to the lack of unitarity of these systems.
We give implementation details for three physical boundary conditions, including periodic, perfect conductor
and impedance boundary conditions. In addition, we simulate Maxwell’s equations in a linear inhomogeneous
medium with interface conditions. Finally, we touch upon continuous-variable quantum systems to simulate

exact

~—©— numerical
O interfaceL
O interfaceR

exact

~—©— numerical
O interfacel
O interfaceR

9. CONCLUSIONS

Maxwell’s equations wvia Schréodingerisation.

We did not consider the treatment of quantum simulations algorithms for Maxwell’s equations in unbounded
domains. As pointed out in [25], the Schrédingerisation method can be applied to quantum dynamics with

artificial boundary conditions. These will be the subject of our future research.

. (d) Im(B,).
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