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THE MODELLING ERROR IN MULTI-DIMENSIONAL TIME-DEPENDENT
SOLUTE TRANSPORT MODELS

Rami Masri*, Marius Zeinhofer, Miroslav Kuchta and Marie E. Rognes

Abstract. Starting from full-dimensional models of solute transport, we derive and analyze multi-
dimensional models of time-dependent convection, diffusion, and exchange in and around pulsating
vascular and perivascular networks. These models are widely applicable for modelling transport in
vascularized tissue, brain perivascular spaces, vascular plants and similar environments. We show the
existence and uniqueness of solutions to both the full- and the multi-dimensional equations under
suitable assumptions on the domain velocity. Moreover, we quantify the associated modelling errors by
establishing a-priori estimates in evolving Bochner spaces. In particular, we show that the modelling
error decreases with the characteristic vessel diameter and thus vanishes for infinitely slender vessels.
Numerical tests in idealized geometries corroborate and extend upon our theoretical findings.
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1. Introduction

We consider transport of solutes by diffusion, convection, and exchange in a coupled system consisting of
networks of slender vessels and their surroundings. This setting is ubiquitous in the human body [5] as exemplified
by the transport and exchange of nutrients such as oxygen or glucose, or medical drugs in the vasculature and
surrounding tissue, e.g. in skeletal muscle, the liver [54], or the placenta [63]; or conversely, the transport of
metabolic by-products from tissue into and through lymphatic vessels [52]. Similar structures and processes
are also fundamental in biology, think of e.g. the roots of vascularized plants [34], and in geoscience e.g. in
connection with flow and transport in reservoir wells [23], in the context of C02 sequestration [50], or groundwater
contamination [45].

Of particular interest, both from a physiological and mathematical point-of-view, is the transport of solutes
in, around, and out of the human brain. Despite decades – even centuries – of research, solute transport and
clearance within the human brain remain poorly understood [29,31,64]. In contrast to the rest of the body, the
brain vasculature is equipped with a blood-brain-barrier, which carefully regulates the exchange of substances
between the blood and the surrounding tissue, while the brain parenchyma itself lacks typical lymph vessels.
Better understanding of these physiological processes is vital for targeting brain drug delivery [44, 47] or for
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unraveling the role of metabolic waste clearance in neurodegenerative disease [31, 58]. Concurrently, in tissue
engineering, efforts are currently underway to develop human brain cortical organoids, but crucially rely on
vascularization via e.g. microfluidic devices for improved oxygen and nutrient transport as well as cellular
signalling [41].

The human brain is composed of soft tissue, is lined and penetrated by networks of blood vessels, and is
surrounded by the narrow subarachnoid space filled with cerebrospinal fluid (CSF). The cerebral arteries pulsate
in sync with the cardiac cycle and undergo other forms of vasomotion with variations in radii of ∼1–10% [46]
while the entire brain parenchyma deforms by around 1% as the result of a complex interplay between the
cardiac and respiratory cycles as well as autoregulation [10, 56]. Perivascular (or paravascular) spaces (PVSs)
are spaces surrounding the vasculature on the brain surface or within the brain parenchyma. On the brain
surface, these spaces are clearly visible [60], and PVSs persist as the blood vessels branch and penetrate into
the brain parenchyma – then known as Virchow-Robin spaces. The extent to which perivascular spaces exist
along the length of the vasculature within the brain, even to the capillary level, is debated however [27]. Within
the parenchyma, perivascular spaces are often represented as generalized (elliptic) annular cylinders, filled with
cerebrospinal or interstitial fluid and bounded by a nearly tight layer of astrocyte endfeet, see e.g. [8,14,62] and
references therein.

Solutes move by diffusion within the brain tissue [48], and by diffusion and convection within the vascu-
lature [5]. However, to what extent also convection in perivascular, intracellular or extracellular spaces play
a role in brain solute transport and clearance stand as important open questions. Convective velocity magni-
tudes are expected to differ by many orders of magnitude between and within the respective compartments:
blood may flow at the order of 1 m/s in major cerebral arteries [5], CSF flows in surface perivascular spaces
at up to 60𝜇m/s with Péclet numbers of up to 1000 [46], while flow of interstitial fluid within the tissue is
unlikely to exceed 10𝜇m/min on average [1, 61]. Depending on their ability to cross the blood-brain barrier,
solutes may also exchange between the vascular and perivascular spaces, as well as into the surrounding tis-
sue or subarachnoid space. To mathematically and computationally study such transport at the scale of larger
vascular networks, our target here is to derive and analyze time-dependent convection–diffusion models with a
geometrically-explicit but dimensionally-reduced representation of the (peri)vascular spaces coupled with the
full-dimensional surroundings.

As a starting point (more precise details are presented later), consider second-order elliptic equations describ-
ing diffusion of the solute concentrations 𝑐𝑣 : Ω𝑣 → R, and 𝑐𝑠 : Ω𝑠 → R:

−∇ ·𝐷∇𝑐𝑠 = 𝑓 in Ω𝑠, (1.1a)
−∇ ·𝐷∇𝑐𝑣 = 𝑓 in Ω𝑣, (1.1b)

where 𝐷 is a given effective diffusion coefficient and 𝑓 given sources. Assuming that the compartments are
separated by a semi-permeable membrane Γ gives the interface condition

𝐷∇𝑐𝑣 · 𝑛𝑣 = 𝜉(𝑐𝑣 − 𝑐𝑠) on Γ, (1.2)

where 𝑛𝑣 is the unit outward normal to 𝜕Ω𝑣 and 𝜉 is a membrane permeability parameter. A similar flux
condition is posed for 𝑐𝑠. Now assuming that Ω𝑣 can be well-represented by its centerline Λ with coordinate 𝑠
(to be made more precise later), the coupled 3D–3D problem (1.1)–(1.2) may be reduced to a coupled 3D–1D
problem of the form: find the solute concentrations 𝑐 : Λ→ R, and 𝑐 : Ω→ R

−∇ ·𝐷∇𝑐+ 𝒞 = 𝑓 in Ω, (1.3a)
−𝜕𝑠𝐷̄𝜕𝑠𝑐+ 𝒞 = 𝑓 on Λ, (1.3b)

where 𝒞, 𝒞 denote coupling terms depending on the concentrations 𝑐, 𝑐, and choice of coupling.
Note that flow in a porous medium (Darcy flow) can be described with the same equation structure, with 𝑐

instead representing the pore pressure and 𝐷 the hydraulic conductance. Modelling, discretization, and appli-
cations of 3D–1D problems such as (1.3) has been the subject of active research, especially over the last two
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decades, with key contributions from e.g. [12,13,18,20,22,33,35,38,39,51] and references therein to mention but
a few. Notably, Laurino and Zunino [42] rigorously analyze the modelling error associated with replacing (1.1)–
(1.2) by (1.3), and demonstrate that the modelling error indeed vanishes for infinitely thin vessels.

Here, we consider a parabolic extension of the classical elliptic 3D–1D equations (1.3) accounting also for (i)
time-evolving distributions, (ii) convective transport, (iii) moving interfaces, and (iv) both cylindrical and non-
convex (annular) vessel networks representing e.g. vascular and perivascular spaces, respectively. We also derive
and study a 3D–1D–1D model representing solute transport in coupled tissue, perivascular and vascular spaces.
Previously, Possenti et al. [53] and Köppl et al. [36] have studied applications of 3D–1D models for (oxygen)
transport including convection but at steady state. Furthermore, Formaggia et al. [21] consider coupled Navier–
Stokes equations for flow problems in compliant vessels but with a different type of mixed-dimensional coupling.
More specifically, we are interested in solute concentrations 𝑐𝑣(𝑡) : Ω𝑣(𝑡)→ R, and 𝑐𝑠(𝑡) : Ω𝑠(𝑡)→ R satisfying
the time-dependent diffusion equations for a.e. 𝑡 > 0:

𝜕𝑡𝑐𝑠 + 𝑢 · ∇𝑐𝑠 −∇ ·𝐷∇𝑐𝑠 = 𝑓 in Ω𝑠(𝑡), (1.4a)
𝜕𝑡𝑐𝑣 + 𝑢 · ∇𝑐𝑣 −∇ ·𝐷∇𝑐𝑣 = 𝑓 in Ω𝑣(𝑡), (1.4b)

where now additionally 𝑢 represents a convective velocity field and the interface Γ between Ω𝑠 and Ω𝑡 is allowed
to move and deform in time.

Our main findings are as follows.

– We introduce a system of time-dependent convection–diffusion equations in and around embedded networks
of moving vessels. Under suitable assumptions on the domain velocity, we prove well-posedness i.e. that
suitably regular weak solutions to these equations exist and are unique (Sect. 3).

– We derive reduced 1D equations, and we formally derive weak formulations of 3D–1D and 3D–1D–1D coupled
models of time-dependent solute transport governed by convection, diffusion, and exchange in deforming
vascular and/or perivascular networks, and the surrounding domain (Sects. 4, 5). We prove well-posedness
of the coupled 3D–1D formulation and show a regularity estimate for the 3D solution. These formulations
are widely applicable for modelling transport in vascularized tissue in general and the brain in particular,
vascular plant environments etc.

– We rigorously estimate the modelling error in evolving Bochner spaces associated with replacing the time-
dependent 3D–3D convection–diffusion problem by the 3D–1D problem via a duality argument. We show
that a relevant dual problem is well-posed, and that the modelling error decreases with the characteristic
vessel diameter 𝜖, and thus vanishes as 𝜖→ 0 (Sect. 7).

– The presence of deforming networks with annular cross-sections poses key technical challenges relating to
classical numerical analysis tools, such as e.g. Poincaré and trace inequalities, and extension operators over
moving domains, which we address separately (Sect. 6).

These points are prefaced by introducing notation and preliminary results in Section 2, while concluding
remarks and outlook relating to e.g. the discretization errors form Section 9.

2. Notation and preliminaries

2.1. Function spaces, inner products and norms

Given an open domain 𝑂 ⊂ R𝑑, 𝑑 ∈ {1, 2, 3} and measurable real valued functions 𝑓, 𝑔 , we let (𝑓, 𝑔)𝑂 denote
the usual 𝐿2 inner product. If 𝑂 is the whole domain Ω, we write (𝑓, 𝑔) = (𝑓, 𝑔)Ω. The Hilbert space generated by
this inner product is denoted by 𝐿2(𝑂) with the usual induced norm ‖·‖𝐿2(𝑂). We also use standard notation for
the Sobolev spaces 𝑊𝑚,𝑝(𝑂) and 𝐻𝑚(𝑂) = 𝑊𝑚,2(𝑂) for 𝑚 ∈ N and 1 ≤ 𝑝 ≤ ∞. For a given weight 𝑤 ∈ 𝐿∞(𝑂)
and 𝑤 > 0 a.e. in 𝑂, we define the weighted 𝐿2 inner product (𝑓, 𝑔)𝑂,𝑤 = (𝑓, 𝑤𝑔)𝑂 and the respective weighted
𝐿2 space:

‖𝑓‖𝐿2
𝑤(𝑂) = ‖𝑤1/2𝑓‖𝐿2(𝑂), 𝐿2

𝑤(𝑂) = {𝑓 : 𝑂 → R | ‖𝑓‖𝐿2
𝑤(𝑂) <∞}. (2.1)
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The weighted Sobolev space 𝐻1
𝑤(𝑂) is then defined as

𝐻1
𝑤(𝑂) = {𝑓 ∈ 𝐿2

𝑤(𝑂) | ‖∇𝑓‖𝐿2
𝑤(𝑂) <∞}, (2.2)

and the weighted inner product and norm are

(𝑓, 𝑔)𝐻1
𝑤(𝑂) = (𝑓, 𝑔)𝐿2

𝑤(𝑂) + (∇𝑓,∇𝑔)𝐿2
𝑤(𝑂), ‖𝑓‖2𝐻1

𝑤(𝑂) = ‖𝑓‖2𝐿2
𝑤(𝑂) + ‖∇𝑓‖2𝐿2

𝑤(𝑂). (2.3)

We omit the subscript/weight 𝑤 when 𝑤 = 1.
Given a Hilbert space 𝑋, we denote the dual space of 𝑋 by 𝑋 ′. The duality pairing between 𝑋 and 𝑋 ′ is

denoted by ⟨𝑣′, 𝑣⟩𝑋′×𝑋 . For brevity, we let

𝐻−1
𝑤 (𝑂) = 𝐻1

𝑤(𝑂)′, ⟨𝑣′, 𝑣⟩𝐻−1
𝑤 (𝑂) = ⟨𝑣′, 𝑣⟩𝐻−1

𝑤 (𝑂)×𝐻1
𝑤(𝑂).

We also recall the definition of standard Bochner type spaces. For 𝑡, 𝑇 > 0, 𝑓 : (𝑡, 𝑇 ) → 𝑋, we say that
𝑓 ∈ 𝐿2(𝑡, 𝑇 ;𝑋) if

‖𝑓‖2𝐿2(𝑡,𝑇 ;𝑋) =
∫︁ 𝑇

𝑡

‖𝑓‖2𝑋 <∞. (2.4)

If 𝑓 is weakly differentiable in time and 𝜕𝑡𝑓 ∈ 𝐿2(𝑡, 𝑇 ;𝑋), then we say 𝑓 ∈ 𝐻1(𝑡, 𝑇 ;𝑋) with the norm:

‖𝑓‖2𝐻1(𝑡,𝑇 ;𝑋) = ‖𝑓‖2𝐿2(𝑡,𝑇 ;𝑋) + ‖𝜕𝑡𝑓‖2𝐿2(𝑡,𝑇 ;𝑋). (2.5)

Given two Hilbert spaces 𝑉 and 𝐻 with 𝑉 ⊂ 𝐻, we define

𝒲(𝑉,𝐻) = {𝑣 : (0, 𝑇 )→ 𝑉 ; 𝑣 ∈ 𝐿2(0, 𝑇 ;𝑉 ), 𝜕𝑡𝑣 ∈ 𝐿2(0, 𝑇 ;𝐻)}. (2.6)

Finally, we will use the space 𝐶0(0, 𝑇 ;𝑉 ) of continuous 𝑉 -valued functions and the space 𝒟(0, 𝑇 ;𝑉 ) of infinitely
differentiable 𝑉 -valued functions.

2.2. The geometrical setting

We consider a generalized annular domain Ω𝑣 (Fig. 1), described in cylindrical coordinates and moving in
time:

Ω𝑣(𝑡) = {𝜆(𝑠) + 𝑟 cos(𝜃)𝑁(𝑠) + 𝑟 sin(𝜃)𝐵(𝑠),
0 < 𝑠 < 𝐿, 0 ≤ 𝜃 ≤ 2𝜋, 𝑅1(𝑠, 𝑡, 𝜃) < 𝑟 < 𝑅2(𝑠, 𝑡, 𝜃)} ⊂ R3

of length 𝐿 > 0, inner radius 𝑅1 > 0, and outer radius 𝑅2 > 0. We refer to the 𝑠-direction as the axial direction.
For 𝑅1 = 0, we consider a cylindrical domain where in the above definition, we let 0 ≤ 𝑟 < 𝑅2(𝑠, 𝑡, 𝜃). In general,
Ω𝑣 represents a vessel segment such as a perivascular space (𝑅1 > 0), or blood vessel segment, plant root or
borehole (𝑅1 = 0). We assume that 𝜆(𝑠) = [𝜆1(𝑠), 𝜆2(𝑠), 𝜆3(𝑠)] above is a parametrized 𝐶2-regular curve with
non-moving centerline Λ defined as Λ = {𝜆(𝑠)} for 𝑠 ∈ (0, 𝐿), and that ‖𝜆′(𝑠)‖ = 1, thus implying that 𝑠 is the
arc length. The vectors 𝑁 and 𝐵 are from the Frenet-Serret frame of Λ. Throughout the paper, Θ(𝑠, 𝑡) denotes
the cross-section of Ω𝑣(𝑡) at 𝑠 ∈ Λ.

This domain Ω𝑣(𝑡) is embedded into a fixed domain Ω ⊂ R3 with (outer) surroundings Ω𝑠 = Ω∖𝐵𝑅2 where
𝐵𝑅2 is the outer cylinder given by:

𝐵𝑅2(𝑡) = {𝜆(𝑠) + 𝑟 cos(𝜃)𝑁(𝑠) + 𝑟 sin(𝜃)𝐵(𝑠), 0 < 𝑠 < 𝐿, 0 ≤ 𝜃 ≤ 2𝜋, 0 ≤ 𝑟 < 𝑅2(𝑠, 𝑡, 𝜃)}.

We emphasize that, by construction, the surrounding domain Ω𝑠 does not include the vessel Ω𝑣 itself nor the
inner-most generalized cylinder in the case 𝑅1 > 0. We assume that for all 𝑡 ∈ [0, 𝑇 ], Ω𝑣(𝑡) is completely
embedded in Ω; that is,

dist(𝜕Ω𝑣(𝑡), 𝜕Ω) > 0, ∀𝑡 ∈ [0, 𝑇 ].
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Figure 1. Geometrical setting. Left : an (annular) cylinder Ω𝑣 (shown in green) representing a
vessel parametrized in terms of the centerline curve Λ (shown in red). The vessel is surrounded
by the domain Ω𝑠 while Γ forms the lateral boundary between the domains (shown in blue).
Right : lateral cross-section of the domain Ω showing Ω𝑣 in green, the inner boundary 𝜕Θ1 in
red, and the outer boundary 𝜕Θ2 or Γ in blue. Note that in the annular cylinder case, the
inner-most cylinder, i.e. the extrusion along Λ of the domain bounded by 𝜕Θ1, is not part of
Ω𝑠 or Ω𝑣.

We denote by Γ the lateral boundary of Ω𝑣 intersecting the boundary of Ω𝑠(𝑡), Γ = 𝜕Ω𝑣 ∩ 𝜕Ω𝑠, and by Γ0

and Γ𝐿 the vertical boundary of Γ at 𝑠 = 0 and at 𝑠 = 𝐿 respectively. The unit normal to 𝜕Ω𝑣 is denoted by 𝑛𝑣,
and on Γ, 𝑛𝑠 = −𝑛𝑣. For each cross-section Θ(𝑠, 𝑡), we label its area 𝐴(𝑠, 𝑡) = |Θ(𝑠, 𝑡)| for 𝑠 ∈ Λ and 𝑡 ∈ [0, 𝑇 ].
We also label the boundary of the lateral cross-section of Θ by 𝜕Θ, the boundary of the outer circle (at 𝑟 = 𝑅2)
by 𝜕Θ2, and (if 𝑅1 > 0) the boundary of the inner circle (at 𝑟 = 𝑅1) by 𝜕Θ1. We denote by 𝑃 (𝑠, 𝑡) = |𝜕Θ2(𝑠, 𝑡)|
the perimeter of the outer circle (representing the interface between the vessel and its outer surroundings).

Note that we consider vessels Ω𝑣 both of cylinder-type or annular cylinder-type and their (outer) surround-
ings. The former case is well-suited to represent e.g. transport in the vasculature, roots or geothermal wells.
The latter case targets e.g. perivascular transport in the brain, intracranial space, or spinal compartments. In
the latter (annular cylinder) case, we only include the outer surroundings in the 3D–3D and reduced 3D–1D
model formulations in the subsequent Sections 3 and 4. The distinction between inner and outer surroundings
are motivated by the potentially large jumps in material parameters such as the convective velocity or diffusion
coefficient between the inner and outer compartments in applications. Such jumps would be challenging to rep-
resent in an extended domain in the 3D–1D setting. These models are thus particularly relevant for perivascular
transport with a vascular-perivascular barrier, such as e.g. the blood-brain barrier (BBB) in the human brain.
However, the case of vascular-perivascular exchange may also be highly relevant e.g. in connection with a leaky
BBB or transport of substances across the BBB. Therefore, we address the extended 3D–3D–3D and 3D–1D–1D
problem setting representing coupled tissue, perivascular and vascular transport separately in Section 5.

In Section 4.6, we will also consider an extension of this setting to networks of vessels. We will then consider
a network of 𝑁 domains Ω𝑣,𝑖 with center-curves Λ𝑖 = {𝜆𝑖(𝑠), 𝑠 ∈ (0, 𝐿𝑖)} for 𝑖 = 1, . . . , 𝑁 . Extending upon the
notation introduced above, we then denote 𝐴𝑖 = |Θ𝑖| and 𝑃𝑖 = |𝜕Θ2,𝑖| where Θ𝑖 is the cross-section of Ω𝑣,𝑖 and
𝜕Θ2,𝑖 is the outer boundary of Ω𝑣,𝑖.

3. Transport by convection and diffusion in a moving domain

We are interested in analyzing the coupled transport of a solute in a moving domain governed by diffusion
and convection in general, and in a moving vessel and its surroundings in particular. To this end, we introduce
a system of coupled convection–diffusion equations (Sect. 3.1). We may directly consider a more general geo-
metrical setting (Sect. 3.2) for the weak formulation (Sect. 3.3) to show that such solutions exist (Sect. 3.4,
Prop. 3.1).
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3.1. System of convection–diffusion equations in and around a moving vessel

We consider a moving vessel and assume that the vessel motion Ω𝑣(𝑡), and convective velocity fields 𝑢𝑣(𝑡) :
Ω𝑣 → R3 and 𝑢𝑠(𝑡) : Ω𝑠 → R3 are prescribed for 𝑡 ∈ [0, 𝑇 ]. Our coupled three-dimensional transport boundary-
value problem in an Eulerian frame reads as: for a.e. 𝑡, find the solute concentrations 𝑐𝑣(𝑡) : Ω𝑣(𝑡) → R and
𝑐𝑠(𝑡) : Ω𝑠(𝑡) → R such that the following governing equations, interface conditions, boundary conditions and
initial conditions hold:

𝜕𝑡𝑐𝑣 −∇ · (𝐷𝑣∇𝑐𝑣) +∇ · (𝑢𝑣𝑐𝑣) = 𝑓𝑣, in Ω𝑣(𝑡)× (0, 𝑇 ], (3.1a)
𝜕𝑡𝑐𝑠 −∇ · (𝐷𝑠∇𝑐𝑠) +∇ · (𝑢𝑠𝑐𝑠) = 𝑓𝑠, in Ω𝑠(𝑡)× (0, 𝑇 ], (3.1b)

(𝑐𝑣𝑢̃𝑣 −𝐷𝑣∇𝑐𝑣) · 𝑛𝑣 − 𝜉(𝑐𝑣 − 𝑐𝑠) = 0, on Γ(𝑡)× (0, 𝑇 ], (3.1c)
(𝑐𝑣𝑢̃𝑣 −𝐷𝑣∇𝑐𝑣) · 𝑛𝑣 + (𝑐𝑠𝑢̃𝑠 −𝐷𝑠∇𝑐𝑠) · 𝑛𝑠 = 0, on Γ(𝑡)× (0, 𝑇 ], (3.1d)

(𝑐𝑣𝑢̃𝑣 −𝐷𝑣∇𝑐𝑣) · 𝑛𝑣 = 0, on Γ0,𝐿(𝑡)× (0, 𝑇 ], (3.1e)
(𝑐𝑠𝑢̃𝑠 −𝐷𝑠∇𝑐𝑠) · 𝑛𝑠 = 0, on Γ0,𝐿(𝑡)× (0, 𝑇 ], (3.1f)

𝑐𝑠 = 0, on 𝜕Ω× (0, 𝑇 ], (3.1g)
𝑐𝑣(0) = 𝑐0𝑣, in Ω𝑣(0), 𝑐𝑠(0) = 𝑐0𝑠 in Ω𝑠(0). (3.1h)

In the above, Γ0,𝐿 = Γ0 ∪ Γ𝐿. If 𝜕Ω𝑣∖Γ ̸= ∅ (𝑅1 > 0, an annular domain Ω𝑣), we also impose the boundary
condition:

(𝑐𝑣𝑢̃𝑣 −𝐷𝑣∇𝑐𝑣) · 𝑛𝑣 = 0 on 𝜕Ω𝑣(𝑡)∖Γ(𝑡)× (0, 𝑇 ]. (3.2)

The time derivatives in the above formulation are the Eulerian time derivatives. The parameters 𝐷𝑣, 𝐷𝑠 are
given diffusion tensors in Ω𝑣 and Ω𝑠 respectively, while 𝑓𝑣 and 𝑓𝑠 are given source functions. For 𝑖 ∈ {𝑣, 𝑠},
the relative (net) velocity 𝑢̃𝑖 = 𝑢𝑖 − 𝑤 accounts for the velocity of the domain 𝑤, defined below cf. (3.3).
The interface condition (3.1c) models the lateral interface between the vessel and its surroundings Γ as a semi-
permeable membrane with permeability 𝜉, while the auxiliary condition (3.1d) enforces conservation of mass. At
the vertical boundaries, the condition (3.1e) stipulates no flux, while we keep the concentration fixed and zero
(for simplicity) at the outermost boundary 𝜕Ω via (3.1g). The last relations (3.1h) define the initial conditions
with given initial states 𝑐0𝑣 : Ω𝑣 → R, 𝑐0𝑣 ∈ 𝐿2(Ω𝑣) and 𝑐0𝑠 : Ω𝑠 → R, 𝑐0𝑠 ∈ 𝐿2(Ω𝑠).

3.2. Observations on the domain velocity

For the existence result we can weaken our geometrical assumptions on the domains. Precisely, we let Ω(0) ⊂
R𝑑 be a Lipschitz domain, i.e., open, connected and with a Lipschitz boundary and we assume that Ω𝑣(0) ⊂ Ω(0)
is itself a Lipschitz domain and compactly contained in Ω(0). In particular, it holds dist(𝜕Ω𝑣(0), 𝜕Ω(0)) > 0.
We measurably partition 𝜕Ω𝑣(0) into two sets that play the role of Γ(0) in (3.1c) and (3.1d) and Γ0(0)∪ Γ𝐿(0)
in (3.1e), respectively (and will be denoted by the same symbols).

We define moving domains according to the velocity method, see [16]. More precisely, assume that the domain
velocity 𝑤 : R𝑑×R→ R𝑑 is smooth, 𝑤 ∈ 𝐶2(R𝑑×R), and compactly supported. We denote by 𝜓 : R𝑑×R→ R𝑑

the flow map of the order

𝜕𝑡𝜓(𝑥, 𝑡) = 𝑤(𝜓(𝑥, 𝑡), 𝑡),
𝜓(𝑥, 0) = 𝑥.

(3.3)

Standard ODE theory implies that 𝜓 ∈ 𝐶∞(R𝑑+1) and for all fixed 𝑡 ∈ [0, 𝑇 ] the map

𝜓𝑡 : R𝑑 → R𝑑, 𝑥 ↦→ 𝜓(𝑥, 𝑡)
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is a diffeomorphism. In this notation, the connection between our reference domain and the domains to a later
time is given by

Ω𝑠(𝑡) = 𝜓𝑡(Ω𝑠(0)), Ω𝑣(𝑡) = 𝜓𝑡(Ω𝑣(0)).

As Ω𝑠(0) and Ω𝑣(0) are open, connected and Lipschitz, it holds that 𝜕Ω𝑣(𝑡) = 𝜓𝑡(𝜕Ω𝑣(0)) and that 𝜕Ω𝑣(𝑡) has
Lipschitz boundary, see [30]. An important observation which links the above definitions to the specific setting
in Section 2.2 is now in order. Denoting by det(𝐷𝜓𝑡) the determinant of the Jacobian matrix of 𝜓𝑡, it holds
that ([49], Sect. 1.1.1):

𝜕𝑡𝐴(𝑠, 𝑡) = 𝜕𝑡

∫︁
Θ(𝑠,𝑡)

1 = 𝜕𝑡

∫︁
Θ(𝑠,0)

|det(𝐷𝜓𝑡)|

=
∫︁

Θ(𝑠,0)

𝜓−𝑡(∇ ·𝑤)|det(𝐷𝜓𝑡)| =
∫︁

Θ(𝑠,𝑡)

∇ ·𝑤 =
∫︁

𝜕Θ(𝑠,𝑡)

𝑤 · 𝑛. (3.4)

3.3. A weak formulation of the coupled 3D–3D transport model

Let 𝑖 ∈ {𝑠, 𝑣}, for fixed 𝑡 ∈ 𝐼 := [0, 𝑇 ] we set 𝑋𝑠(𝑡) = 𝐻1
𝜕Ω(Ω𝑠(𝑡)) := {𝑐 ∈ 𝐻1(Ω𝑠(𝑡)), 𝑐|𝜕Ω = 0}, and

𝑋𝑣(𝑡) = 𝐻1(Ω𝑣(𝑡)) and 𝐻𝑖(𝑡) = 𝐿2(Ω𝑖(𝑡)). Further, we abbreviate 𝑋𝑖 = (𝑋𝑖(𝑡))𝑡∈𝐼 and 𝐻𝑖 = (𝐻𝑖(𝑡))𝑡∈𝐼 . To
relate the function spaces at time 𝑡 to the reference time (and vice versa) we use the pushforward induced by
𝜓𝑡, and we define:

𝜑𝑡 : 𝑋𝑖(0)→ 𝑋𝑖(𝑡), 𝜑𝑡𝑐𝑖 = 𝑐𝑖 ∘ 𝜓−1
𝑡

with inverse 𝜑−𝑡 = 𝜑−1
𝑡 given by 𝜑−𝑡𝑐𝑖 = 𝑐𝑖 ∘ 𝜓𝑡. By the chain rule for Sobolev spaces it can be seen that for

all 𝑡 ∈ [0, 𝑇 ] the maps 𝜑𝑡 are linear homeomorphisms. Now, to define a function space framework we follow [3]
and set

𝐿2
𝑋𝑖

=

⎧⎨⎩𝑐𝑖 : [0, 𝑇 ]→
⋃︁

𝑡∈[0,𝑇 ]

𝑋𝑖(𝑡)× {𝑡}, 𝑡 ↦→ (𝑐𝑖(𝑡), 𝑡) | 𝜑−(·)𝑐𝑖(·) ∈ 𝐿2(0, 𝑇 ;𝑋𝑖(0))

⎫⎬⎭ ,

𝐿2
𝑋′𝑖

=

⎧⎨⎩𝑓𝑖 : [0, 𝑇 ]→
⋃︁

𝑡∈[0,𝑇 ]

𝑋 ′𝑖(𝑡)× {𝑡}, 𝑡 ↦→ (𝑓𝑖(𝑡), 𝑡) | 𝜑*(·)𝑓𝑖(·) ∈ 𝐿2(0, 𝑇 ;𝑋 ′𝑖(0))

⎫⎬⎭ ,

where 𝜑*𝑡 : 𝑋𝑖(𝑡)′ → 𝑋𝑖(0)′ denotes the adjoint map to 𝜑𝑡. The above spaces are equipped with the norms:

∀𝑐𝑖 ∈ 𝐿2
𝑋𝑖
, ‖𝑐𝑖‖2𝐿2

𝑋𝑖

=
∫︁ 𝑇

0

‖𝑐𝑖‖2𝑋𝑖(𝑡)
, ∀𝑓𝑖 ∈ 𝐿2

𝑋′𝑖
, ‖𝑓𝑖‖2𝐿2

𝑋′
𝑖

=
∫︁ 𝑇

0

‖𝑓𝑖‖2𝑋′𝑖(𝑡).

Next, we define a weak material derivative, where we specialize the abstract definition of [3] to our case. We
say that a function 𝑐𝑖 ∈ 𝐿2

𝑋𝑖
has a weak material derivative 𝑐̇𝑖 ∈ 𝐿2

𝑋′𝑖
if it holds∫︁ 𝑇

0

⟨𝑐̇𝑖, 𝜂⟩𝑋′𝑖(𝑡) d𝑡 = −
∫︁ 𝑇

0

∫︁
Ω𝑖(𝑡)

𝑐𝑖𝜂̇ d𝑥 d𝑡−
∫︁ 𝑇

0

∫︁
Ω𝑖(𝑡)

𝑐𝑖𝜂∇ ·𝑤 d𝑥d𝑡, ∀𝜂 ∈ 𝒟𝑋𝑖
(0, 𝑇 ), (3.5)

where 𝒟𝑋𝑖
is the subset of 𝐿2

𝑋𝑖
such that 𝑡 ↦→ 𝜑−𝑡𝜂 is a member of 𝒟(0, 𝑇 ;𝑋𝑖(0)). We are now in a position to

define the Sobolev space 𝑊 (𝑋𝑖, 𝑋
′
𝑖) used for existence theory

𝑊 (𝑋𝑖, 𝑋
′
𝑖) =

{︁
𝑐𝑖 ∈ 𝐿2

𝑋𝑖
| 𝑐̇𝑖 ∈ 𝐿2

𝑋′𝑖

}︁
.

As in the classical case, this space embeds into 𝐶0
𝐻𝑖

(0, 𝑇 ), which is defined similarly as 𝒟𝑋𝑖
(0, 𝑇 ) above and

thus initial value problems can be formulated meaningfully.
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Remark 3.1 (Connection to strong material derivative). For smooth functions 𝑐 the above definition agrees
with the Arbitrary Lagrangian Eulerian (ALE) framework ([49], Sect. 1.1), and it holds that

𝑐̇ = 𝜑𝑡( 𝜕𝑡 (𝜑−𝑡𝑐)).

By the chain rule, it then follows for smooth functions, that

𝑐̇(𝑥, 𝑡) = 𝜕𝑡𝑐(𝑥, 𝑡) +∇𝑐(𝑥, 𝑡) ·𝑤(𝑥, 𝑡), (𝑥, 𝑡) ∈ Ω(𝑡)× (0, 𝑇 ). (3.6)

Replacing the Eulerian time derivative via the definition of the material time derivative, and using the
standard identity

∇𝑐 ·𝑤 = ∇ · (𝑤𝑐)− (∇ ·𝑤)𝑐,

we can rephrase (3.1a)–(3.1b) as

𝑐̇𝑣 +∇ ·𝑤𝑐𝑣 −∇ · (𝐷𝑣∇𝑐𝑣) +∇ · ((𝑢𝑣 −𝑤)𝑐𝑣) = 𝑓𝑣, in Ω𝑣(𝑡)× (0, 𝑇 ], (3.7a)
𝑐𝑠 +∇ ·𝑤𝑐𝑠 −∇ · (𝐷𝑠∇𝑐𝑠) +∇ · ((𝑢𝑠 −𝑤)𝑐𝑠) = 𝑓𝑠, in Ω𝑠(𝑡)× (0, 𝑇 ]. (3.7b)

To formulate a coherent weak formulation for the system of coupled equations, we introduce the following
product spaces and their respective norms (written for 𝜑 = (𝜑𝑣, 𝜑𝑠))

𝑉 (𝑡) = 𝐻1(Ω𝑣(𝑡))×𝐻1
𝜕Ω(Ω𝑠(𝑡)), ‖𝜑‖2𝑉 (𝑡) = ‖𝜑𝑣‖2𝐻1(Ω𝑣(𝑡)) + ‖𝜑𝑠‖2𝐻1(Ω𝑠(𝑡)),

𝐻(𝑡) = 𝐿2(Ω𝑣(𝑡))× 𝐿2(Ω𝑠(𝑡)), ‖𝜑‖2𝐻(𝑡) = ‖𝜑𝑣‖2𝐿2(Ω𝑣(𝑡)) + ‖𝜑𝑠‖2𝐿2(Ω𝑠(𝑡)).

Similarly, we define the product space:

𝑊 = {𝑤 = (𝑤𝑣, 𝑤𝑠), 𝑤̇ = (𝑤̇𝑣, 𝑤̇𝑠) : 𝑤𝑣 ∈𝑊 (𝑋𝑣, 𝑋
′
𝑣), 𝑤𝑠 ∈𝑊 (𝑋𝑠, 𝑋

′
𝑠)} , (3.9)

equipped with the norm

‖𝑤‖2𝑊 =
∑︁

𝑖∈{𝑣,𝑠}

(︂
‖𝑤𝑖‖2𝐿2

𝑋𝑖

+ ‖𝑤̇𝑖‖2𝐿2
𝑋′

𝑖

)︂
. (3.10)

The weak formulation for (3.1) then reads: find 𝑐 = (𝑐𝑣, 𝑐𝑠) ∈𝑊 such that for all 𝜙 = (𝜙𝑣, 𝜙𝑠) ∈ 𝑉 (𝑡),

⟨𝑐̇(𝑡),𝜙⟩𝑉 (𝑡) + 𝜆(𝑡; 𝑐(𝑡),𝜙) +𝒜(𝑡; 𝑐(𝑡),𝜙) + ℬ(𝑡; 𝑐(𝑡),𝜙)
= (𝑓𝑣(𝑡), 𝜙𝑣)Ω𝑣

+ (𝑓𝑠(𝑡), 𝜙𝑠)Ω𝑠
, (3.11)

complemented by the initial condition
𝑐(0) = (𝑐0𝑣, 𝑐

0
𝑠) ∈𝐻(0),

where for any 𝑐 = (𝑐𝑣, 𝑐𝑠) ∈ 𝑉 (𝑡) and 𝜙 = (𝜙𝑣, 𝜙𝑠) ∈ 𝑉 (𝑡) we have the bilinear forms:

𝜆(𝑡; 𝑐,𝜙) = (∇ ·𝑤𝑐𝑣, 𝜙𝑣)Ω𝑣(𝑡) + (∇ ·𝑤𝑐𝑠, 𝜙𝑠)Ω𝑠(𝑡),

𝒜(𝑡; 𝑐,𝜙) = (𝐷𝑣∇𝑐𝑣 − (𝑢𝑣 −𝑤)𝑐𝑣,∇𝜙𝑣)Ω𝑣(𝑡) + (𝐷𝑠∇𝑐𝑠 − (𝑢𝑠 −𝑤)𝑐𝑠,∇𝜙𝑠)Ω𝑠(𝑡),

ℬ(𝑡; 𝑐,𝜙) = (𝜉(𝑐𝑣 − 𝑐𝑠), 𝜙𝑣)Γ(𝑡) + (𝜉(𝑐𝑠 − 𝑐𝑣), 𝜙𝑠)Γ(𝑡).

3.4. Well-posedness of the convection–diffusion problem over a moving domain

We then obtain the following result for the existence and well-posedness of weak solutions.

Proposition 3.1. Assume the geometrical setting of Section 3.2 and let 𝜉 ∈ 𝐿∞(0, 𝑇 ;𝐿∞(Γ(𝑡))) with 𝜉 ≥ 0.
Further assume that 𝐷𝑖 ∈ 𝐿∞(0, 𝑇 ;𝐿∞(Ω𝑖(𝑡),R𝑑×𝑑)) with a uniform ellipticity constant 𝜈 > 0 and 𝑢𝑖 ∈
𝐿∞(0, 𝑇 ;𝐿∞(Ω𝑖(𝑡))). Then, for every 𝑐0 = (𝑐0𝑣, 𝑐

0
𝑠) ∈𝐻(0) and 𝑓 = (𝑓𝑣, 𝑓𝑠) ∈ 𝐿2

𝑋′𝑣
×𝐿2

𝑋′𝑠
, there exists a unique

solution 𝑐 = (𝑐𝑣, 𝑐𝑠) ∈𝑊 to (3.11). Further, there exists a constant 𝐶 such that

‖𝑐‖𝑊 ≤ 𝐶(‖𝑓𝑣‖𝐿2
𝑋′𝑣

+ ‖𝑓𝑠‖𝐿2
𝑋′𝑠

+ ‖𝑐0‖𝐻(0)).
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Proof. We verify the assumptions of the abstract framework given by Alphonse et al. [3]. These can be grouped
in two sets of requirements, one set of assumptions concerns the level of smoothness that must be imposed on
the moving domains - in the notation of [3] these are Assumptions 2.17, 2.24 and 2.31. On the other hand we
need standard assumptions on the involved operators which are summarized in Assumption 3.3 of [3].

Verifying the smoothness assumptions of the moving domains. Let 𝑐 ∈ 𝑉 (0), then by the transformation
formula it holds

𝑡 ↦→ ‖𝜑𝑡𝑐‖2𝑉 (𝑡) =
∑︁

𝑖∈{𝑣,𝑠}

∫︁
Ω𝑖(0)

(𝑐2𝑖 + |∇𝑐𝑖|2)|det(𝐷𝜓𝑡)|d𝑥. (3.12)

As (𝑥, 𝑡) ↦→ 𝜓(𝑥, 𝑡) is smooth and 𝜓𝑡 is a diffeomorphism we know that 𝐷𝜓𝑡 is invertible everywhere in Ω and thus
|det(𝐷𝜓𝑡)| is bounded away from zero. Using the smoothness of 𝜓 with respect to the temporal variable implies
that this bound is independent of time. Hence, 𝑡 ↦→ ‖𝜑𝑡𝑐‖𝑉 (𝑡) is continuous as required in Assumption 2.17.

To show Assumption 2.24, we need prove that

𝑡 ↦→ 𝜃(𝑡, 𝑐) :=
∑︁

𝑖∈{𝑣,𝑠}

∫︁
Ω𝑖(0)

𝑐2𝑖 |det(𝐷𝜓𝑡)|d𝑥

is classically differentiable. As mentioned above, (𝑥, 𝑡) ↦→ 𝜓(𝑥, 𝑡) is smooth and so is (𝑥, 𝑡) ↦→ | det(𝐷𝜓𝑡)(𝑥)|
which allows us, resorting to Lebesgue’s dominated convergence theorem, to differentiate under the integral
sign. Further, for 𝑐1, 𝑐2 ∈ 𝑉 (0) we estimate using the boundedness of (𝑥, 𝑡) ↦→ |det(𝐷𝜓𝑡(𝑥))|

|𝜃(𝑡, 𝑐1 + 𝑐2)− 𝜃(𝑡, 𝑐1 − 𝑐2)| =
∑︁

𝑖∈{𝑣,𝑠}

∫︁
Ω𝑖(0)

|𝑐1𝑖 𝑐2𝑖 | |det(𝐷𝜓𝑡)|d𝑥 ≤ 𝐶‖𝑐1‖𝐻(0)‖𝑐2‖𝐻(0)

for some constant 𝐶. This completes the requirements of Assumption 2.24.
Concerning Assumption 2.31 of [3], note that the map 𝑇𝑡 defined in equation (2.7) of this paper is in our case

given by
𝑇𝑡 : 𝐻(0)→𝐻(0), 𝑐 = (𝑐𝑣, 𝑐𝑠) ↦→ (𝑐𝑣|det(𝐷𝜓𝑡)|, 𝑐𝑠|det(𝐷𝜓𝑡)|)

and as |det(𝐷𝜓𝑡)| is smooth and bounded away from zero it holds that

𝑐 ∈ 𝑉 (0) ⇔ 𝑇𝑡𝑐 ∈ 𝑉 (0).

By Remark 2.34 in [3] this guarantees that Assumption 2.31 therein holds.
Properties of the PDE Operators. We now verify the coercivity and continuity properties of the bilinear forms.

We must show that for a.e. 𝑡, there exist constants 𝐾1,𝐾2 and 𝐾3 independent of 𝑡 such that

𝒜(𝑡; 𝑐, 𝑐) + ℬ(𝑡; 𝑐, 𝑐) ≥ 𝐾1‖𝑐‖2𝑉 (𝑡) −𝐾2‖𝑐‖2𝐻(𝑡) ∀𝑐 ∈ 𝑉 (𝑡), (3.13)

|𝒜(𝑡; 𝑐,𝜙) + ℬ(𝑡; 𝑐,𝜙)| ≤ 𝐾3‖𝑐‖𝑉 (𝑡)‖𝜙‖𝑉 (𝑡) ∀𝑐,𝜑 ∈ 𝑉 (𝑡). (3.14)

Using that 𝑢𝑣,𝑢𝑠 and 𝑤 ∈ 𝐿∞(Ω𝑣(𝑡)) with a norm bound independent of 𝑡 ∈ [0, 𝑇 ] and that 𝐷𝑣, 𝐷𝑠 are
uniformly elliptic with ellipticity constant 𝜈 independent of time, we may estimate using Young’s and Hölder’s
inequality for 𝑐 = (𝑐𝑣, 𝑐𝑠)

𝒜(𝑡; 𝑐, 𝑐) ≥ 𝜈
∑︁

𝑖∈{𝑠,𝑣}

‖∇𝑐𝑖‖2𝐿2(Ω𝑖(𝑡))
−

∑︁
𝑖∈{𝑠,𝑣}

‖𝑢𝑖 −𝑤‖𝐿∞(Ω𝑖(𝑡))‖𝑐𝑖‖𝐿2(Ω𝑖(𝑡))‖∇𝑐𝑖‖𝐿2(Ω𝑖(𝑡))

≥ 𝜈

2

∑︁
𝑖∈{𝑠,𝑣}

‖∇𝑐𝑖‖2𝐿2(Ω𝑖(𝑡))
− 1

2𝜈

∑︁
𝑖∈{𝑠,𝑣}

‖𝑢𝑖 −𝑤‖2𝐿∞(Ω𝑖(𝑡))
‖𝑐𝑖‖2𝐿2(Ω𝑖(𝑡))

≥ 𝜈

2
‖𝑐‖2𝑉 (𝑡) − max

𝑖∈{𝑠,𝑣}

(︂‖𝑢𝑖 −𝑤‖𝐿∞(Ω𝑖(𝑡))

2𝜈
,
𝜈

2

)︂
‖𝑐‖2𝐻(𝑡).
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Using that 𝜉 ≥ 0 it is readily seen that ℬ(𝑡; 𝑐, 𝑐) ≥ 0, in fact it holds that

ℬ(𝑡; 𝑐, 𝑐) =
∫︁

Γ(𝑡)

(𝑐𝑣 − 𝑐𝑠)2𝜉 d𝑠 ≥ 0.

For the continuity property, we note that the trace constant used to handle ℬ is independent of 𝑡 since for any
𝑐𝑖 ∈ 𝐻1(Ω𝑖(𝑡)) it holds that

‖𝑐𝑖‖𝐿2(Γ(𝑡)) = ‖|det(𝐷(𝜓−1
𝑡 ))|1/2𝜑−𝑡𝑐𝑖‖𝐿2(Γ(0)) ≤ 𝐶0‖𝜑−𝑡𝑐𝑖‖𝐻1(Ω𝑖(0)) ≤ 𝐶1‖𝑐𝑖‖𝐻1(Ω𝑖(𝑡)) (3.15)

for some constants 𝐶0, 𝐶1. The above holds from the trace inequality on Γ(0) and from the continuity bound
of the map 𝜑−𝑡 which is independent of 𝑡. The continuity bound (3.14) then immediately follows. Therefore, as
all the assumptions of ([3], Thm. 3.6) hold, the stated result follows. �

4. Coupled 3D–1D formulations for solute transport models

Our next objective is to derive geometrically-explicit but dimensionally-reduced representations of the cou-
pled solute transport models introduced and established in the previous (Sect. 3). We first derive transport
equations describing the cross-section average concentration in each vessel network segment (Sect. 4.2) and
their variational formulation (Sect. 4.3). Conversely, the solute transport equations are extended accordingly;
from the surrounding to the complete domain (Sect. 4.4). The full coupled variational problem is well-posed
(Sect. 4.5), and can be extended to vascular networks (Sect. 4.6). We begin by making assumptions on the
material parameters mainly to simplify the presentation. We will adopt these assumptions in the remainder of
this paper.

4.1. Assumptions on material parameters

The parameter 𝐷𝑣 is assumed to be single valued function rather than a tensor, and 𝐷𝑣 ∈
𝐿∞(0, 𝑇 ;𝐿∞(Ω𝑣(𝑡))).

The parameter 𝐷𝑠 ∈ 𝐿∞(0, 𝑇 ;𝐿∞(Ω𝑠(𝑡),R𝑑×𝑑)) with uniform ellipticity constant 𝜈 > 0. In addition, 𝜉 and
𝐷𝑣 are assumed to be constant in each cross-section Θ(𝑠, 𝑡), (𝑠, 𝑡) ∈ Λ × (0, 𝑇 ). Finally, we assume that the
velocity fields 𝑢𝑖 ∈ 𝐿∞(0, 𝑇 ;𝐻2(Ω𝑖)3) for 𝑖 ∈ {𝑣, 𝑠}.

4.2. Derivation of a vessel-averaged (1D) transport equation

The aim of this section is to derive a one-dimensional model for the cross-section average of the concentration
𝑐𝑣. Recalling the cross-sections Θ(𝑠) with area 𝐴 = 𝐴(𝑠), we define the cross-section average for 𝑠 ∈ Λ by

⟨𝑓⟩(𝑠) =
1

𝐴(𝑠)

∫︁
Θ(𝑠)

𝑓, ∀𝑓 ∈ 𝐿1(Θ(𝑠)).

Analogously, recalling the cross-section boundary 𝜕Θ2(𝑠) with (lateral cross-section) perimeter 𝑃 = 𝑃 (𝑠), we
set:

𝑓(𝑠) =
1

𝑃 (𝑠)

∫︁
𝜕Θ2(𝑠)

𝑓, ∀𝑓 ∈ 𝐿1(𝜕Θ2(𝑠)). (4.1)

For the derivation, we rely on the following assumptions on the vessel geometry and vessel deformations (adapted
([11], Chap. 2), [42]). Assumption 4.1 is needed in the derivation of the reduced 1D model, see Proposition 4.3,
and Assumption 4.2 is used in the derivation of its variational formulation, see Section 4.2.

Assumption 4.1 (Averages and shape profile). Assume the following.

– For 𝑐𝑣 : Ω𝑣 × (0, 𝑇 ) → R and 𝑐𝑠 : Ω𝑠 × (0, 𝑇 ) → R solving (3.1), the (lateral) cross-section averages are
well-defined i.e. 𝑐𝑣(𝑡) ∈ 𝐿1(Θ(𝑠)) ∩ 𝐿1(𝜕Θ(𝑠)) and 𝑐𝑠(𝑡) ∈ 𝐿1(𝜕Θ(𝑠)) for all 𝑠 ∈ Λ and 𝑡 ∈ (0, 𝑇 ).
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– Further, there exists a shape function 𝑤𝑐 = 𝑤𝑐(𝑟) in the radial variable 𝑟 only, with ⟨𝑤𝑐⟩ = 1 and such that
the following splitting holds: for all (𝑠, 𝑟, 𝜃, 𝑡) ∈ Ω𝑣(𝑡)× (0, 𝑇 ],

𝑐𝑣(𝑠, 𝑟, 𝜃, 𝑡) = ⟨𝑐𝑣⟩(𝑠, 𝑡)𝑤𝑐(𝑟).

Assumption 4.2 (Conditions on the vessel geometry and deformation). Assume the following:

𝜕𝑠𝑅
2
2 = 𝜕𝑠𝑅

2
1 = 0, on Γ0 ∪ Γ𝐿. (4.2)

The above is adapted from [42]. In fact, if 𝑅1 and 𝑅2 are independent of 𝜃 or if 𝑤𝑐 = 1, then we can relax the
above assumption by only requiring that

𝜕𝑠𝐴 = 0, on 𝑠 = 0, 𝐿,

since it will be sufficient for the derivation of our weak formulation, see Section 4.2.

The next proposition states a one-dimensional transport equation for the average concentration 𝑐 along the
vessel centerline Λ and over time 𝑡 ∈ (0, 𝑇 ).

Proposition 4.1 (1D transport equation). Under Assumption 4.1, the cross-section average concentration 𝑐 =
⟨𝑐𝑣⟩ satisfies the following equation in Λ× (0, 𝑇 ):

𝜕𝑡(𝐴𝑐)− 𝜕𝑠 (𝐷𝑣𝐴𝜕𝑠𝑐) + 𝜕𝑠 (𝐴⟨𝑢𝑣,𝑠𝑤𝑐⟩𝑐) + 𝜉𝑃 (𝑤𝑐𝑐− 𝑐𝑠) +𝐺(𝑐) = 𝐴⟨𝑓𝑣⟩, (4.3)

where 𝑢𝑣,𝑠 is the axial component of the velocity 𝑢𝑣, and where we have introduced the auxiliary expressions

𝐺(𝑐) = 𝐺(𝑅1, 𝑅2, 𝑤𝑐)(𝑐) = −𝜕𝑠 (𝐷𝑣𝑔𝑠(𝑅1, 𝑅2, 𝑤𝑐)𝑐) , (4.4)

𝑔𝑠(𝑅1, 𝑅2, 𝑤𝑐) =
2∑︁

𝑖=1

−𝛾𝑖

2

∫︁ 2𝜋

0

𝜕𝑠𝑅
2
𝑖 (1− 𝑤𝑐(𝑅𝑖)), 𝛾1 = 1, 𝛾2 = −1. (4.5)

Before proceeding with the proof of Proposition 4.1, we make two remarks.

Remark 4.1. Recall that the functions 𝐴 = 𝐴(𝑠, 𝑡) and ⟨𝑢𝑣,𝑠𝑤𝑐⟩ = ⟨𝑢𝑣,𝑠𝑤𝑐⟩(𝑠, 𝑡) denote the cross-sectional area
and a weighted average axial velocity, respectively. These functions can be either a-priori determined or solved
for via reduced flow models, such as e.g. reduced blood flow models [9], perivascular fluid flow models [15], root
water uptake models [32], or geothermal wells [23] as appropriate for the problem setting.

Remark 4.2. If Ω𝑣 is a cylinder (representing for instance a blood vessel, reservoir well or plant root but not
a perivascular space), 𝑅1(𝑠, 𝜃, 𝑡) = 0 and 𝑅2(𝑠, 𝜃, 𝑡) = 𝑅(𝑠, 𝑡). In this case, if we also assume that 𝑤𝑐(𝑟) =
𝑤𝑐(𝑅) = 1, then 𝐺 = 0 and (4.3) simplifies to:

𝜕𝑡(𝐴𝑐)− 𝜕𝑠(𝐷𝑣𝐴𝜕𝑠𝑐) + 𝜕𝑠(𝐴⟨𝑢𝑣,𝑠⟩𝑐) + 𝜉𝑃 (𝑐− 𝑐𝑠) = 𝐴⟨𝑓𝑣⟩.

Proof of Proposition 4.1. We proceed via a similar approach as in [42]. Namely, consider two arbitrary points
𝑠1 and 𝑠2 with 0 ≤ 𝑠1 < 𝑠2 ≤ 𝐿. Let 𝒫 = 𝒫(𝑡) denote the portion of Ω𝑣(𝑡) bounded by two cross-sections Θ(𝑠1)
and Θ(𝑠2) perpendicular to Λ, and let Γ𝒫 denote the lateral boundary of 𝒫. To simplify notation, we drop the
subscript 𝑣 in (3.1a). We now integrate (3.1a) over 𝒫 omitting the integration measures when self-evident.∫︁

𝒫
𝜕𝑡𝑐−

∫︁
𝒫
∇ · (𝐷∇𝑐) +

∫︁
𝒫
∇ · (𝑢𝑐)−

∫︁
𝒫
𝑓 := 𝒯1 + 𝒯2 + 𝒯3 + 𝒯4 = 0.

For 𝒯1, we have by Reynolds transport theorem accounting for the domain velocity 𝑤 see e.g. [3, 49], and by
definition of the cross-section average, that

𝒯1 =
∫︁
𝒫
𝜕𝑡𝑐 = 𝜕𝑡

∫︁
𝒫
𝑐−

∫︁
𝜕𝒫

𝑐𝑤 · 𝑛 =
∫︁ 𝑠2

𝑠1

𝜕𝑡(𝐴⟨𝑐⟩)−
∫︁

𝜕𝒫
𝑐𝑤 · 𝑛. (4.6)
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For 𝒯2, using the divergence theorem, we have that

𝒯2 = −
∫︁
𝒫
∇ · (𝐷∇𝑐) = −

∫︁
𝜕𝒫

𝐷∇𝑐 · 𝑛

=
∫︁

Θ(𝑠1)

𝐷𝜕𝑠𝑐−
∫︁

Θ(𝑠2)

𝐷𝜕𝑠𝑐−
∫︁ 𝑠2

𝑠1

∫︁
𝜕Θ(𝑠)

𝐷∇𝑐 · 𝑛. (4.7)

Following [42], we write the first and second terms above as follows.∫︁
Θ(𝑠1)

𝐷𝜕𝑠𝑐 −
∫︁

Θ(𝑠2)

𝐷𝜕𝑠𝑐 = −
∫︁ 𝑠2

𝑠1

𝜕

𝜕𝑠

∫︁
Θ(𝑠)

𝐷𝜕𝑠𝑐d𝑠 = −
∫︁ 𝑠2

𝑠1

𝜕

𝜕𝑠

∫︁ 2𝜋

0

∫︁ 𝑅2

𝑅1

𝐷𝜕𝑠𝑐𝑟 d𝑟 d𝜃 d𝑠.

Using the assumption that 𝐷 is constant on each cross-section, recalling that 𝛾1 = 1 and 𝛾2 = −1, and applying
Leibniz’s rule yield∫︁ 2𝜋

0

∫︁ 𝑅2

𝑅1

𝐷𝜕𝑠𝑐𝑟 d𝑟 d𝜃 = 𝐷𝜕𝑠

∫︁ 2𝜋

0

∫︁ 𝑅2

𝑅1

𝑐𝑟 d𝑟𝜃 +
2∑︁

𝑖=1

𝛾𝑖

2

∫︁ 2𝜋

0

𝐷𝑐(𝑅𝑖)𝜕𝑠𝑅
2
𝑖 d𝜃

= 𝐷𝜕𝑠(𝐴⟨𝑐⟩) +
2∑︁

𝑖=1

∫︁ 2𝜋

0

𝛾𝑖

2
𝐷𝑐(𝑅𝑖)𝜕𝑠𝑅

2
𝑖 d𝜃.

Thus, we write 𝒯2 as

𝒯2 =
∫︁ 𝑠2

𝑠1

(︃
−𝜕𝑠(𝐷𝜕𝑠(𝐴⟨𝑐⟩))−

2∑︁
𝑖=1

∫︁ 2𝜋

0

𝛾𝑖

2
𝜕𝑠(𝐷𝑐(𝑅𝑖)𝜕𝑠𝑅

2
𝑖 ) d𝜃 −

∫︁
𝜕Θ(𝑠)

𝐷∇𝑐 · 𝑛

)︃
d𝑠. (4.8)

For 𝒯3, we proceed similarly, letting 𝑢𝑣,𝑠 denote the axial component of the velocity field 𝑢𝑣 (denoted 𝑢 here).
We then have

𝒯3 =
∫︁
𝒫
∇ · (𝑢𝑐) =

∫︁
𝜕𝒫

(𝑢𝑐) · 𝑛 =
∫︁

Θ(𝑠2)

𝑢𝑣,𝑠𝑐−
∫︁

Θ(𝑠1)

𝑢𝑣,𝑠𝑐+
∫︁ 𝑠2

𝑠1

∫︁
𝜕Θ(𝑠)

(𝑢𝑐) · 𝑛d𝑠

=
∫︁ 𝑠2

𝑠1

𝜕𝑠

∫︁
Θ(𝑠)

𝑢𝑣,𝑠𝑐d𝑠+
∫︁ 𝑠2

𝑠1

∫︁
𝜕Θ(𝑠)

(𝑢𝑐) · 𝑛d𝑠

=
∫︁ 𝑠2

𝑠1

(︃
𝜕𝑠(𝐴⟨𝑢𝑣,𝑠𝑐⟩) +

∫︁
𝜕Θ(𝑠)

(𝑢𝑐) · 𝑛

)︃
d𝑠.

(4.9)

From (3.1c)–(3.1e), (3.2) if 𝑅1 > 0, and the assumption that 𝜉 is constant in each cross-section, we obtain∫︁ 𝑠2

𝑠1

∫︁
𝜕Θ(𝑠)

((𝑢−𝑤)𝑐−𝐷∇𝑐) · 𝑛 =
∫︁ 𝑠2

𝑠1

∫︁
𝜕Θ2(𝑠)

𝜉(𝑐− 𝑐𝑠) =
∫︁ 𝑠2

𝑠1

𝜉𝑃 (𝑐− 𝑐𝑠). (4.10)

The term 𝒯4 simply reads

𝒯4 = −
∫︁ 𝑠2

𝑠1

𝐴⟨𝑓⟩d𝑠. (4.11)

Collecting the derivations for 𝒯𝑖, 𝑖 = 1, . . . , 4: (4.6), (4.8), (4.9), and (4.11) and using (4.10) for the resulting
boundary terms yield: ∫︁ 𝑠2

𝑠1

(𝜕𝑡(𝐴⟨𝑐⟩)− 𝜕𝑠(𝐷𝜕𝑠(𝐴⟨𝑐⟩)) + 𝜉𝑃 (𝑐− 𝑐𝑠) + 𝜕𝑠(𝐴⟨𝑢𝑣,𝑠𝑐⟩)) d𝑠

−
∫︁ 𝑠2

𝑠1

2∑︁
𝑖=1

𝛾𝑖

2

∫︁ 2𝜋

0

(︀
𝜕𝑠(𝐷𝑐(𝑅𝑖)𝜕𝑠𝑅

2
𝑖 )
)︀

d𝜃 d𝑠 =
∫︁ 𝑠2

𝑠1

𝐴⟨𝑓⟩d𝑠. (4.12)
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To make the above equation solvable, we use Assumption 4.1 and write:

𝜕𝑠(𝐴⟨𝑐⟩) = 𝐴𝜕𝑠⟨𝑐⟩+ 𝜕𝑠𝐴⟨𝑐⟩ = 𝐴𝜕𝑠⟨𝑐⟩+
2∑︁

𝑖=1

−𝛾𝑖

2

∫︁ 2𝜋

0

⟨𝑐⟩𝜕𝑠𝑅
2
𝑖 d𝜃.

We use the above and substitute 𝑐 = 𝑐𝑣 = 𝑤𝑐(𝑟)⟨𝑐𝑣⟩ and 𝑐 = ⟨𝑐𝑣⟩ in (4.12). Thus, since (4.12) holds for any 𝑠1
and 𝑠2, we conclude the result. �

4.2.1. Boundary conditions for the reduced transport model

We finalize the derivation of the reduced transport model by stating boundary conditions corresponding to
the cross-section average of (3.1e), modified from [42]:

𝐷𝑣𝐴𝜕𝑠𝑐−𝐴⟨𝑢𝑣,𝑠𝑤𝑐⟩𝑐 = 0 for 𝑠 = 0, 𝐿. (4.13)

One can see that integrating (3.1e) over perpendicular cross-sections Θ(0) and Θ(𝐿) and using assumption (4.2),
the above condition is recovered if 𝑤 · 𝑛 on Γ0(𝑡) ∪ Γ1(𝑡) is negligible.

4.3. Variational formulation of the reduced transport model

To formally derive a variational formulation of (4.3) combined with (4.13), we multiply (4.3) by 𝜑 ∈ 𝐻1(Λ)
and integrate by parts. We first observe that∫︁

Λ

𝐺(𝑐)𝜑 d𝑠 ≡ −
∫︁

Λ

𝜕𝑠 (𝐷𝑣𝑔𝑠𝑐)𝜑d𝑠 =
∫︁

Λ

(𝐷𝑣𝑔𝑠𝑐) 𝜕𝑠𝜑d𝑠−𝐷𝑣𝑔𝑠𝑐 𝜑|𝐿0 .

Therefore, after applying the boundary conditions (4.2) and (4.13) and collecting terms, we obtain the variational
formulation: for 𝑡 > 0, given coefficients 𝐷𝑣, 𝜉 and functions 𝐴 ∈ 𝐿∞(0, 𝑇 ;𝐿∞(Λ)), ⟨𝑓𝑣⟩ ∈ 𝐿2(0, 𝑇, (𝐻1

𝐴(Λ))′),
and 𝑢𝑣,𝑠, 𝑤𝑐 such that ⟨𝑢𝑣,𝑠𝑤𝑐⟩ ∈ 𝐿∞(0, 𝑇 ;𝐿∞(Λ)) and 𝑤𝑐 ∈ R, find 𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻1

𝐴(Λ)) with 𝜕𝑡𝑐 ∈
𝐿2(0, 𝑇 ; (𝐻1

𝐴(Λ))′) such that

⟨𝜕𝑡𝑐, 𝜑⟩𝐻−1
𝐴 (Λ) +

∫︁
Λ

𝐷𝑣 (𝐴𝜕𝑠𝑐+ 𝑔𝑠𝑐) · 𝜕𝑠𝜑−
∫︁

Λ

𝐴⟨𝑢𝑣,𝑠𝑤𝑐⟩𝑐 · 𝜕𝑠𝜑

+
∫︁

Λ

(𝜉𝑃 (𝑤𝑐𝑐− 𝑐𝑠) + 𝜕𝑡𝐴𝑐)𝜑 = ⟨⟨𝑓𝑣⟩, 𝜑⟩𝐻−1
𝐴 (Λ), ∀𝜑 ∈ 𝐻

1
𝐴(Λ). (4.14)

As mentioned, note that 𝑔𝑠 = 0 if 𝑤𝑐 = 1. In the case of a cylindrical (vessel) domain with 𝑅2 = 𝑅(𝑠, 𝑡) and
𝑅1 = 0, then 𝑔𝑠 = (1− 𝑤𝑐(𝑅))𝜕𝑠𝐴.

4.4. Variational formulation for the extended transport model

We next formally extend the variational formulation of (3.11) to the whole domain Ω. Here, a model reduction
approach is used, similar to the one by Laurino and Zunino [42], to reduce the interface condition (3.1c). This
approach uses the average operator (4.1) as the restriction operator to the centerline for both the trial and
test functions. This is different than the approach used in D’Angelo and Quarteroni [13] where the restriction
operator for the test functions is taken as the trace operator onto Λ which is well-defined on special weighted
spaces that enjoy better regularity properties than 𝐻1(Ω). As we will show, the approach used in [42] and here
is well-defined on functions in 𝐻1(Ω) and yields to solutions with better regularity properties than the ones in
[13].

From (3.11), we have that for 𝜑 ∈ 𝐻1
0 (Ω)∫︁

Ω𝑠

𝑐̇𝑠𝜑+
∫︁

Ω𝑠

∇ ·𝑤𝑐𝑠𝜑+
∫︁

Ω𝑠

𝐷𝑠∇𝑐𝑠 · ∇𝜑+
∫︁

Γ

𝜉(𝑐𝑠 − 𝑐𝑣)𝜑−
∫︁

Ω𝑠

(𝑢̃𝑠𝑐𝑠) · ∇𝜑 =
∫︁

Ω𝑠

𝑓𝑠𝜑, (4.15)
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where we recall that 𝑢̃𝑠 = 𝑢𝑠 −𝑤. For the first two terms, we have that∫︁
Ω𝑠

𝑐̇𝑠𝜑+
∫︁

Ω𝑠

∇ ·𝑤𝑐𝑠𝜑 =
∫︁

Ω𝑠

𝜕𝑡𝑐𝑠𝜑+
∫︁

Ω𝑠

∇ · (𝑤𝑐𝑠)𝜑.

Consider now the fourth term in (4.15). Define an operator subtracting the perimeter-average i.e. 𝜑 = 𝜑 − 𝜑.
Clearly, (𝜑1, 𝜑2)𝜕Θ = (𝜑2, 𝜑1)𝜕Θ = 0 since 𝜑1 = 𝜑2 = 0 for 𝜑1, 𝜑2 ∈ 𝐿1(𝜕Θ). We thus have that∫︁

Γ

𝜉(𝑐𝑠 − 𝑐𝑣)𝜑 =
∫︁

Λ

∫︁
𝜕Θ

𝜉(𝑐𝑠 − 𝑐𝑣)𝜑 =
∫︁

Λ

∫︁
𝜕Θ

𝜉(𝑐𝑠 + 𝑐𝑠 − 𝑐𝑣 − 𝑐𝑣)(𝜑+ 𝜑)

=
∫︁

Λ

∫︁
𝜕Θ

𝜉(𝑐𝑠 − 𝑐𝑣)𝜑+
∫︁

Λ

∫︁
𝜕Θ

𝜉(𝑐𝑠 − 𝑐𝑣)𝜑. (4.16)

Following [35,42], we assume that the second term on the right hand side above is negligible:∫︁
𝜕Θ

𝜉𝑐𝑠𝜑 ≈ 0,
∫︁

𝜕Θ

𝜉𝑐𝑣𝜑 ≈ 0.

Hence, combining (4.16) with the assumption that 𝑐𝑣 = ⟨𝑐𝑣⟩𝑤𝑐 = 𝑐𝑤𝑐 (Assumption 4.1), we obtain∫︁
Γ

𝜉(𝑐𝑠 − 𝑐𝑣)𝜑 =
∫︁

Λ

𝜉𝑃 (𝑐𝑠 − 𝑤𝑐𝑐)𝜑.

Finally, we identify the domain Ω𝑠 with Ω where we introduce the extended solution 𝑐. That is, we have:∫︁
Ω

𝜕𝑡𝑐 𝜑+
∫︁

Ω

∇ · (𝑤𝑐)𝜑+
∫︁

Ω

ℰ(𝐷𝑠)∇𝑐 · ∇𝜑

+
∫︁

Λ

𝜉𝑃 (𝑐− 𝑤𝑐𝑐)𝜑−
∫︁

Ω

(ℰ(𝑢𝑠)−𝑤)𝑐 · ∇𝜑 =
∫︁

Ω

ℰ(𝑓𝑠)𝜑.

In the above, ℰ is a suitable extension operator: ℰ : 𝐻1(Ω𝑠) → 𝐻1(Ω). This operator will be further specified
in Section 7.3. Integrating the second term above by parts, we arrive at the following weak formulation: Find
𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻1

0 (Ω)) with 𝜕𝑡𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻−1(Ω)) such that for all 𝜑 ∈ 𝐻1
0 (Ω),∫︁

Ω

𝜕𝑡𝑐𝜑+
∫︁

Ω

ℰ(𝐷𝑠)∇𝑐 · ∇𝜑+
∫︁

Λ

𝜉𝑃 (𝑐− 𝑤𝑐𝑐)𝜑−
∫︁

Ω

(ℰ(𝑢𝑠)𝑐) · ∇𝜑 =
∫︁

Ω

ℰ(𝑓𝑠)𝜑. (4.17)

4.5. Coupled multi-dimensional variational formulation of transport model

We now combine the variational formulations derived in Sections 4.3 and 4.4, to summarize the time-
dependent coupled 3D–1D solute transport model in variational form. To this end, we introduce the following
bilinear forms. First, given 𝑢𝑠 and for all 𝑐, 𝑣 ∈ 𝐻1(Ω),

𝑎(𝑐, 𝑣) =
∫︁

Ω

ℰ(𝐷𝑠)∇𝑐 · ∇𝑣 −
∫︁

Ω

(ℰ(𝑢𝑠)𝑐) · ∇𝑣,

where ℰ is an extension operator (to be defined in Sect. 7.3). Second, from inspecting (4.14), and recalling the
definitions of 𝑔𝑠 as introduced in (4.5), we also define for all 𝑐, 𝜑 ∈ 𝐻1(Λ),

𝑎Λ(𝑐, 𝜑) =
∫︁

Λ

𝐷𝑣 (𝐴𝜕𝑠𝑐+ 𝑔𝑠𝑐) · 𝜕𝑠𝜑−
∫︁

Λ

𝐴⟨𝑢𝑣,𝑠𝑤𝑐⟩𝑐 · 𝜕𝑠𝜑+
∫︁

Λ

𝜕𝑡𝐴𝑐𝜑. (4.18)

In the above, we recall that 𝑔𝑠 is given in (4.5) and accounts for the deviation of 𝑐𝑣 from a uniform distribution
in Θ(𝑠) for 𝑠 ∈ Λ.
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For the coupling terms, we recall the weighted product (2.1) and define for all 𝑣, 𝑤 ∈ 𝐿2
𝑃 (Λ):

𝑏Λ(𝑣, 𝑤) = (𝜉𝑣, 𝑤)𝐿2
𝑃 (Λ). (4.19)

The coupled weak formulation reads as follows. Given ℰ(𝑓) ∈ 𝐿2(0, 𝑇 ;𝐻−1(Ω)) and ⟨𝑓𝑣⟩ ∈ 𝐿2(0, 𝑇 ;𝐻−1
𝐴 (Λ)),

find 𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻1
0 (Ω)), 𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻1

𝐴(Λ)) with 𝜕𝑡𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻−1(Ω)), 𝜕𝑡𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻−1
𝐴 (Λ)) such that

for all 𝑣 ∈ 𝐻1
0 (Ω) and 𝑣 ∈ 𝐻1

𝐴(Λ):

⟨𝜕𝑡𝑐, 𝑣⟩𝐻−1(Ω) + 𝑎(𝑐, 𝑣) + 𝑏Λ(𝑐− 𝑤𝑐𝑐, 𝑣) = ⟨ℰ(𝑓), 𝑣⟩𝐻−1(Ω), (4.20a)
⟨𝜕𝑡𝑐, 𝑣⟩𝐻−1

𝐴 (Λ) + 𝑎Λ(𝑐, 𝑣) + 𝑏Λ(𝑤𝑐𝑐− 𝑐, 𝑣) = ⟨⟨𝑓𝑣⟩, 𝑣⟩𝐻−1
𝐴 (Λ), (4.20b)

𝑐0 = ℰ(𝑐0𝑠) ∈ 𝐿2(Ω), 𝑐0 = ⟨𝑐0𝑣⟩ ∈ 𝐿2
𝐴(Λ). (4.20c)

Observe that the term 𝑏Λ(𝑐, 𝑣) is well-defined since for 𝑣 ∈ 𝐻1(Ω), 𝑣 ∈ 𝐿2
𝑃 (Λ). Indeed, by Jensen’s and trace

inequality (3.15), we have that

‖𝑣‖2𝐿2
𝑃 (Λ) =

∫︁
Λ

1
𝑃

(︂∫︁
𝜕Θ

𝑣

)︂2

≤
∫︁

Λ

∫︁
𝜕Θ

𝑣2 = ‖𝑣‖2𝐿2(Γ) ≤ 𝐶
2
1‖𝑣‖2𝐻1(Ω). (4.21)

Proposition 4.2 (Well-posedness and regularity of the 3D–1D problem). Assume that 𝐴, 𝜕𝑡𝐴, ⟨𝑢𝑣,𝑠𝑤𝑐⟩ ∈
𝐿∞(0, 𝑇 ;𝐿∞(Λ)), 𝐴 ≥ 𝐴0 > 0 a.e. in Λ, ℰ𝑢𝑠 ∈ 𝐿∞(0, 𝑇 ;𝐿∞(Ω,R𝑑×𝑑)), and that ℰ(𝒟𝑠) ∈ 𝐿∞(0, 𝑇 ;𝐿∞(Ω))
with uniform ellipticity constant 𝜈 > 0. Then, the coupled weak formulation (4.20) is well-posed.

In addition, if the material parameters are Hölder continuous of index 𝛽 > 1/2:

|ℰ(𝐷𝑠)(𝑡1)− ℰ(𝐷𝑠)(𝑡2)‖𝐿∞(Ω,R𝑑×𝑑)

+‖𝐷𝑣(𝑡1)−𝐷𝑣(𝑡2)‖𝐿∞(Λ) + ‖𝜉(𝑡1)− 𝜉(𝑡2)‖𝐿∞(Λ) ≤ 𝐶|𝑡2 − 𝑡1|𝛽 ,

for some constant 𝐶 independent of 𝑡, and if 𝜕Ω ∈ 𝐶2, 𝑐0𝑣 ∈ 𝐻1(Ω𝑣), 𝑐0𝑠 ∈ 𝐻1(Ω𝑠), ℰ(𝑓) ∈ 𝐿2(Ω) and
⟨𝑓⟩ ∈ 𝐿2

𝐴(Λ), then
𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻3/2−𝜂(Ω)), 𝜂 > 0.

Proof. Well-posedness. We use J.-L. Lions theorem, see e.g. Theorem 10.9 in [7]. Let 𝑉 = 𝐻1
0 (Ω)×𝐻1

𝐴(Λ) with
dual 𝑉 ′ = 𝐻−1(Ω)×𝐻−1

𝐴 (Λ). The space 𝑉 defines a Hilbert space with inner product (𝑢,𝑣)𝑉 = (𝑢, 𝑣)𝐻1
0 (Ω) +

(𝑢̂, 𝑣)𝐻1
𝐴(Λ), for all 𝑢 = (𝑢, 𝑢̂) and 𝑣 = (𝑣, 𝑣) ∈ 𝑉 . Further it holds that 𝑉 ⊂ 𝐿2(Ω) × 𝐿2

𝐴(Λ) ⊂ 𝑉 ′. We then
write (4.20) as: Find 𝑐 = (𝑐, 𝑐) ∈ 𝒲(𝑉 ,𝑉 ′) such that

⟨𝜕𝑡𝑐,𝑣⟩𝑉 ′×𝑉 +𝒜Λ(𝑡, 𝑐,𝑣) = ℓ(𝑣), ∀𝑣 ∈ 𝑉 ,

where for all 𝑐 = (𝑐, 𝑐),𝑣 = (𝑣, 𝑣) ∈ 𝑉

𝒜Λ(𝑡, 𝑐,𝑣) = 𝑎(𝑐, 𝑣) + 𝑏Λ(𝑐− 𝑤𝑐𝑐, 𝑣) + 𝑎Λ(𝑐, 𝑣) + 𝑏Λ(𝑤𝑐𝑐− 𝑐, 𝑣),
ℓ(𝑣) = (ℰ𝑓, 𝑣)Ω + (𝐴⟨𝑓𝑣⟩, 𝑣)Λ.

We proceed to show that the continuity and coercivity conditions of Lions’ Theorem hold: There exist constants
𝑀 , 𝜅 and 𝜇 independent of 𝑡 such that

𝒜Λ(𝑡, 𝑐,𝑣) ≤𝑀‖𝑐‖𝑉 ‖𝑣‖𝑉 , ∀𝑐,𝑣 ∈ 𝑉 . (4.22)
𝒜Λ(𝑐, 𝑐) ≥ 𝜅‖𝑐‖2𝑉 − 𝜇(‖𝑐‖2 + ‖𝑐‖2𝐿2

𝐴(Λ)), ∀𝑐 ∈ 𝑉 . (4.23)

We begin by showing (4.22). By Hölder’s inequality, we immediately have that

𝑎(𝑐, 𝑣) ≤ (‖ℰ(𝐷𝑠)‖𝐿∞(Ω) + ‖ℰ(𝑢𝑠)‖𝐿∞(Ω))‖𝑐‖𝐻1(Ω)‖𝑣‖𝐻1(Ω).
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Further, with Hölder’s and triangle inequalities and (4.21), we have that

𝑏Λ(𝑐− 𝑤𝑐𝑐, 𝑣) + 𝑏Λ(𝑤𝑐𝑐− 𝑐, 𝑣) ≤ ‖𝜉‖𝐿∞(Λ)(‖𝑐‖𝐿2
𝑃 (Λ) + ‖𝑤𝑐𝑐‖𝐿2

𝑃 (Λ))(‖𝑣‖𝐿2
𝑃 (Λ) + ‖𝑣‖𝐿2

𝑃 (Λ))

≤ ‖𝜉‖𝐿∞(Λ)

(︁
𝐶1 + (‖𝑤𝑐‖𝐿∞(Λ) + 1)‖𝑃𝐴−1‖1/2

𝐿∞(0,𝑇 ;𝐿∞(Λ))

)︁2

‖𝑐‖𝑉 ‖𝑣‖𝑉 .

In the above, we note that 𝐶1 is independent of 𝑡, see (3.15), and we use the definition of weighted norms which
result in the following bound.

‖𝑃−1𝐴‖−1
𝐿∞(Λ)‖𝑐‖

2
𝐿2

𝐴(Λ) ≤ ‖𝑐‖
2
𝐿2

𝑃 (Λ) ≤ ‖𝑃𝐴
−1‖𝐿∞(0,𝑇 ;𝐿∞(Λ))‖𝑐‖2𝐿2

𝐴(Λ). (4.24)

With (4.24) and Hölder’s inequality, the following easily follows.

𝑎Λ(𝑐, 𝑣) ≤ (‖𝐷𝑣‖𝐿∞(Λ) + ‖𝑔𝑠𝐴
−1‖𝐿∞(Λ) + ‖𝐴−1𝜕𝑡𝐴‖𝐿∞(Λ) + ‖⟨𝑢𝑣,𝑠𝑤𝑐⟩‖𝐿∞(Λ))‖𝑐‖𝐻1

𝐴(Λ)‖𝑣‖𝐻1
𝐴(Λ).

By combining the above bounds, we obtain (4.22) for a constant 𝑀 independent of 𝑡. We now show (4.23), but
we do not track constants for simplicity. It easily follows that

𝑎(𝑣, 𝑣) + 𝑏Λ(𝑐, 𝑐) ≥ 𝜈

2
‖∇𝑐‖2𝐿2(Ω) −

1
2𝜈
‖ℰ𝑢𝑠‖2𝐿∞(Ω)‖𝑐‖

2
𝐿2(Ω) + ‖𝜉1/2𝑐‖2𝐿2

𝑃 (Λ).

With similar arguments and with (4.24), we also have positive constants 𝜅1 and 𝜇1 such that

𝑎Λ(𝑐, 𝑐) + 𝑏Λ(𝑤𝑐𝑐, 𝑐) ≥ 𝜅1‖𝑐‖2𝐻1
𝐴(Λ) − 𝜇1‖𝑐‖2𝐿2

𝐴(Λ) + ‖𝜉1/2𝑤𝑐
1/2𝑐‖2𝐿2

𝑃 (Λ).

To handle the coupling terms, we use Young’s inequality and (4.24) as follows.

|𝑏Λ(𝑤𝑐𝑐, 𝑐)|+ |𝑏Λ(𝑐, 𝑐)| ≤ (‖𝜉1/2𝑤𝑐𝑐‖𝐿2
𝑃 (Λ) + ‖𝜉1/2𝑐‖𝐿2

𝑃 (Λ))‖𝜉1/2𝑐‖𝐿2
𝑃 (Λ)

≤ 1
2
‖𝜉1/2𝑐‖2𝐿2

𝑃 (Λ) +
1
2

(‖𝜉1/2𝑤𝑐‖2𝐿∞(Λ) + ‖𝜉1/2‖2𝐿∞(Λ))‖𝑃𝐴
−1‖𝐿∞(Λ)‖𝑐‖2𝐿2

𝐴(Λ).

Then, upon writing 𝒜Λ(𝑡, 𝑐, 𝑐) − 𝑏Λ(𝑤𝑐𝑐, 𝑐) − 𝑏Λ(𝑐, 𝑐) = 𝑎(𝑐, 𝑐) + 𝑏Λ(𝑐, 𝑐) + 𝑎Λ(𝑐, 𝑐) + 𝑏Λ(𝑤𝑐𝑐, 𝑐) and using the
above bounds, we conclude that (4.23) holds. In addition, one easily sees that ℓ defines a bounded functional
on 𝑉 . Therefore, all the requirements for Lions Theorem hold and existence and uniqueness of weak solutions
is obtained.

Additional regularity. We proceed to show the stated 𝐻3/2−𝜂 regularity. The first step is to show that 𝜕𝑡𝑐 ∈
𝐿2(0, 𝑇 ;𝐿2(Ω)). This is achieved by invoking maximal regularity Theorem 7.1 in [4]. We verify that 𝒜Λ(𝑡, 𝑐,𝑣)
is Hölder continuous of index 𝛽 > 1/2: there exists a constant 𝐶 independent of 𝑡 such that

|𝒜Λ(𝑡2, 𝑐,𝑣)−𝒜Λ(𝑡1, 𝑐,𝑣)| ≤ 𝐾|𝑡2 − 𝑡1|𝛽‖𝑐‖𝑉 ‖𝑣‖𝑉 , ∀𝑐,𝑣 ∈ 𝑉 . (4.25)

The delicate terms in 𝒜Λ are the ones involving 𝑏Λ(·, ·) as the bounds for all the other terms follow directly
from the assumptions on the material parameters. We provide some details for showing (4.25) in Appendix A.2.
Under the additional assumption that 𝑐0𝑠 ∈ 𝐻1(Ω𝑠), 𝑐0𝑣 ∈ 𝐻1(Ω𝑣), we have that 𝑐0 = ℰ𝑐𝑠 ∈ 𝐻1(Ω) and
𝑐0 = ⟨𝑐0𝑣⟩ ∈ 𝐻1

𝐴(Λ). Thus, since ℰ𝑓 ∈ 𝐿2(Ω) and ⟨𝑓𝑣⟩ ∈ 𝐿2
𝐴(Λ), we have verified the assumptions of Theorem 7.1

in [4] and 𝜕𝑡𝑐 ∈ 𝐿2(0, 𝑇 ;𝐿2(Ω)).
We now use the fractional space 𝐻1/2+𝜂(Ω) normed by

‖𝑣‖2𝐻1/2+𝜂(Ω) = ‖𝑣‖2𝐿2(Ω) +
∫︁

Ω

∫︁
Ω

|𝑣(𝑥)− 𝑣(𝑦)|2

|𝑥− 𝑦|4+2𝜂
,

and we define the linear functional ℱ(𝑣):

ℱ(𝑣) = −
∫︁

Ω

𝜕𝑡𝑐𝑣 +
∫︁

Γ

𝜉(𝑤𝑐𝑐− 𝑐)𝑣 +
∫︁

Ω

∇ · (ℰ𝑢𝑠𝑐)𝑣 +
∫︁

Ω

ℰ𝑓𝑣. (4.26)
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The trace theorem yields for a positive constant 𝐾Γ [17]:

‖𝑣‖𝐿2(Γ) ≤ 𝐾Γ‖𝑣‖𝐻1/2+𝜂(Ω), ∀𝑣 ∈ 𝐻1/2+𝜂(Ω). (4.27)

With the above, ℱ(𝑣) is a bounded linear functional on 𝐻1/2+𝜂(Ω). Indeed, with Cauchy–Schwarz inequality
and (4.27), we have

sup
𝑣∈𝐻1/2+𝜂(Ω),𝑣 ̸=0

|ℱ(𝑣)|
‖𝑣‖𝐻1/2+𝜂(Ω)

≤ ‖𝜕𝑡𝑐‖𝐿2(Ω) +𝐾Γ‖𝜉(𝑤𝑐𝑐− 𝑐)‖𝐿2(Γ)

+‖ℰ𝑢𝑠‖𝐿∞(Ω)‖∇𝑐‖𝐿2(Ω) + ‖∇(ℰ𝑢𝑠)‖𝐿6(Ω)‖𝑐‖𝐿3(Ω) + ‖ℰ𝑓‖𝐿2(Ω). (4.28)

The second term above is further bounded as follows:

‖𝜉(𝑤𝑐𝑐− 𝑐)‖𝐿2(Γ) ≤ ‖𝜉𝑤𝑐𝑐‖𝐿2
𝑃 (Λ) + ‖𝜉𝑐‖𝐿2

𝑃 (Λ) ≤ 𝐾(‖𝑐‖𝐿2
𝑃 (Λ) + 𝐶1‖𝑐‖𝐻1(Ω)),

where we used (4.21) and (3.15). For the third and fourth terms in (4.28), Sobolev embedding results yield:

‖ℰ𝑢𝑠‖𝐿∞(Ω)‖∇𝑐‖𝐿2(Ω) + ‖∇(ℰ𝑢𝑠)‖𝐿6(Ω)‖𝑐‖𝐿3(Ω) ≤ 𝐾‖ℰ𝑢𝑠‖𝐻2(Ω)‖𝑐‖𝐻1(Ω).

Thus, (4.28) becomes:

‖ℱ‖𝐻−1/2−𝜂(Ω) ≤ ‖𝜕𝑡𝑐‖𝐿2(Ω) +𝐾‖𝑐‖𝐿2
𝑃 (Λ)

+𝐾(𝐶1 + ‖ℰ𝑢𝑠‖𝐻2(Ω))‖𝑐‖𝐻1(Ω) + ‖ℰ𝑓‖𝐿2(Ω). (4.29)

For a.e. 𝑡 ∈ (0, 𝑇 ), 𝑐(𝑡) ∈ 𝐻1
0 (Ω) solves∫︁

Ω

𝐷𝑠∇𝑐 · ∇𝑣 = ℱ(𝑣), ∀𝑣 ∈ 𝐻1
0 (Ω). (4.30)

It then follows from Lemma 3.10 in [42], see also [25], and the principle of superposition that a.e. in time

‖𝑐‖𝐻3/2−𝜂(Ω) ≤ 𝐾‖ℱ‖𝐻−1/2−𝜂(Ω). (4.31)

The above can also be deduced from interpolation theory, see Chapter 14 in [6]. Integrating the above bound over
𝑡, using (4.29) and the regularity properties of 𝑐 and 𝑐 as discussed above, we have that 𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻3/2−𝜂(Ω)).
�

4.6. Extension to vascular networks

Up till now, we have considered a representation of a single vessel and its surroundings. However, in appli-
cations such as for transport in the human (peri)-vasculature or root networks, each vessel is but a segment of
a larger (peri)vascular network. To extend our setting, consider now a network of 𝑁 domains Ω𝑣,𝑖 with center-
curves Λ𝑖 = {𝜆𝑖(𝑠), 𝑠 ∈ (0, 𝐿𝑖)} for 𝑖 = 1, . . . , 𝑁 . Denote by Λgraph = ∪𝑖Λ𝑖. We use a similar notation and
approach as Laurino and Zunino [42]. By direct extension from one to several vessels, letting 𝑤𝑐 = 1 in Ω𝑣,𝑖 for
all 𝑖 for clarity, we have that in each Λ𝑖, the 1D concentration 𝑐𝑖 solves:

𝜕𝑡(𝐴𝑖𝑐𝑖)− 𝜕𝑠(𝐷𝑣,𝑖𝐴𝑖𝜕𝑠𝑐𝑖) + 𝜕𝑠(𝐴𝑖⟨𝑢𝑣,𝑠,𝑖⟩𝑐𝑖) + 𝜉𝑃𝑖(𝑐𝑖 − 𝑐𝑠) = 𝐴𝑖⟨𝑓𝑣,𝑖⟩. (4.32)

The key next step is to specify interface and inlet/outlet conditions. Let 𝑌 denote the collection of bifurcation
points, i.e. vertices that are shared between two or more curves: 𝑦 ∈ 𝑌 if there exists at least one pair (𝑖, 𝑗)
such that 𝑦 = 𝜆𝑖(0) = 𝜆𝑗(𝐿𝑗). The set of curves with inlet nodes is denoted by 𝐼 and the set of curves with
outlet nodes is denoted by 𝑂. At the level of one node 𝑦𝑗 ∈ 𝑌 , we separate the connecting curves as follows.

𝐼𝑗 = {𝑖 ∈ {1, . . . , 𝑁} : 𝜆𝑖(0) = 𝑦𝑗} (curves having 𝑦𝑗 as an inlet node),
𝑂𝑗 = {𝑖 ∈ {1, . . . , 𝑁} : 𝜆𝑖(𝐿𝑖) = 𝑦𝑗} (curves having 𝑦𝑗 as an outlet node).
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Now, at every bifurcation point, we enforce conservation of fluxes and continuity or instantaneous mixing of the
solute: ∑︁

𝑘∈𝐼𝑗

(𝐴𝑘⟨𝑢𝑣,𝑠,𝑘⟩𝑐𝑘 −𝐷𝑣,𝑘𝜕𝑠𝑐𝑘)(0) =
∑︁

𝑘∈𝑂𝑗

(𝐴𝑘⟨𝑢𝑣,𝑠,𝑘⟩𝑐𝑘 −𝐷𝑣,𝑘𝜕𝑠𝑐𝑘)(𝐿𝑘), and

𝑐𝑘(0) = 𝑐𝑖(𝐿𝑖), ∀𝑘 ∈ 𝐼𝑗 , ∀𝑖 ∈ 𝑂𝑗 .

For inlet and outlet curves, we set

(𝐴𝑘⟨𝑢𝑣,𝑠,𝑘⟩𝑐𝑘 −𝐷𝑣,𝑘𝜕𝑠𝑐𝑘)(0) = 0, ∀𝑘 ∈ 𝐼
(𝐴𝑘⟨𝑢𝑣,𝑠,𝑘⟩𝑐𝑘 −𝐷𝑣,𝑘𝜕𝑠𝑐𝑘)(𝐿𝑘) = 0, ∀𝑘 ∈ 𝑂.

Let
𝐻1(Λgraph) =

⨁︁
𝐻1

𝐴𝑖
(Λ𝑖) ∩ 𝐶0(Λgraph), (4.33)

consist of functions that are locally in 𝐻1
𝐴𝑖

(Λ𝑖) for each 𝑖 (which implies continuity in each Λ𝑖 since Λ𝑖 is 1D)
and that are continuous across bifurcation points. A natural weak formulation for the coupled network with the
3D surroundings now follows: Given ℰ𝑓 ∈ 𝐿2(0, 𝑇 ;𝐻−1(Ω)) and (⟨𝑓𝑣,1⟩, . . . , ⟨𝑓𝑣,𝑛⟩) ∈ 𝐿2(0, 𝑇 ;𝐻1(Λgraph)′),
find 𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻1

0 (Ω)), 𝑐 = (𝑐1, . . . , 𝑐𝑁 ) ∈ 𝐿2(0, 𝑇 ;𝐻1(Λgraph)) with 𝜕𝑡𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻−1(Ω)), 𝜕𝑡𝑐 ∈
𝐿2(0, 𝑇 ;𝐻1(Λgraph)′) such that for all 𝑣 ∈ 𝐻1

0 (Ω) and 𝑣 ∈ 𝐻1(Λgraph):

⟨𝜕𝑡𝑐, 𝑣⟩𝐻−1(Ω) + 𝑎(𝑐, 𝑣) +
𝑁∑︁

𝑖=1

𝑏Λ𝑖(𝑐− 𝑐𝑖, 𝑣) = ⟨ℰ𝑓, 𝑣⟩𝐻−1(Ω) (4.34a)

𝑁∑︁
𝑖=1

(︁
⟨𝜕𝑡𝑐𝑖, 𝑣⟩𝐻−1

𝐴𝑖
(Λ𝑖)

+ 𝑎Λ𝑖(𝑐𝑖, 𝑣) + 𝑏Λ𝑖(𝑐𝑖 − 𝑐, 𝑣)
)︁

=
𝑁∑︁

𝑖=1

⟨⟨𝑓𝑣,𝑖⟩, 𝑣⟩𝐻−1
𝐴𝑖

(Λ𝑖)
(4.34b)

with the initial conditions
𝑐0 = ℰ𝑐0𝑠, 𝑐0𝑖 = ⟨𝑐0𝑣,𝑖⟩ 𝑖 ∈ {1, . . . , 𝑁}. (4.35)

In the above, the forms 𝑏Λ𝑖(·, ·) and 𝑎Λ𝑖(·, ·) are obtained by naturally modifying the form 𝑏(·, ·) (4.19) and
the form 𝑎Λ(·, ·) (4.18) respectively. At the cost of only additional notation and conditions similar to (4.2), the
above can be easily extended for the case of non-uniform concentration profiles 𝑤𝑐 ̸= 1 in each vessel.

5. Coupled 3D–1D–1D models of solute transport

In this section, we focus on a case of particular neurological relevance, namely the case of a vascular net-
work surrounded by a perivascular network and embedded in brain tissue with semi-permeable and moving
membranes. From the 3D–3D–3D equations, we derive a coupled 3D–1D–1D model formulation allowing for
strong jumps between the vascular and tissue domains in terms of material parameters (e.g. diffusion coefficient,
velocity). We do not analyze this model further here, beyond stating a weak formulation. However, noting the
similarity between the 3D–1D and 3D–1D–1D models, we expect that their well-posedness and model error
analysis would follow from applications of the same techniques.

5.1. A coupled 3D–3D–3D model of vascular-perivascular-tissue transport

We now consider the case of Ω𝑣(𝑡) representing a cylindrical blood vessel

Ω𝑣(𝑡) = {𝜆(𝑠) + 𝑟 cos(𝜃)𝑁(𝑠) + 𝑟 sin(𝜃)𝐵(𝑠), 0 < 𝑠 < 𝐿, 0 ≤ 𝜃 ≤ 2𝜋, 0 ≤ 𝑟 < 𝑅1(𝑠, 𝑡, 𝜃)},
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and introduce an intermediate annular domain Ω𝑝(𝑡) representing a perivascular space along the centerline 𝜆
surrounding the blood vessel Ω𝑣(𝑡):

Ω𝑝(𝑡) = {𝜆(𝑠) + 𝑟 cos(𝜃)𝑁(𝑠) + 𝑟 sin(𝜃)𝐵(𝑠),
0 < 𝑠 < 𝐿, 0 ≤ 𝜃 ≤ 2𝜋, 𝑅1(𝑠, 𝑡, 𝜃) < 𝑟 < 𝑅2(𝑠, 𝑡, 𝜃)}.

The domain Ω𝑝(𝑡) is further surrounded by a domain Ω𝑠(𝑡) ⊂ R𝑑, and the fixed domain Ω is defined such that
Ω = (Ω𝑝 ∪ Ω𝑣 ∪ Ω𝑠). In each domain Ω𝑖, for 𝑖 ∈ {𝑣, 𝑝, 𝑠} and 𝑡 ∈ (0, 𝑇 ], we assume that we are given a velocity
field 𝑢𝑖 and diffusion coefficient 𝐷𝑖, and we are interested in finding the concentration 𝑐𝑖 : Ω𝑖× (0, 𝑇 ]→ R such
that

𝜕𝑡𝑐𝑖 −∇ · (𝐷𝑖∇𝑐𝑖) +∇ · (𝑢̃𝑖𝑐𝑖) = 𝑓𝑖.

As before, 𝑢̃𝑖 = 𝑢𝑖 −𝑤 with 𝑤 representing the domain velocity.
We assume that the interfaces Γ𝑣 (separating the vasculature Ω𝑣 and perivasculature Ω𝑝) and Γ𝑠 (separating

the perivasculature Ω𝑝 and tissue Ω𝑠) are semi-permeable:

(𝑐𝑣𝑢̃𝑣 −𝐷𝑣∇𝑐𝑣) · 𝑛− 𝜉𝑣(𝑐𝑣 − 𝑐𝑝) = 0 on Γ𝑣 × (0, 𝑇 ],
(𝑐𝑝𝑢̃𝑝 −𝐷𝑝∇𝑐𝑝) · 𝑛− 𝜉𝑠(𝑐𝑝 − 𝑐𝑠) = 0 on Γ𝑠 × (0, 𝑇 ],

where 𝑛 denotes a consistently-oriented normal at the interfaces, and 𝜉𝑣 and 𝜉𝑠 are the membrane permeabilities
of the concentrations. In addition, conservation of mass is enforced on Γ𝑣 and Γ𝑠 with conditions similar to (3.1d).
At the sides Γ0

𝑣,Γ
0
𝑠 and Γ𝐿

𝑣 ,Γ
𝐿
𝑠 , where by the superscripts 0 and 𝐿 we denote the cross-sections of any interface

Γ at 𝑠 = 0 and 𝑠 = 𝐿, respectively, we apply no flux boundary conditions:

(𝑐𝑖𝑢̃𝑖 +∇𝑐𝑖) · 𝑛 = 0, on Γ0
𝑖 ∪ Γ𝐿

𝑖 × (0, 𝑇 ], 𝑖 ∈ {𝑣, 𝑠}.

On 𝜕Ω× (0, 𝑇 ], we set 𝑐𝑠 = 0.

5.2. Derivation of 1D averaged equations

We now aim to derive coupled cross-section averaged equations for the vascular and perivascular concentra-
tions. Let Θ𝑣(𝑠) and Θ𝑝(𝑠) be the cross-sections of Ω𝑣 and Ω𝑝 respectively at 𝑠 ∈ Λ. We also denote by 𝜕Θ𝑣(𝑠)
and 𝜕Θ𝑝(𝑠) the inner and outer boundaries of the cross-section Θ𝑝(𝑠), respectively. Note that 𝜕Θ𝑣(𝑠) is also the
boundary of Θ𝑣(𝑠). We let 𝐴𝑖(𝑠, 𝑡) = |Θ𝑖(𝑠, 𝑡)| and 𝑃𝑖 = |𝜕Θ𝑖(𝑠, 𝑡)| for 𝑖 ∈ {𝑣, 𝑝}. We introduce the following
cross-sectionally averaged quantities

𝑐𝑣(𝑠, 𝑡) =
1

𝐴𝑣(𝑠, 𝑡)

∫︁
Θ𝑣(𝑠,𝑡)

𝑐𝑣, 𝑐𝑝(𝑠, 𝑡) =
1

𝐴𝑝(𝑠, 𝑡)

∫︁
Θ𝑝(𝑠,𝑡)

𝑐𝑝, ∀(𝑠, 𝑡) ∈ Λ× (0, 𝑇 ).

The reduced 1-D equations for 𝑐𝑣 and 𝑐𝑝 are presented in the next proposition. To clarify the presentation, we
consider the constant cross-section case (rather than allowing radially-varying weights 𝑤𝑐).

Proposition 5.1 (1D–1D vascular-perivascular transport equations). Assume that the vascular and perivascu-
lar concentrations 𝑐𝑣, 𝑐𝑝 solve the equations of Section 5.1, are constant on each cross-section:

𝑐𝑣(𝑠, 𝑟, 𝜃, 𝑡) = 𝑐𝑣, 𝑐𝑝(𝑠, 𝑟, 𝜃, 𝑡) = 𝑐𝑝,

and are sufficiently regular in the sense that 𝑐𝑣 ∈ 𝐿1(Θ𝑣(𝑠)) ∩𝐿1(𝜕Θ𝑣(𝑠)), 𝑐𝑝 ∈ 𝐿1(Θ𝑝(𝑠)) ∩𝐿1(𝜕Θ𝑝(𝑠)) for all
𝑠 ∈ Λ. Also assume that 𝑐𝑠 ∈ 𝐿1(𝜕Θ𝑝(𝑠)) for all 𝑠 ∈ Λ. Then, the vascular cross-section averaged concentration
𝑐𝑣 satisfies the following in Λ:

𝜕𝑡(𝐴𝑣𝑐𝑣)− 𝜕𝑠(𝐷𝑣𝐴𝑣𝜕𝑠𝑐𝑣) + 𝜕𝑠(𝐴𝑣⟨𝑢𝑣,𝑠⟩𝑐𝑣) + 𝜉𝑣𝑃𝑣(𝑐𝑣 − 𝑐𝑝) = 𝐴𝑣⟨𝑓𝑣⟩. (5.1)

In addition, the perivascular cross-section averaged concentration 𝑐𝑝 satisfies the following also in Λ:

𝜕𝑡(𝐴𝑝𝑐𝑝)− 𝜕𝑠(𝐷𝑝𝐴𝑝𝜕𝑠𝑐𝑝) + 𝜕𝑠(𝐴𝑝⟨𝑢𝑝,𝑠⟩𝑐𝑝) + 𝜉𝑣𝑃𝑣(𝑐𝑝 − 𝑐𝑣) + 𝜉𝑠𝑃𝑝(𝑐𝑝 − 𝑐𝑠) = 𝐴𝑝⟨𝑓𝑝⟩, (5.2)

where 𝑐𝑠 is the lateral average of 𝑐𝑠 over 𝜕Θ𝑝.
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Proof. We provide a brief proof sketch. For deriving (5.1), we follow the same arguments as the proof of Propo-
sition 4.1. In particular, with the notation of Proposition 4.1, the same equations hold with 𝑅1 = 0, 𝑅2 = 𝑅1,
and 𝑐𝑠 = 𝑐𝑝 = 𝑐𝑝. For (5.2), the same arguments also hold. The main difference is in the step (4.10). We now
have by the stated interface and boundary conditions that∫︁

𝜕Θ𝑣(𝑠)

(𝑢̃𝑝𝑐𝑝 −𝐷𝑝∇𝑐𝑝) · 𝑛𝑝 +
∫︁

𝜕Θ𝑝(𝑠)

(𝑢̃𝑝𝑐𝑝 −𝐷𝑝∇𝑐𝑝) · 𝑛𝑝

=
∫︁

𝜕Θ𝑣(𝑠)

𝜉𝑣(𝑐𝑝 − 𝑐𝑣) +
∫︁

𝜕Θ𝑝(𝑠)

𝜉𝑠(𝑐𝑝 − 𝑐𝑠) = 𝜉𝑣𝑃𝑣(𝑐𝑝 − 𝑐𝑣) + 𝜉𝑠𝑃𝑠(𝑐𝑝 − 𝑐𝑠),

where the overlines denote context-dependent lateral averages (defined relative to the respective interfaces).
Now, invoking the cross-section average assumptions, we adopt all the remaining arguments in the proof of
Proposition 4.1 to arrive at the stated equations. �

5.3. Coupled 3D–1D–1D formulation

A similar approach as in Section 4.4 is adopted to extend the solution 𝑐𝑠 to the whole domain Ω. The
coupled 3D–1D–1D perivascular-vascular-tissue weak formulation then reads: find 𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻1

0 (Ω)) with
𝜕𝑡𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻−1(Ω)) such that

⟨𝜕𝑡𝑐, 𝑣⟩𝐻−1(Ω) + 𝑎(𝑐, 𝑣) + 𝑏𝑝Λ(𝜉𝑠(𝑐− 𝑐𝑝), 𝑣) = (ℰ𝑓, 𝑣)Ω, ∀𝑣 ∈ 𝐻1
0 (Ω). (5.3)

In addition, find 𝑐𝑖 ∈ 𝐿2(0, 𝑇 ;𝐻1
𝐴𝑖

(Λ)) with 𝜕𝑡𝑐𝑖 ∈ 𝐿2(0, 𝑇 ;𝐻−1
𝐴𝑖

(Λ)) for 𝑖 ∈ {𝑣, 𝑝} such that ∀𝑣 ∈ 𝐻1
𝐴𝑝

(Λ),

⟨𝜕𝑡𝑐𝑝, 𝑣⟩𝐻−1
𝐴𝑝

(Λ) + 𝑎𝑝
Λ(𝑐𝑝, 𝑣) + 𝑏𝑝Λ(𝜉𝑠(𝑐𝑝 − 𝑐𝑠), 𝑣) + 𝑏𝑣Λ(𝜉𝑣(𝑐𝑝 − 𝑐𝑣), 𝑣) = (𝐴𝑝⟨𝑓𝑝⟩, 𝑣)Λ, (5.4)

and ∀𝑣 ∈ 𝐻1
𝐴𝑣

(Λ):
⟨𝜕𝑡𝑐𝑣, 𝑣⟩𝐻−1

𝐴𝑣
(Λ) + 𝑎𝑣

Λ(𝑐𝑣, 𝑣) + 𝑏𝑣Λ(𝜉𝑣(𝑐𝑣 − 𝑐𝑝), 𝑣) = (𝐴𝑝⟨𝑓𝑣⟩, 𝑣)Λ. (5.5)

In the above, the forms 𝑎𝑝
Λ, 𝑎

𝑣
Λ are given by (4.18) where 𝐴 is taken to be either 𝐴𝑣 or 𝐴𝑝, and we have defined

𝑏𝑖Λ(𝑣, 𝑤̂) = (𝑣, 𝑤̂)Λ,𝑃𝑖
, ∀𝑣, 𝑤̂ ∈ 𝐿2

𝑃𝑖
(Λ), 𝑖 ∈ {𝑝, 𝑣}.

6. Inequalities for Sobolev spaces over annular and moving domains

To estimate the modelling error induced by the model reduction introduced in Section 4, we expect to rely on
typically standard inequalities such as the Poincaré and trace inequalities on 𝐻1(Ω𝑣). However, since generally
Ω𝑣 is non-convex and allowed to move in time, these inequalities require some attention. Moreover, a key
question is how the inequality constants depend on the (inner and) outer radii. In this section, we address these
theoretical questions separately. Here and in what follows, we assume that 𝑅1 and 𝑅2 are independent of 𝜃.

We define the maximal cross-section diameter 𝜖max and maximal axial radius variation 𝜖𝑠:

𝜖max = max
𝑡∈[0,𝑇 ]

max
𝑠∈Λ

𝜖(𝑠, 𝑡), where 𝜖(𝑠, 𝑡) = diam(Θ(𝑠, 𝑡)) = max
𝑥,𝑦∈Θ(𝑠,𝑡)

|𝑥− 𝑦|, (6.1)

𝜖𝑠 = ‖𝜕𝑠𝑅1‖𝐿∞(0,𝑇 ;𝐿∞(Λ)) + ‖𝜕𝑠𝑅2‖𝐿∞(0,𝑇 ;𝐿∞(Λ)). (6.2)

We assume that as 𝜖max → 0,

𝜖(𝑠, 𝑡) . 𝑅1(𝑠, 𝑡) . 𝜖(𝑠, 𝑡) and 𝜖(𝑠, 𝑡) . 𝑅2(𝑠, 𝑡) . 𝜖(𝑠, 𝑡). (6.3)

This implies that:

𝜖(𝑠, 𝑡) . 𝑃 (𝑠, 𝑡) . 𝜖(𝑠, 𝑡), and 𝜖2(𝑠, 𝑡) . 𝐴(𝑠, 𝑡) . 𝜖2(𝑠, 𝑡), (6.4)
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Figure 2. Numerical investigation of the Poincaré inequality on annular domains (Exam-
ple 6.1). Left : linear scaling of the (approximate) smallest eigenvalue of (6.6) related to the
constant 𝐾𝑝𝜖 in (6.5). Right : dependence of 𝐾𝑝 on the ratio of radii reveals that both limits
𝑅1 → 0 and 𝑅1 → 𝑅2 lead to bounded 𝐾𝑝.

with (implicit) inequality constants independent of Ω𝑣,Ω𝑠. In what follows, 𝐾 will denote a generic constant
independent of 𝜖max and of the norms of 𝑐, 𝑐, 𝑐𝑣, and 𝑐𝑠. This generic constant 𝐾 may take different values when
used in different places and may depend on the final time and on the material parameters. Hereinafter, we will
use 𝐴 . 𝐵 if there exists a generic constant 𝐾 as defined above such that 𝐴 ≤ 𝐾𝐵.

Lemma 6.1 (Poincaré inequality over Θ). For a.e. 𝑠 ∈ Λ and 𝑡 ∈ (0, 𝑇 ], the following Poincaré inequality holds
with inequality constant 𝐾𝑝 independent of 𝜖(𝑠, 𝑡):

‖𝑣 − ⟨𝑣⟩‖𝐿2(Θ(𝑠,𝑡)) ≤ 𝐾𝑝𝜖(𝑠, 𝑡)‖∇𝑣‖𝐿2(Θ(𝑠,𝑡)), 𝑣 ∈ 𝐻1(Θ(𝑠, 𝑡)). (6.5)

Proof. See for example Section 3.3 in [26]. The dependence on the diameter is recovered from standard scaling
arguments where the constant 𝐾𝑝 depends on a scaled annulus which is independent of 𝑡, 𝑅1, and 𝑅2. �

Example 6.1 (Poincaré inequality over Θ). We can also numerically study the behaviour of the constant 𝐾𝑝

in (6.5) via the following eigenvalue problem: find 𝑢 ∈ 𝐻1(Θ) and 𝜆 > 0 such that

−∆𝑢 = 𝜆(𝑢− ⟨𝑢⟩) in Θ,
−∇𝑢 · 𝑛 = 0 on 𝜕Θ.

(6.6)

Denoting by 𝜆1 the smallest eigenvalue of (6.6), it follows that 𝜆−1/2
1 = 𝐾𝑝𝜖.

To investigate how 𝐾𝑝 varies with the sizes of annular domains, we let Θ be an annulus with inner and outer
radii 𝑅1 and 𝑅2, respectively. We are interested in studying the cases where (i) 𝑅2 is fixed while 𝑅1 → 0, and
(ii) 𝑅2 is fixed and 𝑅1 → 𝑅2 (corresponding to 𝜖 → 0, and covered by the theoretical result). We solve the
eigenvalue problem (6.6) numerically via continuous linear finite elements defined relative to uniform meshes
of the annuli using the FEniCS finite element software [43] and the SLEPc eigen solvers [28], and a relative
difference between smallest eigenvalue approximations on consecutive meshes of 0.1%. The smallest approximate
eigenvalue is denoted 𝜆̃1. For both cases, we observe that 𝜆̃1 scales linearly with the diameter 𝜖 = 2𝑅2 of Θ
(Fig. 2, left). Denoting the estimated slope by 𝐾̃𝑝 ≈ 𝐾𝑝, we further observe that 𝐾𝑝 remains bounded, both as
𝑅1 → 0 and 𝑅1 → 𝑅2 (Fig. 2, right).

For a convex and regular domain such as a circle or ellipse, it is well-known that a Sobolev trace inequality
holds [6]. However, is this also the case for (nearly) annular domains? The subsequent Lemma 6.2 addresses this
question affirmatively.
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Lemma 6.2 (Trace inequality over Θ). For a.e. 𝑠 ∈ Λ and 𝑡 ∈ (0, 𝑇 ], the following trace inequality holds with
𝐾tr independent of 𝜖(𝑠, 𝑡):

‖𝑣‖2𝐿2(𝜕Θ(𝑠,𝑡)) ≤ 𝐾tr

(︁
𝜖(𝑠, 𝑡)−1‖𝑣‖2𝐿2(Θ(𝑠,𝑡)) + 𝜖(𝑠, 𝑡)‖∇𝑣‖2𝐿2(Θ(𝑠,𝑡))

)︁
𝑣 ∈ 𝐻1(Θ(𝑠, 𝑡)), (6.7)

where 𝜖(𝑠, 𝑡) = diam(Θ(𝑠, 𝑡)).

Proof. For the circular case, if Θ(𝑠) = {(𝑟 cos(𝜃), 𝑟 sin(𝜃)), 0 ≤ 𝑟 < 𝑅2(𝑠, 𝜃), 0 ≤ 𝜃 ≤ 2𝜋}, this inequality is well
known, Section 1.6 in [6]. We use similar arguments to extend the proof to an annulus.

Suppose now that 𝑅1 > 0 and let Θ(𝑠) = {(𝑟 cos(𝜃), 𝑟 sin(𝜃)), 𝑅1(𝑠, 𝜃) < 𝑟 < 𝑅2(𝑠, 𝜃), 0 ≤ 𝜃 ≤ 2𝜋}. We omit
𝑠, 𝑡 in the notation for the sake of brevity. Let (𝑟, 𝜃) ∈ (𝑅1, 𝑅2)× [0, 2𝜋]. We write

𝑅2
1𝑢

2(𝑅1, 𝜃)− 𝑟2𝑢2(𝑟, 𝜃) = −
∫︁ 𝑟

𝑅1

𝜕𝑧(𝑧2𝑢2(𝑧, 𝜃)) d𝑧.

Here, for simplicity, we write 𝑢(𝑟, 𝜃) = 𝑢(𝑟 cos(𝜃), 𝑟 sin(𝜃)). Thus, we have that

𝑅2
1𝑢

2(𝑅1, 𝜃) ≤ 𝑟2𝑢2(𝑟, 𝜃) +
∫︁ 𝑟

𝑅1

|𝜕𝑧(𝑧2𝑢2(𝑧, 𝜃))|d𝑧.

Integrating over (𝑅1, 𝑅2) and over [0, 2𝜋], we find that

𝑅1(𝑅2 −𝑅1)‖𝑢‖2𝐿2(𝜕Θ1)
≤ 𝑅2‖𝑢‖2𝐿2(Θ)

+
∫︁ 2𝜋

0

∫︁ 𝑅2

𝑅1

∫︁ 𝑟

𝑅1

2|𝑢(𝑧, 𝜃)| |𝜕𝑧𝑢(𝑧, 𝜃)|𝑧2 d𝑧 d𝑟 d𝜃 +
∫︁ 2𝜋

0

∫︁ 𝑅2

𝑅1

∫︁ 𝑟

𝑅1

2𝑧𝑢2(𝑧, 𝜃) d𝑧 d𝑟 d𝜃,

where 𝜕Θ1 denotes the inner circle of Θ. Simplifying the last term and using Cauchy–Schwarz inequality for
the penultimate, we obtain:

𝑅1(𝑅2 −𝑅1)‖𝑢‖2𝐿2(𝜕Θ1)
≤ (𝑅2 + 2(𝑅2 −𝑅1))‖𝑢‖2𝐿2(Θ) + 2(𝑅2 −𝑅1)𝑅2‖𝑢‖𝐿2(Θ)‖∇𝑢‖𝐿2(Θ).

With assumption (6.3) and Young’s inequality, we obtain:

‖𝑢‖2𝐿2(𝜕Θ1)
. 𝜖−1‖𝑢‖2𝐿2(Θ) + 𝜖‖∇𝑢‖2𝐿2(Θ).

Similar arguments yield the same bound over the outer circle 𝜕Θ2 for ‖𝑢‖2𝐿2(𝜕Θ2)
. Adding the two bounds gives

the result. The above computations are for smooth functions. The result for functions in 𝐻1(Θ) follows by
density. �

We now turn to consider a trace inequality for the surrounding domain Ω𝑠 (Lem. 6.4) by way of an extension
operator (Lem. 6.3) first introduced and studied in [55].

Lemma 6.3 (Extension operator). For any 𝑡 ∈ [0, 𝑇 ] and 𝑘 ∈ {1, 2}, there exists an extension operator ℰ(𝑡) :
𝐻𝑘(Ω𝑠(𝑡))→ 𝐻𝑘(Ω) satisfying ℰ(𝑡)𝑣|Ω𝑠(𝑡) = 𝑣|Ω𝑠(𝑡), ℰ(𝑡)𝑣|Γ(𝑡) = 𝑣|Γ(𝑡) and such that

‖ℰ(𝑡)𝑣‖𝐻𝑘(Ω) ≤ 𝐾ℰ‖𝑣‖𝐻𝑘(Ω𝑠(𝑡)), ∀𝑣 ∈ 𝐻𝑘(Ω𝑠(𝑡)), (6.8)

with a constant 𝐾ℰ independent of 𝜖max and 𝑡.

Proof. The construction of the extension operator and the proof of the continuity bound are very similar to
Theorem 2.1 in [55]. For completeness, we provide some details adapted to our geometrical setting. First, we
define the extension from a fixed domain 𝐵̃ = 𝐵1∖𝐵 to 𝐵1 where 𝐵 and 𝐵1 are cylindrical domains of radii 1
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and 2 respectively. Let ℰ0 : 𝐻1(𝐵̃) → 𝐻1(R3) be the extension operator as defined in Section 5.4 in [19]. We
have the following two bounds:

‖ℰ0𝑢‖𝐻1(R𝑑) ≤ 𝐾1‖𝑢‖𝐻1(𝐵̃), ‖ℰ0𝑢‖𝐻2(R𝑑) ≤ 𝐾2‖𝑢‖𝐻2(𝐵̃).

Let 𝐻𝑘
0 (𝐵) = {𝑣 ∈ 𝐻𝑘(𝐵), 𝜕𝛼𝑣 = 0, |𝛼| < 𝑘 on 𝜕𝐵} and define 𝑧 ∈ 𝐻𝑘

0 (𝐵) such that∑︁
|𝛼|=𝑘

(𝜕𝛼𝑧, 𝜕𝛼𝑞)𝐵 =
∑︁
|𝛼|=𝑘

(𝜕𝛼(ℰ0𝑢), 𝜕𝛼𝑞)𝐵 , ∀𝑞 ∈ 𝐻𝑘
0 (𝐵). (6.9)

One can show that 𝑧 is well-defined by the Lax-Milgram theorem since a Poincaré inequality holds in 𝐻𝑘
0 (𝐵),

and we have that
‖𝑧‖𝐻𝑘(𝐵) ≤ 𝐾̃𝑘‖ℰ0𝑢‖𝐻𝑘(𝐵). (6.10)

The extension operator ℰ𝐵̃ : 𝐻1(𝐵̃)→ 𝐻1(𝐵1) is then defined as follows:

ℰ𝐵̃𝑢 (𝑥) =

{︃
𝑢(𝑥), 𝑥 ∈ 𝐵̃
ℰ0𝑢(𝑥)− 𝑧(𝑥), 𝑥 ∈ 𝐵

. (6.11)

To show continuity of ℰ𝐵̃ , we have that for 𝑘 ∈ {1, 2}:

‖ℰ𝐵̃𝑢‖
2
𝐻𝑘(𝐵1)

= ‖𝑢‖2
𝐻𝑘(𝐵̃)

+ ‖ℰ0𝑢− 𝑧‖2𝐻𝑘(𝐵) ≤ ‖𝑢‖
2
𝐻𝑘(𝐵̃)

+ (‖ℰ0𝑢‖𝐻𝑘(𝐵) + ‖𝑧‖𝐻𝑘(𝐵))
2

≤ ‖𝑢‖2
𝐻𝑘(𝐵̃)

+ (1 + 𝐾̃𝑘)2𝐾2
𝑘‖𝑢‖2𝐻𝑘(𝐵̃)

≤ 𝐾𝑓
𝑘 ‖𝑢‖

2
𝐻𝑘(𝐵̃)

. (6.12)

In the above, we let 𝐾𝑓
𝑘 = 1 + (1 + 𝐾̃𝑘)2𝐾2

𝑘 which clearly depends on 𝐵, 𝐵̃ and 𝐵1. A key property of this
extension is that ℰ𝐵̃𝑝 = 𝑝 for all polynomials 𝑝 of degree less than 𝑘, see Lemma 2.1 in [55]. By choosing 𝑝 as
the average of 𝑢 for 𝑘 = 1 or the Lagrange interpolant of degree 1 for 𝑘 = 2, this observation yields the following
bounds on the semi-norms:

|ℰ𝐵̃𝑢|
2
𝐻𝑘(𝐵1)

= |ℰ𝐵̃(𝑢− 𝑝)|2𝐻𝑘(𝐵1)
≤ 𝐾𝑓

𝑘 ‖𝑢− 𝑝‖
2
𝐻𝑘(𝐵̃)

≤ 𝐾𝑓
𝑘𝐾2|𝑢|2𝐻𝑘(𝐵̃)

, (6.13)

for some constant 𝐾2. Now, we define the extension operator from 𝐻𝑘(Ω𝑠(𝑡))→ 𝐻𝑘(Ω) as:

ℰ(𝑡)𝑣 =

{︃
ℰ𝐵̃(𝑣 ∘ 𝜒−1

𝑅2(𝑡)
) ∘ 𝜒𝑅2(𝑡), in 𝐵2 𝑅2(𝑡)

𝑣, in Ω𝑠(𝑡)∖𝐵2 𝑅2(𝑡)

, (6.14)

where 𝐵2𝑅2(𝑡) is the cylinder surrounding 𝐵𝑅2 of radius 2𝑅2 and

𝜒𝑅2(𝑡)((𝑠,𝑅2 cos(𝜃), 𝑅2 sin(𝜃))) = (𝑠, cos(𝜃), sin(𝜃)), ∀(𝑠, 𝜃) ∈ Λ× [0, 2𝜋].

The continuity of ℰ then follows from a scaling argument and (6.3) which yield that

|𝑣 ∘ 𝜒−1
𝑅2(𝑡)
|2
𝐻𝑖(𝐵̃)

. 𝜖−3+2𝑖
max |𝑣|2𝐻𝑖(𝐵2𝑅2(𝑡)∖𝐵𝑅2(𝑡))

, |𝑣 ∘ 𝜒𝑅2(𝑡)|
2
𝐻𝑖(𝐵2𝑅2(𝑡))

. 𝜖3−2𝑖
max |𝑣|2𝐻𝑖(𝐵1)

,

for 𝑖 ∈ {0, 1, 2}. Thus, we obtain the following:

‖ℰ (𝑡) 𝑣‖2𝐻𝑘(Ω) = ‖𝑣‖2
𝐻𝑘(Ω𝑠(𝑡)∖𝐵2 𝑅2(𝑡)) +

⃦⃦⃦
ℰ𝐵̃
(︁
𝑣 ∘ 𝜒−1

𝑅2(𝑡)

)︁
∘ 𝜒𝑅2(𝑡)

⃦⃦⃦2

𝐻𝑘(𝐵2 𝑅2(𝑡))

. ‖𝑣‖2𝐻𝑘(Ω𝑠(𝑡)) +
𝑘∑︁

𝑖=0

𝜖3−2𝑖
max

⃒⃒⃒
ℰ𝐵̃
(︁
𝑣 ∘ 𝜒−1

𝑅2(𝑡)

)︁⃒⃒⃒2
𝐻𝑖(𝐵1)

≤ ‖𝑣‖2𝐻𝑘(Ω𝑠(𝑡)) +
𝑘∑︁

𝑖=0

𝜖3−2𝑖
max 𝐾

𝑓
𝑘𝐾2

⃒⃒⃒
𝑣 ∘ 𝜒−1

𝑅2(𝑡)

⃒⃒⃒2
𝐻𝑖(𝐵̃)

. ‖𝑣‖2𝐻𝑘(Ω𝑠(𝑡)).

(6.15)

�
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Lemma 6.4 (Trace inequality over Ω𝑠). There exists a constant 𝐾Γ independent of 𝑡 and of 𝜖max such that

‖𝑣‖𝐿2(Γ(𝑡)) ≤ 𝐾Γ(𝜖max | ln 𝜖max|)1/2 ‖𝑣‖𝐻1(Ω𝑠(𝑡)), ∀𝑣 ∈ 𝐻1(Ω𝑠(𝑡)). (6.16)

Proof. Without loss of generality, we consider the case of Ω𝑣 being an annular cylinder domain and Ω𝑠 its outer
surroundings. We have for 𝑣 ∈ 𝐻1(Ω𝑠(𝑡)):

‖𝑣‖2𝐿2(Γ(𝑡)) = ‖ℰ𝑣‖2𝐿2(Γ(𝑡)) =
∫︁

Λ

‖ℰ𝑣‖2𝐿2(𝜕Θ2(𝑠,𝑡)) d𝑠. (6.17)

We use ideas from the proofs of Lemmas 2.1 and 2.2 in [35] where we adapt the arguments to 3D. We write for
a.e. 𝑠 ∈ Λ, 𝑡 ≥ 0,

‖ℰ𝑣‖𝐿2(𝜕Θ2(𝑠,𝑡)) ≤ ‖ℰ𝑣 − ℰ𝑣‖𝐿2(𝜕Θ2(𝑠,𝑡)) + ‖ℰ𝑣‖𝐿2(𝜕Θ2(𝑠,𝑡)). (6.18)

The first term is bounded by a Stekloff type inequality [40]:

‖ℰ𝑣 − ℰ𝑣‖𝐿2(𝜕Θ2(𝑠,𝑡)) ≤ 𝐾st𝜖(𝑠, 𝑡)1/2‖∇(ℰ𝑣)‖𝐿2(Θ2(𝑠,𝑡)). (6.19)

For the second term in (6.18), observe that by definition of the perimeter average

‖ℰ𝑣‖𝐿2(𝜕Θ2(𝑠,𝑡)) = |𝜕Θ2(𝑠, 𝑡)|1/2|ℰ𝑣|. (6.20)

From the proof of Lemma 2.1 in [35], we further have for 𝑝 > 2

|ℰ𝑣| ≤
(︀
𝜋𝑅2(𝑠, 𝑡)2

)︀−1/𝑝 ‖ℰ𝑣‖𝐿𝑝(Θ2(𝑠,𝑡)) +
1

2
√
𝜋
‖∇ℰ𝑣‖𝐿2(Θ2(𝑠,𝑡)). (6.21)

Hence, we obtain:

‖ℰ𝑣‖𝐿2(𝜕Θ2(𝑠,𝑡)) ≤ 𝐾
(︁
𝜖(𝑠, 𝑡)1/2−2/𝑝‖ℰ𝑣‖𝐿𝑝(Θ2(𝑠,𝑡)) + 𝜖(𝑠, 𝑡)1/2‖∇ℰ𝑣‖𝐿2(Θ2(𝑠,𝑡))

)︁
. (6.22)

Upon substituting in (6.17), we have that∫︁
Λ

‖ℰ𝑣‖2𝐿2(𝜕Θ2(𝑠,𝑡)) ≤ 𝐾
∫︁

Λ

(︁
𝜖1−4/𝑝
max ‖ℰ𝑣‖2𝐿𝑝(Θ2(𝑠,𝑡)) + 𝜖max‖∇ℰ𝑣‖2𝐿2(Θ2(𝑠,𝑡))

)︁
. (6.23)

Consider now a fixed cylindrical domain 𝐵Λ around the centerline Λ with cross-sections ΘΛ(𝑠, 𝑡). We emphasize
that 𝐵Λ does not depend on 𝜖max. Observe that for 𝜖max small, Ω𝑣(𝑡) ⊂ 𝐵Λ. Let 𝐵̃Λ be another cylinder such
that 𝐵Λ ⊂ 𝐵̃Λ ⊂ Ω with cross-sections Θ̃Λ(𝑠, 𝑡) ⊃ ΘΛ(𝑠, 𝑡). Define 𝜒 to be a smooth cut-off function on 𝐵Λ such
that 𝜒 = 1 in 𝐵Λ with compact support in 𝐵̃Λ. By construction, we have

‖ℰ𝑣‖𝐿𝑝(Θ2(𝑠,𝑡)) ≤ ‖ℰ𝑣‖𝐿𝑝(ΘΛ(𝑠,𝑡)) = ‖𝜒(ℰ𝑣)‖𝐿𝑝(ΘΛ(𝑠,𝑡)) ≤ ‖𝜒(ℰ𝑣)‖𝐿𝑝(Θ̃Λ(𝑠,𝑡)).

Since 𝜒(ℰ𝑣) ∈ 𝐻1
0 (Θ̃Λ(𝑠, 𝑡)), we apply the Sobolev embedding result in 2D which gives a constant with an

explicit dependence on 𝑝, see (6.20) in [59], :

‖𝜒(ℰ𝑣)‖𝐿𝑝(Θ̃Λ(𝑠,𝑡)) ≤ 𝐾𝑝
1/2‖∇(𝜒(ℰ𝑣))‖𝐿2(Θ̃Λ(𝑠,𝑡)) ≤ 𝐾𝑝

1/2‖ℰ𝑣‖𝐻1(Θ̃Λ(𝑠,𝑡)).

The above constant depends on Θ̃Λ(𝑠, 𝑡) and on 𝜒 but not 𝜖max. Substituting in (6.23), and choosing 𝑝 = | ln 𝜖max|
yields:

‖ℰ𝑣‖2𝐿2(Γ(𝑡)) ≤ 𝐾
∫︁

Λ

(︁
𝜖max| ln 𝜖max|‖ℰ𝑣‖2𝐻1(Θ̃Λ(𝑠,𝑡))

+ 𝜖max‖∇ℰ𝑣‖2𝐿2(Θ2(𝑠,𝑡))

)︁
≤ 𝐾𝜖max

(︁
| ln 𝜖max|‖ℰ𝑣‖2𝐻1(𝐵̃Λ)

+ ‖ℰ𝑣‖2𝐻1(Ω)

)︁
≤ 𝐾𝜖max| ln 𝜖max|‖ℰ𝑣‖2𝐻1(Ω).

Using (6.8) in the above concludes the proof. �
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Figure 3. Numerical investigation of the trace inequality (Example 6.2) for vessels of decreas-
ing diameters 𝜖 = 2𝑅1.

Example 6.2 (Trace inequality over Ω𝑠). The scaling law of Lemma 6.4 can be demonstrated numerically by
considering the following Stekloff eigenvalue problem [57]: find 𝑢 ∈ 𝐻1(Ω𝑠) and 𝜆 > 0 such that

∆𝑢 = 𝑢 in Ω𝑠,

∇𝑢 · 𝑛 = 𝜆𝑢 on Γ,
∇𝑢 · 𝑛 = 0 on 𝜕Ω𝑠 ∖ Γ.

(6.24)

More precisely, for 𝜆1 being the smallest non-zero eigenvalue of (6.24), there holds that

‖𝑢‖𝐿2(Γ) ≤ 𝜆
−1/2
1 ‖𝑢‖𝐻1(Ω𝑠), ∀𝑣 ∈ 𝐻1(Ω𝑠). (6.25)

Thus, approximations to 𝜆1 in (6.24) can be used to estimate the bound in (6.16). Now, consider an embedding
domain Ω𝑠 (also) in the shape of an cylinder with unit height and unit outer radius. Consider an inner cylinder
Ω𝑣 with diameter 𝜖 = 2𝑅1 (and unit height) and consider a decreasing sequence of 𝑅1s. As in Example 6.1, we
approximate this smallest non-zero eigenvalue using the discretization of (6.24) by continuous linear elements
defined relative to a series of uniformly refined meshes, and deem the eigenvalues converged when the relative
difference between refinements is less then 5%. Clearly, the trace constant decreases with decreasing 𝜖max (Fig. 3).
We note that the data are well-fitted by the theoretically established 𝜖

1/2
max|ln 𝜖max|1/2 expression especially for

small radii.

7. Analysis of the modelling error

We next turn to address the following question: how large of a modelling error has been introduced by the
derivation and associated assumptions of the coupled 3D–1D model in Section 4.3? We begin by considering
the modelling error associated with the cross-section average concentration in the vessel, before turning to the
modelling error in the surroundings. We will make use of a duality argument, and therefore introduce and
analyze the stability of an associated dual problem before turning to the modelling error estimates.

7.1. Well-posedness and stability of a dual transport problem

We consider the properties of a backward-in-time dual transport problem, defined in association with the
forward vessel transport problem of Proposition 3.1, in Lemma 7.1. A key aspect is to appropriately account
for the moving domain and time-derivatives with respect to moving frames. We therefore explicitly track the
domain dependence on time 𝑡.
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Lemma 7.1 (Backward-in-time dual problem). The following problem is well posed: given 𝑔 ∈
𝐿2(0, 𝑇 ;𝐿2(Ω𝑣(𝑡))), find ℎ ∈ 𝑊 = {𝐿2(0, 𝑇 ;𝐻1(Ω𝑣(𝑡))) | ℎ̇ ∈ 𝐿2(0, 𝑇 ;𝐻−1(Ω𝑣(𝑡)))} and ℎ(𝑇 ) = 0 in Ω𝑣(𝑇 )
such that for 𝑡 ∈ (0, 𝑇 ) and for all 𝜙 ∈ 𝐻1(Ω𝑣(𝑡)):

−⟨ℎ̇(𝑡), 𝜙⟩𝐻−1(Ω𝑣(𝑡)) + (𝐷𝑣∇ℎ(𝑡),∇𝜙)Ω𝑣(𝑡) + (𝜉ℎ(𝑡), 𝜙)Γ(𝑡)

−((𝑢𝑣 −𝑤) · ∇ℎ(𝑡), 𝜙)Ω𝑣(𝑡) = (𝑔(𝑡), 𝜙)Ω𝑣(𝑡). (7.1)

In addition, the following stability bound holds

‖ℎ‖𝐿∞(0,𝑇 ;𝐿2(Ω𝑣(𝑡))) + ‖𝐷1/2
𝑣 ∇ℎ‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣(𝑡)))

+‖𝜉1/2ℎ‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))) ≤ 𝐾𝑏‖𝑔‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣(𝑡))), (7.2)

where 𝐾𝑏 is independent of 𝜖max but depends on the final time 𝑇 , on ‖∇ · 𝑤‖𝐿∞(0,𝑇 ;𝐿∞(Ω)), and on
‖𝐷−1/2

𝑣 𝑢̃𝑣‖𝐿∞(0,𝑇 ;𝐿∞(Ω𝑣(𝑡))).

Proof. We consider the forward-in-time solution 𝑧 ∈𝑊 and 𝑧(0) = 0 in Ω̃𝑣(0) solving for all 𝜙 ∈ 𝐻1(Ω̃𝑣(𝑡))

⟨𝑧̇, 𝜙⟩𝐻−1(Ω̃𝑣(𝑡)) + (
←
𝐷𝑣∇𝑧,∇𝜙)Ω̃𝑣(𝑡) + (

←
𝜉 𝑧, 𝜙)Γ̃(𝑡) − ((

←
𝑢𝑣 −

←
𝑤) · ∇𝑧, 𝜙)Ω̃𝑣(𝑡) = (

←
𝑔 , 𝜙)Ω̃𝑣(𝑡),

where a “←” over a function indicates that we reverse the time, e.g.,
←
𝑔 (𝑡) = 𝑔(𝑇 − 𝑡). The domain Ω̃𝑣(𝑡) =

Ω𝑣(𝑇 − 𝑡) (similarly Γ̃(𝑡) = Γ(𝑇 − 𝑡)) is given by the flow map
←
𝜓(𝑥, 𝑡) = 𝜓(𝑥, 𝑇 − 𝑡). Setting ℎ(𝑡) = 𝑧(𝑇 − 𝑡)

for 𝑡 ∈ [0, 𝑇 ], we recover the solution to (7.1) since ℎ̇ = −𝑧̇ and ℎ(𝑇 ) = 𝑧(0) = 0. Verifying the existence and
uniqueness of 𝑧 then follows from the abstract framework in [3] and from very similar arguments to the proof
of Proposition 3.1.

Moreover, choose 𝜙 = ℎ ∈ 𝐿2(0, 𝑇 ;𝐻1(Ω𝑣(𝑡))) in (7.1), integrate over time 𝜏 ∈ [𝑡, 𝑇 ] and use the following
formula (Thm. 2.40 and Cor. 2.41 in [3]):

−2
∫︁ 𝑇

𝑡

⟨ℎ̇, ℎ⟩𝐻−1(Ω𝑣(𝜏)) d𝜏 = ‖ℎ(𝑡)‖2𝐿2(Ω𝑣(𝑡)) +
∫︁ 𝑇

𝑡

(ℎ, ℎ∇ ·𝑤)Ω𝑣(𝜏) d𝜏. (7.3)

Along with Hölder’s inequality, this yields:

1
2
‖ℎ(𝑡)‖2𝐿2(Ω𝑣(𝑡)) + ‖𝐷1/2

𝑣 ∇ℎ‖2𝐿2(𝑡,𝑇 ;𝐿2(Ω𝑣)) + ‖𝜉1/2ℎ‖2𝐿2(𝑡,𝑇 ;𝐿2(Γ))

≤ ‖𝑔‖𝐿2(𝑡,𝑇 ;𝐿2(Ω𝑣(𝑡)))‖ℎ‖𝐿2(𝑡,𝑇 ;𝐿2(Ω𝑣(𝑡))) +
1
2
‖∇ ·𝑤‖𝐿∞(0,𝑇 ;𝐿∞(Ω𝑣(𝑡)))‖ℎ‖2𝐿2(𝑡,𝑇 ;𝐿2(Ω𝑣(𝑡)))

+‖𝐷−1/2
𝑣 𝑢̃𝑣‖𝐿∞(0,𝑇 ;𝐿∞(Ω𝑣(𝑡)))‖ℎ‖𝐿2(𝑡,𝑇 ;𝐿2(Ω𝑣(𝑡)))‖𝐷1/2

𝑣 ∇ℎ‖𝐿2(𝑡,𝑇 ;𝐿2(Ω𝑣(𝑡))). (7.4)

Applying Young’s inequality for the first and last term on the right hand side above results in:

1
2
‖ℎ(𝑡)‖2𝐿2(Ω𝑣(𝑡)) +

1
2
‖𝐷1/2

𝑣 ∇ℎ‖2𝐿2(𝑡,𝑇 ;𝐿2(Ω𝑣)) + ‖𝜉1/2ℎ‖2𝐿2(𝑡,𝑇 ;𝐿2(Γ)) ≤
1
2
‖𝑔‖2𝐿2(0,𝑇 ;𝐿2(Ω𝑣(𝑡)))

+
1
2

(︂
1 +

1
2
‖∇ ·𝑤‖𝐿∞(0,𝑇 ;𝐿∞(Ω𝑣(𝑡))) + ‖𝐷−1/2

𝑣 𝑢̃𝑣‖2𝐿∞(0,𝑇 ;𝐿∞(Ω𝑣(𝑡)))

)︂
‖ℎ‖2𝐿2(𝑡,𝑇 ;𝐿2(Ω𝑣(𝑡))).

The result can then be concluded by Grönwall’s inequality, e.g. Appendix B.k in [19]. �

7.2. Model error introduced in the derivation of the 1D model

With this dual stability result at hand, we now turn to our first main modelling error estimate, namely
comparing (the extension of) the cross-section average vessel solution 𝑐 : Λ × (0, 𝑇 ) → R with its reference
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solution 𝑐𝑣 : Ω𝑣 × (0, 𝑡) → R, the weak solution of (3.1a). More specifically, we aim to quantify the modelling
error

‖𝑐𝑣 − 𝐸𝑐‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣)).

The (constant cross-section) extension 𝐸 from 𝐻1(Λ) to 𝐻1(Ω𝑣) is given by

𝐸𝑐(𝑠, 𝑟, 𝜃, 𝑡) = 𝑐(𝑠, 𝑡), ∀(𝑟, 𝜃) ∈ Θ(𝑠, 𝑡), ∀(𝑠, 𝑡) ∈ Λ× (0, 𝑇 ). (7.5)

We will frequently write 𝑐 = 𝐸𝑐 when context allows this simplification. Proposition 7.1 gives the main modelling
error estimate for the solutions in the vessel.

Proposition 7.1 (Model error in the vessel). Let 𝑐𝑣, 𝑐𝑠 be weak solutions to the coupled 3D–3D transport
problem (3.11) and assume that 𝑐𝑣(0) ∈ 𝐻1(Ω𝑣). Let 𝑐, 𝑐 be the weak solutions to the reduced coupled 3D–1D
problem (4.20) with 𝑤𝑐 = 1. Then,

‖𝑐𝑣 − 𝑐‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣))

. 𝐾𝑏𝐾𝑝

(︀
‖𝑓𝑣‖𝐿2(0,𝑇 ;𝐻1(Ω𝑣)) + ‖∇𝑐𝑣(0)‖𝐿2(Ω𝑣)

)︀
𝜖max + (𝐾𝑏𝐾Γ 𝐶2) 𝜖1/2

max| ln 𝜖max|1/2

+𝐾𝑏(𝐾𝑝 + 1)(𝐾tr + 1)𝐶1

(︁
𝜖1/2
max + ‖𝑢𝑣,𝑟‖𝐿∞(0,𝑇 ;𝐿∞(Ω𝑣(𝑡))) + ‖𝑢𝑣,𝜃‖𝐿∞(0,𝑇 ;𝐿∞(Ω𝑣(𝑡))) + 𝜖𝑠

)︁
. (7.6)

Here, 𝐶1 and 𝐶2 depend on the material parameters and the solutions 𝑐, 𝑐, and 𝑐𝑠 as

𝐶1 =
(︂

max
𝑠∈Λ,𝑡∈[0,𝑇 ]

‖𝑢𝑣,𝑠‖𝐻1(Θ) + ‖𝑤‖𝐿∞(Ω)

)︂
‖𝑐‖𝐿2(0,𝑇 ;𝐿2(𝜕Ω𝑣(𝑡)))

+‖𝑐‖𝐿2(0,𝑇 ;𝐻1(Ω𝑣(𝑡))) + ‖𝐷𝑣𝜕𝑠𝑐+ 𝑐𝑢̂‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣(𝑡))) + ‖𝜉(𝑐− 𝑐)‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))),

and
𝐶2 = ‖𝜉1/2‖𝐿∞(0,𝑇 ;𝐿∞(Γ(𝑡)))

(︀
‖𝑐𝑠‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠(𝑡))) + ‖𝑐‖𝐿2(0,𝑇 ;𝐻1(Ω))

)︀
.

In addition, there exists a constant 𝐾 depending only on the material parameters and the final time 𝑇 but not
on 𝜖max such that 𝐶1 + 𝐶2 . 𝐾. Under the additional assumption that

‖𝑐− 𝑐𝑠‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))) . 𝜖
1/2
max, (7.7)

bound (7.6) can be improved by replacing its last term by (𝐾𝑏(𝐾st𝐾ℰ + 1)𝐶2) 𝜖1/2
max.

Before presenting the proof, we remark that this proposition and in particular (7.6) provides a rigorous
bound on the error in the vessel introduced by the derivation of the 3D–1D model. For the error to converge
to 0 as 𝜖max → 0, one needs to assume that 𝑢𝑣,𝑟 and 𝑢𝑣,𝜃 are negligible at least for small 𝜖max. In addition, if
𝜖𝑠 . 𝜖max as 𝜖max → 0, then one recovers a convergence rate of 1/2 (up to a log factor) with respect to 𝜖max. The
additional assumption (7.7) essentially leads to an estimate for the error induced by Assumptions 4.1 and 4.2
of Section 4.2 alone, without those of Section 4.4; i.e. an estimate for the error between 𝐸𝑐 as given in (4.14)
and 𝑐𝑣 the solution of (3.11). In this case, we can remove the log factor.

Proof. (Prop. 7.1) We proceed in three main steps to (I) derive a first identity for the modelling error by using
a duality argument, (II) manipulate this identity by deriving the weak form satisfied by the extended solution
𝐸𝑐, and (III) bound its terms via Poincaré, trace, Stekloff inequalities, and the regularity bound derived in
Lemma 7.1.

Step I. We first recall from (3.11) that the reference solution 𝑐𝑣 satisfies

⟨𝑐̇𝑣, 𝜑⟩𝐻−1(Ω𝑣(𝑡)) + (∇ ·𝑤𝑐𝑣, 𝜑)Ω𝑣(𝑡) + 𝑎ref(𝑐𝑣, 𝜑) = ℓref(𝜑), ∀𝜑 ∈ 𝐻1(Ω𝑣(𝑡)), (7.8)
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where we have introduced the two forms

𝑎ref(𝑐, 𝜑) = (𝐷𝑣∇𝑐,∇𝜑)Ω𝑣(𝑡) + (𝜉𝑐, 𝜑)Γ(𝑡) − ((𝑢𝑣 −𝑤)𝑐,∇𝜑)Ω𝑣(𝑡) ∀𝑐, 𝜑 ∈ 𝐻1(Ω𝑣(𝑡)),

ℓref(𝜑) = (𝜉𝑐𝑠, 𝜑)Γ(𝑡) + (𝑓𝑣, 𝜑)Ω𝑣(𝑡) ∀𝜑 ∈ 𝐻1(Ω𝑣(𝑡)).

To estimate the error 𝑒 ≡ 𝑐𝑣 − 𝐸𝑐, we proceed by duality. Namely, let ℎ be the solution of (7.1) with 𝑔 = 𝑒 ∈
𝐿2(0, 𝑇 ;𝐿2(Ω𝑣(𝑡))). From Corollary 2.41 in [3] and the fact that ℎ(𝑇 ) = 0, the following integration by parts
formula holds:∫︁ 𝑇

0

−⟨ℎ̇, 𝑒⟩𝐻−1(Ω𝑣(𝑡)) =
∫︁ 𝑇

0

⟨𝑒̇, ℎ⟩𝐻−1(Ω𝑣(𝑡)) +
∫︁ 𝑇

0

(𝑒, ℎ∇ ·𝑤)Ω𝑣(𝑡) + (𝑒(0), ℎ(0))Ω𝑣(0).

With this identity, (7.1) tested with 𝑒 ∈ 𝐿2(0, 𝑇 ;𝐻1(Ω𝑣(𝑡))) and integrated over (0, 𝑇 ) reads:∫︁ 𝑇

0

⟨𝑒̇, ℎ⟩𝐻−1(Ω𝑣(𝑡)) +
∫︁ 𝑇

0

(𝑒, ℎ∇ ·𝑤)Ω𝑣(𝑡) + (𝑒(0), ℎ(0))Ω𝑣(0) +
∫︁ 𝑇

0

𝑎ref(𝑒, ℎ) =
∫︁ 𝑇

0

‖𝑒‖2𝐿2(Ω𝑣(𝑡)).

Subtracting the time-integrated (7.8), combined with the observation that indeed ˙̂𝑐 ∈ 𝐿2(0, 𝑇 ;𝐿2(Ω𝑣(𝑡))) (where
we write 𝑐 in place of 𝐸𝑐 here and in the following), we obtain the following identity for the modelling error 𝑒:∫︁ 𝑇

0

‖𝑒‖2𝐿2(Ω𝑣(𝑡)) = −
∫︁ 𝑇

0

( ˙̂𝑐, ℎ)Ω𝑣(𝑡) −
∫︁ 𝑇

0

(𝑐, ℎ∇ ·𝑤)Ω𝑣(𝑡) −
∫︁ 𝑇

0

𝑎ref(𝑐, ℎ)

+
∫︁ 𝑇

0

ℓref(ℎ) + (𝑒(0), ℎ(0))Ω𝑣(0). (7.9)

Step II. Next, we aim to derive an alternative expression for this error identity. By definition of the strong
material derivative cf. (3.6):∫︁ 𝑇

0

( ˙̂𝑐, ℎ)Ω𝑣(𝑡) +
∫︁ 𝑇

0

(𝑐, ℎ∇ ·𝑤)Ω𝑣(𝑡) =
∫︁ 𝑇

0

(𝜕𝑡𝑐, ℎ)Ω𝑣(𝑡) +
∫︁ 𝑇

0

(∇ · (𝑐𝑤), ℎ)Ω𝑣(𝑡). (7.10)

Note that this definition holds for 𝑐 ∈ {𝑣 ∈ 𝐿2(0, 𝑇 ;𝐻1(Ω𝑣(𝑡))) | 𝑣̇ ∈ 𝐿2(0, 𝑇 ;𝐿2(Ω𝑣(𝑡)))} by density of
𝒟(0, 𝑇 ;𝐻1(Ω𝑣(𝑡))) in such spaces, see Lemma 2.38 in [3]. Further, integrating by parts gives

(∇ · (𝑐𝑤), ℎ)Ω𝑣(𝑡) = (𝑐𝑤 · 𝑛, ℎ)𝜕Ω𝑣(𝑡) − (𝑐𝑤,∇ℎ)Ω𝑣(𝑡),

while the cross-section average definitions combined with the chain rule yield

(𝜕𝑡𝑐, ℎ)Ω𝑣(𝑡) = (𝜕𝑡𝑐, 𝐴⟨ℎ⟩)Λ = (𝜕𝑡(𝐴𝑐), ⟨ℎ⟩)Λ − (𝑐𝜕𝑡𝐴, ⟨ℎ⟩)Λ.

We will derive equivalent expressions for the two terms on the right hand side. First for the last term, by
definition of the area 𝐴 and (3.4), we have that:

(𝑐𝜕𝑡𝐴, ⟨ℎ⟩)Λ =
∫︁

Λ

𝑐⟨ℎ⟩𝜕𝑡

(︃∫︁
Θ(𝑡)

1 d𝑥

)︃
=
∫︁

Λ

∫︁
𝜕Θ(𝑡)

𝑐⟨ℎ⟩𝑤 · 𝑛 = (𝑐𝑤 · 𝑛, ⟨ℎ⟩)𝜕Ω𝑣(𝑡).

Second, we will address the former term in combination with other terms from (7.9). To this end, denote by
𝑢̂𝑣 = (⟨𝑢𝑣,𝑠⟩, 0, 0). Note by the definition of 𝑎ref , the cross-section, and perimeter averages, and by adding and
subtracting, that,

𝑎ref(𝑐, ℎ)− (𝑐𝑤,∇ℎ)Ω𝑣(𝑡) = (𝐷𝑣𝜕𝑠𝑐, 𝜕𝑠ℎ)Ω𝑣(𝑡) + (𝜉𝑐, ℎ)Γ(𝑡) − (𝑢𝑣𝑐,∇ℎ)Ω𝑣(𝑡)

= (𝐷𝑣𝐴𝜕𝑠𝑐, ⟨𝜕𝑠ℎ⟩)Λ + (𝜉𝑃𝑐, ℎ)Λ − (𝑢𝑣𝑐,∇ℎ)Ω𝑣(𝑡)

= (𝐷𝑣𝐴𝜕𝑠𝑐, ⟨𝜕𝑠ℎ⟩)Λ + (𝜉𝑃𝑐, ℎ)Λ − ((𝑢𝑣 − 𝑢̂𝑣)𝑐,∇ℎ)Ω𝑣(𝑡) − (𝐴⟨𝑢𝑣,𝑠⟩𝑐, ⟨𝜕𝑠ℎ⟩)Λ.
(7.11)
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We proceed by returning to the weak formulation of the coupled 3D–1D problem (4.20b) with 𝑣 = ⟨ℎ⟩ ∈ 𝐻1
𝐴(Λ).

We now invoke the assumption that 𝑤𝑐 = 1; then 𝑔𝑠 = 0 and 𝑤𝑐 = 1. Let 𝑢̂ = ⟨𝑢𝑣,𝑠⟩. Then, (4.20b), after
combining time-integration terms, gives that

(𝜕𝑡(𝐴𝑐), ⟨ℎ⟩)Λ + (𝐷𝑣𝐴𝜕𝑠𝑐, 𝜕𝑠⟨ℎ⟩)Λ − (𝐴𝑢̂𝑐, 𝜕𝑠⟨ℎ⟩)Λ + (𝜉𝑃 (𝑐− 𝑐), ⟨ℎ⟩)Λ = (𝐴⟨𝑓𝑣⟩, ⟨ℎ⟩)Λ. (7.12)

Observe that2

𝐴𝜕𝑠⟨ℎ⟩ = 𝜕𝑠(𝐴⟨ℎ⟩)− ⟨ℎ⟩𝜕𝑠𝐴 = 𝐴⟨𝜕𝑠ℎ⟩+
∫︁

𝜕Θ2

(ℎ− ⟨ℎ⟩)𝜕𝑠𝑅2 −
∫︁

𝜕Θ1

(ℎ− ⟨ℎ⟩)𝜕𝑠𝑅1. (7.13)

Using (7.13) and (7.11) in (7.12), we obtain:

(𝜕𝑡(𝐴𝑐), ⟨ℎ⟩)Λ + 𝑎ref(𝑐, ℎ)− (𝑐𝑤,∇ℎ)Ω𝑣(𝑡) = −((𝑢𝑣 − 𝑢̂𝑣)𝑐,∇ℎ)Ω𝑣(𝑡) + ℓ(ℎ)− ℓ1(ℎ), (7.14)

where we have introduced the short-hand

ℓ(ℎ) =
∫︁

Λ

𝜉𝑃𝑐 ℎ+
∫︁

Λ

𝐴⟨𝑓𝑣⟩⟨ℎ⟩ = (𝜉𝑐, ℎ)Γ + (⟨𝑓𝑣⟩, ℎ)Ω𝑣
,

ℓ1(ℎ) =
∫︁

Λ

(−𝐷𝑣𝜕𝑠𝑐+ 𝑐𝑢̂)
(︂∫︁

𝜕Θ1

(ℎ− ⟨ℎ⟩)𝜕𝑠𝑅1 −
∫︁

𝜕Θ2

(ℎ− ⟨ℎ⟩)𝜕𝑠𝑅2

)︂
− (𝜉(⟨ℎ⟩ − ℎ̄), 𝑐− 𝑐)Γ(𝑡).

Collecting all the above expressions in (7.9) yields:∫︁ 𝑇

0

‖𝑒‖2𝐿2(Ω𝑣(𝑡)) =
∫︁ 𝑇

0

((𝑢𝑣 − 𝑢̂𝑣)𝑐,∇ℎ)Ω𝑣(𝑡) −
∫︁ 𝑇

0

(𝑐𝑤 · 𝑛, ℎ− ⟨ℎ⟩)𝜕Ω𝑣(𝑡)

+
∫︁ 𝑇

0

(ℓref(ℎ)− ℓ(ℎ)) +
∫︁ 𝑇

0

ℓ1(ℎ) + (𝑒(0), ℎ(0))Ω𝑣(0) :=
5∑︁

𝑖=1

𝑊𝑖. (7.15)

Step III. We now bound each term 𝑊𝑖 (𝑖 = 1, . . . , 5) on the right-hand side of (7.15). For brevity, we omit
the time-dependence of the domains in the notation in the below. For 𝑊1, write

𝑊1 =
∫︁ 𝑇

0

((0, 𝑢𝑣,𝑟, 𝑢𝑣,𝜃)𝑐,∇ℎ)Ω𝑣 +
∫︁ 𝑇

0

(𝑢𝑣,𝑠 − ⟨𝑢𝑣,𝑠⟩)𝑐𝜕𝑠ℎ = 𝑊1,1 +𝑊1,2.

An application of Hölder’s inequality yields

𝑊1,1 ≡
∫︁ 𝑇

0

((0, 𝑢𝑣,𝑟, 𝑢𝑣,𝜃)𝑐,∇ℎ)Ω𝑣 ≤
∫︁ 𝑇

0

(‖𝑢𝑣,𝑟‖𝐿∞(Ω𝑣) + ‖𝑢𝑣,𝜃‖𝐿∞(Ω𝑣))‖𝑐‖𝐿2(Ω𝑣)‖ℎ‖𝐻1(Ω𝑣).

For 𝑊1,2, with Hölder’s and Poincaré’s inequality (6.5), we have that

𝑊1,2 =
∫︁ 𝑇

0

∫︁
Λ

𝑐

∫︁
Θ

(𝑢𝑣,𝑠 − ⟨𝑢𝑣,𝑠⟩)𝜕𝑠ℎ ≤
∫︁ 𝑇

0

∫︁
Λ

|𝑐|‖𝑢𝑣,𝑠 − ⟨𝑢𝑣,𝑠⟩‖𝐿2(Θ)‖𝜕𝑠ℎ‖𝐿2(Θ)

≤ 𝐾𝑝

∫︁ 𝑇

0

∫︁
Λ

|𝑐|𝜖(𝑠, 𝑡)‖∇𝑢𝑣,𝑠‖𝐿2(Θ)‖𝜕𝑠ℎ‖𝐿2(Θ)

= 𝐾𝑝

∫︁ 𝑇

0

∫︁
Λ

𝜖(𝑠, 𝑡)𝑃−1/2‖𝑐‖𝐿2(𝜕Θ2)‖∇𝑢𝑣,𝑠‖𝐿2(Θ)‖𝜕𝑠ℎ‖𝐿2(Θ).

2With Leibniz integration rule, we have

𝜕𝑠(𝐴⟨ℎ⟩) = 𝜕𝑠

(︂∫︁ 𝑅2

𝑅1

∫︁ 2𝜋

0
ℎ𝑟 d𝑟 d𝜃

)︂
=

∫︁ 𝑅2

𝑅1

∫︁ 2𝜋

0
𝜕𝑠ℎ𝑟 +

∫︁ 2𝜋

0
(ℎ(𝑅2)𝑅2𝜕𝑠𝑅2 − ℎ(𝑅1)𝑅1𝜕𝑠𝑅1)

= 𝐴⟨𝜕𝑠ℎ⟩+

∫︁

𝜕Θ2

ℎ𝜕𝑠𝑅2 −
∫︁

𝜕Θ1

ℎ𝜕𝑠𝑅1.
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Thus, with Hölder’s inequality and the assumption that the vessel area and outer perimeter are both bounded
in terms of 𝜖 but with (implicit) inequality constants independent of Ω𝑣,Ω𝑠 (6.4),

𝑊1,2 . 𝐾𝑝

∫︁ 𝑇

0

𝜖1/2
max

(︂
max
𝑠∈Λ
‖∇𝑢𝑣,𝑠‖𝐿2(Θ)

)︂
‖𝑐‖𝐿2(Γ)‖ℎ‖𝐻1(Ω𝑣). (7.16)

Hence, with Hölder’s inequality again, we obtain the following for 𝑊1:

𝑊1 = 𝑊1,1 +𝑊1,2 . 𝐾𝑝 𝜖
1/2
max max

𝑠∈Λ,𝑡∈[0,𝑇 ]
‖𝑢𝑣,𝑠‖𝐻1(Θ)‖𝑐‖𝐿2(0,𝑇 ;𝐿2(Γ))‖ℎ‖𝐿2(0,𝑇 ;𝐻1(Ω𝑣))

+(‖𝑢𝑣,𝑟‖𝐿∞(0,𝑇 ;𝐿∞(Ω𝑣)) + ‖𝑢𝑣,𝜃‖𝐿∞(0,𝑇 ;𝐿∞(Ω𝑣)))‖𝑐‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣))‖ℎ‖𝐿2(0,𝑇 ;𝐻1(Ω𝑣)). (7.17)

Continuing, we bound 𝑊2 and 𝑊4 by first obtaining a bound on ‖𝑣 − ⟨𝑣⟩‖𝐿2(Γ) for any 𝑣 ∈ 𝐻1(Ω𝑣). First
note that

‖⟨𝑣⟩ − 𝑣‖2𝐿2(𝜕Θ) =
∫︁

𝜕Θ

(⟨𝑣⟩ − 𝑣)(⟨𝑣⟩ − 𝑣) =
∫︁

𝜕Θ

(⟨𝑣⟩ − 𝑣)(⟨𝑣⟩ − 𝑣) +
∫︁

𝜕Θ

(𝑣 − 𝑣)(⟨𝑣⟩ − 𝑣)

=
∫︁

𝜕Θ

(⟨𝑣⟩ − 𝑣)(⟨𝑣⟩ − 𝑣) ≤ ‖⟨𝑣⟩ − 𝑣‖𝐿2(𝜕Θ)‖⟨𝑣⟩ − 𝑣‖𝐿2(𝜕Θ).

Using this observation, the trace inequality (6.7), and Poincaré’s inequality (6.5), we have that for any 𝑣 ∈ 𝐻1(Θ)

‖⟨𝑣⟩ − 𝑣‖𝐿2(𝜕Θ) ≤ ‖⟨𝑣⟩ − 𝑣‖𝐿2(𝜕Θ)

≤ 𝐾tr

(︁
𝜖(𝑠, 𝑡)−1/2‖⟨𝑣⟩ − 𝑣‖𝐿2(Θ) + 𝜖(𝑠, 𝑡)1/2‖∇𝑣‖𝐿2(Θ)

)︁
≤ 𝐾tr(𝐾𝑝 + 1)𝜖1/2

max‖∇𝑣‖𝐿2(Θ).(7.18)

With Cauchy–Schwarz inequality, we have that:

𝑊2 +𝑊4 =
∫︁ 𝑇

0

(𝑐𝑤 · 𝑛, ℎ− ⟨ℎ⟩)𝜕Ω𝑣
+
∫︁ 𝑇

0

ℓ1(ℎ)

≤
∫︁ 𝑇

0

(‖𝑤‖𝐿∞(Ω)‖𝑐‖𝐿2(𝜕Ω𝑣) + 𝜖𝑠‖𝐷𝑣𝜕𝑠𝑐+ 𝑐𝑢̂‖𝐿2(𝜕Ω𝑣) + ‖𝜉(𝑐− 𝑐)‖𝐿2(Γ))‖⟨ℎ⟩ − ℎ‖𝐿2(𝜕Ω𝑣)

≤ 𝐾tr(𝐾𝑝 + 1)𝜖1/2
max

∫︁ 𝑇

0

(‖𝑤‖𝐿∞(Ω)‖𝑐‖𝐿2(𝜕Ω𝑣) + 𝜖𝑠‖𝐷𝑣𝜕𝑠𝑐+ 𝑐𝑢̂‖𝐿2(𝜕Ω𝑣) + ‖𝜉(𝑐− 𝑐)‖𝐿2(Γ))‖ℎ‖𝐻1(Ω𝑣)

. 𝐾tr(𝐾𝑝 + 1)(𝜖1/2
max‖𝑤‖𝐿∞(0,𝑇 ;𝐿∞(Ω))‖𝑐‖𝐿2(0,𝑇 ;𝐿2(𝜕Ω𝑣)) + 𝜖𝑠‖𝐷𝑣𝜕𝑠𝑐+ 𝑐𝑢̂‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣))

+ 𝜖1/2
max‖𝜉(𝑐− 𝑐)‖𝐿2(0,𝑇 ;𝐿2(Γ)))‖ℎ‖𝐿2(0,𝑇 ;𝐻1(Ω𝑣)).

In the above, we used that 𝜖1/2
max‖𝐷𝑣𝜕𝑠𝑐 + 𝑐𝑢̂‖𝐿2(𝜕Ω𝑣) . ‖𝐷𝑣𝜕𝑠𝑐 + 𝑐𝑢̂‖𝐿2(Ω𝑣). This follows from the observation

that 𝐷𝑣, 𝑐, and 𝑢̂ are uniform on each cross-section and from (6.3).
Consider now the definition of 𝑊3 in combination with Cauchy–Schwarz:

𝑊3 =
∫︁ 𝑇

0

(𝜉(𝑐𝑠 − 𝑐), ℎ)Γ + (𝑓𝑣 − ⟨𝑓𝑣⟩, ℎ)Ω𝑣

≤
∫︁ 𝑇

0

‖𝜉1/2(𝑐𝑠 − 𝑐)‖𝐿2(Γ)‖𝜉1/2ℎ‖𝐿2(Γ) + ‖𝑓𝑣 − ⟨𝑓𝑣⟩‖𝐿2(Ω𝑣)‖ℎ‖𝐿2(Ω𝑣).

(7.19)

For the first integrand term of the previous line, we may use the observation that ‖𝑐‖𝐿2(Γ) = ‖𝑐‖𝐿2
𝑃 (Λ) ≤ ‖𝑐‖𝐿2(Γ)

and the trace Lemma 6.4 over Ω𝑠.

‖𝜉1/2(𝑐𝑠 − 𝑐)‖𝐿2(Γ) ≤ 𝐾Γ(𝜖max| ln 𝜖max|)1/2‖𝜉‖1/2
𝐿∞(Γ)(‖𝑐𝑠‖𝐻1(Ω𝑠) + ‖𝑐‖𝐻1(Ω𝑠)).



THE MODELLING ERROR IN MULTI-DIMENSIONAL TIME-DEPENDENT SOLUTE TRANSPORT MODELS 1711

For the last integrand in (7.19), we use the Poincaré inequality (6.5). Combining with Hölder’s inequality, we
obtain

𝑊3 ≤ 𝐾Γ(𝜖max| ln 𝜖max|)1/2‖𝜉‖1/2
𝐿∞(Γ)

(︀
‖𝑐𝑠‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠)) + ‖𝑐‖𝐿2(0,𝑇 ;𝐻1(Ω))

)︀
‖𝜉1/2ℎ‖𝐿2(0,𝑇 ;𝐿2(Γ))

+𝐾𝑝𝜖max‖𝑓𝑣‖𝐿2(0,𝑇 ;𝐻1(Ω𝑣))‖ℎ‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣)).

Alternatively, if the sharper bound (7.7) holds, we then first use the triangle inequality for bounding the first
term in (7.19):

‖𝜉1/2(𝑐𝑠 − 𝑐)‖𝐿2(Γ) ≤ ‖𝜉1/2(𝑐𝑠 − 𝑐𝑠)‖𝐿2(Γ) + ‖𝜉1/2(𝑐𝑠 − 𝑐)‖𝐿2(Γ),

and then a Stekloff-type inequality along with the boundedness of the extension operator ℰ (6.8), giving:

‖𝑐𝑠 − 𝑐𝑠‖2𝐿2(Γ) =
∫︁

Λ

‖ℰ𝑐𝑠 − ℰ𝑐𝑠‖2𝐿2(𝜕Θ2)
≤ 𝐾st𝜖max

∫︁
Λ

‖∇ℰ𝑐𝑠‖2𝐿2(Θ2)
≤ 𝐾st𝐾ℰ𝜖max‖𝑐𝑠‖2𝐻1(Ω𝑠).

Then 𝑊3 can instead be bounded by:

𝑊3 . (𝐾st𝐾ℰ + 1)𝜖1/2
max‖𝑐𝑠‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠))‖𝜉ℎ‖𝐿2(0,𝑇 ;𝐿2(Γ))

+𝐾𝑝𝜖max‖𝑓𝑣‖𝐿2(0,𝑇 ;𝐻1(Ω𝑣(𝑡)))‖ℎ‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣(𝑡))).

The term 𝑊5 involving the modelling error associated with the initial condition is handled by the Poincaré
inequality (6.5), and that 𝑐(0) = ⟨𝑐𝑣(0)⟩:

‖(𝑐𝑣 − 𝑐)(0)‖2𝐿2(Ω𝑣(0)) =
∫︁

Λ

∫︁
Θ

(𝑐𝑣(0)− 𝑐(0))2 ≤ 𝐾𝑝𝜖
2
max

∫︁
Λ

‖∇𝑐𝑣(0)‖2𝐿2(Θ)

= 𝐾𝑝𝜖
2
max‖∇𝑐𝑣(0)‖2𝐿2(Ω𝑣(0)).

This implies that
𝑊5 ≤ 𝐾𝑝𝜖max‖∇𝑐𝑣(0)‖2𝐿2(Ω𝑣(0))‖ℎ(0)‖𝐿2(Ω𝑣(0)). (7.20)

Collecting all the above bounds in (7.15) and using (7.2) yields the estimate. The proof of the boundedness of
𝐶1 and 𝐶2 by a constant 𝐾 independent of 𝜖max is given in the Appendix, Section A.1. �

7.3. Model error introduced in the surrounding 3D domain

In this subsection, we study the error introduced in the model derivation of the extended transport
model (Sect. 4.4). In particular, we aim to study the difference (𝑐𝑠 − 𝑐) between the reference solution
𝑐𝑠 ∈ 𝐿2(0, 𝑇 ;𝐻1

𝜕Ω(Ω𝑠(𝑡))) satisfying the weak solute transport equations defined over Ω𝑠(𝑡) (3.11) and the
reduced (or perhaps more aptly, extended) solution 𝑐 ∈ 𝐿2(0, 𝑇 ;𝐻1

0 (Ω)) satisfying the weak solute transport
equations defined over Ω (4.17). Here, we will assume that ℰ𝐷𝑠 ∈ 𝐿∞(0, 𝑇 ;𝐿∞(Ω,R3×3)) with a uniform
ellipticity constant 𝜈 > 0.

We start by recalling the relevant equations and that 𝑢̃𝑠 = 𝑢𝑠 −𝑤, we have that 𝑐𝑠 and 𝑐 satisfy

⟨𝑐̇𝑠, 𝜑⟩𝐻−1(Ω𝑠(𝑡)) +
∫︁

Ω𝑠(𝑡)

(∇ ·𝑤𝑐𝑠𝜑+𝐷𝑠∇𝑐𝑠 · ∇𝜑− (𝑢̃𝑠𝑐𝑠) · ∇𝜑)

+
∫︁

Γ(𝑡)

𝜉(𝑐𝑠 − 𝑐𝑣)𝜑 =
∫︁

Ω𝑠(𝑡)

𝑓𝑠𝜑 ∀𝜑 ∈ 𝐻1
𝜕Ω(Ω𝑠(𝑡)), (7.21)

and ∫︁
Ω

𝜕𝑡𝑐𝜑+
∫︁

Ω

(ℰ𝐷𝑠∇𝑐 · ∇𝜑− (ℰ𝑢𝑠𝑐) · ∇𝜑) +
∫︁

Γ(𝑡)

𝜉(𝑐− 𝑐)𝜑 =
∫︁

Ω

ℰ𝑓𝑠𝜑 ∀𝜑 ∈ 𝐻1
0 (Ω). (7.22)
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In (7.22), the Eulerian derivative is used since now 𝜕Ω is independent of 𝑡. In (7.22), we used that∫︁
Λ

𝜉𝑃 (𝑐− 𝑐)𝜑 =
∫︁

Γ(𝑡)

𝜉(𝑐− 𝑐)𝜑. (7.23)

As a step on the way towards quantifying 𝑐𝑠 − 𝑐 over the whole domain, we introduce an intermediate solution
𝑐𝑟 solving (7.22) but without the coupling terms and aim to bound (𝑐𝑠 − 𝑐𝑟) and (𝑐𝑟 − 𝑐). More precisely, let
𝑐𝑟 ∈ 𝐿2(0, 𝑇 ;𝐻1

0 (Ω)) with 𝑐𝑟(0) = 𝑐(0) = ℰ𝑐𝑠(0) solve∫︁
Ω

𝜕𝑡𝑐𝑟𝜑+
∫︁

Ω

ℰ𝐷𝑠∇𝑐𝑟 · ∇𝜑− (ℰ𝑢𝑠𝑐𝑟) · ∇𝜑 =
∫︁

Ω

ℰ𝑓𝑠𝜑 (7.24)

for all 𝑡 > 0 and for all 𝜑 ∈ 𝐻1
0 (Ω). From standard parabolic regularity results, see e.g. Chapter 7 in [19], and

from the continuity of the extension operator (6.8), we have for a convex domain Ω that:

‖𝜕𝑡𝑐𝑟‖𝐿2(0,𝑇 ;𝐿2(Ω)) + ‖𝑐𝑟‖𝐿2(0,𝑇 ;𝐻2(Ω)) ≤ 𝐾(‖ℰ𝑓𝑠‖𝐿2(0,𝑇 ;𝐿2(Ω)) + ‖𝑐𝑟(0)‖𝐻1(Ω))
≤ 𝐾𝑟(‖𝑓𝑠‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠(𝑡))) + ‖𝑐𝑠(0)‖𝐻1(Ω𝑠(0))). (7.25)

Here 𝐾𝑟 depends on ℰ𝐷𝑠, ℰ𝑢𝑠, and the final time 𝑇 . We proceed by first bounding 𝑐 − 𝑐𝑟 in Lemma 7.2, and
then consider 𝑐𝑟 − 𝑐𝑠 and 𝑐− 𝑐𝑠 in Lemma 7.2.

Lemma 7.2 (Estimating 𝑐− 𝑐𝑟). For 𝑐 and 𝑐𝑟 defined by (7.22) and (7.24) respectively, there holds that

‖𝑐− 𝑐𝑟‖𝐿∞(0,𝑇 ;𝐿2(Ω)) ≤ 𝐾𝑒1𝜖
1/2
max| ln 𝜖max|1/2

(︁
‖𝑐‖𝐿2(0,𝑇 ;𝐻1(Ω)) + ‖𝜉1/2𝑐‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡)))

)︁
, (7.26)

where 𝜖max is the maximal vessel cross-section diameter as defined by (6.1) and 𝐾𝑒1 depends on 𝑇 , 𝜈−1/2, and
𝑢𝑠, but not on 𝜖max.

Proof. Define 𝑒1 ≡ 𝑐 − 𝑐𝑟. Subtracting (7.24) from (7.22), choosing 𝜑 = 𝑒1, integrating over time, and using
standard arguments, we obtain:

‖𝑒1(𝑡)‖2𝐿2(Ω) +
𝜈

2
‖∇𝑒1‖2𝐿2(0,𝑡;𝐿2(Ω)) ≤

1
2𝜈
‖ℰ𝑢𝑠‖2𝐿∞(0,𝑇 ;𝐿∞(Ω))‖𝑒1‖

2
𝐿2(0,𝑡;𝐿2(Ω))

+‖𝜉1/2(𝑐− 𝑐)‖𝐿2(0,𝑡;𝐿2(Γ(𝑡)))‖𝜉1/2𝑒1‖𝐿2(0,𝑡;𝐿2(Γ(𝑡))) ≡ 𝐿1 + 𝐿2.

For the last term 𝐿2, we use the trace inequality over Ω𝑠 (Lem. 6.4) since 𝑒1 = 𝑐 − 𝑐𝑟 ∈ 𝐿2(0, 𝑇 ;𝐻1
0 (Ω)) and

thus 𝑒1 ∈ 𝐿2(0, 𝑇 ;𝐻1(Ω𝑠(𝑡))). Along with Young’s inequality, we derive

𝐿2 ≤ 𝐾Γ𝜖
1/6
max‖𝜉1/2‖𝐿∞(0,𝑇 ;𝐿∞(Γ(𝑡)))‖𝜉1/2(𝑐− 𝑐)‖𝐿2(0,𝑡;𝐿2(Γ(𝑡)))‖𝑒1‖𝐿2(0,𝑡;𝐻1(Ω𝑠(𝑡)))

≤ 𝐾2
Γ

(︂
1
𝜈

+ 1
)︂
‖𝜉‖𝐿∞(0,𝑇 ;𝐿∞(Γ(𝑡)))‖𝜉1/2(𝑐− 𝑐)‖2𝐿2(0,𝑇 ;𝐿2(Γ(𝑡)))𝜖max| ln 𝜖max|

+
𝜈

4
‖∇𝑒1‖2𝐿2(0,𝑡;𝐿2(Ω)) +

1
4
‖𝑒1‖2𝐿2(0,𝑡;𝐿2(Ω)).

The first term in the last line above can be further bounded as follows:

‖𝜉1/2(𝑐− 𝑐)‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))) ≤ ‖𝜉1/2𝑐‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))) + ‖𝜉1/2𝑐‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡)))

≤ 𝐾Γ𝜖
1/2
max| ln 𝜖max|1/2‖𝜉‖1/2

𝐿∞(0,𝑇 ;𝐿∞(Γ))‖𝑐‖𝐿2(0,𝑇 ;𝐻1(Ω)) + ‖𝜉1/2𝑐‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))).

(7.27)
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The above holds by first noting that ‖𝑐‖𝐿2(Γ(𝑡)) = ‖𝑐‖𝐿2
𝑃 (Λ) and then using Jensen’s inequality as in (4.21)

followed by Lemma 6.4 and Ω𝑠 ⊂ Ω. With the above and using 𝜖max . 1, we obtain that

‖𝑒1(𝑡)‖2𝐿2(Ω) +
1
4
‖𝐷1/2

𝑠 ∇𝑒1‖2𝐿2(0,𝑡;𝐿2(Ω)) .
1
2

(︂
1
2

+
1
𝜈
‖ℰ𝑢𝑠‖2𝐿∞(0,𝑇 ;𝐿∞(Ω))

)︂
‖𝑒1‖2𝐿2(0,𝑡;𝐿2(Ω))

+𝜖max| ln 𝜖max|(‖𝑐‖𝐿2(0,𝑇 ;𝐻1(Ω)) + ‖𝜉1/2𝑐‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))))2.

With Grönwall’s inequality, we can conclude the result. �

Proposition 7.2 (Model error in the surroundings). Assume that Ω is convex. Let 𝑐𝑣, 𝑐𝑠 be the weak solutions of
the coupled 3D–3D transport problem (3.11), and 𝑐, 𝑐 be the weak solutions of the reduced 3D–1D problem (4.20)
with 𝑤𝑐 = 1. Then, there holds that

‖𝑐𝑠 − 𝑐‖𝐿2(0,𝑇 ;𝐿2(Ω𝑠(𝑡))) . 𝑁1

(︁
(1 + ‖𝑢𝑠‖𝐿∞(0,𝑇 ;𝐻2(Ω𝑠(𝑡))))𝜖2/3

max + 𝜖max| ln 𝜖max|
)︁

+𝑁2(𝜖max| ln 𝜖max|)1/2. (7.28)

Here, 𝑁1 and 𝑁2 are given by:

𝑁1 = ‖𝑓𝑠‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠(𝑡))) + ‖𝑐𝑠(0)‖𝐻1(Ω𝑠(0)),

𝑁2 = ‖𝜉1/2𝑐𝑣‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))) + ‖𝑐‖𝐿2(0,𝑇 ;𝐻1(Ω)) + ‖𝜉1/2𝑐‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))).

In addition, 𝑁2 is bounded independently of 𝜖max.

Proof. Considering Lemma 7.2, it suffices to estimate ‖𝑐𝑠 − 𝑐𝑟‖𝐿2(0,𝑇 ;𝐿2(Ω𝑠(𝑡))) as the final result follows by the
triangle inequality. The derivation also follows by duality arguments. Define 𝜓 as the solution of the following
backward-in-time problem: find 𝜓 ∈ 𝐿2(0, 𝑇 ;𝐻1

𝜕Ω(Ω𝑠(𝑡))) with 𝜓̇ ∈ 𝐿2(0, 𝑇 ;𝐻−1(Ω𝑠(𝑡))) and 𝜓(𝑇 ) = 0 in Ω𝑠(𝑇 )
such that for a.e. 𝑡 in (0, 𝑇 ) and for all 𝑣 ∈ 𝐻1

𝜕Ω(Ω𝑠(𝑡)):

−⟨𝜓̇, 𝑣⟩𝐻−1(Ω𝑠(𝑡)) + (𝐷𝑠∇𝜓,∇𝑣)Ω𝑠(𝑡) + (𝜉𝜓, 𝜑)Γ(𝑡) − (𝑢̃𝑠 · ∇𝜓, 𝑣)Ω𝑠(𝑡) = (𝑐𝑠 − 𝑐𝑟, 𝑣)Ω𝑠(𝑡). (7.29)

Then, using similar arguments as in Lemma 7.1, we have

‖𝜓‖𝐿∞(0,𝑇 ;𝐿2(Ω𝑠(𝑡))) + 𝜈‖∇𝜓‖𝐿2(0,𝑇 ;𝐿2(Ω𝑠(𝑡))) + ‖𝜉1/2𝜓‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡)))

≤ 𝐾
(︀
1 + ‖∇ ·𝑤‖𝐿∞(0,𝑇 ;𝐿∞(Ω)) + ‖𝑢̃𝑠‖𝐿∞(0,𝑇 ;𝐿∞(Ω𝑠(𝑡)))

)︀
‖𝑐𝑠 − 𝑐𝑟‖𝐿2(0,𝑇 ;𝐿2(Ω𝑠(𝑡))). (7.30)

Testing (7.29) with 𝑣 = 𝑒 ≡ 𝑐𝑟 − 𝑐𝑠 ∈ 𝐻1
𝜕Ω(Ω𝑠(𝑡)) for a.e. 𝑡, integrating from 0 to 𝑇 , using the integration by

parts rule Corollary 2.41 in [3], and using that (𝑐𝑟 − 𝑐𝑠)(0) = 0 in Ω𝑠(0) and 𝜓(𝑇 ) = 0 in Ω𝑠(𝑇 ) yield

𝐿 =
∫︁ 𝑇

0

‖𝑐𝑟 − 𝑐𝑠‖2𝐿2(Ω𝑠(𝑡)) =
∫︁ 𝑇

0

⟨𝑒̇, 𝜓⟩𝐻−1(Ω𝑠(𝑡)) + (𝑒𝜓,∇ ·𝑤)Ω𝑠(𝑡) + (𝐷𝑠∇𝜓,∇𝑒)Ω𝑠(𝑡)

+(𝜉𝜓, 𝑒)Γ(𝑡) − (𝑒(𝑢𝑠 −𝑤),∇𝜓)Ω𝑠(𝑡) d𝑡.

Next, we expand 𝑒 = 𝑐𝑟−𝑐𝑠, replace 𝜓 by ℰ𝜓 its extension from Ω𝑠(𝑡) to Ω, use the equations for the weak solution
𝑐𝑠 recalled in (7.21) (with 𝑢𝑠 −𝑤 = 𝑢̃𝑠), the relation between the material and partial time derivative (3.6) in
combination with the product rule to find:

𝐿 ≡
∫︁ 𝑇

0

(𝜕𝑡𝑐𝑟, ℰ𝜓)Ω𝑠(𝑡) + (ℰ𝜓,∇ · (𝑐𝑟𝑤))Ω𝑠(𝑡) + (𝐷𝑠∇(ℰ𝜓),∇𝑐𝑟)Ω𝑠(𝑡)

−((𝑢𝑠 −𝑤)𝑐𝑟,∇ℰ𝜓)Ω𝑠(𝑡) − (𝑓𝑠, 𝜓)Ω𝑠(𝑡) + (𝜉(𝑐𝑟 − 𝑐𝑣), 𝜓)Γ(𝑡) d𝑡.



1714 R. MASRI ET AL.

Now, we use the definition of 𝑐𝑟 (7.24), expand terms involving 𝑤 and use integration by parts to be left with
terms over Ω𝑣 and Γ:

𝐿 =
∫︁ 𝑇

0

−(𝜕𝑡𝑐𝑟, ℰ𝜓)Ω𝑣(𝑡) − (ℰ𝐷𝑠∇(ℰ𝜓),∇𝑐𝑟)Ω𝑣(𝑡) + (ℰ𝑢𝑠𝑐𝑟,∇ℰ𝜓)Ω𝑣(𝑡) + (ℰ𝑓, ℰ𝜓)Ω𝑣(𝑡) d𝑡

+
∫︁ 𝑇

0

(𝜓, 𝑐𝑟𝑤 · 𝑛)Γ(𝑡) + (𝜉(𝑐𝑟 − 𝑐𝑣), 𝜓)Γ(𝑡) d𝑡 ≡ 𝑇1 + . . .+ 𝑇6.

Our next task is to bound each term 𝑇𝑖 for 𝑖 = 1, . . . , 6. Hereinafter, we omit writing 𝑡 for the sake of brevity.
To bound 𝑇1, we first apply Cauchy–Schwarz inequality to have that

𝑇1 ≤ ‖𝜕𝑡𝑐𝑟‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣))‖ℰ𝜓‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣)).

With Hölder’s inequality, a Sobolev embedding, and the continuity of the extension operator (6.8), we obtain

‖ℰ𝜓‖𝐿2(Ω𝑣) ≤ |Ω𝑣|1/3‖ℰ𝜓‖𝐿6(Ω𝑣) ≤ |Ω𝑣|1/3‖ℰ𝜓‖𝐿6(Ω)

≤ 𝐾|Ω𝑣|1/3‖ℰ𝜓‖𝐻1(Ω) ≤ 𝐾|Ω𝑣|1/3‖𝜓‖𝐻1(Ω𝑠). (7.31)

In the above bound, 𝐾 depends on Ω but not on Ω𝑣. Hence,

𝑇1 ≤ 𝐾 max
𝑡∈[0,𝑇 ]

|Ω𝑣|1/3‖𝜕𝑡𝑐𝑟‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣))‖𝜓‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠)). (7.32)

To handle 𝑇2, we use a similar approach. Since 𝑐𝑟 ∈ 𝐿2(0, 𝑇 ;𝐻2(Ω)), ∇𝑐𝑟 ∈ 𝐿2(0, 𝑇 ;𝐻1(Ω)3), a continuous
Sobolev embedding yields:

‖∇𝑐𝑟‖𝐿𝑞(Ω) ≤ 𝐾‖∇𝑐𝑟‖𝐻1(Ω), 𝑞 ∈ [1, 6]. (7.33)

Hence, with Hölder’s inequality and the above bound (7.33), we have

‖∇𝑐𝑟‖𝐿2(Ω𝑣) ≤ |Ω𝑣|1/3‖∇𝑐𝑟‖𝐿6(Ω𝑣) ≤ |Ω𝑣|1/3‖∇𝑐𝑟‖𝐿6(Ω) ≤ 𝐾|Ω𝑣|1/3‖𝑐𝑟‖𝐻2(Ω).

Then, with the continuity of ℰ (6.8), it follows that

𝑇2 ≤ ‖ℰ𝐷𝑠∇ℰ𝜓‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣))‖∇𝑐𝑟‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣))

≤ 𝐾 max
𝑡∈[0,𝑇 ]

|Ω𝑣|1/3‖𝜓‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠))‖𝑐𝑟‖𝐿2(0,𝑇 ;𝐻2(Ω)),

where 𝐾 depends on ℰ𝐷𝑠 and again Ω, but not on Ω𝑣.
For 𝑇3, we again use similar arguments as for 𝑇1 cf. (7.31) to obtain that

‖𝑐𝑟‖𝐿2(Ω𝑣) ≤ |Ω𝑣|1/3‖𝑐𝑟‖𝐿6(Ω𝑣) ≤ |Ω𝑣|1/3‖𝑐𝑟‖𝐿6(Ω) ≤ 𝐾|Ω𝑣|1/3‖𝑐𝑟‖𝐻1(Ω).

Further, by the Sobolev embedding 𝐻2(Ω) ⊂ 𝐿∞(Ω), the following bound holds

𝑇3 ≤ 𝐾 max
𝑡∈[0,𝑇 ]

|Ω𝑣|1/3‖ℰ𝑢𝑠‖𝐿∞(0,𝑇 ;𝐿∞(Ω))‖𝑐𝑟‖𝐿2(0,𝑇 ;𝐻1(Ω))‖ℰ𝜓‖𝐿2(0,𝑇 ;𝐻1(Ω𝑣))

≤ 𝐾 max
𝑡∈[0,𝑇 ]

|Ω𝑣|1/3‖ℰ𝑢𝑠‖𝐿∞(0,𝑇 ;𝐻2(Ω))‖𝑐𝑟‖𝐿2(0,𝑇 ;𝐻1(Ω))‖𝜓‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠))

≤ 𝐾 max
𝑡∈[0,𝑇 ]

|Ω𝑣|1/3‖𝑢𝑠‖𝐿∞(0,𝑇 ;𝐻2(Ω𝑠))‖𝑐𝑟‖𝐿2(0,𝑇 ;𝐻1(Ω))‖𝜓‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠)).

With (7.31), the term 𝑇4 is bounded as follows.

𝑇4 ≤ ‖ℰ𝑓𝑠‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣))‖ℰ𝜓‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣))

≤ 𝐾 max
𝑡∈[0,𝑇 ]

|Ω𝑣|2/3‖𝑓𝑠‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠))‖𝜓‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠)).
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For the remaining 𝑇5 and 𝑇6, we use Cauchy–Schwarz and the trace inequality over Ω𝑠 (Lem. 6.4, (6.16)) to
arrive at

𝑇5 ≤ ‖𝑤‖𝐿∞(0,𝑇 ;𝐿∞(Γ))‖𝑐𝑟‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡)))‖𝜓‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡)))

≤ 𝐾𝜖max| ln 𝜖max|‖𝑐𝑟‖𝐿2(0,𝑇 ;𝐻1(Ω))‖𝜓‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠(𝑡))),

and

𝑇6 ≤ 𝐾𝜖1/2
max| ln 𝜖max|1/2‖𝜉1/2(𝑐𝑟 − 𝑐𝑣)‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡)))‖𝜓‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠(𝑡)))

≤ 𝐾𝜖1/2
max| ln 𝜖max|1/2(‖𝜉1/2𝑐𝑣‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))) + 𝜖1/2

max| ln 𝜖max|1/2‖𝑐𝑟‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠(𝑡))))
× ‖𝜓‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠(𝑡))).

Now, having bounded 𝑇1, . . . , 𝑇6, we use the regularity bound of the backward in time problem (7.30) a nd
that |Ω𝑣(𝑡)| ≤ 𝐾𝜖2max, to obtain

‖𝑒2‖𝐿2(0,𝑇 ;𝐿2(Ω)) ≤ 𝐾𝜖max| ln 𝜖max|‖𝑐𝑟‖𝐿2(0,𝑇 ;𝐻1(Ω)) + 𝐾(𝜖max| ln 𝜖max|)1/2‖𝜉1/2𝑐𝑣‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡)))

+𝐾𝜖2/3
max

(︀
‖𝜕𝑡𝑐𝑟‖𝐿2(0,𝑇 ;𝐿2(Ω𝑣)) + (‖𝑢𝑠‖𝐿∞(0,𝑇 ;𝐻2(Ω𝑠)) + 1)‖𝑐𝑟‖𝐿2(0,𝑇 ;𝐻2(Ω)) + ‖𝑓𝑠‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠))

)︀
.

The proof is concluded by the triangle inequality, (7.25), and Lemma 7.2. The boundedness of 𝑁2 is shown in
Appendix A.1. �

8. Numerical results

In this section, we first consider two numerical examples to demonstrate the analysis presented in the previous
sections. The two examples correspond to the 3D–1D model of Section 4.5 and to the 3D–1D–1D model of
Section 5. In the final example we then consider complex realistic vascular networks in order to demonstrate
the practicality of our reduced 3D–1D model in studying transport in physiologically relevant systems. Our
implementation uses the FEniCS finite element framework [2] and the (FEniCS)ii module [37].

8.1. A coupled 3D–1D solute transport finite element example

We let the surrounding domain Ω (also) take the form of cylinder with radius 0.5 and length 𝐿 containing an
inner cylinder Ω𝑣 of radius 𝑅 = 𝑅2 < 0.5 with centerline Λ. Using a Galerkin finite element method in space
with continuous piecewise linear polynomials defined relative to conforming meshes of Ω𝑠 = Ω∖Ω𝑣, Ω𝑣 and an
implicit Euler discretization in time with time step 𝜏 , we compute approximate 3D–3D solutions 𝑐𝑣,𝜏ℎ, 𝑐𝑠,𝜏ℎ

of (3.1). On the same meshes of Ω with centerline meshes Λℎ, we compute approximate solutions to (4.20),
again using continuous piecewise linear finite elements defined relative to Ω for 𝑐𝜏ℎ and relative to Λℎ for 𝑐𝜏ℎ

(Fig. 4). We set 𝐷𝑣 = 𝐷𝑠 = 𝜉 = 1, 𝑓𝑠 = 𝑓𝑣 = 0.5, 𝑐0ℎ = 1.0, 𝑐0 = 0.0, 𝑢𝑣 = (0.5, 0, 0) and 𝑢𝑠 = (0.1, 0, 0),
and 𝑇 = 0.2. To numerically explore the modelling error for decreasing radii (𝑅, 𝜖max → 0), we consider a
series of experiments with different radii 𝑅 ∈ {0.2, 0.1, 0.05, 0.025, 0.0125}, a relatively small, fixed mesh size
(ℎmin, ℎmax)|Ω𝑣 = (0.009, 0.014) and (ℎmin, ℎmax)|Ω𝑠 = (0.01, 0.024), and small, fixed time step 𝜏 = 0.01. In
practice, we compute the discrepancy between the approximate solutions in the 3D and 1D vessels:

‖𝑐𝑣,𝜏ℎ(𝑇 )− 𝐸𝑐𝜏ℎ(𝑇 )‖𝐿2(Ω𝑣) ≈ ‖𝑐𝑣(𝑇 )− 𝐸𝑐(𝑇 )‖𝐿2(Ω𝑣)

as a proxy for the modelling error while noting that the computed error includes both the spatio-temporal
approximation errors as well as modelling errors:

‖𝑐𝑣(𝑇 )− 𝑐(𝑇 )‖𝐿2(Ω𝑣)

≤ ‖𝑐𝑣(𝑇 )− 𝑐𝑣,𝜏ℎ(𝑇 )‖𝐿2(Ω𝑣) + ‖𝑐𝑣,𝜏ℎ(𝑇 )− 𝑐𝜏ℎ(𝑇 )‖𝐿2(Ω𝑣) + ‖𝑐(𝑇 )− 𝑐𝜏ℎ(𝑇 )‖𝐿2(Ω𝑣).
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Figure 4. Plot of the numerical solutions for the first example with 𝑅 = 0.0125. The 3D–
3D solution (𝑐𝑠,𝜏ℎ, 𝑐𝑣,𝜏ℎ) is plotted next to the 3D–1D model (𝑐𝜏,ℎ, 𝐸𝑐𝜏ℎ) with the 1D solution
extended to the inner cylinder. The outer cylinder is clipped at the plane intersecting the center
line Λ. Left : solutions shown at 𝑡 = 0.1. Right : solutions shown at 𝑡 = 𝑇 = 0.2.

Table 1. Numerical example 1: model errors 𝐸𝑣 = ‖𝑐𝑣,𝜏ℎ(𝑇 ) − 𝑐𝜏ℎ(𝑇 )‖𝐿2(Ω𝑣) and 𝐸̃𝑣 =
|Ω𝑣|−1/2‖𝑐𝑣𝜏ℎ(𝑇 ) − 𝑐𝜏ℎ(𝑇 )‖𝐿2(Ω𝑣) in a vessel Ω𝑣 of varying radius 𝑅, and in the surroundings
𝐸𝑠 = ‖𝑐𝑠,𝜏ℎ(𝑇 )− 𝑐𝜏ℎ(𝑇 )‖𝐿2(Ω𝑠).

𝑅 𝐸𝑣 Rate 𝐸̃𝑣 Rate 𝐸𝑠 Rate

0.1 2.954e−04 – 1.667e−03 – 4.408e−04 –
0.05 3.930e−05 2.91 4.435e−04 1.91 1.374e−04 1.68
0.025 1.241e−05 1.66 2.800e−04 0.66 3.631e−05 1.92
0.0125 7.708e−06 0.69 3.479e−04 −0.31 9.725e−06 1.90

We here thus presume that with the choice of small mesh size and time step, the approximation errors are
negligible compared to the modelling error.

Table 1 shows the computed 𝐿2 norms in Ω𝑣 and Ω𝑠 along with normalized norms and the corresponding rates.
We observe that the errors decrease with decreasing 𝑅 until the radius and mesh size become of comparable
size, and that the modelling error in the surroundings continues to decrease even when the modelling error in
the vessel stagnates.

8.2. A coupled 3D–1D–1D solute transport example

As a second example, we consider solutions to the coupled 3D–1D–1D models of solute transport and the
corresponding 3D–3D–3D model set up in the blood vessel, Ω𝑣, the perivascular domain Ω𝑝, and the tissue Ω𝑠. We
also use backward Euler and continuous linear finite element methods to solve (5.3)–(5.5) with solutions denoted
by (𝑐𝜏ℎ, 𝑐𝑝,𝜏ℎ, 𝑐𝑣,𝜏ℎ), and the corresponding 3D–3D–3D model with solutions denoted by (𝑐𝑠,𝜏ℎ, 𝑐𝑝,𝜏ℎ, 𝑐𝑣,𝜏ℎ). We
set Ω𝑠 = (−1, 1) × (−1, 1) × (−0.5, 0.5), Ω𝑣 be a cylinder of radius 𝑅1 with centerline 𝑥 = 0, 𝑦 = 0, Ω𝑝 be
the annular cylinder around Ω𝑣 with outer radius 𝑅2 = 2𝑅1 . We vary 𝑅1 and compute the 𝐿2 error between
the 3D solutions 𝑐𝑖,𝜏ℎ and the reduced 1D solutions 𝑐𝑖,𝜏ℎ for 𝑖 ∈ {𝑝, 𝑣}. We keep 𝜏 = 0.01 and 𝑇 = 0.2, 𝐷𝑣 =
𝐷𝑝 = 𝐷𝑠 = 𝜉𝑣 = 𝜉𝑝 = 1, 𝑓𝑠 = 𝑓𝑣 = 𝑓𝑝 = 0.5, 𝑐𝑣,𝜏ℎ = 𝑐𝑣,𝜏ℎ(0) = 1.0, 𝑐𝑝,𝜏ℎ = 𝑐𝑝,𝜏ℎ(0) = 𝑐𝜏ℎ(0) = 𝑐𝑠,𝜏ℎ(0) = 0,
𝑢𝑣 = (0.5, 0, 0), 𝑢𝑝 = (0.1, 0, 0), and 𝑢𝑠 = (0.05, 0, 0). For the mesh–size in the various domains, we have
(ℎmin, ℎmax)|Ω𝑣 = (0.011, 0.019), (ℎmin, ℎmax)|Ω𝑝 = (0.011, 0.024), and (ℎmin, ℎmax)|Ω𝑠 = (0.017, 0.043).

Tables 2 and 3 show the computed 𝐿2 norm in Ω𝑣, Ω𝑝 and Ω𝑠 along with a normalized norm and the
corresponding rates. We observe that the modelling errors all decrease for decreasing radii, though in a non-
uniform manner and with uneven rates. The modeling error in the surroundings decreases robustly at rates
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Figure 5. Plot of the numerical solutions for the second example with 𝑅 = 0.0125. In each
of the four quadrants, the 3D–3D–3D solution (𝑐𝑠,𝜏ℎ, 𝑐𝑝,𝜏ℎ, 𝑐𝑣,𝜏ℎ) is plotted next to the 3D–
1D–1D model (𝑐𝜏ℎ, 𝑐𝑝,𝜏ℎ, 𝑐𝑣,𝜏ℎ) with the 1D solutions extended to their respective cylinder or
annulus. Top row shows a slice of Ω𝑠 and Ω respectively with the vessel solutions without the
PVS domain. The second row shows the PVS solution. Left : solutions shown at 𝑡 = 0.1. Right :
solutions shown at 𝑡 = 𝑇 = 0.2.

Table 2. Numerical example 2: model errors 𝐸𝑣,2 = ‖𝑐𝑣,𝜏ℎ − 𝐸𝑐𝑣,𝜏ℎ‖𝐿2(Ω𝑣), 𝐸̃𝑣,2 =
|Ω𝑣|−1/2‖𝑐𝑣,𝜏ℎ − 𝐸𝑐𝑣,𝜏ℎ‖𝐿2(Ω𝑣),𝐸𝑝 = ‖𝑐𝑝,𝜏ℎ − 𝐸𝑐𝑝,𝜏ℎ‖𝐿2(Ω𝑝), and 𝐸̃𝑝 = |Ω𝑣|−1/2‖𝑐𝑝,𝜏ℎ −
𝐸𝑐𝑝,𝜏ℎ‖𝐿2(Ω𝑝) of varying radius 𝑅1. Note that the smallest 𝑅1 is of the order of ℎmin in Ω𝑣.

𝑅1 𝐸𝑣,2 Rate 𝐸̃𝑣,2 Rate 𝐸𝑝 Rate 𝐸̃𝑝 Rate

0.1 2.066e−03 – 1.166e−02 – 1.634e−03 – 4.608e−03 –
0.05 1.649e−04 3.65 1.861e−03 2.65 1.488e−04 3.46 8.393e−04 2.46
0.025 3.051e−05 2.43 6.886e−04 1.43 2.839e−05 2.39 3.204e−04 1.39
0.0125 1.492e−05 1.03 6.733e−04 0.03 2.158e−05 0.39 4.871e−04 −0.60

Table 3. Numerical example 2: model error in the surrounding domain Ω𝑠.

𝑅2 ‖𝑐𝜏ℎ(𝑇 )− 𝑐𝑠,𝜏ℎ(𝑇 )‖𝐿2(Ω𝑠) Rate

0.2 9.838e−04 –
0.1 1.758e−04 2.48
0.05 6.847e−05 1.36
0.025 3.691e−05 0.89

between 1 and 2. The (non-normalized) modelling error in the vascular domain decreases with similar rates.
The modelling error in the perivascular space increases in the first 𝑅-refinement before decreasing at rates close
to 2. Clearly, further theoretical and numerical studies of the interplay between the modelling and approximation
errors are warranted (though outside the scope of the current study).
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Figure 6. Concentration fields in realistic vessel network [24] of a mouse cortex tissue obtained
with reduced 3D–1D model (4.34a)–(4.34b). The concentration 𝑐 in 3D is visualized on slices.

8.3. Transport in mouse cortical tissue

In this final example, we illustrate that simulating transport in biophysically relevant systems, in particular
with large vascular networks, is computationally tractable with the reduced 3D–1D models (4.20). To this end
we consider the dataset [24] which represents arteries, venules and capillaries in a 1 mm3 cube of mouse cortex. In
order to define Λ, we extract from this vascular graph its largest connected component leading to a network with
approximately 127 thousand vertices. We note that the vessel radii in the network vary as 5𝜇m < 𝑅2 < 50𝜇m.
The tissue domain Ω is defined as a (slightly enlarged) bounding box of the network and is discretized by a
uniform mesh with nearly 12.5 million tetrahedra.

The (non-dimensional) model parameters are defined as 𝐷𝑠 = 10−2, 𝐷𝑣 = 10−2, 𝜉 = 10−5, 𝑢𝑠 = 0, 𝑢𝑣,𝑠 = 0.
We set the cross-sectional vessel areas based on the given data [24] and let these remain constant in time. Note
that 𝐷𝑣 and 𝑢𝑣,𝑠 are set equal for all vessels. Zero Neumann boundary conditions are prescribed for 𝑐 for all
vessels and for 𝑐. The initial conditions for the model are prescribed to be zero, and the dynamics are driven
by a source term 𝑓𝑠 = 10−5 and 𝑓 which takes values in a unit range based on the vertical coordinate.

Using continuous linear Lagrange elements defined over both Λℎ and Ωℎ, the linear system resulting from
a backward Euler discretization of (4.20) with time step size of 10−2 counts about 2.3 million unknowns. We
solved the linear system by a preconditioned conjugate gradient method using (a single) algebraic multigrid
(AMG) V-cycle as a preconditioner. This setup typically led to convergence in about 25 iterations using the
absolute error tolerance of 10−12 for the true residual norm as a stopping criterion. A snapshot of the discrete
solution at the 150th time step is shown in Figure 6. Therein we observe that the coupling between the tissue
and the vasculature leads to localized increase of the concentration 𝑐 in the vicinity of the network.

9. Conclusions and outlook

Understanding solute transport and exchange in the brain vasculature, perivasculature, and surrounding tissue
is critical for unraveling the brain’s delivery and clearance mechanisms. Here, we have presented a mathematical
model for modelling diffusive and convective transport and exchange in deformable domains, and rigorously
analyzed its modelling characteristics. Future research directions include the error analysis of conforming and
non-conforming finite element approximations of such models. We easily envision that this framework can be
combined with medical imaging to study brain perivascular transport and exchange at scale.
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Appendix A. Technical estimates

A.1. Uniform bound on 𝐶1, 𝐶2 and 𝑁2 as defined in Propositions 7.1 and 7.2

We derive a bound independent of 𝜖max on 𝐶1 + 𝐶2 under the assumption that 𝜕𝑡𝑐 ∈ 𝐿2(0, 𝑇 ;𝐿2(Ω)) and
𝜕𝑡𝑐 ∈ 𝐿2(0, 𝑇 ;𝐿2

𝐴(Λ)) which follow from maximal regularity, see Proposition 4.2. From the definitions of 𝐶1 and
𝐶2, it suffices to obtain a bound on:

𝑊1 = ‖𝑐‖𝐿2(0,𝑇 ;𝐻1(Ω𝑣(𝑡))) + ‖𝑐‖𝐿2(0,𝑇 ;𝐻1(Ω)) + ‖𝑐‖𝐿2(0,𝑇 ;𝐿2(𝜕Ω𝑣(𝑡))) + ‖𝑐‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))), (A.1)
𝑊2 = ‖𝑐𝑠‖𝐿2(0,𝑇 ;𝐻1(Ω𝑠(𝑡))) + ‖𝑐𝑠‖𝐿2(0,𝑇 ;𝐿2(Γ(𝑡))). (A.2)

We will make use of the following estimate. With Cauchy–Schwarz inequality, we have that

𝑏Λ(𝑣, 𝑤) ≤ ‖𝜉1/2𝑣‖𝐿2
𝑃 (Λ)‖𝜉1/2𝑤‖𝐿2

𝑃 (Λ), ∀𝑣, 𝑤 ∈ 𝐿2
𝑃 (Λ). (A.3)

In (4.20a), choose 𝑣 = 𝑐. We obtain

1
2

∫︁
Ω

𝜕𝑡𝑐
2 + 𝜈‖∇𝑐‖2𝐿2(Ω) + ‖𝜉1/2𝑐‖2𝐿2

𝑃 (Λ) = (ℰ𝑢𝑠𝑐,∇𝑐)Ω + 𝑏Λ(𝑐, 𝑐) + (ℰ𝑓𝑠, 𝑐)Ω. (A.4)

With Hölder’s inequality and (A.3), we obtain

1
2

∫︁
Ω

𝜕𝑡𝑐
2 + 𝜈‖∇𝑐‖2𝐿2(Ω) + ‖𝜉1/2𝑐‖2𝐿2

𝑃 (Λ) ≤ ‖ℰ𝑢𝑠‖𝐿∞(Ω)‖𝑐‖𝐿2(Ω)‖∇𝑐‖𝐿2(Ω)

+‖𝜉1/2𝑐‖𝐿2
𝑃 (Λ)‖𝜉1/2𝑐‖𝐿2

𝑃 (Λ) + ‖ℰ𝑓‖𝐿2(Ω)‖𝑐‖𝐿2(Ω).

Applying Young’s inequality and multiplying by 2 yields:∫︁
Ω

𝜕𝑡𝑐
2 + 𝜈‖∇𝑐‖2𝐿2(Ω) + ‖𝜉1/2𝑐‖2𝐿2

𝑃 (Λ)

≤ (1 + 𝜈−1‖ℰ𝑢𝑠‖2𝐿∞(Ω))‖𝑐‖
2
𝐿2(Ω) + ‖𝜉1/2𝑐‖2𝐿2

𝑃 (Λ) + ‖ℰ𝑓𝑠‖2𝐿2(Ω). (A.5)

Next, choose 𝑣 = 𝑐 in (4.20b). Since ⟨𝑐⟩ = ¯̂𝑐 = 𝑐, we have∫︁
Λ

𝜕𝑡(𝐴𝑐)𝑐+ ‖𝐷1/2
𝑣 𝜕𝑠𝑐‖2𝐿2(Ω𝑣) + ‖𝜉1/2𝑐‖2𝐿2

𝑃 (Λ) = (𝑐𝑈, 𝜕𝑠𝑐)Ω𝑣
+ 𝑏Λ(𝑐, 𝑐) + (⟨𝑓𝑣⟩, 𝑐)Ω𝑣

. (A.6)

In the above, it is implicitly understood that 𝑐 = 𝐸𝑐. Similarly, with Hölder’s and Young’s inequalities, we have

2
∫︁

Λ

𝜕𝑡(𝐴𝑐)𝑐+ ‖𝐷1/2
𝑣 𝜕𝑥𝑐‖2𝐿2(Ω𝑣) + ‖𝜉1/2𝑐‖2𝐿2

𝑃 (Λ)

≤ (1 + ‖𝐷−1/2
𝑣 𝑈‖2𝐿∞(Ω𝑣))‖𝑐‖

2
𝐿2(Ω𝑣) + ‖𝜉1/2𝑐‖2𝐿2

𝑃 (Λ) + ‖⟨𝑓𝑣⟩‖2𝐿2(Ω𝑣). (A.7)

Observe that with Reynolds transport theorem, we have that∫︁
Λ

𝜕𝑡(𝐴𝑐)𝑐 =
∫︁

Λ

𝜕𝑡(𝐴𝑐2)− 1
2

∫︁
Λ

𝐴𝜕𝑡𝑐
2 = 𝜕𝑡

∫︁
Λ

(𝐴𝑐2)− 1
2

∫︁
Ω𝑣(𝑡)

𝜕𝑡𝑐
2 (A.8)

=
1
2
𝜕𝑡

∫︁
Ω𝑣(𝑡)

𝑐2 +
1
2

∫︁
Λ

𝑐2
∫︁

𝜕Θ

𝑤 · 𝑛 =
1
2
𝜕𝑡

∫︁
Ω𝑣(𝑡)

𝑐2 +
1
2

∫︁
Λ

𝑐2
∫︁

Θ

∇ ·𝑤

=
1
2
𝜕𝑡

∫︁
Ω𝑣(𝑡)

𝑐2 +
1
2

∫︁
Ω𝑣(𝑡)

𝑐2∇ ·𝑤.
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Adding (A.5) and (A.7) with using (A.8), and integrating from 0, 𝑡, we obtain

‖𝑐(𝑡)‖2𝐿2(Ω) + ‖𝑐(𝑡)‖2𝐿2(Ω𝑣) + 𝜈‖∇𝑐‖2𝐿2(0,𝑡;𝐿2(Ω)) + ‖𝐷1/2
𝑣 𝜕𝑠𝑐‖2𝐿2(0,𝑡;𝐿2(Ω𝑣))

≤ ‖ℰ𝑓𝑠‖2𝐿2(0,𝑡;𝐿2(Ω)) + ‖⟨𝑓𝑣⟩‖2𝐿2(0,𝑡;𝐿2(Ω𝑣)) + ‖𝑐0‖2𝐿2(Ω) + ‖𝑐0‖2𝐿2(Ω𝑣)

+ (1 + 𝜈−1‖ℰ𝑢𝑠‖2𝐿∞(0,𝑇 ;𝐿∞(Ω)))‖𝑐‖
2
𝐿2(0,𝑡;𝐿2(Ω𝑣))

+ (1 + ‖𝐷−1/2
𝑣 𝑈‖2𝐿∞(0,𝑇 ;𝐿∞(Ω𝑣)) + ‖∇ ·𝑤‖𝐿∞(0,𝑇 ;𝐿∞(Ω)))‖𝑐‖2𝐿2(0,𝑡;𝐿2(Ω𝑣)).

With continuous Gronwall’s inequality, we obtain

‖𝑐‖2𝐿∞(0,𝑇 ;𝐿2(Ω)) + ‖𝑐‖2𝐿∞(0,𝑇 ;𝐿2(Ω𝑣)) + 𝜈‖∇𝑐‖2𝐿2(0,𝑇 ;𝐿2(Ω)) + ‖𝐷1/2
𝑣 𝜕𝑠𝑐‖2𝐿2(0,𝑇 ;𝐿2(Ω𝑣)) ≤ 𝐾. (A.9)

Here, 𝐾 depends on the final time 𝑇 , the velocities 𝑢𝑠 and 𝑈 , the initial conditions, and the source terms, but
not on |Ω𝑣|. Further, from (6.16) and with the above bound, we have

‖𝑐‖𝐿2(0,𝑇 ;𝐿2
𝑃 (Λ)) ≤ ‖𝑐‖𝐿2(0,𝑇 ;𝐿2(Γ)) ≤ 𝐾Γ𝜖

1/6‖𝑐‖2𝐿2(0,𝑇 ;𝐻1(Ω)) ≤ 𝐾. (A.10)

We then use the above in (A.7) after integrating over time. With Gronwall’s inequality, we can conclude the
bound

‖𝑐‖2𝐿2(0,𝑇 ;𝐿2(Γ)) ≤ 𝐾. (A.11)

To obtain a bound on ‖𝑐‖𝐿2(0,𝑇 ;𝐿2(𝜕Ω𝑣)), we first note that since 𝑐 is uniform on each cross-section:

‖𝑐‖2𝐿2(𝜕Ω𝑣) = ‖𝑐‖2𝐿2(Γ) +
∫︁

Λ

∫︁
𝜕Θ1

𝑐2 = ‖𝑐‖2𝐿2(Γ) +
∫︁

Λ

𝑐2|𝜕Θ1|

= ‖𝑐‖2𝐿2(Γ) +
∫︁

Λ

|𝜕Θ1|
|𝜕Θ2|

∫︁
Θ2

𝑐2 . ‖𝑐‖2𝐿2(Γ) . 𝐾. (A.12)

The above follows by the assumption on the radii 𝑅1 and 𝑅2 (6.3). Thus, 𝑊1 is bounded independent of 𝜖max.
For the original 3D–3D problem, choose 𝜑 = (𝑐𝑣, 𝑐𝑠) in (3.11) and use (3.13). We obtain that

⟨𝑐𝑣, 𝑐𝑣⟩𝐻−1(Ω𝑣(𝑡)) + (∇ ·𝑤𝑐𝑣, 𝑐𝑣)Ω𝑣(𝑡) + ⟨𝑐𝑠, 𝑐𝑠⟩𝐻−1(Ω𝑠(𝑡)) + (∇ ·𝑤𝑐𝑠, 𝑐𝑠)Ω𝑠(𝑡)

+𝐾1(‖𝑐𝑣‖2𝐻1(Ω𝑣(𝑡)) + ‖𝑐𝑠‖2𝐻1(Ω𝑠(𝑡))) ≤ (𝐾2 + 1)(‖𝑐𝑣‖2𝐿2(Ω𝑣(𝑡)) + ‖𝑐𝑠‖2𝐿2(Ω𝑠(𝑡))) + ‖𝑓𝑣‖2𝐿2(Ω𝑣) + ‖𝑓𝑠‖2𝐿2(Ω𝑠).(A.13)

Note that the constants 𝐾1 and 𝐾2 are independent of 𝜖. With Corollary 2.41 in [3] for 𝑖 ∈ {𝑣, 𝑠}:∫︁ 𝑡

0

⟨𝑐𝑖, 𝑐𝑖⟩𝐻−1(Ω𝑖(𝑡)) =
1
2

(‖𝑐𝑖(𝑡)‖2𝐿2(Ω𝑖(𝑡))
− ‖𝑐𝑖(0)‖2𝐿2(Ω𝑖(0))

)−
∫︁ 𝑡

0

1
2

(∇ ·𝑤𝑐𝑖, 𝑐𝑖)Ω𝑖(𝑡), (A.14)

we obtain:

1
2

(︁
‖𝑐𝑣 (𝑡) ‖2𝐿2(Ω𝑣(𝑡)) + ‖𝑐𝑠 (𝑡) ‖2𝐿2(Ω𝑠(𝑡))

)︁
+𝐾1

(︁
‖𝑐𝑣‖2𝐿2(0,𝑡;𝐻1(Ω𝑣(𝑡))) + ‖𝑐𝑠‖2𝐿2(0,𝑡;𝐻1(Ω𝑠(𝑡)))

)︁
≤
(︀
𝐾2 + 1 + ‖∇ ·𝑤‖𝐿∞(0,𝑡;𝐿∞(Ω))

)︀ (︁
‖𝑐𝑣‖2𝐿2(0,𝑡;𝐿2(Ω𝑣(𝑡))) + ‖𝑐𝑠‖2𝐿2(0,𝑡;𝐿2(Ω𝑠(𝑡)))

)︁
+

1
2

(︁
‖𝑐𝑣 (0) ‖2𝐿2(Ω𝑣(0)) + ‖𝑐𝑠 (0) ‖2𝐿2(Ω𝑠(0))

)︁
+ ‖𝑓𝑣‖2𝐿2(0,𝑡;𝐿2(Ω𝑣)) + ‖𝑓𝑠‖2𝐿2(0,𝑡;𝐿2((Ω𝑠))).

With Gronwall’s inequality, we can then conclude that:

‖𝑐𝑣‖2𝐿∞(0,𝑇 ;𝐿2(Ω𝑣(𝑡))) + ‖𝑐𝑠‖2𝐿∞(0,𝑇 ;𝐿2(Ω𝑠(𝑡)))

+‖𝑐𝑣‖2𝐿2(0,𝑇 ;𝐻1(Ω𝑣(𝑡))) + ‖𝑐𝑠‖2𝐿2(0,𝑇 ;𝐻1(Ω𝑠(𝑡))) ≤ 𝐾. (A.15)
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Similar to the arguments above, we use trace estimate (6.16) to conclude that

‖𝑐𝑠‖𝐿2(0,𝑇 ;𝐿2(Γ)) ≤ ‖𝑐𝑠‖𝐿2(0,𝑇 ;𝐿2(Γ)) ≤ 𝐾. (A.16)

Thus, 𝑊2 is bounded which concludes the argument that 𝑊 is bounded independently of 𝜖max. Then, we use
the above bound in the energy inequality for 𝑐𝑣 (which can be obtained by choosing 𝜑 = (𝑐𝑣, 0) in (3.11)) to
obtain that

‖𝑐𝑣‖𝐿2(0,𝑇 ;𝐿2(Γ)) ≤ 𝐾. (A.17)

This shows that 𝑁2, as defined in Proposition 7.2 is bounded independent of 𝜖max.

A.2. Hölder continuity bound

We verify that the terms involving 𝑏Λ in 𝒜Λ(𝑡, ·, ·) satisfy the bound stated in (4.25). We focus on the following
term as it is the most intricate:

𝑏Λ(𝑐(𝑡1), 𝑣(𝑡1))− 𝑏Λ(𝑐(𝑡2), 𝑣(𝑡2)) =
∫︁

Γ(𝑡2)

𝜉(𝑡2)𝑐𝑣(𝑡2)−
∫︁

Γ(𝑡1)

𝜉(𝑡1)𝑐𝑣(𝑡1)

=
∫︁

Γ(𝑡2)

(𝜉(𝑡2)− 𝜉(𝑡1))𝑐𝑣(𝑡2) +

(︃∫︁
Γ(𝑡2)

𝜉(𝑡1)𝑐𝑣(𝑡2)−
∫︁

Γ(𝑡1)

𝜉(𝑡1)𝑐𝑣(𝑡2)

)︃

+
∫︁

Γ(𝑡1)

𝜉(𝑡1)𝑐 (𝑣(𝑡2)− 𝑣(𝑡1)) = 𝑇1 + 𝑇2 + 𝑇3.

For the first term, the Hölder continuity bound follows form the assumption on 𝜉, the observation that
‖𝑣‖𝐿2(Γ(𝑡2)) ≤ ‖𝑣‖𝐿2(Γ(𝑡2)), and from (3.15). Indeed, we have that∫︁

Γ(𝑡2)

(𝜉(𝑡2)− 𝜉(𝑡1))𝑐𝑣(𝑡2) ≤ ‖𝜉(𝑡2)− 𝜉(𝑡2)‖𝐿∞(Λ)‖𝑐‖𝐿2(Γ(𝑡2))‖𝑣‖𝐿2(Γ(𝑡2)) (A.18)

≤ 𝐶|𝑡2 − 𝑡1|𝛽‖𝑐‖𝐻1(Ω)‖𝑣‖𝐻1(Ω).

To handle the second term in (A.18), observe that the specific domains of Section 2.2 allow us to write

𝑇2 =
∫︁

Λ

∫︁ 2𝜋

0

(𝑅2(𝑡2)−𝑅2(𝑡1))𝜉(𝑡1)𝑐𝑣(𝑡2) ≤ 𝐶|𝑡2 − 𝑡1|𝛽‖𝑐‖𝐿2(Γ(0))‖𝑣(𝑡2)‖𝐿2(Γ(0))

≤ 𝐶|𝑡2 − 𝑡1|𝛽‖𝑐‖𝐻1(Ω)‖𝑣‖𝐻1(Ω).

In the above, we assumed without loss of generality that 𝜕Θ2(0) has radius 1, and we use that 𝑅2 is Hölder
continuous. For 𝑇3, we have for a.e. in Λ

|𝑣(𝑡2)− 𝑣(𝑡1)| =
(︂

1
𝑃 (𝑡2)

− 1
𝑃 (𝑡1)

)︂∫︁ 2𝜋

0

𝑅2(𝑡2)𝑣 +
1

𝑃 (𝑡1)

∫︁ 2𝜋

0

(𝑅2(𝑡2)−𝑅2(𝑡1))𝑣

≤
⃦⃦⃦⃦

1
𝑃 (𝑡2)

− 1
𝑃 (𝑡1)

⃦⃦⃦⃦
𝐿∞(Λ)

‖𝑅2(𝑡2)‖𝐿2(𝜕Θ2(0))‖𝑣‖𝐿2(𝜕Θ2(0))

+
⃦⃦⃦⃦

1
𝑃 (𝑡1)

⃦⃦⃦⃦
𝐿∞(Λ)

‖𝑅2(𝑡2)−𝑅2(𝑡1)‖𝐿2(𝜕Θ2(0))‖𝑣‖𝐿2(𝜕Θ2(0)).

Hence, 𝑇3 is bounded as follows:

𝑇3 ≤ ‖𝑐‖𝐿2(Γ(𝑡1))‖𝑣(𝑡2)− 𝑣(𝑡1)‖𝐿2(Γ(𝑡1)) ≤ 𝐶|𝑡2 − 𝑡1|
𝛽‖𝑐‖𝐻1(Ω)‖𝑣‖𝐻1(Ω),

where we used the Hölder continuity assumptions of 𝑃−1 and on 𝑅2 with follow from the smoothness assumptions
on the domain velocity 𝑤 ∈ 𝐶2. The other terms with 𝑏Λ can be handled similarly.
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