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OPTIMIZATION OF TWO-LEVEL METHODS FOR DG DISCRETIZATIONS OF
REACTION-DIFFUSION EQUATIONS*

JOSE PABLO LUCERO LORCA! AND MARTIN JAKOB (GANDER?**

Abstract. In this manuscript, two-level methods applied to a symmetric interior penalty discontinuous
Galerkin finite element discretization of a singularly perturbed reaction-diffusion equation are analyzed.
Previous analyses of such methods have been performed numerically by Hemker et al. for the Poisson
problem. The main innovation in this work is that explicit formulas for the optimal relaxation parameter
of the two-level method for the Poisson problem in 1D are obtained, as well as very accurate closed
form approximation formulas for the optimal choice in the reaction-diffusion case in all regimes. Using
Local Fourier Analysis, performed at the matrix level to make it more accessible to the linear algebra
community, it is shown that for DG penalization parameter values used in practice, it is better to use
cell block-Jacobi smoothers of Schwarz type, in contrast to earlier results suggesting that point block-
Jacobi smoothers are preferable, based on a smoothing analysis alone. The analysis also reveals how the
performance of the iterative solver depends on the DG penalization parameter, and what value should
be chosen to get the fastest iterative solver, providing a new, direct link between DG discretization
and iterative solver performance. Numerical experiments and comparisons show the applicability of the
expressions obtained in higher dimensions and more general geometries. (The datasets generated during
and/or analysed during the current study are available from the corresponding author on reasonable
request.) (The authors have no relevant financial or non-financial interests to disclose.) (All authors
contributed to the study, conception and design.)

Mathematics Subject Classification. 65N55, 65N22, 65F10, 656H10.

Received June 9, 2023. Accepted July 12, 2024.

1. INTRODUCTION

Reaction-diffusion equations are differential equations arising from two of the most basic interactions in
nature: reaction models the interchange of a substance from one type to another, and diffusion its displacement
from a point to its neighborhood. Chemical reactors, radiation transport, and even stock option prices, all
have regimes where their mathematical model is a reaction-diffusion equation with applications ranging from
engineering to biology and finance [5,13,21,27,30].

Keywords and phrases. Discontinuous Galerkin, multigrid, local Fourier analysis, reaction diffusion problems, optimized
parameters.

* Dedicated to the memory of Assyr Abdulle.
1 University of Colorado Boulder, Boulder, USA.

2 Université de Geneve, Geneva, Switzerland.
**Corresponding author: martin.gander@unige.ch

© The authors. Published by EDP Sciences, SMAI 2024

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/m2an/2024059
https://www.esaim-m2an.org
https://orcid.org/0000-0001-8450-9223
mailto:martin.gander@unige.ch
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0

2352 J.P. LUCERO LORCA AND M. JAKOB GANDER

Spectral Radius
1.0

0.9 —

0.8 o — Unrelaxed

0.7 Smoothing analysis
0.6 Minimum

0.5

0.41 5 3 P 5Penalty

FIGURE 1. Left: circular domain and mesh used for the SIPG discretization of a Poisson prob-
lem. Right: spectral radius of the iteration operator as a function of the penalty parameter
in SIPG using a cell block-Jacobi smoother, without damping (Unrelaxed), with optimized
damping from a 1D smoothing optimization alone (Smoothing analysis), and the numerically
optimized two level process (Minimum).

In this paper, we present and analyze two-level methods to solve a symmetric interior penalty discontinuous
Galerkin (SIPG) discretization of a singularly perturbed reaction-diffusion equation. Symmetric interior penalty
methods [2-4,28,33] are particularly interesting to solve these equations since by imposing boundary conditions
weakly they produce less oscillations near the boundaries in singularly perturbed problems [25]. Using this
discretization, the reaction operator involves only volume integrals with no coupling between cells. Therefore,
all its contributions are included inside the local subspaces when using cell block-Jacobi smoothers, which can
then be interpreted as non-overlapping Schwarz smoothers (see [11,12,26] and references therein). On the other
hand, also point block-Jacobi smoothers have been considered in the literature, which we study as well.

The SIPG method leaves two parameters to be chosen by the user. One is the penalty parameter, which
determines how discontinuous the solution is allowed to be between cells, and the other is the relaxation used
for the stationary iteration. For classical finite element or finite difference discretizations of Poisson problems, it
is sufficient to optimize the smoother alone by maximizing the damping in the high frequency range to get best
performance of the two and multilevel method, which leads for a Jacobi smoother to the damping parameter %
(see [34]). This is however different for SIPG discretizations, as we show in Figure 1 for a Poisson problem on
a disk discretized with SIPG on an irregular mesh. We see that the best damping parameter depends on the
penalization parameter in SIPG, and can not be well predicted by a smoothing analysis alone. Our goal here is
to optimize the entire two level process for such SIPG discretizations, both for Poisson and singularly perturbed
problems.

We apply Local Fourier Analysis (LFA), which has been widely used for optimizing multigrid methods since its
introduction in [7]. This tool allows obtaining quantitative estimates of the asymptotic convergence of numerical
algorithms, and is particularly useful for multilevel ones. Based on the Fourier transform, the traditional LFA
method is accurate for partial differential equations if the influence of boundary conditions is limited. It is well
known [8], that the method is exact when periodic boundary conditions are used.

Previous Fourier analyses of such two-level methods for DG discretizations have been performed for the
Poisson equation by Hemker et al. (see [18,19] and references therein), who obtained numerically optimized
parameters for point block-Jacobi smoothers. Our main results are first, explicit formulas for the relaxation
parameters of both point and cell block-Jacobi smoothers for the Poisson equation and second, the extension to
the reaction-diffusion case, where we derive very accurate closed form approximations of the optimal relaxation
parameters for the two-level process. Using our analytical results, we can prove that for DG penalization
parameter values used in practice, it is better to use cell block-Jacobi smoothers of Schwarz type, in contrast
to earlier results that suggested to use point block-Jacobi smoothers, based on a smoothing analysis alone.
Furthermore, our analysis reveals that there is an optimal choice for the SIPG penalization parameter to get
the fastest possible two-level iterative solver. A further important contribution in our opinion is that we present
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our LFA analysis using linear algebra tools and matrices to make this important technique more accessible in
the linear algebra community.

A special point is made on the closed-form nature of our results. The mathematical community is divided
between researchers pushing for the numerical optimization of LFA [31,32] and researchers searching for analyt-
ical, closed-form results [24]. We value both approaches in their capacity to spearhead mathematical intutions
numerically, that are then addressed formally as it often happens in science. We let go of considering 2D and
3D Fourier symbols, but we do include the complete 2-level method in our optimization instead of separating
smoothing from coarse correction, expecting and ultimately confirming that the validity of the optimization is
wider than the alternative.

To the best of our knowledge, even though many publications have applied LFA to two-level solvers for DG
discretizations of elliptic problems since the work by Hemker et al., closed-form formulas for the relaxation
parameter, optimized over the complete two-level process for each SIPG penalty, are missing from the literature
since the algebraic expressions involved are quite cumbersome. Our expressions for the Poisson problem are
exact in 1D, if periodic boundary conditions are used. Additionally, we provide numerical examples showing
their applicability in higher dimensions and non-structured grids.

2. MODEL PROBLEM

We consider the reaction-diffusion model problem
1 .
—Au—|—gu:f in €, u=0 on 0f, (1)

where Q C R123 is a convex domain, f is a known source function and € € (0, 00) is a parameter, defining the
relative size of the reaction term.

We introduce the Hilbert spaces H = L?(Q2) and V = H}(Q2), where H{ () is the standard Sobolev space
with zero boundary trace. They are provided with inner products (u,v),, = fQ uvdr and (u,v),, = fQ Vu-Vudz
respectively. The weak form of problem (1) is: find u € ¥ such that

CL(U, 'U) = (f7 U)Hv (2)

where f € H and the continuous bilinear form a(-,-) is defined by

a(u,v) = / Vu-Vudz + é/ wdr = (u,v),, + é(u,v)H. (3)
Q Q

The bilinear form a(u,v) is continuous and V-coercive relatively to H (see [10], Sect. 2.6), i.e. there exist
constants 7,, C, > 0 such that

a(u,u) 2 vallully,  a(u,v) < Callullyllvlly, Vu,v€V. (4)

Note that even though ~, is independent of ¢, C, is not, which motivates our search for robust two-level methods
in the next section. From Lax-Milgram’s theorem, the variational problem admits a unique solution in V.

2.1. Discretization

We discretize the domain 2 using segments, quadrilaterals or hexahedra, constituting a mesh T with cells
k € T and faces f € F using an SIPG finite element discretization. Let Q,(x) be the space of tensor product
polynomials with degree up to p in each coordinate direction with support in x. The discontinuous function
space V}, is then defined as

Vi == {v € L*(Q)|VE, v}, € Qu(r)}. (5)
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FIGURE 2. Mesh for the discretization and finite element functions.
Following [2], we introduce the jump and average operators [u] := u™ —u~ and {u} := “+, where the

superscript indicates if the nodal value is evaluated from the left of the node () or from the right (7), and
obtain the SIPG bilinear form

an(u,v) :=/TVU~Vvdac+iAuvdx—A([[u]]{{?Z}}+{{§Z}}[[v]]) ds+/F(5[[u]][[v]]ds, (6)

where n is the direction normal to the boundary, the boundary conditions have been imposed weakly (i.e.
Nitsche boundary conditions [28]) and § € R is a parameter penalizing the discontinuities at the interfaces
between cells. On the boundary there is only a single value, and we set the value that would be on the other side
to zero. In order for the discrete bilinear form to be coercive, we must choose § = dy/h, where h is the largest
diameter of the cells and 0y € [1, 00) is sufficiently large (see [22]). Coercivity and continuity are proved in [2] for
the Laplacian under the assumption that dg is sufficiently large, and these estimates are still valid in the presence
of the reaction term, since it is positive definite. For our analysis, we will focus on a one-dimensional problem?,
with equally spaced nodes and cells with equal size, see Figure 2 for the mesh and finite element functions. We
use the same kind of basis and test functions and we denote them by ¢; = ¢;(x) and 1; = ¢;(x) for decreasing
and increasing linear functions, respectively, with support in only one cell. The coefficients accompanying each
basis function are uj, u; € R, where the superscript indicates if the nodal value is evaluated from the left of
the node (7) or from the right (*).
Any v € V}, can then be written as a linear combination of ¢;(x) and v¥;(x),

J

v= Zu;_@ +uy Yj(x) =u-£(z), with

u: (,u;r 10 Ui 1,uj+,u],uj++1, ]+1,...)€R2J7
§(x) :

(' ) (bj*l( )71/)]*1( ), ¢J( )7wj( )7 ¢j+1($)7wj+1(‘r)v e ‘)7
and ¢;(z),¥;(z) € Qi(k;),k; € T,j € (1,J). With this ordering, the SIPG discretization operator is

IThis is motivated by the seminal work of P.W. Hemker [19] who stated: “we study the one-dimensional equation, since this
can be considered as an essential building block for the higher dimensional case where we use tensor product polynomials”. We test
however our analytical results also in higher dimensions and on meshes which are not tensor products, see Section 6.5.
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an(Pj—2,%-1)
ap(@j-1,%j-1)  an(dj-1,8;)

ap(Pj—1,%5-2)  an(Wj-1,05-1)  an(i-1,¥5-1)  an(i-1,8;5)  an(j-1,%;) )
7

an(e;, dj-1) an(®;,1j-1) an(dj, &;) an(dj, ¥5)  an(9s, @j+1)

an (¥, 1) an(¥, ¢5)

an($j+1, ;)

where the blank elements are zero. Using equation (6), evaluating (7) leads to

_1
2
h? _1
6 2 ut +
€ Uj_1 -1
_1 » h? _ _1 _ _
1 2 6 Ootsz  1-do 2 (T fita
Au = 2 = = f, (8)
1 _ h? h? 1 u +
3 1=d dot+3xm & —3 5
_1 n “ 5
2 6e
_1
2

where
f: (, ;il,fjiflafjfvfjif") ERZJ

is a vector, analogous to u, containing the coeflicients of the representation of the right hand side in V},. In the

next section, we describe an iterative two-level solver for the linear system (8).
3. SOLVER
We solve the linear system (8) with a stationary iteration of the form
wl ) = 4@ 4 prt (f - Au(i)), (9)

where M~! is a two-level preconditioner, using first a cell-wise nonoverlapping Schwarz (cell block-Jacobi)

smoother Dt (see [11,12]), i.e.
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2 2
oo + % ’éﬁg ul
D u = h? (10)
h? h2 _
6e 50 + 3 u

This smoother takes only into account the relation between degrees of freedom that are contained in each cell
(1:;|r and x; in Fig. 3), i.e. we solve a local discrete reaction-diffusion problem consisting of one cell, like a
domain decomposition method with subdomains formed by the cells.

Following [18], we consider as well a point block-Jacobi smoother, consisting of a shifted block definition, i.e.

-1

0o + g% 1— 4o u;
D;lu = h? . (11)
2
1—460 o+ gfs u;_l

In this case, the smoother takes into account the relation between degrees of freedom associated to a node (a:]_

and x;ﬁrl in Fig. 3). The domain decomposition interpretation in this case is less clear than for D.,.
Let the restriction operator be defined as

1 1
L 5 3
1 1
. 2 3 1
R:=— ,
2

and the prolongation operator be P := 2RT (linear interpolation), and set Ay := RAP. Then the two-level
preconditioner M ~!, with one presmoothing step and a relaxation parameter «, acting on a residual ¢ is defined
by Algorithm 1, where D~ is the smoother and we’ll study the choices D! and D, L,
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Algorithm 1. Two-level non-overlapping Schwarz preconditioned iteration.

1: compute « := aD g,
2: compute y := x + PA; ' R(g — Az),
3: obtain M 1g =y.

4. LocAL FOURIER ANALYSIS (LFA)

In order to make the important LFA more accessible to the linear algebra community, we work directly
with matrices instead of symbols. We consider a mesh as shown in Figure 3, and assume for simplicity that
it contains an even number of elements. Given that we are using nodal finite elements, a function w € V}, is
uniquely determined by its values at the nodes, w = ( .. ,wjtl, wy, 1thr yWiyqs - ) For the local Fourier analysis
(LFA), we can picture continuous functions that take the nodal valucs at the nodal points, and since in the DG
discretization there are two values at each node, we consider two continuous functions, w*(z) and w™(z), which
interpolate the nodal values of w to the left and right of the nodes, respectively. We next represent these two
continuous functions as combinations of Fourier modes to get an understanding of how they are transformed
by the two grid iteration.

4.1. LFA tools

For a uniform mesh with mesh size h, and assuming periodicity, we can expand w™(z) and w™(z) into a
finite Fourier series,

J/2 N J/2
+ _ + i2mkx __ + 2n(k—J/2)x + i2wkx
w (gc)—~ Z ce —ch_J/2e +cle )
k=—(J/2—1) k=1
J/2 B J/2
- _ — 2wkx __ — 2w (k—J/2)x — Ji2wkx
w (x)—~ Z ce —ch_J/Qe +c e .
k=—(J/2-1) k=1
Enforcing the interpolation condition for these trigonometric polynomials at the nodes, wj = w*(w?) and
w; 0:=w(z; ), we obtain
J/2 J/2
— Z(jzﬁJ/Qei%r(k—J/mz}" _|_C;r6i27rkz Z(k ei2m(k=J/2)(i— 1)h+(+ i2wk(j—1)h ,
J/2 J/2
ch 1277 k—J/2)z; + 0—61277sz _ ch zZ-rr(ka/2)jh + C_ 127rk]h
k=1

The representation for w* and w™ as a set of nodal values can therefore be written as

+
w] iz o
Zk 1 Ch— ]/2+Lk
+ + | = iz i2m(k—J/2)(i—Vh |+ i2rk(i—1)h
wh = | wf | = | Y e U ek |
ZJ/Z oFimth=d/DI=Dh |t i2nk(J=1h
wj k1 k—J/2 k
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wi J/2
~ i2m(k—J/2)h | .~ i2wkh
Zk:l Ch—y)2¢ e
J/2 ) . o
_ _ — 2w (k—J/2)jh — i2wkjh
w = |w | = Zk:l Cr—/2¢ +oe
J/2 ) )
-~ i2m(k—J/2)Jh | .~ i2rkJh
_ Zkzlf‘kﬂ//ze tepe
Wy

We thus write the Fourier representation as a matrix-vector product and define two matrices QT and @,
such that wt = Q*c™ and w™ = Q" ¢~, where

1 1 1 1 1 1
Q+ = e—i2m(1=J/2)(G=Dh ei2m(Gi—1h ei2m(k—=J/2)(G=1)h ei2mk(G—1h 1 £i2m(J/2)(G—1)h ,
e—i2m(1=J/2)(J=1)h ei2m(J=1)h ei2m(k=J/2)(J=1)h ei2mk(J=1)h 1 ei2m(J/2)(J=1)h
ei271'(17J/2)h et2mh L eiZ‘/r(ka/Z)h et2mkh L 1 ei27r(J/2)h,
0 = ei2m(1=J/2)jh  gi2wjh gi2w(k—J/2)jh  gi2wkih 1 gi2w(J/2)jh
A b
ei2m(1=J/2)Jh  gi2wJh  gi2w(k—J/2)Jh ei2mkJh 1 gi2w(J/2)Th
and
+ + + + + o)
ct =
(leJ/2 €1 Cp_ysa Cp -+ Co cJ/Q) )
B T
c = (017(]/2 I c!]/2> .

An element in V}, can then be represented by its nodal elements in a stacked vector

o (3) = (7 ) (2) e

We now reorder the vectors w and ¢ to obtain the new vectors w and e such that their elements are ordered
from left to right with respect to the mesh. To do so, we define an orthogonal matrix S, such that w = STw
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and w = Sw,

ST .= 3

where the dashed line is drawn between the two columns in the middle of the matrix

reordered and scaled matrix

w = STQSc =: (\/ﬁ>_1Qc.

The structure of Q is

ei2m(k=J/2)(j=2)h
ei2m(k=J/2)(j=1)h
¢i2n(k=7/2)(i=Dh
ei2m(k—J/2)jh
ei2m(k—J/2)jh
ei2m(k—J/2)(j+1)h
£i2m(k—J/2)(j+1)h

ei2m(k—J/2)(j+2)h

where the factor v/h is inserted such that @ is unitary (i.e. Q*

ei27rk(j—2)h
ei27rk(j— 1)h
ei2mk(j—=1)h
ei2mkjh
eiZfrk‘jh
ei2mk(j+1)h
ei2mk(G+1)h
£i27k(j+2)h
=Q7).

2359

. Finally, we define the

If we follow the same procedure for a coarser mesh, created by joining neighboring cells together, the matrix
Qo, analogous to @, picks up the elements corresponding to the nodes contained in both the coarse and fine

meshes,

ei2m(k—J/2)(j—2)h

Qo =V2h| gi2n(k—J/2)jh

i2mkjh

ei27rk(j+2)h

where j > 2 is even and the factor v/2h is inserted such that Q)¢ is unitary. We next show that ) renders A
and D block diagonal and @y and @ do the same for R and P, albeit with rectangular blocks. Therefore the
study of the two grid iteration operator is reduced to the study of a generic block. In order to prove this result

we need the following lemma.
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Lemma 4.1. Let C € R?/*27 be q block circulant matriz of the form

Co C1 Ca 0 C_o C_1
C_1 Co C1 Ca 0 C_o
C_o C_1 Co Ch Cs 0
C— C_» C_1 Co C1 Ca 7
0 C_o C_1 Co Cy Cy
0 C_o C_y Co C1
Ca 0 C_o C_1 Co
Cy Cy

where C; represents (2 x 2)-blocks, and let Q € R27%27 be the matriz which columns are discrete grid functions
as defined in (12), then the matriz M = Q*CQ is (2 x 2)-block diagonal.

Proof. We compute the block (p,q) of M to be

J/2—1 J
Mpq = Z ZQ?,kaQ((k+l71)%J)+l,q7

k=—(J/2-1) I=1

where we denote by %.J equivalency modulo J, and a block (m,n) of Q is

ei2m((n+1)/2—J/2)(m—1)h 0 o
0 gi2n((n+1)/2=J/2)mh | if n is odd,
Qm,n = ei2m(n/2)(m=1)h 0
0 i2n(n/2)mh | if n is even.
e

As before, we will use for the small blocks the notation Cj = (it c22). We consider an off-diagonal block, i.e.
Qp,q, With p # ¢, and take an arbitrary k. Then if p and ¢ are even, we have

J
*
> Qi yCrQkr1-1)%) 1.4
=1
(k- %I)+1-1)mg _i(l—=1)pm i(((k+1-D)%J)+1)mg _ i(l=1)pm
_Z ciie J J cize J J
- z(((k+l—1)% J)4+1-1)wq ilpm i(((k+1-1)%J)+1)mq _ ilpw
=1 ca1€e J caze J J
L (p+(k—1)q) ) %J 27 (4 (p+ka)) %7
2 2
_ e ) e Ze = (o) %I _
9 i2m
6216 Z(k_l)q)éj) cose J ((

since we identify the sum of the roots of unity. If p and ¢ are odd, we have

J
*
ZQl,kaQ((qu)%J)H,q
=1
i2((k+1— 1)%/)+1 1)1(57&7%)7«2([ 1)( 17%)'” 12((k+1—1)%.])+1)7r(9#—%) i2(1— 1)( 7%)7\'

2

_ z : cii1e J ci2€e J J
i2((kti— 1)‘7/J>+1 (L -) (e -4« 2((kt-1% D+ D)w (G- ) (2 e
J

ca1e - 7 c22e T
_ Cne""’f((5<k+p+<k—1>q>)%J) rpe T ((%<p+k<q+1>+1> Ze 2 (3 (a-p))%I _
C2lei?]"((%(k_1)(q+1))%J) CMC“}’*((%k(qH) Yo ’
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since again we identify the sum of the roots of unity. If p is odd and ¢ is even, we get

J
*
Y Qi pCrQ((k1—1) %)+ 1,9
=1
. . . 1 .
J i((k+z—1)%J)+1—1>wq_12(’*”(%—1*5])” 71((1c+z—1)%1)+1)7rq_12“*1)(%*5])”
_ ciie J J cize J J
- ) 1 ) 1
=1 i((k’+l—1)%])+1—1)7rq712l(%_%)" i((k’+l—1)%J)+1)7rq71'21(%_%)"
- c21€ J J c22€ J J
_in(J—p—kq+q—1) _in(J—p—kq—1) J )
ciie J cize J Z ez?}w (%(q_p—l—‘,-J)l)%J =0
i(k—1)mq ikmq °
c21€ J coze J =1
If p is even and q is odd, we get similarly
J
*
ZQl,kaQ((k+l—l)%J)+l,q
=1
J 7‘,2((k+1—1)%J)+1—1)7r(g#—%)77;”71)17“ i2((k+l—1)%J)+1)7r<g#—%)7i(171)p7r
_ ciie J J cize T 7
P i2((k+z71)%1)+171)w(‘?2i7%) ilpn iz((k+z71>%J)+1)w(%7%) ilpn
B ca1€ J T case T T
127 1 . _ 27 1 (—
e T (3 (k=D —pta—k(at)+1))%7) erge’T ((3 @+r(=T+a+1))%T)
27 (( 1 o 27 ((14
orem F (0mn—emn)) v T (10-0m0))
J
e T (Bla—pH1=-N)%J _ o
=1

and thus M is a (2 x 2)-block diagonal matrix. O

Given that Lemma 4.1 ensures M is block diagonal, a generic block with block index p, g can be computed

as follows:

M=Q"CQ<+= QM =CQ = (QM)p, = (CQ)p.q, Vp,q
Jj2—1
— QpM, = Z CrQ((ktp-1)%J)+1,0> Vp, q
k=—(J/2—1)
J/2—1
= My =(Q%)gp Z CrQ((k+p-1)%T)+1,¢0 D:q
k=—(J/2—1)

— M = Q,CQ,,

where CQ, = Z/j:(b/g_l) CrQ((ktp-1)%7)+1,0>
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o127 (k—J/2)(j—2)h

i2m(k—7/2)(i—1)h
Qr = % pi2n(k—J/2)jh
gi2n(k—1/2)(+1)h
o—i2m(k—J/2) (j—D)h
Q= % e—i2nk(j—1)h

i2m(k—J/2)(j=1)h

ei2m(k—J/2)jh

127 (k=J/2)(j+1)h

127 (k=1/2)(j+2)h
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0127k (j—2)h
ei2mk(j—1)h

ei2k(j—1)h

ci2mkjh
ei2mkjh
ei2mk(j+1)h
ei2mk(j+1)h
ei2mk(j+2)h

e—i2m(k—J/2)jh

e—i2m(k—J/2)jh

o—i2mkjh

e—i2n(k=J/2)(j+1)h

e—i2mkjh

e—i2mk(j+1)h

and the factor \/g is chosen such that Q;I4«x8Q, = I4x4, Where I4.4 is the 4 X 4 identity matrix and

I4><8 =

[N el llen]
(el evlienllen]

SO O
oo~ O
o~ OO

_— o OO
[N el
[N el llen]

We have computed a generic block M in the block diagonal of M. In the next subsection, we will work with
blocks of size 4 by 4, given that we use a coarse correction with coarse cells formed from 2 adjacent fine cells

with 2 degrees of freedom each.

4.2. Analysis of the SIPG operator and associated smoothers

We extract a submatrix A containing the degrees of freedom of two adjacent cells from the SIPG operator

defined in (8),

11— s+ 2 -
2 2
i -3 & GtE 1-dh -3
A T
4B aeE 1k

We can now begin the block-diagonalization,

A= QIAQr
o+ +cos(2m(k—J/2)h)

1 1_60_’_%642“@71/2)}1

2 D e — P
1761)+275622W(k J/2)h

S0+ 12 fcos(2m(k—J/2)h)

So+ g —cos(27kh)

PO
1o+ 12 g —i2mkh

(13)

2 onk
175(]+27612Mh

60+% —cos(27kh)
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The same mechanism can be applied to the smoothers

h? h?
0 0 dg+ 3 &= 0
~ 0 h2 o+ 12 0 0
Dc = o 5 2 2 ) (14)
0 0 do + & o0
2 2
0 b o+ o 0
50+3;7l Zjeigwm—.//z)h
= _ 1 é€7i21r(krfkl/2)h &ﬁ-%
Dc - QIDCQT - ﬁ 60+’§—2 z—QeiQ"kh ) (15)
%e—ﬂﬂ'kh 50+%
and
0 1-3 8+ 0 0
_ 0 0 So+2 1-6 0
Dp == 3e 2 9 (16)
0 1-6 6o+ 5 0 0
2
0 0 So+% 1-4 0
So+4 1-6o
. ~ 1| =60 sori2
Dp = QleQr = 75 (17)

h? 50+% 1—d¢

1-6o 50+%
We continue with the analysis of the restriction, prolongation and coarse operators.
4.3. Analysis of the restriction, prolongation and coarse operators

The same block-diagonalization is possible for the restriction and prolongation operators. The calculation for
the restriction gives

13 3
o1l 2 o2t
: .
i L (18)
R= %onﬁQr
1 2 4 i2m(k=J/2)h ei2m(k=J/2)h (—1)7 (2 + €2mFh)  (—1)7 (ei2mkh)
B Tﬂ ((1)1' (emi2n(k=J/Dh)  (_1)i (2 4 ei2n(k=J/Dh) e~i2mkh 2 4 emi2mkh ) ’
and for the prolongation operator we obtain
P=2R", P=Q/PQ,,=2R" (19)

and finally for the coarse operator
QoA0Qo = QoRAPQo = Q5RQQ™AQQ™ PQo

1 < 250+1§7:7cos(27rkH) (=1)7 (1,250+%:eizwkH) ) (20)

— Ay=RAP = — _ _
0 H2 \ (—1)7 (1-260+ 227 27kH ) 2604 L2 —cos(2mkH)
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— Point block Jacobi smoother
_;L/ _d I 2 K~ Cell block Jacobi smoother
4 4

1L

FIGURE 4. Spectrum of the point block-Jacobi and cell block-Jacobi smoothers for dy = 2,
with optimized relaxation parameter without taking into account the coarse solver, following
Hemker et al. [19].

where H = 2h. We notice that the coarse operator is different for j even and j odd; however, the matrices
obtained for both cases are similar, with similarity matrix (—1)?1 where I is the identity matrix, and therefore
have the same spectrum. In the rest of the paper we assume j is even, without loss of generality. This means
that we will be studying a node that is present in both the coarse and fine meshes. We can now completely
analyze the two grid iteration operator.

4.4. Analysis of the two grid iteration operator

The error reduction capabilities of Algorithm 1 are given by the spectrum of the iteration operator
E = (I-PA;'RA)(I —aD ' A),

and we have shown that the 4-by-4 block Fourier-transformed operator

~ ~

Blk) = (1 — Pk Agl(k)fz(k)z(k)) (1 - aﬁ—l(k)ﬁ(k))

has the same spectrum. Then, we will focus on studying the spectral radius p(E (k)) in the next section, in order
to find the optimal relaxation parameter ogpt.

5. STUDY OF OPTIMAL RELAXATION PARAMETERS

We begin by recalling the study performed by Hemker et al. [19] for the Poisson equation.

5.1. Hemker et al. results

In Section 4.1 of [19], a smoothing analysis is performed, which is an important first step in LFA studies.
A comparison of the spectrum of the point block-Jacobi and cell block-Jacobi smoother with a relaxation
parameter optimized only wvia a smoothing analysis is shown in Figure 4. The smoothing analysis predicts
an optimal relaxation parameter 4/5 for the point block-Jacobi smoother, and 2/3 for the cell block-Jacobi
smoother. We see that the smoothing capabilities of the point block-Jacobi smoother are better than the cell
block-Jacobi smoother, since the upper half of the spectrum corresponding to the higher frequencies is better
damped (equioscillation between J/4 and J/2).

In our study, we take into account the interaction of smoothing and coarse correction when optimizing the
relaxation parameter, in order to get the best possible two level method, and we deduce explicit formulas for
the relaxation parameter. We will show that, for DG penalization parameter values dy lower than a certain
threshold §., which we determine explicitly, the cell block-Jacobi smoother of Schwarz type leads to a more
efficient two-level method than the point block-Jacobi smoother. This threshold is higher than the frequently
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FIGURE 5. (a) Ay and A_ for 6o = 1,1.2,2 (in decreasing absolute value at k = 0) using cps.
(b) f+ and f_.

used DG penalization parameter value 6y = p(p + 1) = 2, where p = 1 here is the polynomial degree®. This
shows that, for these penalization regimes, it is of interest in practice to use the cell block-Jacobi smoother
instead of the point block-Jacobi smoother which looks preferable based on the smoothing analysis alone.

5.2. Poisson equation

We begin with the study of the Poisson equation, for which we can completely quantify the optimal choice of
the relaxation parameter in the smoothing procedure to get the best error reduction in the two level algorithm.
The best choice is characterized by equioscillation of the spectrum, in the sense that the absolute values of the
maximum and minimum eigenvalues of the error reduction operator are equal, and is given in the following two
Theorems.

Theorem 5.1 (Optimal point block-Jacobi two-level method). Let A be the first order, nodal, SIPG discretiza-
tion matriz of a 1D Laplacian with periodic boundary conditions. The optimal relaxation parameter cpt, in
order to maximize the error reduction of Algorithm 1, using a point block-Jacobi smoother is given by

(259 — 1)2

- 7 . 21
662 — 650 + 1 (21)

Qopt =
Proof. We compute the spectrum of E(k) and find its extrema for —J/2 < k < J/2. E(k) has 4 eigenvalues,

two of which are zero since the coarse operator is of rank 2. We focus on the non-zero eigenvalues Ay and A_,
with AL > A_, shown as function of k for several values of §g in Figure 5a,

—1+ 860 — 1003 — (263 — 480 + 1) £+ /(e + 1)(1 — do(ck — f-)(cr — f+)
(250 — 1)(450 — Ck — 1) ’

Ae=1+a (22)

where ¢ = cos(#5E) contains the dependence on k, and

Fi(bo) = 1 — 680 + 862 — 803 + 453 + /1 — 85 + 1652 — 48353 + 1205% — 16085 + 12855 — 6455 + 1653
0) — .
2(60 — 1)

The function fy(dp) satisfies the following properties for dp > 1, as one can see from a direct computation
(see Fig. 5b):

(1) f4+(do) is monotonically increasing, lims,—1 f1(do) = 3 and lims, o f1 (o) — 00, therefore (cx — f1+(do)) <
0;

2The value 6 = p(p + 1) is used for example in the deal.II Finite Element Library [1] we will use in Section 6.5.
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(2) f-(60) is monotonically increasing, lims,—1 f-(d9) — —oo and lims, oo f—(do) = —1, therefore
(ck — f+(00)) > 0;

(3) 1—0p <0 and ¢+ 1> 0, and thus with (1) and (2) we have (¢ + 1)(1 —do)(cr — f=(d0))(cr — f+(d0)) > 0,
and therefore Ay (do) € R;

(4) limgs,—1(ck +1)(1 — o) (ck — f=(d0))(ck — f+(d0)) = (cx + 1)(3 — ¢k), therefore A (dg) = A_(dp) <= ¢ =

-1, i.e. k= J/4.
In order to obtain the extrema of Ay in k, we need to study Bg‘—;, and since aé\—ki = %ﬁj %, we first compute
oAy

5. = ° [—1 + 980 — 2863 + 6405 — 6405 + 3205 + (—3 + 2300 + 6455 — 6457 — 5605 + 3257 ) cx,
Cr

+(=3+ 1560 — 1263 ci + (3o — 1) £ 16(1 — 80)d+/ (cr + 1) (1 — 6o ) (ck — f—)(ck — f+)}/

(20280 — 1)(~4d + ex + 1) /(e + D)1= 00) (e — [ )(ex — [+) )

We begin by looking for zeros of the numerator; separating the term with the square root and squaring both
sides of the equation leads to

(—4d0 + ¢, +1)?
{1 — 10380 + 4183 — 14465 + 25655 — 19267 + 6465

+ (12865 — 38467 + 51285 — 36845, + 14855 — 4050 + 4)cy,
+ (6465 — 1926; + 2568, — 24055 + 15855 — 5280 + 6)c;,

+ (—1665 + 3655 — 2480 + 4)c} + (65 — 280 + 1)cjy| = 0.

This operation might add spurious roots to the original expression, so we analyze them individually. The left
hand side is a product of two factors, the second of which is a 4th degree polynomial in ¢;. The application of
the Cardano-Tartaglia formula leads to complex roots for dg > 1, leaving only two real roots coming from the
first factor, both at cx = —1+ 48, but dg > 1 and |cx| < 1, so there is no real root of = a)‘i . We deduce that mi

is zero only where ac’“ =0, e k=J/4,J/2.
We remark at th1s point that because the dependency on k is contained in ¢, the eigenvalues at k = 0 will
be the same than at k = J/2, so it suffices to consider only the case k = .J/2.

We realize as well that the denominator vanishes for ¢, = —1 (i.e. K = J/4), and for the derivative
when approaching this value, we get limy,_, ;4 8k a i %C;, multiplying and dividing by the factor

V(er +1)(1 = d0)(ex — f-)(cx — f+) we obtain

e,
’“EI‘%‘*%: " Vi +1)(1 —6()%;@ ) —f4) kLJ/4%/\Ti (ek +1)(1 = do)(en — f-)(ex — f+)
_ %jkLJ/4ae)Aci\/ck+1(1—50)(Ck—f Vew — fr),  k— (J/4)F,
! i{—of; i S G = dula— ) — sk (/)"
) imﬁafﬁ] ks (J/4)",
V2T gy

T 260 — 1)v/0)”
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therefore at k = J/4, A4 has a minimum and A_ has a maximum as observed in Figure 5a.
In order to determine if the extremum at k¥ = J/2 is a minimum or a maximum, we compute the second
derivative,

LW
k2

_ 87r2a(1 — 260(2(50 — 2)50 + 3))

, <0 <= 1-60 +852 —463 <0,
r=gs2 (200 —1)7(2(00 — 1)0p + 1)J?

which always holds for g > 1, and thus at & = J/2, A; has a maximum. Similarly, for A_, we find

92\
Ok?

- 87’(’20[(250(2(50 - 1)50 + 1) — ].)

o o 2 3
k:J/Qi (230(00(200 —3) + 2) — 1) ]2 <0 <= —1+4260 — 465 + 45 <0,

which never holds for §y > 1, and thus at k = J/2, A_ has a minimum, as we can see in Figure 5a.

To minimize the spectral radius, due to the monotonicity of the eigenvalues in the parameter «, we can min-
imize the absolute value of AL by just centering the eigenvalue distribution around zero. Using the explicit
formulas for the extrema, this is achieved by equioscillation when the relaxation parameter a,p satisfies
)\+|k:J/2 = 7/\_‘k:J/2’ which gives (21). O
Theorem 5.2 (Optimal cell block-Jacobi two-level method). Let A be the first order, nodal, SIPG discretization
matriz of a 1D Laplacian with periodic boundary conditions. The optimal relaxzation parameter cope, in order
to mazximize the error reduction of Algorithm 1 using a cell block-Jacobi smoother is given by

d0(280—1) 5
271 for 1 < dp < do4,
282 (280—1) o< g
_ <
Qopt 80[263 —480+1]+283+463 —580+1 for do4 < do < do,
262 =
726(2)4—50—1’ fOT 50, S 50,

where 8y, = 15(8 + V/152 — 24v/33 + 2/19 + 3v/33) = 1.41964 ... and §o_ = 3/2.

Proof. As in the proof of Theorem 5.1, we compute the spectrum of E(k) and find its extrema for —J/2 < k <
J/2. Again E(k) has 4 eigenvalues, two of which are zero.
The non-zero eigenvalues A and A_ are real, with Ay > A_, and are given by

2 + doex — 40 — 1) = /(8 —2)(ex — ) (ex — f+)> (29)

=1
)\i + Oé( 50(450 — C — 1)

2 — 352 —
where ¢, = cos(%2E) and f(6) = 50438 750+2)i2\/§;i°2 8)(49 =83 49 1), (see Figs. 6a—6c).
0

A direct computation shows for o > 1 that (see Fig. 6d)

(1)

(2)

(8) f+ ¢ R = do e (V2,22),
(4) elsewhere |f1| > 1.

To find the extrema of A1 in k, we compute again the derivative 88)‘—,? = %tf % and obtain

Oy a6 — 2600 + 5053 — 2453 + (663 — 1080 + 2) ey, F /4(80 — 1)2(62 — 2)(ck — f-)(cr — fe)

Jey, iég(—él(so +cr + 1)2\/((58 — 2)(01C - f,)(ck — f+)

(24)



2368 J.P. LUCERO LORCA AND M. JAKOB GANDER

A
1r f,
30¢
— e —

I 20¢

- 10¢ — 1,
= K —

_d _d 4 4 : : ~ 8 _ f
2 4 4 2 1.2 4 16 18 20 -

-10¢

-20¢

-1 -30

FIGURE 6. (a) Ay and A_ for dp = 1, (%+ (in decreasing absolute value at k = 0) using cps.

(b) A4 and A_ for & = &o_, 2+2\/§ (in decreasing absolute value at k = 0) using aopt. (¢) At
and A_ for §y = 3,4 (in increasing absolute value at k = 0) using aope. (d) f4 and f_.

We now look for roots of the numerator

6 — 2680 + 5055 — 2467 + (665 — 1080 + 2)cx, F \/4(50 —1)2(62 = 2)(ck — f-)(cr — f1) =0. (25)

We first note that if f- = f, = f, i.e. (200 — 3)(455 — 862 + 459 — 1) = 0, we have

6 — 268 + 5063 — 2405 + f1/4(60 — 1)2(53 — 2) + <65§ 1000 +2F /43 — 1)2(85 — 2))ck —0.

The factor multiplying the ¢ has roots,

662 — 105 + 2 F 1/4(60 — 1D2(63 —2) =0 (26)

— (=662 +108) — 2)° = 4(5p — 1)*(62 — 2)
= 805 — 2865 + 3205 — 145)+3 =10
> (200 — 3) (405 — 805 + 409 — 1) =0,

where we might have added spurious roots to the original expression by squaring both sides, so we analyze

them individually. We see that this is the same condition for f_ = f, = f. There are, therefore, §p4 such that
Bg‘—; = 0 independently of k. Such Jy4 are found by obtaining the real roots of the polynomial from equation

(26),
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- 1
Soy = 12<8+ {’/15224\/?E+2{’/19+3\/ﬁ> =1.41964...,

~ 3
60_ = 5
We now take equation (25) and compute the roots with respect to ¢,

(6 — 2600 + 5062 — 2463 + (663 — 1060 + 2)c)” = 4(J0 — 1)?(62 — 2) (cx — f-)(ch — f+);
a simplification gives

¢+ (2 — 880)ck, + (1655 — 859 + 1) =0,

which has two roots that are equal to ¢x, = —1 4 4dp, but dy > 1, so there is no real root of 8)‘—*- We deduce

from this and the chain rule, that a)‘i is zero only where Bﬂ = 0, hence the roots are located at k=J/4,J/2

(i.e. ¢, = 1,—1), except when A4 or )\ do not depend on k

We remark at this point that because the dependency on k is contained in ¢, the eigenvalues at k = 0 will
be the same than at & = J/2. In what follows, we will only analyze the case k = J/2.

We see that the denominator of (24) has roots at

(1) do = v/2, but given that |c;| < 1 we have

501Lm\/§(53 =2)(cr = f-)(ex = f4) = —4<_50 +35v2 + (_7 + 5\@)@“) 70

since f1 contains the term (63 — 2) in the denominator.
(2) 0o =1,c, = —1d.e. k= J/4,

. O+ . O+ Ocy, 20 47sy,
dm oo = dm S T T
o Ko O (8- a)ivIta

)

FYm g (J/4)F
MM, k— (J/4)

where s, = sm(“k) hence there is a minimum for A; and a maximum for A_;
(3) & :2+\[ ,cp = 1, where

lim a>\:|: — lim é)Ai 8Ck
do—1 ak o do—1 8Ck 8/{/’
k—J/2 k—J/2

90 i —5 4758y
= lim [ ————=|1-Vv2+ : a )
W(Ck-?’—m( wckl)((ml)cum)»( )

4am(2—/2) 4
(2+v2)J ’ k= (J/2)

4am(2—/2) =7
Fawvp o PR

therefore it is a minimum for A4 and a maximum for A_.

Thus, in the following we will assume that dg # 1 and &g # HT‘E
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In order to determine if the extremum at k¥ = J/4 is a minimum or a maximum we compute the second
derivative,
dm?ar(1 — 460 + 805 — 463)
5aJ2(00 — 1)(200 — 1)

LW
k2

<0< <0<=1-4d; + 853 — 45 < 0.

k=J/4

The only real root of this polynomial is (%Jr, and we conclude that at k = J/4, for §p < (%Jr, A4+ has a minimum,
and conversely, for o > dp, it has a maximum. For the second eigenvalue, we get
0?X_ 4720260 — 3)
Ok? 80J2(80 — 1)(260 — 1)

<0< <0< 2p—3<0,

k=J/4

and we conclude that at k = J/4, for 6y < <5~ch, A_ has a maximum, and conversely, for g > (5~0, it has a

minimum.
Similarly, at k = J/2, we find

92\
N <0
Ok? | y)o

8772&((25071)((1(250(350—7)+9)72) T 60— 1)

[1—2(00—1)00(280—3)|
So(J — 2dJ)?
= 2 — 1380 + 3205 — 3485 + 126, + (6o — 1)|—463 + 1055 — 660 + 1| < 0
14480 — 803 + 453 <0 if §y < ZEY2

= {2490 — 1463 + 653 <0 if 6y = 272
200 —3 <0 if 8o > 2572,

= — 1445y — 853 + 453 <0,

<0

Saad

9
9

and we conclude that at k = J/2, for g < c%+, A+ has a maximum, and conversely, for §y > &)4- it has a
minimum. And finally,

PPN
O |y, <
& — 2+ 1360 — 3287 + 3465 — 1263 + (8 — 1)|—465 + 1065 — 650 + 1| < 0
326 <0 if 6y < 22,

= 0295 + 1402 — 653 <0 if 6y = 2£Y2
1— 48 + 863 — 483 <0 if o > 282
<~ 3—209 <0,

and we conclude that at k = J/2, for 69 > 5~0_, A_ has a maximum, and conversely, for g < (5~0_ it has a

minimum.
In order to minimize the spectral radius we have to center again the eigenvalue distribution around zero,

using the explicit formulas developed above. The result thus follows from the solution of

)\+’k‘:<7/2 - _)\_‘k:J/z’ for I< do < (50+~7
Neliya = Alimyppr for oy <8 <o,
>\+|k:.]/4 = 7>\_|k:J/4’ for 50_ S 60.
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FIGURE 7. Spectral radius p(oopt(do),do) of the iteration operator of Algorithm 1 using an
optimal relaxation parameter, for a point block-Jacobi smoother (blue) and a cell block-Jacobi
smoother (orange) as function of the penalization parameter dg.

Figure 7 shows the contraction factor as function of the penalization parameter Jg for the point block-
Jacobi and cell block-Jacobi two-level methods using the best relaxation parameter ogp: from Theorems 5.1
and 5.2. We see that the cell block-Jacobi smoother outperforms the point block-Jacobi smoother for values of

0 <. =1+ % v/ 54 — 6v/33 + {/ i + % ~ 2.19149. For larger penalization parameters §y the point block-
Jacobi two-level method converges faster. This can be understood intuitively as follows: the more we penalize the
jumps, the more important the face terms in the bilinear form become and, after a threshold, a preconditioner
that takes into account all the terms containing this penalization begins performing better than a preconditioner
which does not.

Note that we put explicitly parameter dependencies of the spectral radius throughout our manuscript to
emphasize the variables we are interested in, and not all the dependencies; for instance p(a) does not imply
that p depends only on alpha, but that we are interested in the oz dependency in the specific figure/context.

It should be noted that even though large values of §y are a better choice when using the point block-Jacobi
smoother, this also means that the discretization of the coarse space will be harder to invert, since according
to equation (20) the penalty is doubled.

We can also observe that we obtain the best performance for §g = dg_ = %, shown in Figure 7 as the minimum
of the orange curve. This shows that the penalization parameter in SIPG has a direct influence on the two-level
solver, and there is an optimal choice g = dg_ for best performance. Choosing other values for dg can make the
solver slower by an order of magnitude, even if the best relaxation parameter is chosen! It would therefore be
of interest to lower this value in software packages, see also Footnote 2.

5.3. Reaction-diffusion equation

We now use LFA to study the more general reaction-diffusion case. The computations become substantially
more involved, but we will still be able to center the spectrum to derive relaxation parameter values that lead
to very effective two-level methods, even though we can not formally prove optimality as in the simpler case of
the Poisson equation in the previous subsection. We will however provide numerical evidence for the optimality
in Section 6. For the reaction-diffusion case, we see from the elements in the matrices shown in Section 4.1 that
the key physical parameter is

3
Y=tz = eJ>. (27)
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FIGURE 8. Spectrum of the iteration operator of Algorithm 1 using a point block-Jacobi
smoother for a varying stabilization parameter dg of the SIPG method and reaction scaling
v.(a)do=1,a=1. (b) y=0.5>7,a=1.(c) y=0.05 < y,,a = 1.

When € becomes small, ¢.e. the reaction dominated case, the mesh size needs to resolve boundary layers, and
we then need h ~ /e ([15], Sect. 1.3.2) (see also [23] and references therein), which implies that v is of order 1.
When ¢ is not small however, the mesh size does not depend on ¢, and thus 7 can become large. We therefore
need a two-level method which is robust for a large range of physical values ~.

5.3.1. Point block-Jacobi smoother

By direct calculation, the eigenvalues of the iteration operator of Algorithm 1 for the reaction-diffusion
equation case using a point block-Jacobi smoother are of the form

€1+ oz + c32% £ Veq + esx + cer? + crad + cgxt + co®

Ay =
c10 + c11x + cro2?

; (28)
where z = cos(#), and the c1,...,c12, depending on &y, are defined in Appendix A. Figure 8a shows the
spectrum for penalization parameter d; = 1. We see that there is a threshold on the physical parameter
where the frequency k, at which the maximum absolute value of the eigenvalues determining the spectral radius
occurs, changes from J/2 to J/4. The critical v can be computed by solving A (’y)|k:J/2 = A\ (’y)|k:J/4, and
it is given by
1
'70(60) = : (29)
3(v/4(60 — 1)00 + 5 + (3 — 280) )

Similarly, Figures 8b and 8c show the spectrum for v = 0.5 and v = 0.05. We see that there is a threshold on
do where the frequency k, at which the maximum absolute value of A} occurs, changes from J/2 to J/4. The
critical §g can be computed as well by solving A4 (o = Ay (do

and it is given by

)|k:J/2 )‘k::J/4’

st = 5967 +87+1) + VB + DB Br(3(37 +7) +20) +25) + 53) + 10)
¢ 6v(12y +5)

(30)
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FIGURE 9. Optimized relaxation parameter aop(dp) and corresponding convergence factor of
Algorithm 1 using a point block-Jacobi smoother as function of the stabilization parameter dg
of the SIPG method for different reaction scalings v = ;5.

for v > ., and

14296y —11) — /Ay 2y + D)(By(67+7) + 1) + 1
° 8y(6y—1)

B (31)

for v < 7y.. This allows us to obtain agpt, for different regimes, again using the equioscillation principle, which
we rigorously proved for the Laplace case to obtain Theorems 5.1 and 5.2, but which we can only observe
numerically in the more complex singularly perturbed reaction diffusion case here to minimize the spectral
radius: the equations to be solved for equioscillation are

>\+‘k:%+)\7|k 17:0 f0r7§76760§6¢_7

Mtliog +A-[oy =0 for 7 < 7e, 60 > 07 or ¥ > 70,80 < 67, (32)
-2 2

Mg +2-lmg =0 for > e, 00 > 07,

which leads to the corresponding relaxation parameters that equioscillate,

8(3v+1)(260v+1)(3(260—1)v+1) -
(126Z'y+5)(102A(/25071)y20+85(77+1)7 for v < e, 00 <0,

P 8(3v+1)(3(280 —1)y+1)? for v <, 80 > 6, (33)
oPt = ) (67+1)(97(4(6(50—1)d0+1)v+85,—5)+5) or ¥ > e, 60 < 0,

4(3v+1) (2007+1) (3(200—1)y+1)

+
~ (10830 (280 —1)72+6(00 (600 +10)—8)7+ 1950 +9) 12 for v > e, 00 > 07

Figure 9 shows the behavior of a,pt and the corresponding convergence factor of the two-level method as a
function of g for several values of the reaction scaling v = ;- Note that lim, . 6+ — oo and limy, o0 Qopt —
2
Figure 9 that the point block-Jacobi two-level method is convergent for all §g > 1 with the optimized choice
Oopt, and the convergence factor remains below about 0.4 for penalization dy above 2, even when the reaction
scaling v becomes large, so the method is robust for large v. We also see from the left plot in Figure 9 that
overrelaxation is needed (i.e. copy > 1), for typical values of 6y around 2, when vy becomes small, but for v large
we need underrelaxation (i.e. aopy < 1).

(from the second expression), which is consistent with Theorem 5.1. We see from the right plot in
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5.3.2. Cell block-Jacobi smoother

By direct calculation, the eigenvalues of the iteration operator of Algorithm 1 for the reaction-diffusion
equation case using a cell block-Jacobi smoother are of the form

c1 4 cax + c3x? £ ey + csx + cox? + crad + cgat
)\i - 2 9 (34)
Cg + C10T + €11

where x = COS(#), and the ¢y, ..., c11, depending on &g, are defined in Appendix B. Figures 10a—10d show
the spectrum of the iteration operator of Algorithm 1 for v = % We can see that, in contrast to the case of
the Poisson equation, the maxima and minima are not located only at 0,.J/4, J/2, however we approximate
the behavior optimizing by considering only the values at 0, J/4,.J/2. Therefore, in order to equioscillate the

spectrum we see that the following equations need to hold:

>‘+|k:% T )‘—|k:g =0, for dg < 6c1 or 6o > dca,

Mtliog F ALy =0, for 6o < dea, )
>\+|k:% + )‘7|k:% =0, for §p < 8.3,

)\+|k:% + )‘7‘;@:% =0, for 8¢ < 84,

where

2
o1 = — 3672 (47(1 —6v) +&(v) + 1 (12%1;(1; ks 1))»
5.y — —3 4 3672 + 2y + /47 (37(47(27y + 35) + 65) + 37) + 9
¢ 167(3y +1) ’
Oc3 = 27+ 2,

bes = 3(69° + 4y + 1).

with £(v) = 'y</3\/3(127(277(8'y(7(6v(33'y T 46) + 155) + 44) + 51) + 89) + 25) — 2(3y + 1)(12y(577 + 20) + 13).

We observe that at v = 4. = 0.16607 ... we have d.1(7) = dc2(7). For v < 7., we have dea < 0e1 < ez < dea,
which means that the distribution of critical values of §y changes and we have to perform again the same

equioscillation analysis as we did previously.

1

Figures 11a-11d show the spectrum of the iteration operator of Algorithm 1 for v = 55- In order to center
the spectrum we see that the following equations need to hold:

)\+|k:§,+)\,‘k:%:0, for §g < den or g > Oe4,

)\+|k %—l—)\_‘k %:O, for g < d.1, (36)
S for 6o < b3,

)\+|k:%+)\_|k:%:0, for §p < bea.



OPTIMIZED TWO-LEVEL DG METHODS FOR REACTION-DIFFUSION

>

S
I
=
iy
1
I
I3
)

8p=0¢1 _4 2 60=0c2
— 84=1.52 10 _ 6y=2
(8)
A
10
— 6p=2.5 — 6p=4
60=0c3 . Lk 60=0c4
oL
— 0p=35 7, 4 2 — 0p=23
—qF
(D)

FIGURE 10. Spectrum of the iteration operator of Algorithm 1 using a cell block-Jacobi
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FIGURE 12. Optimized relaxation parameter a,p(dg) and corresponding convergence factor of
Algorithm 1 using a cell block-Jacobi smoother as function of the stabilization parameter §g of
the SIPG method for different reaction scalings v = ;5.

Following equations (35) and (36), the optimal relaxation parameter is

fOI"YZ’Ycal < do S(Scla

2(2607+1)(6807+1) (3(280—1)v+1) O ¥ 2 Ve, 00 = Oea,
3v(2460 (203 —1)v2+2(1862+30—6 ) y+950—1)+2” or 7 < e, 1 < 8g < bea,
or ¥ < e, 00 > Ocd,
(2(507+1)(650’y+1)
7(6(45071)’y+550+6)+1’ fOf Y 2 Ye, 501 S 50 S 6c2'
_ (3v+1)(2607+1) (660y+1) (3(280—1)y+1)
Qopt = 37 (1800 (8(50 — 1)d0 + 1)v3 + 6(480 (250 (5 + 1) — 3) + 1)~2 ° for v < e, 0e0 < dp < 0t (37)

+(80(318g — 6) — 8)y + 66g — 2) + 1

2(3v+1)(2007+1) (6507+1) for v > 7, 0c2 < 0o < des,
(3(50+1)7+2)(12(26071)72+850F¥+1)’ or 7y S Yes (Scl S 60 S 6c37

2(3741)(2607+1)(6507+1) for v > 7¢,0e3 < 6o < ea,
7 (3630 (280 +1)72+6(30 (400 +9)+4) 7+ 1335+ 15)+2 OF 7 < Yoy 0z < 85 < Bos.

Figure 12 shows the behavior of oyt and the corresponding convergence factor of the two-level method as a
function of dy for several values of the reaction scaling v = ;% From the left plot in Figure 12, we see that
it would be quite difficult to guess a good choice of the relaxation parameter a without analysis. From the
right plot in Figure 12, we see that the cell block-Jacobi two level method is also convergent for all values
of the penalization parameter §; > 1 and reaction scaling v when using the optimized relaxation parameter
Oopt, and it has much better convergence properties for moderate sizes of the penalization parameter dp around
2 than the point block-Jacobi two-level method from Figure 9. However convergence is worse for larger sizes
of the penalization parameter §, than for the point block-Jacobi two-level method. We also see from the left
plot in Figure 12 that overrelaxation can become necessary when the penalization parameter §; becomes large,
especially when ~ is small.

As in the case of Laplace’s equation, we see that we obtain the best performance for §y around %, shown in
Figure 12 as the minimum of the curves on the right, and this depends only little on the reaction scaling . This
shows that also in the reaction-diffusion case, choosing the penalization parameter in SIPG wisely can make
the associated iterative solver much faster than just choosing it large enough, even with optimized relaxation
parameter «!
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FIGURE 13. (a) Numerically computed spectral radius using a point block-Jacobi smoother
to solve the Poisson equation. Red points: §y = 1.2, orange points: g = 1.5, purple points:
0o = 2. Blue points and blue line: predicted theoretically optimized spectral radius p(aopt). (b)
Numerically computed spectral radius using a cell block-Jacobi smoother to solve the Poisson
equation. Red points: o = 1.2, orange points: dg = dp_, purple points: dg = 2, black points:
0o = 0p4. Dashed blue: entire curve of numerically computed optimized spectral radii. Solid
blue: predicted theoretically optimized spectral radii p(copt)-

6. NUMERICAL EXPERIMENTS

We now show by numerical experiments that the expressions we obtained, though quite lengthy in the
reaction-diffusion case, are indeed very good approximations of the optimal relaxation parameters, as a function
of the penalization parameter o and in the reaction case the reaction scaling v = ;% To do so, we assemble the
system matrix on a uniform 64-element mesh, with Dirichlet boundary conditions, and compute numerically
the spectral radii of the two-level operators using the QR method, as implemented in LAPACK 3.6.0, accessed
with Python 3.5.2.

6.1. Point block-Jacobi smoother for the Poisson equation

The dotted lines in Figure 13a are numerically computed spectral radii p wvs. relaxation parameter « for
do = 1.2 (red), for 9 = 1.5 (orange) and for §y = 2 (purple) for the two-level method with the point block-
Jacobi smoother. We see that they all attain a minimum value giving fastest convergence, which coincides
with the theoretical prediction of Theorem 5.1 marked with blue dots and a label indicating the value of §g
used. We also added a theoretical blue dot for 6 = 1 (top right) and dy — oo (bottom left), and the entire
theoretically predicted parametric line p(aopt(d0),d0), also in blue with agpt(dp) from Theorem 5.1. We see
that our theoretical result based on the typical LFA assumption of periodic boundary conditions predicts the
performance with Dirichlet boundary conditions very well. One might be tempted to use large values of Jp in
order to have as small a spectral radius as possible, but for large §y, the coarse problem is more difficult to solve
because the dg is doubled as we showed in Section 4.3 and the condition number of the unpreconditioned coarse
operator grows. It would be interesting to investigate if the capacity of this smoother to deal with large values
of §p can be used to our advantage in a multigrid setting.
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FIGURE 14. (a) Measured optimal spectral radius using a point block-Jacobi smoother to
solve a reaction-diffusion equation (points) overlayed on theoretically predicted optimal values
(solid line). (b) Measured optimal spectral radius using a cell block-Jacobi smoother to solve
a reaction-diffusion equation (dashed line) overlayed on theoretically predicted optimal values
(solid line).

6.2. Cell block-Jacobi smoother for the Poisson equation

The dotted lines in Figure 13b are numerically computed spectral radii p vs. relaxation parameter « for
do = 1.2 (red), dp = dp, =~ 1.41964 (black), do = dp_ = 1.5 (orange) and dy = 2 (purple) for the two level
method with the cell block-Jacobi smoother. Like for the point block-Jacobi smoother they all attain a minimum
value which gives fastest convergence. With blue dots, we mark the theoretical predictions of Theorem 5.2, also
for a few more values of dg € {1,1.1,1.3,4,00}. In contrast to the point block-Jacobi smoother case, the two
values 6 = 1 and §y = oo lead to the same point on the curve at the top right, which shows that this
method also deteriorates when Jy becomes large. We also plot the entire theoretically predicted parametric line
p(aopt(d0), 8o) in solid blue with aopt(dp) from Theorem 5.2 and the corresponding numerically determined one
in dashed blue®. This shows that the theoretical prediction is very accurate, except for values around o ~ c%Jr
where there is a small difference. We checked that this is due to the Dirichlet boundary conditions, by performing
numerical experiments using periodic boundary conditions which made the results match the predicted line.
We also observed that the dashed line approaches the predicted line when decreasing the mesh size. Therefore,
even though Theorem 5.2 was obtained with the typical LFA assumption of periodic boundary conditions, the
predictions are again very good also for the Dirichlet case. Note that in contrast to the point block-Jacobi
case, where best performance is achieved for large do, for cell block-Jacobi the best performance is achieved for
do = dp_, and convergence is almost twice as fast as for point block-Jacobi with a similar value for §g. Clearly,
also in practice, the DG penalization parameter influences very much the performance of the two-level solver,
even when using the best possible relaxation parameter.

6.3. Point block-Jacobi smoother for the reaction-diffusion equation

Results for the solution of a reaction-diffusion equation using a two-level method with the point block-Jacobi
smoother are shown in Figure 14a.

Theoretically predicted parametric curves are shown for dy € [1,00), while numerically computed values are
shown as points for dg € [1,50]. The top right end of the curves corresponds to do = 1, while the bottom left
end corresponds to do — oo. In blue, we can see the measured pgpt, opt, as dots plotted on top of the predicted
parametric curve of the same color, for v = 16. As expected, we see that a large value of v almost reproduces the

3We did not plot this dashed line for the point block-Jacobi smoother case in Figure 13a, since it would not have been visible
under the predicted line.
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predicted curve that we observed for the Poisson equation (c.f. Fig. 13a). As we modify v and make it smaller
(in orange, green, red, violet and brown, for v = 2,271,471 871 167! respectively), the parametric curve moves
towards the bottom right of the figure, while keeping its shape until v ~ 7~! where it features a point with
discontinuous derivative. Keeping in mind that the rightmost end of each curve corresponds to dg = 1 and the
leftmost end corresponds to dyg — oo, we observe that for any finite value of v the method is robust for any
value of d, i.e. the convergence factor remains bounded away from 1. Large values of 7 require underrelaxation,
and small values overrelaxation, and in between there are ~y values that require both overrelaxation for small
0o and underrelaxation for large dg to be optimal. When -y is very small, the regime becomes insensitive to the
values of §y, which is expected since all the terms in the bilinear form that describe derivatives are negligible
in comparison to the reaction term and even at very large values of dg, the point block-Jacobi smoother can
neutralize the operator’s dependency on dp; see also the bottom curve in Figure 9 on the right.

6.4. Cell block-Jacobi smoother for the reaction-diffusion equation

Results for the solution of a reaction-diffusion equation using a two-level method with the cell block-Jacobi
smoother are shown in Figure 14b. Theoretically predicted parametric curves are shown for §; € [1,00), while
numerically computed values are shown as dashed lines for §y € [1,50]. All the curves end at popt = 1, opy = 1,
while they begin at smaller values of pop for smaller values of . Once again in blue, we show the measured
Popt, Qopt With a dashed line, and the predicted value as a solid line, for v = 16. Such a large value of + is almost
equivalent to the Poisson equation and the shapes of the curves of Figure 13b are reproduced. When we set v to
smaller values (in orange, green, red, violet and brown, for v = 2,271 471 8=1 16! respectively), we see that
convergence rapidly improves for values of dg that are order one, including §y = 1, represented as the beginning
of the curve that moves down and to the right of the figure. For moderate values of &g, very small values of ~y
will even result in an exact solver with the smoother alone. Convergence however still deteriorates as o — oo,
since, unlike the point block-Jacobi smoother, the cell block-Jacobi smoother cannot neutralize the operators
dependency on dy for g large. The measured results (dashed) and theoretically predicted ones (solid) show very
good agreement. Also, we see that small values of « can require overrelaxation when dy becomes large.

Figure 15b shows experiments for a range of relaxation parameters, in order to illustrate that when using the
optimal relaxation, the spectral radius falls on the line of predicted values. Each dot on the v-shaped dotted
line is an experiment performed for a different o. The predicted optimal point on the solid line is indicated with
a label.

6.5. Higher dimensions, different geometries and further research

We now test our closed form optimized relaxation parameters from the 1D analysis in higher dimensions and
on geometries and meshes that go far beyond a simple tensor product generalization. To that end, we use the
deal.II finite element library [1]. We show in Figure 16 a set of comparisons of the optimality of our closed
form optimized relaxation parameters for the Poisson problem, using cell block-Jacobi smoothers. In each case,
we show the mesh used and a comparison between the unrelaxed method, the relaxation of 2/3 coming from
the smoothing analysis alone, the one predicted by Theorem 5.2, and the numerically best performing one,
which we obtained by running the code for many parameters and then taking the best performing one. The
closeness between our closed form optimized parameters from the 1D analysis and the numerically best working
one in higher dimensions is clear evidence that the seminal quote from P.W. Hemker in Footnote 1 is more than
justified.

In principle, it would be possible to extend our analysis to the case of tensor product meshes in 2D (and 3D),
but this would pose important technical difficulties: in Section 4, we have seen that considering the complete
2-level error operator necessitates analyzing a 4 x 4 matrix instead of a 2 X 2 matrix needed for the smoothing
analysis alone. For a tensor product grid in 2D, the error operator of the complete 2-level analysis would be
16 x 16, and a direct analysis like the one we performed in 1D would require finding exact expressions, depending
on the coeficients, of polynomials of degree 16. Such difficulties have been faced by D. Le Roux et al., for specific
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FIGURE 15. (a) Measured spectral radius using a point block-Jacobi smoother to solve a
reaction-diffusion equation (points) overlayed on theoretically predicted optimal values (solid
line). Note that the minimum spectral radius always falls on the theoretically predicted line.
(b) Measured spectral radius using a cell block-Jacobi smoother to solve a reaction-diffusion
equation (dashed line) overlayed on theoretically predicted optimal values (solid line). Note
that the minimum spectral radius always falls on the theoretically predicted line.

wave propagation applications [24], and they require, when possible at all, a very careful algebraic analysis and
general understanding of the tensor interactions. To the best of our knowledge, for higher dimensions, the
community has turned to the numerical study of the resulting matrices, see e.g. [6,9,16,17,20] and references
therein, which can not give the same depth understanding as an analytical study. Some generalizations that
tackle higher dimensions and different boundary conditions can be found in [29].

The advantage of our approach is that we can see the interactions between different components in a very clear
way in 1D, and thus achieve deeper insight into the functioning of the numerical method in 1D. Furthermore, our
numerical experiments in higher dimensions show that the 1D results are still giving close to optimal relaxation
parameters, even on non-tensor and irregular meshes, which indicates that our 1D analysis captures fundamental
diffusion and singularly perturbed reaction diffusion behavior of the underlying operator, not just in 1D and
for tensor product meshes. A further illustration of the interest of our detailed 1D analysis is our publication
[14] showing that the optimization can be carried as far as to obtain an exact solver from an iterative one, with
exact analytical expressions for the relaxation parameters involved.

The complexity of the analytical expressions found in our 2-level analysis not withstanding, we managed,
based on the results in the present manuscript, to obtain analytical expressions for finite difference stencils in
2D and 3D by using different, red/black decompositions, establishing a link with cyclic reduction. The work is
however extensive and will appear elsewhere.

7. CONCLUSION

We optimized the relaxation parameter in two-level iterative methods for solving symmetric interior penalty
discontinuous Galerkin discretized Poisson and reaction-diffusion equations using a cell block-Jacobi and a point
block-Jacobi smoother. Our optimization for the complete two-level process shows that the cell block-Jacobi
smoother leads to a more effective two-level method for moderate sizes of the penalization parameter, while the
point block-Jacobi smoother is superior for large penalization parameters. Our analysis also reveals that the
penalization parameter in SIPG should not only be chosen large enough such that the DG method converges,
but it can be chosen to optimize the performance of the associated iterative two-level solver. A good choice
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can lead to an iterative solver that converges an order of magnitude faster than other choices, and this even
using the best possible relaxation parameter in the smoother. While we performed our analysis in 1D, our
numerical experiments in higher dimensions on irregular domains with irregular meshes clearly show that our
closed form optimized relaxation parameters work very well also in these situations, with very close to best
possible performance of the SIPG two level method.

APPENDIX A. REACTION-DIFFUSION ITERATION OPERATOR EIGENVALUE COEFFICIENTS
USING A point BLOCK-JACOBI SMOOTHER

c1 = — 8640a62y* — 14400003~ — 254406242 + 6912a:507*
+ 77760807 — 374406072 — 992000y — 864ay? 4 2880y + 22080+?
— 80ar + 691263~7* + 1152083~° + 3072557% — 5184807* — 5184807
+ 2688507% + 1280807y + 8647* — 1248+ + 128

ca = — 384 + 2400y + 256007y — 160adyy + 139202 — 268850>
+ 480adgy? 4 15365372 — 960053~ + 34567° — 3168ay> — 92165¢7>
+ 1209680y 4 230402~ — 5760a627> + 3456507* — 34560807?
—691263~* + 6912a:63~*

c3 = 9677 4 144av? — 1920607 4 48002~ — 5760y 4 576507
+ 864a607® — 5760027 — 8647 + 864yt + 1728507* — 345680~*
+1728a63y*

cq = 29859840 63~° + 995328002537 4 64696320255~° — 304128002 537°
+ 2787840250+ — 5971968a255~7® — 18911232a203~" — 912384002 53~°
+ 8487936055~ — 24422400 55~* + 3532800253~ + 5971968a253~°
+ 18911232a%627" + 8957952a253+° — 8543232a253+° + 18339840253 ~*
— 13731840202~ + 100864a252~v* — 7464960%507° + 2488320269y "
+ 10368000250v° + 139069440:2697° + 2062080255 v* + 856320025 ~>
— 276480026072 + 8192025y — 2488320° " — 829440a%4° 4 3594240°~°
+ 206208002~ + 734976023 + 1950720272 — 921602y + 256>

cs = 1194393602537" + 1791590402 55~7° — 696729602557° + 6082560255~
— 2189721602537 — 2521497625375 + 257126400253+ — 59811840255 y*
+ 45772802537 + 209018880255~ + 25049088a%537° — 205424640253~°
+ 1024358402527 — 2339328a2524> + 839680202~ — 373248002 57®
— 1716940802607 — 1277337602607° + 1269043202607° — 244915202 5y*
+ 249216002 60y> — 3133440250 + 409602 6¢y + 7464960245
+174182402~7 — 157593602~° — 481075202~ + 1267200%7* — 292608a.2~>
+2012160%y% — 1075202y

c6 = — 59719680253~% — 79626240253~7 4+ 1692057605375 — 486604802535
4 38246402557 + 119439360255~ + 1194393602537 — 36163584a253~°
+2300313602537° — 4174848a253+* + 890880255 ~* — 1194393602537°
— 1094860802627 + 359976960262+ — 194918400%62~° + 118287360252 ~*
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— 68505602627° — 512a253+? + 447897602 597® — 746496002507"
— 351682560%607° — 1852416a2557° — 8808192a260v* + 15521280673
+ 49766400247 + 879206402~° — 6635520275 + 105984a2~* — 988416023
+ 23040%~?

cr = — 119439360%537" + 5971968025375 — 99532802557° + 552960%53~7*
+ 2189721602537 — 225607680265~° + 61378560%55~° — 6543360255 ~*
— 153600203~7% — 20901888a262" + 220631040262~° — 10202112a252+°
+ 25850880202 + 8448002623 + 447897602 507® + 174182400%507"
— 1045094402607% 4 1907712a%50° — 40204800260y* — 145152a%5>
— 1492992a24% — 19906560277 + 73820160275 + 37048320245
+2080512a2~* + 76032a.2°

cg = 29859840 637° — 19906560255~ 4 49766402537 — 552960255~°
+ 23040 53~7* — 59719680253~ + 69672960255~ — 24883200253 +°
+ 3594240%63+° — 184320203~y + 597196802 65~° — 79626240262~
+ 3483648026275 — 9400320205~ + 5068802637 — 373248002 507°
+ 72161280260y " + 248832025075 + 1216512a2507° — 55296a2507*
— 472780802y — 1824768a24° — 5806080°~° + 207360 ~*

cog = — 746496026075 — 24883202507 + 7464960%4° + 248832027

c10 = 6912627 + 1152005~ + 307203~v% — 518480y* — 5184507
+ 26885072 + 128087y + 86471 — 12482 + 128

c11 = — 6912629* + 23046293 + 15366292 + 3456507* — 921650y> — 26885072
+ 256007y 4 34567> — 384~

c12 = 1728807* + 576807> — 864~* + 96+2.

USING A cell BLOCK-JACOBI SMOOTHER

c1 = 16( — 144ad3y* — 192a63~® — 36a63~* — 216a.63~*
— 170a82~% 4 720807 + 96a69y® — 84adgy? — 50adyy + 36ay®
+60ay? — 4o + 144534 +192637% — 3653~ + 9662~ + 17653~ — 24807
+ 125072 + 4850y — 37 + 4)
o = 16(144adiy* — 96055y + T2a057* + 2160637 — 46063+
— 72080v* + 60097 + 7208072 — dadyy — 36a7° + 12092
+ 6ay — 144557 + 96057° — 240057° + 64557 — 108597* + 8507y — 127)
c3 = 16( — 36a027? — 12a607> + 36627 + 24507 + 372)
cq = 10240°7* (518460~° + 1382460~° + 921667 — 1814450~7° — 4320055~
— 17136657" + 109446543 + 2106053~ + 36720547° — 1623653~
— 3362405~ 4+ 4665557% — 90726370 — 86403~ + 4176065~* + 2329263+>
— 1614063~% + 85805 + 194462~ — 367202~ — 1238462~* + 75246%~°
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+ 150185272 — 3096627 + 6152 + 1836507 + 2592507y* — 23405073
— 1116807* + 293180y — 22800 + 4327* + 1080+° + 5047> — 72 + 219)

c5 = 10240~ ( — 1036855~° — 691265+° + 921655~ + 3369655~° + 518455~°
— 46944607* + 10656557> — 3758455~ + 23760537° + 6598855~
— 489605473 + 45185072 + 16848507 — 347765637° — 2361655~* + 659160573
— 198360572 + 83455y — 38880375 + 1404063~° — 475205 v* — 2653253~
+ 249006272 — 3498527 + 5662 — 3672507 + 1944807 + 27725073
— 8028807* + 396050y — 22200 — 864~* — 4329° + 5767% — 756y + 216)

ce = 10240%~? (5184507° — 691250~° + 2304557* — 12960577° + 36288547
— 18864557" + 25926, 73 + 123126 76 — 54000, 75 + 52380639 — 1591205~°
+ 10416372 — 64800375 + 3088855~ — 5472005 + 3301263~ — 564063 2
+ 15605y + 129653~° — 1188055~° + 1947653+* — 2523605v> + 1003853
— 762637 + 405 + 1296507° — 6480597* + 3636507° — 62285072 + 120950y
— 1250 + 324~* — 10807° + 36> — 684y + 6)

cr = 102404272( — 25926545 + 172855+° + 38889 76 — 64800, 75 + 1548053~
— 1296557° + 4536057 — 489605 ~y* + 468537% + 12966275 + 151262
4 28086271 — 15486272 + 486272 + 108050° + 1944507* + 111650+>
— 180807% + 216+ + 4327* 4 180+?)

cs = 1024072 (324057° + 216057° — 64853~° + 36637 — 540507° — 1087*)

co = 8(2007 + 1) (660y + 1) (3(860 — 1)7* + 3200y — 3v° + 8)

cr0 = — 647(2007 + 1) (6007 + 1) (do (37 — 2) + 3)
11 = 48y (280 + 1) (600y + 1).
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