
ESAIM: M2AN 59 (2025) 167–199 ESAIM: Mathematical Modelling and Numerical Analysis
https://doi.org/10.1051/m2an/2024065 www.esaim-m2an.org

CONVERGENT FINITE ELEMENT METHODS FOR ANTIFERROMAGNETIC
AND FERRIMAGNETIC MATERIALS

Hywel Normington1 and Michele Ruggeri2,*

Abstract. We consider the numerical approximation of a continuum model of antiferromagnetic and
ferrimagnetic materials. The state of the material is described in terms of two unit-length vector fields,
which can be interpreted as the magnetizations averaging the spins of two sublattices. For the static
setting, which requires the solution of a constrained energy minimization problem, we introduce a
discretization based on first-order finite elements and prove its Γ-convergence. Then, we propose and
analyze two iterative algorithms for the computation of low-energy stationary points. The algorithms
are obtained from (semi-)implicit time discretizations of gradient flows of the energy. Finally, we extend
the algorithms to the dynamic setting, which consists of a nonlinear system of two Landau–Lifshitz–
Gilbert equations solved by the two fields, and we prove unconditional stability and convergence of the
finite element approximations toward a weak solution of the problem. Numerical experiments assess
the performance of the algorithms and demonstrate their applicability for the simulation of physical
processes involving antiferromagnetic and ferrimagnetic materials.
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1. Introduction

Antiferromagnetic (AFM) and ferrimagnetic (FiM) materials, materials in which neighboring magnetic
moments tend to align antiparallel to each other (see Fig. 1), have been known for many years. However,
they have recently gained renewed interest, because several theoretical and experimental studies have shown
that AFM and FiM materials have features that could lead to strong improvements of the functionality of
spintronic devices, compared to those based on ferromagnetic (FM) materials [8, 19].

In this work, we consider a continuum model that is the state of the art for micromagnetic simulations of
devices based on magnetic processes involving of AFM and FiM materials; see, e.g., the works [25,26,28,29,33]
on AFM materials and [14, 23, 24] on FiM materials. The main elements of the model, an extension of the
classical micromagnetic model of FM materials [12], are an order parameter, which consists of two unit-length
vector fields that can be interpreted as the normalized magnetizations averaging the magnetic moments of two
sublattices, and an energy functional, which consists of several contributions, each of them representing a specific
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Figure 1. Classes of magnetic materials. (a) FM. (b) AFM. (c) FiM.

physical effect. A key feature of the model, that is necessary to describe the antiparallel alignment of the spins
in AFM and FiM materials, is a more complex expression of the exchange energy than in FM materials, which
involves not only the classical Heisenberg exchange interaction penalizing nonuniform configurations, but also
the interaction of the two fields with each other (see the last two terms in the energy functional (1) below).
Similarly to the classical micromagnetic theory, the static problem consists of minimizing the energy functional
over all pairs of unit-length vector fields, whereas the dynamics of each field out of equilibrium is governed by the
Landau–Lifshitz–Gilbert (LLG) equation (see (9) below), with the effective field being the Gateaux derivative of
the energy with respect to the respective field. However, due to the energy contributions involving the interaction
between the two fields, both the Euler–Lagrange equations associated with the minimization problem and the
system of LLG equations are nonlinearly coupled systems of nonlinear partial differential equations.

Building on previous work on the approximation of (the heat flow of) harmonic maps [10] and of the classical
model of FM materials [1, 3], we propose fully discrete numerical schemes for the approximation of both the
static and the dynamic problems.

For the static problem, we propose a discretization based on first-order finite elements and prove that the
discrete energy functional converges to the continuous one in the sense of Γ-convergence [11]. Moreover, we pro-
pose two iterative algorithms for the computation of low energy stationary points based on time discretizations
of the gradient flow of the energy functional (see Algorithms 4.4 and 4.5 below). These two algorithms differ
from each other in the time discretization (fully implicit for Algorithm 4.4, semi-implicit for Algorithm 4.5).
For both algorithms, we prove well-posedness of the iteration, an energy-decreasing property, termination of the
iterative loop, an upper bound for the error in the unit-length constraint, and (under a restrictive assumption
on the coefficients appearing in the energy functional) convergence toward a stationary point. Moreover, we
perform numerical experiments to compare the two algorithms and to assess their performance.

Then, we extend the best performing algorithm (and its analysis) to the dynamic problem and show that the
resulting integrator (Algorithm 5.1) is well-posed, stable, and generates approximations that are unconditionally
convergent toward a weak solution of the coupled system of LLG equations. A by-product of our constructive
convergence proof is the first proof of existence of weak solutions for this problem.

In general, the mathematical literature on AFM and FiM materials is much less developed than that of
FM materials. We refer, e.g., to [6, 7] for works discussing discrete-to-continuum variational limits of a two-
dimensional atomistic model of AFM materials. As far as the continuum model considered in this work is
concerned, to the authors’ knowledge, the only other work addressing it is [21], where extensions of the Gauss–
Seidel projection method [22, 34] have been proposed for its numerical approximation (but no convergence
analysis is discussed).

To sum up, the novel contributions of the present work are the following:

– We provide the first mathematically rigorous formulation of a state-of-the-art model currently used by
applied scientists to simulate processes and devices involving AFM and FiM materials.

– Extending the techniques that have been developed for the approximation of the classical model of FM
materials, we introduce and analyze the first convergent numerical schemes for this model of AFM and FiM
materials.
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The remainder of the paper is organized as follows: in Section 2, we present the mathematical model of AFM
and FiM materials. In Section 3, we introduce the main ingredient of our discretization. The algorithms for the
static problem, their properties, and three numerical experiments are discussed in Section 4. In Section 5, we
extend one of the algorithm and its analysis to the dynamic case, and use it to simulate the dynamics of magnetic
skyrmions in AFM and FM materials. In Section 6, we collect the proofs of all results of the work. Finally, in
Appendix A, we show how to pass from the formulation of the model in physical units to the dimensionless
setting considered in this work.

2. Mathematical model

Let Ω ⊂ R3 be a bounded Lipschitz domain representing the volume occupied by an AFM or a FiM material.
The magnetic state of the material is described in terms of two unit-length vector fields, 𝑚1 and 𝑚2. The total
magnetization of the sample is given by 𝑚 = 𝜂s,1𝑚1 + 𝜂s,2𝑚2, where 𝜂s,1, 𝜂s,2 > 0 are dimensionless constants.

In what follows, for Lebesgue, Sobolev, and Bochner spaces and norms, we will use the standard notation [16].
To denote (spaces of) vector-valued or matrix-valued functions, we use bold letters, e.g., for any domain 𝑈 , we
denote both 𝐿2(𝑈 ; R3) and 𝐿2(𝑈 ; R3×3) by 𝐿2(𝑈). Moreover, we will denote by ⟨·, ·⟩ the inner product of 𝐿2(Ω)
and by ‖·‖ the corresponding norm (any other inner product or norm will be denoted by the same notation,
but supplemented with a suitable subscript). We will denote by ⟨·, ·⟩ also the duality pairing between 𝐻1(Ω)
and its dual, and note that it coincides with the inner product of 𝐿2(Ω) if the arguments are in 𝐿2(Ω).

2.1. Static problem

Stable magnetic configurations of the sample are described by minimizers 𝑚1,𝑚2 : Ω → S2 of the energy
functional

ℰ [𝑚1,𝑚2] =
1
2

2∑︁
ℓ=1

𝑎ℓℓ‖∇𝑚ℓ‖2 + 𝑎12⟨∇𝑚1, ∇𝑚2⟩ − 𝑎0⟨𝑚1,𝑚2⟩, (1)

where the material constants 𝑎11, 𝑎22, 𝑎12, 𝑎0 ∈ R satisfy the inequalities

𝑎11 + 𝑎22 > 0 and 𝑎11𝑎22 > 𝑎2
12. (2)

The three contributions in (1) are called inhomogeneous intralattice exchange, inhomogeneous interlattice
exchange, and homogeneous interlattice exchange, respectively [29]. Minimizers are sought in the set of admissible
pairs of vector fields

𝒳 := 𝐻1(Ω; S2)×𝐻1(Ω; S2)

= {(𝑚1,𝑚2) ∈𝐻1(Ω)×𝐻1(Ω) : |𝑚1| = |𝑚2| = 1 a.e. in Ω}.
(3)

Note that (2) guarantees that the energy is bounded from below in 𝒳 , as there holds the inequality ℰ [𝑚1,𝑚2] ≥
−|𝑎0||Ω| for all (𝑚1,𝑚2) ∈ 𝒳 , and that the energy functional is weakly sequentially lower semicontinuous in
𝐻1(Ω)×𝐻1(Ω) (see Prop. 6.1 below). Hence, existence of minimizers follows from the direct method of calculus
of variations. Stationary points of the energy are admissible pairs (𝑚1,𝑚2) ∈ 𝒳 which, for all ℓ = 1, 2, solve

−⟨ℎeff,ℓ[𝑚1,𝑚2],𝜙− (𝑚ℓ ·𝜙)𝑚ℓ⟩ = 0 for all 𝜙 ∈𝐻1(Ω) ∩𝐿∞(Ω), (4)

where the effective field ℎeff,ℓ[𝑚1,𝑚2] is the (negative) Gateaux derivative of the energy with respect to 𝑚ℓ,
i.e.,

⟨ℎeff,ℓ[𝑚1,𝑚2],𝜑⟩ :=
⟨
−𝛿ℰ [𝑚1,𝑚2]

𝛿𝑚ℓ
,𝜑

⟩
(1)
= − 𝑎ℓℓ⟨∇𝑚ℓ, ∇𝜑⟩ − 𝑎12⟨∇𝑚3−ℓ, ∇𝜑⟩ + 𝑎0⟨𝑚3−ℓ,𝜑⟩.

(5)
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Equivalently, a stationary point (𝑚1,𝑚2) ∈ 𝒳 can be seen as the solution, for all ℓ = 1, 2, of

−⟨ℎeff,ℓ[𝑚1,𝑚2],𝜑⟩ = 0 for all 𝜑 ∈ 𝒦[𝑚ℓ], (6)

where the 𝑚ℓ-dependent test space is given by

𝒦[𝑚ℓ] = {𝜓 ∈𝐻1(Ω) : 𝑚ℓ ·𝜓 = 0 a.e. in Ω}. (7)

Note that (4) and (6) can be interpreted as variational formulations of the boundary value problem

−𝑚ℓ × ℎeff,ℓ[𝑚1,𝑚2] = 0 in Ω,

𝜕𝜈𝑚ℓ = 0 on 𝜕Ω,
(8)

where 𝜈 : 𝜕Ω → S2 denotes the outward-pointing unit normal vector to 𝜕Ω.

2.2. Dynamic problem

Out of equilibrium, the dynamics of the time-dependent vector fields 𝑚1,𝑚2 : Ω× (0,∞) → S2 is governed
by a coupled system of two LLG equations, one for each vector field:

𝜕𝑡𝑚ℓ = −𝜂ℓ𝑚ℓ × ℎeff,ℓ[𝑚1,𝑚2] + 𝛼ℓ𝑚ℓ × 𝜕𝑡𝑚ℓ for all ℓ = 1, 2, (9)

where 𝜂ℓ, 𝛼ℓ > 0 are dimensionless constants. Note that the two LLG equations are coupled to each other via
their effective fields. To complete the setting, equation (9) is supplemented with a suitable initial condition and
the same boundary conditions as in (8), i.e.,

𝑚ℓ(0) = 𝑚0
ℓ in Ω and 𝜕𝜈𝑚ℓ = 0 on 𝜕Ω× (0,∞) for all ℓ = 1, 2, (10)

for some admissible pair (𝑚0
1,𝑚

0
2) ∈ 𝒳 .

In the following definition, we state the notion of a weak solution to the initial boundary value problem (9)
and (10), which naturally extends to the present setting the notion introduced in [5] for the standard LLG
equation.

Definition 2.1 (Weak solution). Let (𝑚0
1,𝑚

0
2) ∈ 𝒳 . A global weak solution of (9) and (10) is (𝑚1,𝑚2) ∈

𝐿∞(0,∞;𝒳 ) such that, for all 𝑇 > 0, the following properties are satisfied:

(i) 𝑚ℓ|Ω𝑇
∈𝐻1(Ω𝑇 ) for all ℓ = 1, 2, where Ω𝑇 := Ω× (0, 𝑇 );

(ii) 𝑚ℓ(0) = 𝑚0
ℓ in the sense of traces for all ℓ = 1, 2;

(iii) for all ℓ = 1, 2, for all 𝜙 ∈𝐻1(Ω𝑇 ), it holds that∫︁ 𝑇

0

⟨𝜕𝑡𝑚ℓ(𝑡),𝜙(𝑡)⟩ d𝑡

= −𝜂ℓ

∫︁ 𝑇

0

⟨ℎeff,ℓ[𝑚1(𝑡),𝑚2(𝑡)],𝜙(𝑡)×𝑚ℓ(𝑡)⟩ d𝑡 + 𝛼ℓ

∫︁ 𝑇

0

⟨𝑚ℓ(𝑡)× 𝜕𝑡𝑚ℓ(𝑡),𝜙(𝑡)⟩ d𝑡;

(11)

(iv) it holds that

ℰ [𝑚1(𝑇 ),𝑚2(𝑇 )] +
2∑︁

ℓ=1

𝛼ℓ

𝜂ℓ

∫︁ 𝑇

0

‖𝜕𝑡𝑚ℓ(𝑡)‖2d𝑡 ≤ ℰ [𝑚0
1,𝑚

0
2]. (12)

The variational formulations in (11) are weak formulations of the LLG equations in (9) in the space-time
cylinder Ω𝑇 , while (12) is a weak counterpart of the energy law

d
d𝑡
ℰ [𝑚1(𝑡),𝑚2(𝑡)] = −

2∑︁
ℓ=1

𝛼ℓ

𝜂ℓ
‖𝜕𝑡𝑚ℓ(𝑡)‖2 ≤ 0 for all 𝑡 > 0,

satisfied by sufficiently smooth solutions of (9).



CONVERGENT FEM FOR AFM AND FIM 171

Remark 2.2. For ease of presentation, we consider a dimensionless form of the energy functional. We refer
to Appendix A.1 for its derivation (starting from the equations in physical units usually encountered in the
physical literature). Moreover, we restrict ourselves to the case in which the energy comprises only the exchange
contribution. This is sufficient to capture the main mathematical features of the model: First, the analytical and
numerical treatment of standard lower-order energy contributions (e.g., magnetocrystalline anisotropy, Zeeman
energy, magnetostatic energy, Dzyaloshinskii–Moriya interaction) is well understood (see, e.g., [13,18]). Second,
lower-order terms do not entail the coupling of the fields (see Appendix A.2 for more details). Hence, even in
the presence of lower-order terms, the Euler–Lagrange equations (4) and the system of LLG equations (9) are
exchange-coupled only.

3. Preliminaries

In this section, we collect the notation and the definitions that are necessary to introduce our numerical
schemes.

For the time discretization, we consider uniform partitions of the positive real axis with constant time-step
size 𝜏 > 0, i.e., 𝑡𝑖 := 𝑖𝜏 for all 𝑖 ∈ N0. Given a sequence {𝜑𝑖}𝑖∈N0 , for all 𝑖 ∈ N0 we define 𝑑𝑡𝜑

𝑖+1 := (𝜑𝑖+1−𝜑𝑖)/𝜏 .
We consider the time reconstructions 𝜑𝜏 , 𝜑−𝜏 , 𝜑+

𝜏 defined, for all 𝑖 ∈ N0 and 𝑡 ∈ [𝑡𝑖, 𝑡𝑖+1), as

𝜑𝜏 (𝑡) :=
𝑡− 𝑡𝑖

𝜏
𝜑𝑖+1 +

𝑡𝑖+1 − 𝑡

𝜏
𝜑𝑖, 𝜑−𝜏 (𝑡) := 𝜑𝑖, and 𝜑+

𝜏 (𝑡) := 𝜑𝑖+1. (13)

Note that 𝜕𝑡𝜑𝜏 (𝑡) = 𝑑𝑡𝜑
𝑖+1 for all 𝑖 ∈ N0 and 𝑡 ∈ [𝑡𝑖, 𝑡𝑖+1).

The spatial discretization is based on first-order finite elements. We assume Ω to be a polyhedral domain
and consider a family {𝒯ℎ}ℎ>0 of shape-regular tetrahedral meshes of Ω parametrized by the mesh size ℎ =
max𝐾∈𝒯ℎ

diam(𝐾). We denote by 𝒩ℎ the set of vertices of 𝒯ℎ. For any 𝐾 ∈ 𝒯ℎ, let 𝒫1(𝐾) be the space
of polynomials of degree at most 1 on 𝐾. We denote by 𝒮1(𝒯ℎ) the space of piecewise affine and globally
continuous functions from Ω to R, i.e.

𝒮1(𝒯ℎ) =
{︀
𝑣ℎ ∈ 𝐶0(Ω) : 𝑣ℎ|𝐾 ∈ 𝒫1(𝐾) for all 𝐾 ∈ 𝒯ℎ

}︀
.

It is well known that 𝒮1(𝒯ℎ) is a finite-dimensional subspace of 𝐻1(Ω) with dim𝒮1(𝒯ℎ) = 𝑁ℎ := #𝒩ℎ. Let
ℐℎ : 𝐶0(Ω) → 𝒮1(𝒯ℎ) denote the nodal interpolation operator, i.e., for all 𝑣 ∈ 𝐶0(Ω), ℐℎ[𝑣] is the unique
element of 𝒮1(𝒯ℎ) satisfying ℐℎ[𝑣](𝑧) = 𝑣(𝑧) for all 𝑧 ∈ 𝒩ℎ. We use the same notation to denote its vector-
valued counterpart ℐℎ : 𝐶0(Ω) → 𝒮1(𝒯ℎ)3, where the scalar-valued operator is applied to each component of a
vector-valued function.

We consider the mass-lumped 𝐿2-product ⟨·, ·⟩ℎ defined by

⟨𝜓,𝜑⟩ℎ =
∫︁

Ω

ℐℎ[𝜓 · 𝜑] for all 𝜓,𝜑 ∈ 𝐶0(Ω). (14)

We recall that this defines an inner product on 𝒮1(𝒯ℎ)3 and that the induced norm ‖·‖ℎ satisfies the norm
equivalence

‖𝜑ℎ‖ ≤ ‖𝜑ℎ‖ℎ ≤
√

5 ‖𝜑ℎ‖ for all 𝜑ℎ ∈ 𝒮1(𝒯ℎ)3, (15)

see Lemma 3.9 from [9]. Moreover, we have that

|⟨𝜑ℎ,𝜓ℎ⟩ − ⟨𝜑ℎ,𝜓ℎ⟩ℎ| ≤ 𝐶ℎ2‖∇𝜑ℎ‖𝐿2(Ω)‖∇𝜓ℎ‖𝐿2(Ω) for all 𝜑ℎ,𝜓ℎ ∈ 𝒮1(𝒯ℎ)3, (16)

where 𝐶 > 0 depends only on the shape-regularity of 𝒯ℎ; see again Lemma 3.9 from [9].
We conclude this section with a notational remark: in what follows, we will always denote by 𝐶 > 0 a generic

constant, which will be always independent of the discretization parameters, but not necessarily the same at
each occurrence.
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4. Numerical energy minimization

In this section, we introduce a finite element discretization of the energy minimization problem and show
its convergence in the sense of Γ-convergence. Then, we introduce two fully discrete algorithms to approximate
stationary points of the energy functional (1). We state our results regarding well-posedness, stability, and
convergence of the algorithms and underpin our theoretical results with numerical experiments. To make the
presentation of the results concise, all proofs are postponed to Section 6.1.

4.1. Finite element discretization

To discretize the set of admissible pairs in (3), given a mesh 𝒯ℎ and a parameter 𝛿 > 0, we consider the set

𝒳ℎ,𝛿 := {(𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿) ∈ 𝒮1(𝒯ℎ)3 × 𝒮1(𝒯ℎ)3 : ‖ℐℎ[|𝑚ℓ,ℎ,𝛿|2]− 1‖𝐿1(Ω) ≤ 𝛿 for all ℓ = 1, 2}.

Note that, at the discrete level, the unit-length constraint is relaxed [1,10] as only a mild control in the 𝐿1-norm
of the error is enforced.

The discrete static problem consists of seeking a minimizer of the energy functional (1) in the set of discrete
admissible pairs in 𝒳ℎ,𝛿. In the following theorem, we show that the discrete energy functional ℰℎ,𝛿[·, ·] :=
ℰ|𝒳ℎ,𝛿

[·, ·] converges toward the continuous one in the sense of Γ-convergence. We note that our discretization is
consistent, i.e., we do not modify the energy functional, but we restrict the set in which minimizers are sought.

Theorem 4.1 (Γ-convergence). The following two properties hold:

(i) Lim-inf inequality: For every sequence {(𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿)} with (𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿) ∈ 𝒳ℎ,𝛿 for all ℎ, 𝛿 > 0
such that, for some (𝑚1,𝑚2) ∈ 𝒳 , 𝑚ℓ,ℎ,𝛿 ⇀ 𝑚ℓ in 𝐻1(Ω) as ℎ, 𝛿 → 0 for all ℓ = 1, 2, we have that
ℰ [𝑚1,𝑚2] ≤ lim infℎ,𝛿→0 ℰℎ,𝛿[𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿].

(ii) Existence of a recovery sequence: For every (𝑚1,𝑚2) ∈ 𝒳 , there exists a sequence {(𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿)} with
(𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿) ∈ 𝒳ℎ,𝛿 for all ℎ, 𝛿 > 0 such that (𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿) → (𝑚1,𝑚2) in 𝐻1(Ω) ×𝐻1(Ω) and
ℰℎ,𝛿[𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿] → ℰ [𝑚1,𝑚2] as ℎ, 𝛿 → 0.

A well-known consequence of Γ-convergence is the convergence of discrete global minimizers.

Corollary 4.2. Let {(𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿)} be a sequence such that (𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿) ∈ 𝒳ℎ,𝛿 is a global minimizer of
the discrete energy functional ℰℎ,𝛿[·, ·] for all ℎ, 𝛿 > 0. Then, every accumulation point (𝑚1,𝑚2) of the sequence
belongs to 𝒳 and is a global minimizer of the continuous energy functional ℰ [·, ·].

We omit the proof of Corollary 4.2 as it is based on standard Γ-convergence arguments; see, e.g., Section 1.5
from [11]. Moreover, we recall that Γ-convergence does not imply the convergence of local minimizers.

4.2. Computation of low energy stationary points

Let ℋ be a Hilbert space with inner product ⟨·, ·⟩ℋ such that 𝒳 is continuously embedded in ℋ × ℋ.
Furthermore, we suppose that there exists a constant 𝑐ℋ ≥ 1 such that

𝑐−1
ℋ ‖𝜑‖ ≤ ‖𝜑‖ℋ ≤ 𝑐ℋ‖𝜑‖𝐻1(Ω) for all 𝜑 ∈𝐻1(Ω). (17)

To find stationary points with low energy, we propose two iterative algorithms that are based on two discretiza-
tions of the dissipative dynamics governed by the ℋ-gradient flow of the energy

⟨𝜕𝑡𝑚ℓ,𝜑⟩ℋ +
⟨

𝛿ℰ [𝑚1,𝑚2]
𝛿𝑚ℓ

,𝜑

⟩
= 0 for all 𝜑 ∈ 𝒦[𝑚ℓ] (ℓ = 1, 2). (18)

The spatial discretization of both methods is based on first-order finite elements as described in Section 3. As a
discrete counterpart of the space of pointwise orthogonal vector fields in (7), for 𝑚ℎ ∈ 𝒮1(𝒯ℎ)3 with 𝑚ℎ(𝑧) ̸= 0
for all 𝑧 ∈ 𝒩ℎ, we consider the finite-dimensional space

𝒦ℎ[𝑚ℎ] :=
{︀
𝜑ℎ ∈ 𝒮1(𝒯ℎ)3 : 𝑚ℎ(𝑧) · 𝜑ℎ(𝑧) = 0 for all 𝑧 ∈ 𝒩ℎ

}︀
. (19)
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For discrete functions, the pointwise orthogonality of (7) is required to hold only at the vertices of the mesh.
Note that 𝒦ℎ[𝑚ℎ] is a subspace of 𝒮1(𝒯ℎ)3 with dimension 2𝑁ℎ. The time discretization is based on two different
time-stepping methods.

Remark 4.3. In this section, we refer to the variable 𝑡 as time (accordingly, we refer to 𝜏 below as the time-step
size). However, note that we are considering the static setting, with the time variable 𝑡 playing the role of a
pseudo-time, introduced only for numerical purposes.

The first method is proposed in the following algorithm.

Algorithm 4.4 (Coupled discrete gradient flow). Discretization parameters: Mesh size ℎ > 0, time-step
size 𝜏 > 0, tolerance 𝜀 > 0.
Input: Initial guess (𝑚0

1,ℎ,𝑚0
2,ℎ) ∈ 𝒮1(𝒯ℎ)3 × 𝒮1(𝒯ℎ)3 such that, for all ℓ = 1, 2, |𝑚0

ℓ,ℎ(𝑧)| = 1 for all 𝑧 ∈ 𝒩ℎ.
Loop: For all 𝑖 ∈ N0, iterate (i) and (ii) until the stopping criterion (stop) is met:

(i) Given (𝑚𝑖
1,ℎ,𝑚𝑖

2,ℎ) ∈ 𝒮1(𝒯ℎ)3 × 𝒮1(𝒯ℎ)3, compute (𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ) ∈ 𝒦ℎ[𝑚𝑖
1,ℎ] ×𝒦ℎ[𝑚𝑖

2,ℎ] such that, for all
(𝜑1,ℎ,𝜑2,ℎ) ∈ 𝒦ℎ[𝑚𝑖

1,ℎ]×𝒦ℎ[𝑚𝑖
2,ℎ] and ℓ = 1, 2, it holds that

⟨𝑣𝑖
ℓ,ℎ,𝜑ℓ,ℎ⟩ℋ + 𝑎ℓℓ𝜏⟨∇𝑣𝑖

ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ +
𝑎12

2
𝜏⟨∇𝑣𝑖

3−ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ −
𝑎0

2
𝜏⟨𝑣𝑖

3−ℓ,ℎ,𝜑ℓ,ℎ⟩

= −𝑎ℓℓ⟨∇𝑚𝑖
ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ − 𝑎12⟨∇𝑚𝑖

3−ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ + 𝑎0⟨𝑚𝑖
3−ℓ,ℎ,𝜑ℓ,ℎ⟩. (20)

(ii) Define
𝑚𝑖+1

ℓ,ℎ := 𝑚𝑖
ℓ,ℎ + 𝜏𝑣𝑖

ℓ,ℎ for all ℓ = 1, 2. (21)

(stop) Stop iterating (i) and (ii) if (𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ) ∈ 𝒦ℎ[𝑚𝑖
1,ℎ]×𝒦ℎ[𝑚𝑖

2,ℎ] satisfies

max
ℓ=1,2

(︀
‖𝑣𝑖

ℓ,ℎ‖2ℋ + 𝜏‖∇𝑣𝑖
ℓ,ℎ‖2

)︀
≤ 𝜀2|Ω|. (22)

Output: If 𝑖* ∈ N0 denotes the smallest integer satisfying the stopping criterion (22), define the approximate
stationary point (𝑚1,ℎ,𝑚2,ℎ) := (𝑚𝑖*

1,ℎ,𝑚𝑖*

2,ℎ).

The second method is proposed in the following algorithm.

Algorithm 4.5 (Decoupled discrete gradient flow). Discretization parameters: Mesh size ℎ > 0, time-step
size 𝜏 > 0, tolerance 𝜀 > 0.
Input: Initial guess (𝑚0

1,ℎ,𝑚0
2,ℎ) ∈ 𝒮1(𝒯ℎ)3 × 𝒮1(𝒯ℎ)3 such that, for all ℓ = 1, 2, |𝑚0

ℓ,ℎ(𝑧)| = 1 for all 𝑧 ∈ 𝒩ℎ.
Loop: For all 𝑖 ∈ N0, iterate (i) and (ii) until the stopping criterion (stop) is met:

(i) Given (𝑚𝑖
1,ℎ,𝑚𝑖

2,ℎ) ∈ 𝒮1(𝒯ℎ)3 × 𝒮1(𝒯ℎ)3, compute (𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ) ∈ 𝒦ℎ[𝑚𝑖
1,ℎ] ×𝒦ℎ[𝑚𝑖

2,ℎ] such that, for all
(𝜑1,ℎ,𝜑2,ℎ) ∈ 𝒦ℎ[𝑚𝑖

1,ℎ]×𝒦ℎ[𝑚𝑖
2,ℎ] and ℓ = 1, 2, it holds that

⟨𝑣𝑖
ℓ,ℎ,𝜑ℓ,ℎ⟩ℋ + 𝑎ℓℓ𝜏⟨∇𝑣𝑖

ℓ,ℎ, ∇𝜑ℓ,ℎ⟩
= −𝑎ℓℓ⟨∇𝑚𝑖

ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ − 𝑎12⟨∇𝑚𝑖
3−ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ + 𝑎0⟨𝑚𝑖

3−ℓ,ℎ,𝜑ℓ,ℎ⟩. (23)

(ii) Define
𝑚𝑖+1

ℓ,ℎ := 𝑚𝑖
ℓ,ℎ + 𝜏𝑣𝑖

ℓ,ℎ for all ℓ = 1, 2. (24)

(stop) Stop iterating (i) and (ii) if (𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ) ∈ 𝒦ℎ[𝑚𝑖
1,ℎ]×𝒦ℎ[𝑚𝑖

2,ℎ] satisfies

max
ℓ=1,2

(︀
‖𝑣𝑖

ℓ,ℎ‖2ℋ + 𝜏‖∇𝑣𝑖
ℓ,ℎ‖2

)︀
≤ 𝜀2|Ω|. (25)

Output: If 𝑖* ∈ N0 denotes the smallest integer satisfying the stopping criterion (25), define the approximate
stationary point (𝑚1,ℎ,𝑚2,ℎ) := (𝑚𝑖*

1,ℎ,𝑚𝑖*

2,ℎ).
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In both Algorithms 4.4 and 4.5 the iteration stops when the size of the updates is sufficiently small (according
to (22) and (25), respectively). The algorithms are characterized by a different treatment of the inhomogeneous
and homogeneous interlattice exchange contributions, which are treated implicitly in Algorithm 4.4 and explicitly
in Algorithm 4.5. One immediate consequence is that in Algorithm 4.4 the two equations are coupled (as they
are in the continuous problem) and one iteration of the algorithm requires the solution of one 4𝑁ℎ-by-4𝑁ℎ linear
system, whereas in Algorithm 4.5 the two equations are decoupled and one iteration of the algorithm requires
the solution of two 2𝑁ℎ-by-2𝑁ℎ linear systems (that are independent of each other and thus can be solved in
parallel). This difference will affect the solvability and energetic behavior of the algorithms, which will be the
subject of the following propositions.

In the following proposition, we establish the properties of Algorithm 4.4.

Proposition 4.6 (Properties of Algorithm 4.4). There hold the following statements:

(i) Suppose that 𝜏 satisfies 𝑐2
ℋ|𝑎0|𝜏 < 2, where 𝑎0 is one of the coefficients in (1) and 𝑐ℋ is the constant

in (17). Then, for all 𝑖 ∈ N0, equation (20) admits a unique solution (𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ) ∈ 𝒦ℎ[𝑚𝑖
1,ℎ]×𝒦ℎ[𝑚𝑖

2,ℎ].
(ii) Under the assumption of part (i), suppose that 𝜏 additionally satisfies 𝑐ℋ𝑐𝒯 |𝑎0|𝜏 < 1, where 𝑐𝒯 > 0 is a

constant which depends only on the shape-regularity of the family of meshes. Then, Algorithm 4.4 terminates
within a finite number of iterations. In particular, the approximate stationary point (𝑚1,ℎ,𝑚2,ℎ) is well
defined.

(iii) Under the assumption of part (i), for all 𝑖 ∈ N0, the iterates of Algorithm 4.4 satisfy

ℰ [𝑚𝑖+1
1,ℎ ,𝑚𝑖+1

2,ℎ ]− ℰ [𝑚𝑖
1,ℎ,𝑚𝑖

2,ℎ] = −𝜏

2∑︁
ℓ=1

‖𝑣𝑖
ℓ,ℎ‖2ℋ − 𝜏2

2

2∑︁
ℓ=1

𝑎ℓℓ‖∇𝑣𝑖
ℓ,ℎ‖2. (26)

In particular, the sequence of energies generated by the algorithm is monotonically decreasing, i.e., it holds
that ℰ [𝑚𝑖+1

1,ℎ ,𝑚𝑖+1
2,ℎ ] ≤ ℰ [𝑚𝑖

1,ℎ,𝑚𝑖
2,ℎ].

(iv) Under the assumptions of part (ii), there exists 𝐶 > 0 such that the approximate stationary point
(𝑚1,ℎ,𝑚2,ℎ) satisfies

‖ℐℎ[|𝑚ℓ,ℎ|2]− 1‖𝐿1(Ω) ≤ 𝐶𝜏

(︃
1 +

2∑︁
ℓ=1

‖𝑚0
ℓ,ℎ‖2𝐻1(Ω)

)︃
for all ℓ = 1, 2.

The constant 𝐶 > 0 depends only on 𝑎11, 𝑎12, 𝑎22, 𝑎0, 𝑐ℋ, and the shape-regularity of the family of meshes.

Corresponding results for Algorithm 4.5 are the subject of the following proposition.

Proposition 4.7 (Properties of Algorithm 4.5). There hold the following statements:

(i) For all 𝑖 ∈ N0, (23) admits a unique solution (𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ) ∈ 𝒦ℎ[𝑚𝑖
1,ℎ]×𝒦ℎ[𝑚𝑖

2,ℎ].
(ii) Suppose that 𝜏 satisfies 𝑐ℋ(𝑐ℋ/2+𝑐𝒯 )|𝑎0|𝜏 < 1, where 𝑎0 is one of the coefficients in (1), 𝑐ℋ is the constant

in (17), and 𝑐𝒯 > 0 is a constant which depends only on the shape-regularity of the family of meshes. Then,
Algorithm 4.5 terminates within a finite number of iterations. In particular, the approximate stationary
point (𝑚1,ℎ,𝑚2,ℎ) is well defined.

(iii) For all 𝑖 ∈ N0, the iterates of Algorithm 4.5 satisfy

ℰ [𝑚𝑖+1
1,ℎ ,𝑚𝑖+1

2,ℎ ]− ℰ [𝑚𝑖
1,ℎ,𝑚𝑖

2,ℎ] = −𝜏

2∑︁
ℓ=1

‖𝑣𝑖
ℓ,ℎ‖2ℋ − 𝜏2

2

2∑︁
ℓ=1

𝑎ℓℓ‖∇𝑣𝑖
ℓ,ℎ‖2

+ 𝑎12𝜏
2⟨∇𝑣𝑖

1,ℎ, ∇𝑣𝑖
2,ℎ⟩ − 𝑎0𝜏

2⟨𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ⟩. (27)

Moreover, if 𝜏 satisfies 𝑐2
ℋ|𝑎0|𝜏 ≤ 2, then the sequence of energies generated by the algorithm is monoton-

ically decreasing, i.e., it holds that ℰ [𝑚𝑖+1
1,ℎ ,𝑚𝑖+1

2,ℎ ] ≤ ℰ [𝑚𝑖
1,ℎ,𝑚𝑖

2,ℎ].
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(iv) Under the assumptions of part (ii), there exists 𝐶 > 0 such that the approximate stationary point
(𝑚1,ℎ,𝑚2,ℎ) satisfies

‖ℐℎ[|𝑚ℓ,ℎ|2]− 1‖𝐿1(Ω) ≤ 𝐶𝜏

(︃
1 +

2∑︁
ℓ=1

‖𝑚0
ℓ,ℎ‖2𝐻1(Ω)

)︃
for all ℓ = 1, 2.

The constant 𝐶 > 0 depends only on 𝑎11, 𝑎12, 𝑎22, 𝑎0, 𝑐ℋ, and the shape-regularity of the family of meshes.

Each iteration of Algorithm 4.4 is well defined if the time-step size is sufficiently small. Moreover, the algo-
rithm unconditionally generates a monotonically decreasing sequence of energies. Conversely, each iteration of
Algorithm 4.5 is unconditionally well defined, but the sequence of energies it generates is monotonically decreas-
ing only if the time-step size is sufficiently small. Furthermore, we note that the inequalities in point (iv) of both
Propositions 4.6 and 4.7 show that if the initial guesses are uniformly bounded in 𝐻1(Ω) (in the sense of (28)
below), then the approximate stationary points generated by the algorithms belong to the set of admissible
pairs 𝒳ℎ,𝛿 with 𝛿 of the form 𝛿 = 𝐶𝜏 .

In the following theorem, we show that the sequence of approximate stationary points computed with both
algorithms converges toward an admissible pair in 𝒳 as the discretization parameters go to zero. If we neglect
the inhomogeneous interlattice exchange contribution, we can identify the limit with a stationary point of the
energy functional (1).

Theorem 4.8 (Convergence of Algorithms 4.4 and 4.5). Suppose that there exists 𝑐0 > 0, independent of the
discretization parameters ℎ, 𝜏 , and 𝜀, such that

sup
ℎ>0

(︃
2∑︁

ℓ=1

‖𝑚0
ℓ,ℎ‖2𝐻1(Ω)

)︃
≤ 𝑐0. (28)

Suppose that 𝜏 → 0 and 𝜀 → 0 as ℎ → 0. Then, as ℎ → 0, the sequence of approximate stationary points
{(𝑚1,ℎ,𝑚2,ℎ)}ℎ>0 generated by either Algorithms 4.4 or 4.5, upon extraction of a subsequence, converges weakly
in 𝐻1(Ω)×𝐻1(Ω) toward a point (𝑚1,𝑚2) ∈ 𝒳 . If 𝑎12 = 0, the limit (𝑚1,𝑚2) ∈ 𝒳 is a stationary point of
the energy functional (1).

A byproduct of Theorem 4.8 is the existence of weak solutions to the Euler–Lagrange equations (4) for the
case 𝑎12 = 0.

Remark 4.9. In our analysis, we can identify the limit of the sequence of approximate stationary points with a
stationary point of the energy only if we assume that 𝑎12 = 0, i.e., if we neglect the inhomogeneous interlattice
exchange contribution from the energy. This restriction is related to the fact that, if 𝑎12 ̸= 0, the weak formulation
of the approximate Euler–Lagrange equations satisfied by (𝑚1,ℎ,𝑚2,ℎ) contains a term that involves the 𝐿2-
product of ∇𝑚1,ℎ and ∇𝑚2,ℎ. Since (𝑚1,ℎ,𝑚2,ℎ) converges to (𝑚1,𝑚2) only weakly in 𝐻1(Ω)×𝐻1(Ω), we
are not allowed to pass this term to the limit. We believe that this issue comes from the fact that our algorithms
do not use any regularization, so that the stability analysis does not yield any additional regularity (and thus
no stronger convergence properties) that would allow us to use arguments based on compensated compactness
(see, e.g., [15], Chap. 5 or [32], Sect. I.3). However, we note that our numerical experiments suggest that the
algorithms behave well even if 𝑎12 ̸= 0. Moreover, in many situations (see, e.g., [26, 28]), the inhomogeneous
interlattice exchange contribution is of limited physical value and is omitted, so that the current theory already
covers many applications.

4.3. Numerical experiments

Before moving to the dynamic case, we show the effectivity of the proposed algorithms with two numerical
experiments. The computations presented in this section (and in Sect. 5.2 below) have been performed with
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an implementation based on the open-source finite element library Netgen/NGSolve [30] (version 6.2.2302).
Lower-order energy contributions such as magnetocrystalline anisotropy, Dzyaloshinskii–Moriya interaction,
and Zeeman energy (cf. Sect. A.2), omitted in our analysis, are treated explicitly (and thus contribute only
to the right-hand-sides of (20) and (23)); see [1, 13]. The orthogonality constraint in (20) and (23) is enforced
using the null-space method discussed in [20, 27]. The resulting linear systems are solved using the generalized
minimal residual method (GMRES) with an incomplete LU decomposition preconditioner. We note that in the
static case, the use of the conjugate gradient method is possible due to symmetry, but we use GMRES in these
tests to maintain consistency with the dynamic case (see Sect. 5.2 below). All computations have been made on
an i5-9500 CPU with 16 GB of installed memory. Magnetization configurations are visualized with ParaView [2].

4.3.1. Comparison of the algorithms

In this experiment, we aim to compare to each other Algorithms 4.4 and 4.5, and to evaluate the impact on
their performance of the choice of the gradient flow metric, i.e., the inner product ⟨·, ·⟩ℋ in (18).

For the dimensionless setting discussed in Section 2, we consider a toy problem on the unit cube Ω =
(−1/2, 1/2)3. The total energy consists of exchange and uniaxial anisotropy, i.e.,

ℰ [𝑚1,𝑚2] =
1
2

2∑︁
ℓ=1

𝑎ℓℓ

∫︁
Ω

|∇𝑚ℓ|2 + 𝑎12

∫︁
Ω

∇𝑚1 : ∇𝑚2 − 𝑎0

∫︁
Ω

𝑚1 ·𝑚2

+
𝑞2
1

2

∫︁
Ω

[1− (𝑎 ·𝑚1)2] +
𝑞2
2

2

∫︁
Ω

[1− (𝑎 ·𝑚2)2],

with exchange constants 𝑎11 = 2, 𝑎22 = 1, 𝑎12 = −1/2, and 𝑎0 = −100, anisotropy constants 𝑞1 = 5 and 𝑞2 = 10,
and easy axis 𝑎 = (1, 1, 1)/

√
3. It is easy to see that for this setup the energy minimization problem admits two

global minimizers (𝑚±
1 ,𝑚±

2 ) ≡ ±(𝑎,−𝑎) and that the energy value at the minimizers is ℰ [𝑚±
1 ,𝑚±

2 ] = −100.
For the discretization, we consider a tetrahedral mesh generated by Netgen with mesh size ℎ ≈ 0.209 (1433

vertices and 6201 elements), and we set 𝜏 = 10−3 and 𝜀 = 10−4. Starting from the constant initial guess
𝑚0

1,ℎ ≡ (1, 0, 0) and 𝑚0
2,ℎ ≡ (0, 1, 0), we run Algorithms 4.4 and 4.5 for three different choices for the gradient

flow metric: the 𝐿2-metric ⟨·, ·⟩ℋ = ⟨·, ·⟩, the mass-lumped 𝐿2-metric ⟨·, ·⟩ℋ = ⟨·, ·⟩ℎ (see (14)), and the 𝐻1-
metric ⟨·, ·⟩ℋ = ⟨·, ·⟩+⟨∇(·), ∇(·)⟩. For all six runs (two algorithms, three metrics each), the iterative algorithm
returns as an approximate stationary point an approximation of the minimizer (𝑚−

1 ,𝑚−
2 ) ≡ (−𝑎,𝑎).

In Table 1, we compare the performance of each combination in terms of

– the final energy ℰ [𝑚1,ℎ,𝑚2,ℎ] of the approximate stationary point (energy);
– the difference ℰ [𝑚̂1,ℎ, 𝑚̂2,ℎ] + 100 between the final energy ℰ [𝑚̂1,ℎ, 𝑚̂2,ℎ] of the normalized approximate

stationary point (proj. energy err.) and the expected energy −100, where 𝑚̂ℓ,ℎ = ℐℎ[𝑚ℓ,ℎ/|𝑚ℓ,ℎ|] for all
ℓ = 1, 2;

– the number of iterations necessary to meet the stopping criterion (num. iter.);
– the average solve time per iteration (solve time), measured in 𝑠, where the solve time is defined as the time

needed to solve the linear system (20) for Algorithm 4.4 and as the sum of the times needed to solve the
two linear systems (23) (one for ℓ = 1 and one for ℓ = 2) for Algorithm 4.5;

– the error in the unit-length constraint measured in the 𝐿1-norm, i.e., err𝐿1 := maxℓ=1,2

⃦⃦
ℐℎ

[︀
|𝑚ℓ,ℎ|2

]︀
−

1‖𝐿1(Ω);
– the error in the unit-length constraint measured in the 𝐿∞-norm, i.e., err𝐿∞ := maxℓ=1,2‖𝑚ℓ,ℎ‖𝐿∞(Ω) − 1.

Moreover, in Figure 2, for all six combinations of algorithms and metrics, we plot the evolution of the energy
during the iteration.

In the very first part of the gradient flow dynamics (corresponding roughly to the first 15 iterations), the
constant initial guess with 𝑚1 and 𝑚2 perpendicular to each other evolves to reach a constant state with an
antiparallel alignment of the fields. This yields a strong reduction of the 𝑎0-modulated homogeneous interlattice
exchange contribution (with the total energy abruptly dropping from an initial value of about 41 to −42). The
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Table 1. Experiment of Section 4.3.1: Comparison of algorithms and gradient flow metrics
(constant initial guess).

Algorithm 4.4 (coupled) Algorithm 4.5 (decoupled)

ℋ (𝐿2(Ω), ‖·‖) (𝐿2(Ω), ‖·‖ℎ) 𝐻1(Ω) (𝐿2(Ω), ‖·‖) (𝐿2(Ω), ‖·‖ℎ) 𝐻1(Ω)

Energy −111.59 −111.59 −111.59 −111.38 −111.38 −111.38
Proj. energy err. 8.56× 10−11 8.56× 10−11 8.56× 10−11 9.90× 10−11 9.90× 10−11 9.90× 10−11

Num. iter. 249 249 249 275 275 275
Solve time 0.223 0.232 0.376 0.095 0.094 0.209
err𝐿∞ 0.049 0.049 0.049 0.047 0.047 0.047
err𝐿1 0.100 0.100 0.100 9.61× 10−2 9.61× 10−2 9.61× 10−2

Figure 2. Experiment of Section 4.3.1: Evolution of the energy with different algorithms and
gradient flow metrics (constant initial guess).

rest of the dynamics is slower and consists of a rotation of the pair of constant fields which make them align to
the direction of the easy axis as prescribed by the anisotropy energy contribution.

Looking at the results, we observe that Algorithms 4.4 and 4.5 require approximately the same number of
iterations to fulfill the stopping criterion (those of Algorithm 4.4 are slightly less than those of Algorithm 4.5).
The energy decay of Algorithm 4.4 is faster than the one of Algorithm 4.5, but this does not lead to a significantly
smaller number of iterations. On the other hand, the average solve time of Algorithm 4.5 is about half of the
one of Algorithm 4.4, which makes the simulations performed with the decoupled algorithm significantly faster.
The different metrics are practically identical (except for a minimal difference in the average solve time). For
the 𝐿2- and mass-lumped 𝐿2-metric, this is unsurprising, since they are equivalent to each other; see (15). We
believe that the equivalence to the 𝐻1-metric in this example (with constant initial guess) is due to the fact
that the updates 𝑣𝑖

ℓ,ℎ are essentially uniform, and hence their gradients ∇𝑣𝑖
ℓ,ℎ are essentially zero. It follows

that in the numerical scheme, the gradient part of the 𝐻1-metric is small, reducing to the 𝐿2-metric.
There is a significant discrepancy between the value of the energy at the minimizer (ℰ [𝑚+

1 ,𝑚+
2 ] = −100)

and the one of its approximation (ℰ [𝑚1,ℎ,𝑚2,ℎ] ≈ −111). However, if we remove the error in the unit-length
constraint by normalizing the fields at the vertices of the mesh, we obtain the desired value up to the tenth
digit. This shows that our projection-free algorithms are perfectly able to identify the minimizers. However, for
a quantitative match of the energy values, the error in the constraint needs to be removed or reduced (applying
a nodal projection to the final configuration or decreasing the time-step size).

Next, we repeat the experiment, but this time we start from a random initial guess (the same for all simu-
lations). For all six runs, the iterative algorithm again returns as an approximate stationary point an approx-
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Table 2. Experiment of Section 4.3.1: Comparison of algorithms and gradient flow metrics
(random initial guess).

Algorithm 4.4 (coupled) Algorithm 4.5 (decoupled)

ℋ (𝐿2(Ω), ‖·‖) (𝐿2(Ω), ‖·‖ℎ) 𝐻1(Ω) (𝐿2(Ω), ‖·‖) (𝐿2(Ω), ‖·‖ℎ) 𝐻1(Ω)

Energy −182.36 −158.04 −100.38 −182.70 −158.03 −100.38
Proj. energy err. 5.70× 10−11 6.33× 10−11 6.02× 10−9 6.54× 10−11 7.70× 10−11 6.02× 10−9

Num. iter. 231 231 13 713 252 254 13 718
Solve time 0.220 0.227 0.347 0.093 0.092 0.170
err𝐿∞ 1.185 0.923 0.004 1.196 0.905 0.004
err𝐿1 0.668 0.433 2.51× 10−3 0.670 0.428 2.51× 10−3

imation of the minimizer (𝑚−
1 ,𝑚−

2 ) ≡ (−𝑎,𝑎). The results are displayed in Table 2. The faster average solve
time of Algorithm 4.5 observed for the case of a constant initial guess is confirmed. However, in this case, we
observe a clear difference between the 𝐿2-metrics (with and without mass lumping) and the 𝐻1-metric, with the
latter requiring a significantly larger number of iterations (ca 13700 against 200–300), which results in longer
computational times. However, as far as the unit-length constraint is concerned, the 𝐻1-metric is characterized
by a much better accuracy.

Overall, our experiments show that the decoupled approach of Algorithm 4.5, due to its computational
efficiency, is preferable over the coupled one of Algorithm 4.4. On the other hand, the choice of the gradient
flow metric is more delicate. While for a constant initial guess (with low exchange energy) the metrics are
essentially equivalent, for a random initial guess (with large exchange energy) the 𝐻1-metric guarantees a
significantly smaller violation of the unit-length constraint at the discrete level (which, however, is obtained at
the price of higher computational costs). In this respect, we conclude by observing that, for any metric, the
solvability of Algorithm 4.4 and the stability of Algorithm 4.5 require 𝜏 to be sufficiently small (see Props. 4.6(i),
(ii) and 4.7(ii), (iii), respectively). This is different from what happens for similar algorithms to approximate
harmonic maps [10] (or energy minimizers of the standard micromagnetic energy for FM materials), where the
stabilizing effect of the 𝐻1-metric allows the use of very large time-step sizes, which usually yields a significant
reduction of the number of iterations needed to achieve convergence.

4.3.2. AFM skyrmion formation

In this experiment, we aim to highlight the capability of our algorithms to compute stable magnetization
configurations in AFM materials.

The domain is an AFM nanodisk of thickness 1 nm (aligned with 𝑥3-axis) and diameter 60 nm (aligned with the
𝑥1𝑥2-plane). The energy consists of exchange, out-of-plane uniaxial anisotropy, and interfacial Dzyaloshinskii–
Moriya interaction, and reads as

ℰ [𝑚1,𝑚2] =
1
2

2∑︁
ℓ=1

𝑎ℓℓ

∫︁
Ω

|∇𝑚ℓ|2 − 𝑎0

∫︁
Ω

𝑚1 ·𝑚2 +
𝑞2

2

∫︁
Ω

[1− (𝑎 ·𝑚1)2]

+
𝑞2

2

∫︁
Ω

[1− (𝑎 ·𝑚2)2] +
∫︁

Ω

̂︀𝐷 : (∇𝑚1 ×𝑚1) +
∫︁

Ω

̂︀𝐷 : (∇𝑚2 ×𝑚2),

where the dimensionless parameters 𝑎11, 𝑎22, 𝑎0, 𝑞 and ̂︀𝐷 are obtained from the material parameters collected
in Table 3 as explained in Appendix A.

For the discretization, we consider a tetrahedral mesh 𝒯ℎ generated by Netgen with mesh size 3.36 nm (1660

vertices and 4694 elements), i.e., well below the exchange length of ℓex =
√︁

2𝐴11/(𝜇0𝑀2
s,1) = 8.61 nm, Here,

𝜇0 > 0 denotes the vacuum permeability (in N/A2).
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Table 3. Experiment of Section 4.3.2: Material parameters. All values are taken from [28],
except those of 𝑎 and 𝐷. Here, we denote by {𝑒1, 𝑒2, 𝑒3} the canonical basis of R3.

Parameter Value
𝑀s,1, 𝑀s,2 376 kA/m
𝐴11, 𝐴22 6.59 pJ/m
𝐴12 0
𝐴0 −6.59 pJ/m
𝑎 1 nm

𝐾 0.15MJ/m2

𝑎 𝑒3
𝐷 𝐷(−𝑒1 ⊗ 𝑒2 + 𝑒2 ⊗ 𝑒1)
𝐷 3mJ/m2

Figure 3. Experiments of Sections 4.3.2 and 4.3.3: Initial guesses for Algorithm 4.5. The
orientation of 𝑚0

1,ℎ (resp., 𝑚0
2,ℎ) is shown in red (resp., blue). In (a), we have 𝑚0

1,ℎ ≈ 𝑒1 in the
internal region, 𝑚0

1,ℎ ≈ −𝑒1 in the external region, and 𝑚0
2,ℎ ≈ −𝑚0

1,ℎ in the entire domain
(AFM alignment). In (b), we have 𝑚0

1,ℎ as in (a), but 𝑚0
2,ℎ ≈𝑚0

1,ℎ (FM alignment).

As an initial guess, we consider a perturbed skyrmion-like AFM state; see Figure 3a. More precisely, we
consider the auxiliary function

𝑓init(𝑥, 𝑦, 𝑧) :=
1

1 + exp
(︁

20
(︁√︀

𝑥2 + 𝑦2 − 10
)︁)︁ − 1

2

and start from the initial condition 𝑚1,2 = (0, 0,±𝑓init). This is then interpolated using the built-in Oswald-
type interpolation of NGSolve before undergoing a nodal projection, random perturbation (up to 0.3 in each
component) and another nodal projection. The value 10 in the expression of 𝑓init corresponds to 10 nm and
refers to the radius of the inner circle. The decay constant 20 makes the transition reasonably sharp before
projecting.

Starting from this configuration, we run Algorithm 4.5 (in our opinion, the best performing one in Sect. 4.3.1)
with dimensionless time-step size 𝜏 and stopping tolerance 𝜀 both equal to 1× 10−3.

In Figures 4a and 4b below, we show the stable configurations obtained running Algorithm 4.5 with 𝐻1-
metric. We see that both fields are Néel-type skyrmions [17] (with the cores pointing up for 𝑚1,ℎ and down
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Table 4. Experiment of Section 4.3.2: Comparison of gradient flow metrics for Algorithm 4.5.

Algorithm 4.5
ℋ (𝐿2(Ω), ‖·‖) (𝐿2(Ω), ‖·‖ℎ) 𝐻1(Ω)

Energy −4.362× 105 −4.287× 105 −4.256× 105

Num. iter. 17 552 17 704 17 784
Solve time 0.060 0.050 0.058
err𝐿∞ 0.165 0.100 0.061
err𝐿1 95.134 44.173 23.411

for 𝑚2,ℎ, in line with the orientation of the field in the internal region for the corresponding initial condition),
which is typical for magnetic systems characterized by interfacial Dzyaloshinskii–Moriya interaction. Moreover,
as expected for an AFM material, we have that 𝑚1,ℎ ≈ −𝑚2,ℎ.

In Table 4, we compare the performance of the three gradient flow metrics considered in Section 4.3.1. We see
that, in terms of final energy value, number of iterations, and average solve time, the performance of the three
metrics is comparable. On the other hand, as far as the violation of the unit-length constraint is concerned, the
𝐻1-metric exhibits the best performance.

4.3.3. The role of 𝑎0

The interaction of 𝑚1 and 𝑚2 with each other is incorporated into the model by means of two contributions
of the energy functional (1): the 𝑎12-modulated inhomogeneous interlattice exchange contribution and the 𝑎0-
modulated homogeneous interlattice exchange contribution. The first one is of limited physical value (that is
why it is often omitted as, e.g., in [26,28]) and is mathematically dominated by the inhomogeneous intralattice
exchange contributions (cf. assumption (2)). As far as the coupling of the fields is concerned, the main player
is indeed the 𝑎0-modulated energy term. In particular, it is easily seen that negative values of 𝑎0 (as those
considered in all experiments presented so far) favors minimizers with an antiparallel alignment of the fields
(typical for AFM and FiM materials), whereas positive values of 𝑎0 induce a parallel alignment. Moreover, if
𝑎0 > 0, the energy functional (1) yields, up to positive multiplicative and additive constants, a weighted squared
𝐻1-norm for the total magnetization 𝑚 = 𝜂s,1𝑚1 + 𝜂s,2𝑚2, which resembles (and therefore behaves like) the
standard micromagnetic energy for FM materials.

In this experiment, we investigate these aspects numerically. To this end, we repeat the experiment of
Section 4.3.2 with combinations of the following modifications. On the one hand, we test positive and neg-
ative values of 𝑎0 (by setting 𝐴0 = ±6.59 pJ/m, cf. Tab. 3). On the other hand, we use either the previous
AFM initial guess or its FM sister in which the fields are almost aligned with each other (shown in Fig. 3b).
For these four setup combinations (two values for 𝑎0, two initial guesses), but otherwise the same material and
discretization parameters as in Section 4.3.2, we run Algorithm 4.5 with 𝐻1-metric and mass-lumped 𝐿2-metric.

In Table 5, we compare the results of the eights simulations (two values of 𝑎0, two initial guesses, two gradient
flow metrics), whereas in Figure 4 we show the approximate stationary points computed by Algorithm 4.5 with
𝐻1-metric (the mass-lumped 𝐿2-metric led to the same approximate stationary points). In all cases, the expected
FM/AFM coupling of the fields is observed. We see that, if the sign of 𝑎0 and the mutual alignment of the fields
in the initial guess match, i.e., either 𝑎0 < 0 with AFM initial guess or 𝑎0 > 0 with FM initial guess, both fields
in the final state are Néel-type skyrmions, with 𝑚2,ℎ ≈ −𝑚1,ℎ if 𝑎0 < 0 (see Figs. 4a and 4b) and 𝑚2,ℎ ≈𝑚1,ℎ

if 𝑎0 > 0 (see Figs. 4e and 4f). In terms of final energy value, number of iterations, and average solve time, the
results for the two metrics are very similar, whereas the performance is different in terms of constraint violation
error, with the one of the 𝐻1-metric being smaller. On the other hand, in the nonmatching setups, i.e., either
𝑎0 > 0 with AFM initial guess or 𝑎0 < 0 with FM initial guess, the number of iterations required to meet the
stopping criterion is generically greater (which is not surprising, as the gradient flow dynamics must enforce also
the mutual alignment of the fields prescribed by the sign of 𝑎0). Moreover, the performance of the two metrics
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Figure 4. Experiments of Sections 4.3.2 and 4.3.3: Stable configurations computed using
Algorithm 4.5 with 𝐻1-metric, using varied initial guess (cf. Fig. 3), and positive or negative
𝑎0. In the pictures, the color scale refers to the third component of the fields, which attains
values between −1 (blue) and 1 (red). (a) 𝑚1,ℎ, 𝑎0 < 0, AFM initial guess. (b) 𝑚2,ℎ, 𝑎0 < 0,
AFM initial guess. (c) 𝑚1,ℎ, 𝑎0 < 0, FM initial guess. (d) 𝑚2,ℎ, 𝑎0 < 0, FM initial guess. (e)
𝑚1,ℎ, 𝑎0 > 0, FM initial guess. (f) 𝑚2,ℎ, 𝑎0 > 0, FM initial guess. (g) 𝑚1,ℎ, 𝑎0 > 0, AFM
initial guess. (h) 𝑚2,ℎ, 𝑎0 > 0, AFM initial guess.
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Table 5. Experiment of Section 4.3.3: Comparison of gradient flow metrics for Algorithm 4.5
using varied initial guess (cf. Fig. 3), and positive or negative 𝑎0.

𝑎0 < 0, AFM initial guess 𝑎0 > 0, AFM initial guess

ℋ (𝐿2(Ω), ‖·‖ℎ) 𝐻1(Ω) (𝐿2(Ω), ‖·‖ℎ) 𝐻1(Ω)

Energy −4.287× 105 −4.256× 105 −4.913× 105 −4.817× 105

Num. iter. 17 704 17 784 58 518 41 319
Solve time 0.060 0.069 0.072 0.070
err𝐿∞ 0.100 0.061 0.252 0.121
err𝐿1 44.173 23.541 451.584 386.488
Final state Figures 4a, 4b Figures 4g, 4h

𝑎0 < 0, FM initial guess 𝑎0 > 0, FM initial guess

ℋ (𝐿2(Ω), ‖·‖ℎ) 𝐻1(Ω) (𝐿2(Ω), ‖·‖ℎ) 𝐻1(Ω)

Energy −4.911× 105 −4.805× 105 −4.287× 105 −4.256× 105

Num. iter. 220 489 17 849 16 547 16 523
solve time 0.066 0.067 0.060 0.068
err𝐿∞ 0.174 0.148 0.108 0.069
err𝐿1 452.250 381.746 44.018 23.551
Final state Figures 4c, 4d Figures 4e, 4f

is different not only in terms of constraint violation error (which is the case for the matching setups), but also
in terms of number of iterations needed to reach the stopping criterion. This is particularly extreme for the case
𝑎0 < 0 with FM initial guess, for which the mass-lumped 𝐿2-metric requires over 200k iterations, despite the
𝐻1-metric taking only 17k. Furthermore, the final states obtained for the nonmatching setups are not pairs of
skyrmions, but different configurations characterized by larger energy values. We see that, if 𝑎0 < 0 with FM
initial guess, the disk is divided in half, with a transition between generally pointing up and generally pointing
down (see Figs. 4c and 4d). On the other hand, if 𝑎0 > 0 with AFM initial guess, the final state exhibits for
both fields a line in the middle pointing down, with two parallel sections pointing upwards (see Figs. 4g and 4h).
A similar stable state can be observed in Figure 2 from [33].

5. Numerical approximation of the LLG system

In this section, starting from Algorithm 4.5, we introduce a fully discrete algorithm to approximate solutions
of the initial boundary value problem (9) and (10) for the coupled system of LLG equations modeling the
dynamics of AFM and FiM materials. We state well-posedness, stability, and unconditional convergence of the
approximations toward a weak solution of the problem, and present numerical experiments to show its applica-
bility for the simulation of the dynamics of magnetic skyrmions in AFM materials. To make the presentation
of the results concise, all proofs are postponed to Section 6.2.

5.1. Numerical algorithm and main results

The method we propose, stated in the following algorithm, is based on the projection-free tangent plane
scheme from [1,10,18] and employs the decoupled approach of Algorithm 4.5. Like in the static case, the spatial
discretization is based on first-order finite elements (see Sect. 3).

Algorithm 5.1 (Tangent plane scheme). Discretization parameters: Mesh size ℎ > 0, time-step size 𝜏 > 0.
Input: Approximate initial condition (𝑚0

1,ℎ,𝑚0
2,ℎ) ∈ 𝒮1(𝒯ℎ)3×𝒮1(𝒯ℎ)3 such that, for all ℓ = 1, 2, |𝑚0

ℓ,ℎ(𝑧)| = 1
for all 𝑧 ∈ 𝒩ℎ.
Loop: For all 𝑖 ∈ N0, iterate (i) and (ii) until the stopping criterion (stop) is met:
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(i) Given (𝑚𝑖
1,ℎ,𝑚𝑖

2,ℎ) ∈ 𝒮1(𝒯ℎ)3 × 𝒮1(𝒯ℎ)3, compute (𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ) ∈ 𝒦ℎ[𝑚𝑖
1,ℎ] ×𝒦ℎ[𝑚𝑖

2,ℎ] such that, for all
ℓ = 1, 2, for all (𝜑1,ℎ,𝜑2,ℎ) ∈ 𝒦ℎ[𝑚𝑖

1,ℎ]×𝒦ℎ[𝑚𝑖
2,ℎ], it holds that

𝛼ℓ⟨𝑣𝑖
ℓ,ℎ,𝜑ℓ,ℎ⟩ℎ + ⟨𝑚𝑖

ℓ,ℎ × 𝑣𝑖
ℓ,ℎ,𝜑ℓ,ℎ⟩ℎ + 𝜂ℓ𝑎ℓℓ𝜏⟨∇𝑣𝑖

ℓ,ℎ, ∇𝜑ℓ,ℎ⟩
= −𝜂ℓ𝑎ℓℓ⟨∇𝑚𝑖

ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ − 𝜂ℓ𝑎12⟨∇𝑚𝑖
3−ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ + 𝜂ℓ𝑎0⟨𝑚𝑖

3−ℓ,ℎ,𝜑ℓ,ℎ⟩. (29)

(ii) Define
𝑚𝑖+1

ℓ,ℎ := 𝑚𝑖
ℓ,ℎ + 𝜏𝑣𝑖

ℓ,ℎ forall ℓ = 1, 2. (30)

Output: Sequence of approximations {(𝑚𝑖
1,ℎ,𝑚𝑖

2,ℎ)}𝑖∈N0 .

Starting from approximations 𝑚0
1,ℎ,𝑚0

2,ℎ ∈ 𝒮1(𝒯ℎ)3 of the initial conditions, in each step of Algorithm 5.1,
the new approximations are computed updating the current ones using a predictor-corrector approach. In the
predictor step, (29) are discretizations of

𝛼ℓ 𝜕𝑡𝑚ℓ +𝑚ℓ × 𝜕𝑡𝑚ℓ = 𝜂ℓ ℎeff,ℓ[𝑚1,𝑚2]− 𝜂ℓ (ℎeff,ℓ[𝑚1,𝑚2] ·𝑚ℓ)𝑚ℓ for all ℓ = 1, 2,

an equivalent reformulation of (9) that can be obtained using standard vector identities as well as the relations
|𝑚ℓ| = 1 and 𝑚ℓ · 𝜕𝑡𝑚ℓ = 0 [4]. The discrete problems are posed in the discrete tangent space (19), which
yields a natural linearization. Like in Algorithm 4.5, the inhomogeneous intralattice exchange contribution is
treated implicitly, whereas the interlattice contributions are treated explicitly. By doing this, the system of LLG
equations is decoupled and one has to solve two, independent of each other, 2𝑁ℎ-by-2𝑁ℎ linear systems per
time-step. The corrector step (30) is a simple projection-free first-order time-stepping.

In the following proposition, we show that Algorithm 5.1 is well-defined.

Proposition 5.2 (Well-posedness of Algorithm 5.1). For all 𝑖 ∈ N0, (29) admits a unique solution (𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ) ∈
𝒦ℎ[𝑚𝑖

1,ℎ]×𝒦ℎ[𝑚𝑖
2,ℎ]. In particular, each iteration of Algorithm 5.1 is well-defined.

In the following proposition, we characterize the energy behavior of Algorithm 5.1.

Proposition 5.3 (Discrete energy law and stability of Algorithm 5.1). There hold the following statements:

(i) For all 𝑖 ∈ N0, the approximations generated by Algorithm 5.1 satisfy the identity

ℰ [𝑚𝑖+1
1,ℎ ,𝑚𝑖+1

2,ℎ ]− ℰ [𝑚𝑖
1,ℎ,𝑚𝑖

2,ℎ] = −𝜏

2∑︁
ℓ=1

𝛼ℓ

𝜂ℓ
‖𝑣𝑖

ℓ,ℎ‖2ℎ −
𝜏2

2

2∑︁
ℓ=1

𝑎ℓℓ‖∇𝑣𝑖
ℓ,ℎ‖2

+ 𝑎12𝜏
2⟨∇𝑣𝑖

1,ℎ, ∇𝑣𝑖
2,ℎ⟩ − 𝑎0𝜏

2⟨𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ⟩. (31)

(ii) If 𝜏 < 2 min{𝛼1, 𝛼2}/|𝑎0|, for all 𝑗 ∈ N, the approximations generated by Algorithm 5.1 satisfy the inequality

2∑︁
ℓ=1

‖𝑚𝑗
ℓ,ℎ‖

2
𝐻1(Ω) + 𝜏

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖𝑣𝑖
ℓ,ℎ‖2ℎ + 𝜏2

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖∇𝑣𝑖
ℓ,ℎ‖2 ≤ 𝐶. (32)

The constant 𝐶 > 0 depends only on the problem data and the shape-regularity of the family of meshes.

The discrete energy law of Algorithm 5.1 is an approximation of the one satisfied by weak solutions (see (12)).
The LLG-inherent energy dissipation, modulated by the damping parameters 𝛼1 and 𝛼2, is enhanced by the
dissipation coming from the second term on the right-hand side, which is due to the implicit treatment of the
homogeneous intralattice exchange contribution. The last two terms on the right-hand side of (31), in general
unsigned, are perturbations arising from the explicit treatment of the interlattice exchange contributions.
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Table 6. Experiment of Section 5.2.1: Comparison of Algorithm 4.5 (with mass-lumped 𝐿2-
metric and 𝛼 = 1) with Algorithm 5.1 (with 𝛼 = 1, 1/2, 1/4, 1/8, 1/16).

Algorithm 4.5 Algorithm 5.1

𝛼 1 1 1/2 1/4 1/8 1/16

Energy −111.38 −112.26 −126.64 −160.60 −214.79 −998.44

Proj. energy err. 9.90× 10−11 1.03× 10−10 4.81× 10−11 8.27× 10−11 6.13× 10−11 3.64× 10−11

Num. iter. 275 310 334 600 2954 46 698

Solve time 0.094 0.093 0.095 0.098 0.097 0.094

err𝐿∞ 0.047 3.932× 10−2 9.497× 10−2 0.219 0.408 6.705

err𝐿1 9.61× 10−02 8.019× 10−2 0.199 0.486 0.982 3.995

With the sequence of approximations delivered by Algorithm 5.1, for ℓ = 1, 2, we define the piecewise affine
time reconstruction 𝑚ℓ,ℎ𝜏 : [0,∞) → 𝒮1(𝒯ℎ)3 as

𝑚ℓ,ℎ𝜏 (𝑡) :=
𝑡− 𝑡𝑖

𝜏
𝑚𝑖+1

ℓ,ℎ +
𝑡𝑖+1 − 𝑡

𝜏
𝑚𝑖

ℓ,ℎ for all 𝑖 ∈ N0 and 𝑡 ∈ [𝑡𝑖, 𝑡𝑖+1]

(see (13)). In the following theorem, we state the convergence of the finite element approximations toward a
weak solution of (9) in the sense of Definition 2.1.

Theorem 5.4 (Convergence of Algorithm 5.1). Suppose that 𝑚0
1,ℎ → 𝑚0

1 and 𝑚0
2,ℎ → 𝑚0

2 in 𝐻1(Ω) as
ℎ → 0. Then, there exist (𝑚1,𝑚2) ∈ 𝐿∞(0,∞;𝒳 ) and a (nonrelabeled) subsequence of {(𝑚1,ℎ𝜏 ,𝑚2,ℎ𝜏 )} which
converges toward (𝑚1,𝑚2) as ℎ, 𝜏 → 0. In particular, as ℎ, 𝜏 → 0, for all ℓ = 1, 2 it holds that 𝑚ℓ,ℎ𝜏

*
⇀ 𝑚ℓ in

𝐿∞(0,∞;𝐻1(Ω)). If 𝑎12 = 0, the limit (𝑚1,𝑚2) is a weak solution of (9) in the sense of Definition 2.1.

Like in the stationary case, we need to assume that 𝑎12 = 0 to be able to show that the limit toward which
the finite element approximations are converging satisfies the variational formulation (11) (cf. Rem. 4.9). Under
this assumption, Theorem 5.4 shows existence of a weak solution to (9) and convergence (without rates) of the
time reconstructions generated using the snapshots computed using Algorithm 5.1 toward it.

5.2. Numerical experiments

In this section, we aim to show the capability of Algorithm 5.1 to simulate dynamic processes involving AFM
materials and how the nature of the coupling of the fields (FM vs. AFM coupling) affects the dynamics of the
total magnetization.

5.2.1. LLG-based energy minimization

Starting from the observation that the dynamics of 𝑚1 and 𝑚2 governed by the system of LLG equations (9)
is dissipative, with the energy dissipation being modulated by the damping parameters 𝛼1 and 𝛼2, we repeat
the experiment of Section 4.3.1, but to compute low-energy stationary points we use Algorithm 5.1 (instead
of the gradient flow-based approaches of Algorithms 4.4 and 4.5). More precisely, we consider the same setup
and the same spatial discretization of Section 4.3.1 and run Algorithm 5.1 with 𝜂1 = 𝜂2 = 1, different damping
parameters 𝛼1 = 𝛼2 = 𝛼 ∈ {1, 1/2, 1/4, 1/8, 1/16}, and 𝜏 = 10−3, using the constant fields 𝑚0

1,ℎ ≡ (1, 0, 0) and
𝑚0

2,ℎ ≡ (0, 1, 0) as initial condition. The iteration is stopped when the 𝛼-independent stopping criterion (22)
with ‖·‖2ℋ = ‖·‖2ℎ and 𝜀 = 10−4 is satisfied.

We display the results of our computations in Table 6. Noting that Algorithm 5.1 coincides with Algorithm 4.5
with mass-lumped 𝐿2-metric if 𝜂1 = 𝜂2 = 𝛼1 = 𝛼2 = 1 and the precession term ⟨𝑚𝑖

ℓ,ℎ × 𝑣𝑖
ℓ,ℎ,𝜑ℓ,ℎ⟩ℎ is

omitted from (29), in the first column of the table we include the results from Section 4.3.1 of this instance
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Figure 5. Experiment of Section 5.2: Evolution of ⟨𝑚1(𝑡) · 𝑒1⟩ (red) and ⟨𝑚2(𝑡) · 𝑒1⟩
(blue). (a) Algorithm 4.5 with mass-lumped 𝐿2-metric, 𝛼 = 1, (b) Algorithm 5.1, 𝛼 = 1,
(c) Algorithm 5.1, 𝛼 = 1/2, (d) Algorithm 5.1, 𝛼 = 1/4, (e) Algorithm 5.1, 𝛼 = 1/8, (f)
Algorithm 5.1, 𝛼 = 1/16.

of Algorithm 4.5 for the sake of comparison. We see that as 𝛼 is lowered, the final energy is further from the
expected value of −100, which is due to the slower dissipation resulting in lengthier dynamics (larger number of
iterations) and more rotations (as the precession term is made stronger in a relative sense) before reaching the
minimizing state, thereby increasing the average length of𝑚1,ℎ and𝑚2,ℎ (as seen in the error rows). Similarly to
Table 1 we see that after applying a nodal projection, the energy is within 10 decimal places of −100, indicating
that a minimizer is still identified. As expected the average solve time is independent of 𝛼. For 𝛼 = 1/16 we see
that the violation of the unit-length constraint and the number of iterations are significantly larger. We suppose
that this is related to a possible instability of Algorithm 5.1, since, as shown Proposition 5.3(ii), stability requires
𝜏 to be sufficiently small, with the threshold for the time-step size being proportional to the damping parameter.
Indeed, for 𝛼 = 1/16, we observe that it is sufficient to reduce 𝜏 to regain a good performance of the algorithm.

The fact that lowering the value of 𝛼 results in less dissipation can also be seen in Figure 5, where we display
the evolution of the average first component of both fields, i.e., ⟨𝑚ℓ(𝑡) ·𝑒1⟩ = |Ω|−1 ∫︀

Ω
𝑚ℓ(𝑡) ·𝑒1 for all ℓ = 1, 2,

for all cases. Interestingly, we see that the gradient flow dynamics and the LLG dynamics for 𝛼 = 1/8, 1/16
return as approximate stationary point an approximation of the minimizer (𝑚−

1 ,𝑚−
2 ) ≡ (−𝑎,𝑎), whereas the

LLG dynamics for 𝛼 = 1, 1/2, 1/4 return an approximation of (𝑚+
1 ,𝑚+

2 ) ≡ (𝑎,−𝑎). This is not surprising, since
different dynamics can result in convergence to different stationary points, even with the same initial condition.
As far as the LLG dynamics is concerned, we see that the oscillations of the average first components increase
as 𝛼 is lowered, which can be explained by the greater relative weight of the precessional term on the right-hand
side of the LLG equation for smaller values of 𝛼.
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Figure 6. Experiment of Section 5.2.2: (a) Structure of the applied pulse field. (b) Time
evolution of ⟨𝑚(𝑡) · 𝑒1⟩ for an AFM material. (c) Time evolution of ⟨𝑚(𝑡) · 𝑒1⟩ for a FM
material.

5.2.2. Skyrmion dynamics

Inspired the experiment in Section 4.3 from [18], we simulate the dynamics of isolated magnetic skyrmions
in an AFM or FM nanodisk in response to an applied field pulse.

The setup (domain, energy, and material parameters) is the same as in Sections 4.3.2 and 4.3.3, which we
complete with the additional parameters needed for the dynamic case, i.e., the rescaled gyromagnetic ratios
𝛾1 = 𝛾2 = 𝛾0 ≈ 2.21× 105 m/(A s) and the Gilbert damping parameters 𝛼1 = 𝛼2 = 0.01 (see (A.2) below). We
consider both the case of an AFM material (𝐴0 = −6.59 pJ/m) and the case of a FM material (𝐴0 = 6.59 pJ/m).
Given the same spatial discretization (mesh) as in Sections 4.3.2 and 4.3.3, as initial conditions 𝑚0

1,ℎ and 𝑚0
2,ℎ

for Algorithm 5.1, we consider the nodal projections of the Néel-type skyrmions shown in Figure 4. More
precisely, we start from the skyrmions in Figures 4a and 4b for the AFM dynamics (𝐴0 < 0) and from those in
Figures 4e and 4f for the FM dynamics (𝐴0 > 0). Moreover, for the time discretization, we use of a constant
time-step size of 1 fs.

Starting from these configurations, we perturb the system from its equilibrium by applying an in-plane pulse
field of the form 𝐻ext(𝑡) = (𝐻(𝑡), 0, 0) of maximum intensity 𝜇0𝐻max = 50 mT for 150 ps; see Figure 6a. Then,
we turn off the applied external field, i.e., 𝐻ext(𝑡) ≡ (0, 0, 0), and let the system relax. The overall simulation
time is 0.5 ns.

In Figures 6b and 6c, we show the time evolution of the average first component of the total magnetization
𝑚 = 𝑚1 + 𝑚2. For the AFM material (𝐴0 < 0), we see a perfect match between the applied pulse field
and the total magnetization. When the field is turned off, the state immediately comes back to the initial
configuration, which confirms its stability. For the FM material (𝐴0 > 0), the total magnetization still roughly
follows the applied field, but the response pulse is around 2 orders of magnitude larger than for the AFM
material. Additionally, the FM system receives more energy from the Zeeman field (as the total magnetization
is around magnitude 2, compared to almost 0 for the case of the AFM material), resulting in a large visible
precession (manifesting itself as oscillations in the plot of the average magnetization). In particular, the return
of the total magnetization to the initial stable state is slower.

This experiment provides a demonstration, for a simple setup, of the weaker response of AFM materials
(compared to FM materials) to external magnetic fields. This enhanced robustness against external perturba-
tions is one of the properties which makes this class of materials outstanding candidates for the next generation
of spintronic devices [8].
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6. Proofs

In this section, we collect the proof of all results presented in the paper.

6.1. Static problem

We start with showing the weak sequential lower semicontinuity of the energy functional.

Proposition 6.1. The energy functional (1) is weakly sequentially lower semicontinuous in 𝐻1(Ω)×𝐻1(Ω),
i.e., if {(𝑚1,𝑘,𝑚2,𝑘)}𝑘∈N ⊂ 𝐻1(Ω) ×𝐻1(Ω) and (𝑚1,𝑚2) ∈ 𝐻1(Ω) ×𝐻1(Ω) are such that (𝑚1,𝑘,𝑚2,𝑘) ⇀
(𝑚1,𝑚2) in 𝐻1(Ω)×𝐻1(Ω) as 𝑘 →∞, then ℰ [𝑚1,𝑚2] ≤ lim inf𝑘→∞ ℰ [𝑚1,𝑘,𝑚2,𝑘].

The result is a special case of the following lemma.

Lemma 6.2. Let 𝑉 and 𝐻 two Hilbert spaces such that 𝑉 ⊂ 𝐻 with compact inclusion. Let 𝑎 : 𝑉 × 𝑉 → R be
a continuous bilinear form satisfying a so-called G̊arding inequality, i.e., there exists 𝐶1 > 0 and 𝐶2 ∈ R such
that

𝑎(𝑣, 𝑣) ≥ 𝐶1‖𝑣‖2𝑉 − 𝐶2‖𝑣‖2𝐻 forall 𝑣 ∈ 𝑉. (33)

Then, the quadratic functional 𝒥 : 𝑉 → R defined by 𝒥 [𝑣] := 𝑎(𝑣, 𝑣) for all 𝑣 ∈ 𝑉 is weakly sequentially
lower semicontinuous in 𝑉 , i.e., if {𝑣𝑘}𝑘∈N ⊂ 𝑉 and 𝑣 ∈ 𝑉 are such that 𝑣𝑘 ⇀ 𝑣 in 𝑉 as 𝑘 → ∞, then
𝒥 [𝑣] ≤ lim inf𝑘→∞ 𝒥 [𝑣𝑘].

Proof. Let {𝑣𝑘}𝑘∈N ⊂ 𝑉 and 𝑣 ∈ 𝑉 be such that 𝑣𝑘 ⇀ 𝑣 in 𝑉 as 𝑘 →∞. From the compact inclusion 𝑉 ⊂ 𝐻,
it follows that 𝑣𝑘 → 𝑣 in 𝐻. Using (33), we see that

𝐶1‖𝑣 − 𝑣𝑘‖2𝑉 − 𝐶2‖𝑣 − 𝑣𝑘‖2𝐻 ≤ 𝑎(𝑣 − 𝑣𝑘, 𝑣 − 𝑣𝑘) = 𝑎(𝑣, 𝑣)− 𝑎(𝑣𝑘, 𝑣)− 𝑎(𝑣, 𝑣𝑘) + 𝑎(𝑣𝑘, 𝑣𝑘).

We now take the liminf as 𝑘 →∞ of this inequality. For the left-hand side we have that

lim inf
𝑘→∞

(︀
𝐶1‖𝑣 − 𝑣𝑘‖2𝑉 − 𝐶2‖𝑣 − 𝑣𝑘‖2𝐻

)︀
≥ 0.

For the right-hand side, noting that 𝑣𝑘 ⇀ 𝑣 in 𝑉 implies that 𝑎(𝑣𝑘, 𝑣) → 𝑎(𝑣, 𝑣) as 𝑘 →∞, we have that

lim inf
𝑘→∞

[𝑎(𝑣, 𝑣)− 𝑎(𝑣𝑘, 𝑣)− 𝑎(𝑣, 𝑣𝑘) + 𝑎(𝑣𝑘, 𝑣𝑘)] = −𝑎(𝑣, 𝑣) + lim inf
𝑘→∞

𝑎(𝑣𝑘, 𝑣𝑘)

= −𝒥 [𝑣] + lim inf
𝑘→∞

𝒥 [𝑣𝑘].

This shows that 𝒥 [𝑣] ≤ lim inf𝑘→∞ 𝒥 [𝑣𝑘] and thus concludes the proof. �

We now prove Theorem 4.1 establishing the Γ-convergence of our finite element discretization.

Proof of Theorem 4.1. Part (i) of the theorem immediately follows from the weak sequential lower semiconti-
nuity of the energy functional established in Proposition 6.1. To show part (ii), let Πℎ : 𝐻1(Ω) → 𝒮1(𝒯ℎ)3

be the quasi-interpolation operator from [31] (applied componentwise). It is well known that Πℎ is a linear
and continuous operator, which is 𝐻1-convergent and satisfies a first-order 𝐿2-convergence property [31]. In
particular, given an arbitrary (𝑚1,𝑚2) ∈ 𝒳 , for all ℓ = 1, 2 it holds that

‖Πℎ𝑚ℓ‖𝐻1(Ω) ≤ 𝐶‖𝑚ℓ‖𝐻1(Ω), lim
ℎ→0

‖𝑚ℓ −Πℎ𝑚ℓ‖𝐻1(Ω) = 0, ‖𝑚ℓ −Πℎ𝑚ℓ‖ ≤ 𝐶ℎ‖∇𝑚ℓ‖,

where 𝐶 > 0 depends only on the shape-regularity of the mesh. From the triangle inequality, it follows that

‖ℐℎ[|Πℎ𝑚ℓ|2]− 1‖𝐿1(Ω) ≤ ‖ℐℎ[|Πℎ𝑚ℓ|2]− |Πℎ𝑚ℓ|2‖𝐿1(Ω) + ‖|Πℎ𝑚ℓ|2 − 1‖𝐿1(Ω).
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For the first term on the right-hand side, the argument used in the proof of Lemma 7.2 from [9], combined with
the continuity of Πℎ, yields that

‖ℐℎ[|Πℎ𝑚ℓ|2]− |Πℎ𝑚ℓ|2‖𝐿1(Ω) ≤ 𝐶ℎ2‖∇Πℎ𝑚ℓ‖2 ≤ 𝐶ℎ2‖𝑚ℓ‖2𝐻1(Ω).

For the second term, using the continuity of Πℎ and its 𝐿2-approximation property, we have that

‖|Πℎ𝑚ℓ|2 − 1‖𝐿1(Ω) = ‖|Πℎ𝑚ℓ|2 − |𝑚ℓ|2‖𝐿1(Ω) ≤ ‖𝑚ℓ + Πℎ𝑚ℓ‖‖𝑚ℓ −Πℎ𝑚ℓ‖
≤ (‖𝑚ℓ‖ + ‖Πℎ𝑚ℓ‖)‖𝑚ℓ −Πℎ𝑚ℓ‖ ≤ 𝐶ℎ‖𝑚ℓ‖2𝐻1(Ω).

Altogether, we thus obtain that

‖ℐℎ[|Πℎ𝑚ℓ|2]− 1‖𝐿1(Ω) ≤ 𝐶(ℎ2 + ℎ)‖𝑚ℓ‖2𝐻1(Ω). (34)

For all 𝛿 > 0, we define𝑚ℓ,ℎ,𝛿 = Πℎ[𝑚ℓ] for all ℓ = 1, 2, where ℎ > 0 is chosen in such a way that ‖ℐℎ[|Πℎ𝑚ℓ|2]−
1‖𝐿1(Ω) ≤ 𝛿 (which is possible thanks to (34)). Then, (𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿) belongs to 𝒳ℎ,𝛿. We thus obtain a
sequence {(𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿)} ⊂ 𝒳ℎ,𝛿 satisfying the desired convergence properties (𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿) → (𝑚1,𝑚2)
in 𝐻1(Ω) ×𝐻1(Ω) and ℰℎ,𝛿[𝑚1,ℎ,𝛿,𝑚2,ℎ,𝛿] → ℰ [𝑚1,𝑚2] as ℎ, 𝛿 → 0 (with the second convergence being a
consequence of the first one). This concludes the proof. �

In view of the analysis of the discrete gradient flows presented in Section 4, we now introduce the following
algorithm.

Algorithm 6.3 (General discrete gradient flow). Discretization parameters: Mesh size ℎ > 0, time-step
size 𝜏 > 0, tolerance 𝜀 > 0, parameters 0 ≤ 𝜃1, 𝜃2, 𝜃3 ≤ 1.
Input: Initial guess (𝑚0

1,ℎ,𝑚0
2,ℎ) ∈ 𝒮1(𝒯ℎ)3 × 𝒮1(𝒯ℎ)3 such that, for all ℓ = 1, 2, |𝑚0

ℓ,ℎ(𝑧)| = 1 for all 𝑧 ∈ 𝒩ℎ.
Loop: For all 𝑖 ∈ N0, iterate (i) and (ii) until the stopping criterion (stop) is met:

(i) Given (𝑚𝑖
1,ℎ,𝑚𝑖

2,ℎ) ∈ 𝒮1(𝒯ℎ)3 × 𝒮1(𝒯ℎ)3, compute (𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ) ∈ 𝒦ℎ[𝑚𝑖
1,ℎ] ×𝒦ℎ[𝑚𝑖

2,ℎ] such that, for all
(𝜑1,ℎ,𝜑2,ℎ) ∈ 𝒦ℎ[𝑚𝑖

1,ℎ]×𝒦ℎ[𝑚𝑖
2,ℎ] and ℓ = 1, 2, it holds that

⟨𝑣𝑖
ℓ,ℎ,𝜑ℓ,ℎ⟩ℋ + 𝑎ℓℓ𝜃1𝜏⟨∇𝑣𝑖

ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ + 𝑎12𝜃2𝜏⟨∇𝑣𝑖
3−ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ − 𝑎0𝜃3𝜏⟨𝑣𝑖

3−ℓ,ℎ,𝜑ℓ,ℎ⟩
= −𝑎ℓℓ⟨∇𝑚𝑖

ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ − 𝑎12⟨∇𝑚𝑖
3−ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ + 𝑎0⟨𝑚𝑖

3−ℓ,ℎ,𝜑ℓ,ℎ⟩. (35)

(ii) Define
𝑚𝑖+1

ℓ,ℎ := 𝑚𝑖
ℓ,ℎ + 𝜏𝑣𝑖

ℓ,ℎ for all ℓ = 1, 2. (36)

(stop) Stop iterating (i) and (ii) if (𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ) ∈ 𝒦ℎ[𝑚𝑖
1,ℎ]×𝒦ℎ[𝑚𝑖

2,ℎ] satisfies

2∑︁
ℓ=1

(︀
‖𝑣𝑖

ℓ,ℎ‖2ℋ + 𝜏‖∇𝑣𝑖
ℓ,ℎ‖2

)︀
≤ 𝜀2|Ω|. (37)

Output: If 𝑖* ∈ N0 denotes the smallest integer satisfying the stopping criterion (37), define the approximate
stationary point (𝑚1,ℎ,𝑚2,ℎ) := (𝑚𝑖*

1,ℎ,𝑚𝑖*

2,ℎ).

The parameters 0 ≤ 𝜃1, 𝜃2, 𝜃3 ≤ 1 modulates the “degree of implicitness” in the treatment of the three
contributions of the energy. It is easy to see that Algorithms 4.4 and 4.5 are special instances of Algorithm 6.3,
where 𝜃1 = 1 (backward Euler) and 𝜃2 = 𝜃3 = 1/2 (Crank–Nicolson) in Algorithm 4.4, whereas 𝜃1 = 1 (backward
Euler) and 𝜃2 = 𝜃3 = 0 (forward Euler) in Algorithm 4.5.

For ease of presentation, in Section 4, we have decided not to present Algorithm 6.3 in its full generality, but
we have restricted ourselves to two of its instances. This has been motivated by the following two reasons: First,
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we believe that the two proposed cases are the most relevant in practical computations. Second, the properties
and the analysis of the algorithm for general 𝜃1, 𝜃2, 𝜃3 resemble the ones of the two presented prototypical
cases (excluding the combinations involving values 𝜃1, 𝜃2 < 1/2, which require severe restrictions of the form
𝜏 = 𝒪(ℎ2) for stability and therefore have been ignored).

In the following proposition, we show well-posedness of each iteration of Algorithm 6.3.

Proposition 6.4. Suppose that 𝜃1, 𝜃2, 𝜃3, and 𝜏 satisfy the following conditions:

𝜃1 > 0, 𝑎11𝑎22𝜃
2
1 > 𝑎2

12𝜃
2
2, and 𝑐2

ℋ|𝑎0|𝜃3𝜏 < 1, (38)

where 𝑎11, 𝑎22, 𝑎12, and 𝑎0 are the coefficients in (1), whereas 𝑐ℋ is the constant in (17). Then, for all 𝑖 ∈ N0,
(35) admits a unique solution (𝑣𝑖

1,ℎ,𝑣𝑖
2,ℎ) ∈ 𝒦ℎ[𝑚𝑖

1,ℎ]×𝒦ℎ[𝑚𝑖
2,ℎ].

Proof. Let 𝑖 ∈ N0. The sum of the left-hand sides of (35) for ℓ = 1, 2 yields a bilinear form 𝑏𝑖 : (𝒦ℎ[𝑚𝑖
1,ℎ] ×

𝒦ℎ[𝑚𝑖
2,ℎ])× (𝒦ℎ[𝑚𝑖

1,ℎ]×𝒦ℎ[𝑚𝑖
2,ℎ]) → R, which is defined by

𝑏𝑖((𝜓1,ℎ,𝜓2,ℎ), (𝜑1,ℎ,𝜑2,ℎ)) = ⟨𝜓1,ℎ,𝜑1,ℎ⟩ℋ + ⟨𝜓2,ℎ,𝜑2,ℎ⟩ℋ
+ 𝑎11𝜃1𝜏⟨∇𝜓1,ℎ, ∇𝜑1,ℎ⟩ + 𝑎22𝜃1𝜏⟨∇𝜓2,ℎ, ∇𝜑2,ℎ⟩
+ 𝑎12𝜃2𝜏⟨∇𝜓2,ℎ, ∇𝜑1,ℎ⟩ + 𝑎12𝜃2𝜏⟨∇𝜓1,ℎ, ∇𝜑2,ℎ⟩
− 𝑎0𝜃3𝜏⟨𝜓2,ℎ,𝜑1,ℎ⟩ − 𝑎0𝜃3𝜏⟨𝜓1,ℎ,𝜑2,ℎ⟩

for all (𝜓1,ℎ,𝜓2,ℎ), (𝜑1,ℎ,𝜑2,ℎ) ∈ 𝒦ℎ[𝑚𝑖
1,ℎ]×𝒦ℎ[𝑚𝑖

2,ℎ]. Owing to the second inequality in (17), the bilinear form
is bounded with respect to the 𝐻1-norm. To show coercivity, for an arbitrary (𝜑1,ℎ,𝜑2,ℎ) ∈ 𝒦ℎ[𝑚𝑖

1,ℎ]×𝒦ℎ[𝑚𝑖
2,ℎ],

we first compute

𝑏𝑖((𝜑1,ℎ,𝜑2,ℎ), (𝜑1,ℎ,𝜑2,ℎ)) = ‖𝜑1,ℎ‖2ℋ + ‖𝜑2,ℎ‖2ℋ − 2𝑎0𝜃3𝜏⟨𝜑2,ℎ,𝜑1,ℎ⟩
+ 𝑎11𝜃1𝜏‖∇𝜑1,ℎ‖2 + 𝑎22𝜃1𝜏‖∇𝜑2,ℎ‖2

+ 2𝑎12𝜃2𝜏⟨∇𝜑2,ℎ, ∇𝜑1,ℎ⟩.

The terms involving the gradients of (𝜑1,ℎ,𝜑2,ℎ) make up a quadratic form, which is positive definite if and
only if the underlying 2-by-2 matrix is positive definite, which is true if and only if the first two inequalities
in (38) hold.

Thanks to (17), it holds that

‖𝜑1,ℎ‖2ℋ + ‖𝜑2,ℎ‖2ℋ − 2𝑎0𝜃3𝜏⟨𝜑2,ℎ,𝜑1,ℎ⟩ ≥ (𝑐−2
ℋ − |𝑎0|𝜃3𝜏)

(︀
‖𝜑1,ℎ‖2 + ‖𝜑2,ℎ‖2

)︀
.

This shows that the 𝐿2-part of the bilinear form is coercive if the third inequality in (38) holds.
Hence, we conclude that the bilinear form 𝑏𝑖(·, ·) is coercive with respect to the 𝐻1-norm if (38) is satisfied.

Observing that the sum over ℓ = 1, 2 of the right-hand sides of (35) defines a bounded linear form, well-posedness
of (35) then follows from the Lax–Milgram theorem. �

In the following proposition, we establish the discrete energy law satisfied by the approximations generated
by Algorithm 6.3.

Proposition 6.5. Let 𝜃1, 𝜃2, 𝜃3, and 𝜏 satisfy the assumptions of Proposition 6.4. For all 𝑖 ∈ N0, the iterates
of Algorithm 6.3 satisfy

ℰ [𝑚𝑖+1
1,ℎ ,𝑚𝑖+1

2,ℎ ]− ℰ [𝑚𝑖
1,ℎ,𝑚𝑖

2,ℎ] = −𝜏

2∑︁
ℓ=1

‖𝑣𝑖
ℓ,ℎ‖2ℋ − (2𝜃1 − 1)

2
𝜏2

2∑︁
ℓ=1

𝑎ℓℓ‖∇𝑣𝑖
ℓ,ℎ‖2

− 𝑎12(2𝜃2 − 1)𝜏2⟨∇𝑣𝑖
1,ℎ, ∇𝑣𝑖

2,ℎ⟩ + 𝑎0(2𝜃3 − 1)𝜏2⟨𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ⟩. (39)
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Suppose that 𝜃1, 𝜃2, 𝜃3, and 𝜏 satisfy also the following conditions:

𝜃1 ≥ 1/2, 𝑎11𝑎22(2𝜃1 − 1)2 ≥ 𝑎2
12(2𝜃2 − 1)2, and 𝑐2

ℋ|𝑎0||2𝜃3 − 1|𝜏 ≤ 2. (40)

Then, the sequence of energies generated by Algorithm 6.3 is monotonically decreasing, i.e., it holds that
ℰ [𝑚𝑖+1

1,ℎ ,𝑚𝑖+1
2,ℎ ] ≤ ℰ [𝑚𝑖

1,ℎ,𝑚𝑖
2,ℎ] for all 𝑖 ∈ N0.

Proof. Let 𝑖 ∈ N0. Testing (35) with 𝜑ℓ,ℎ = 𝑣𝑖
ℓ,ℎ ∈ 𝒦ℎ[𝑚𝑖

ℓ,ℎ] for ℓ = 1, 2 and summing the resulting equations,
we obtain that

2∑︁
ℓ=1

(︀
‖𝑣𝑖

ℓ,ℎ‖2ℋ + 𝑎ℓℓ𝜃1𝜏‖∇𝑣𝑖
ℓ,ℎ‖2

)︀
+ 2𝑎12𝜃2𝜏⟨∇𝑣𝑖

1,ℎ, ∇𝑣𝑖
2,ℎ⟩ − 2𝑎0𝜃3𝜏⟨𝑣𝑖

1,ℎ,𝑣𝑖
2,ℎ⟩

=
2∑︁

ℓ=1

(︀
−𝑎ℓℓ⟨∇𝑚𝑖

ℓ,ℎ, ∇𝑣𝑖
ℓ,ℎ⟩ − 𝑎12⟨∇𝑚𝑖

3−ℓ,ℎ, ∇𝑣𝑖
ℓ,ℎ⟩ + 𝑎0⟨𝑚𝑖

3−ℓ,ℎ,𝑣𝑖
ℓ,ℎ⟩
)︀
.

(41)

It follows that

ℰ [𝑚𝑖+1
1,ℎ ,𝑚𝑖+1

2,ℎ ]

(36)
= ℰ [𝑚𝑖

1,ℎ,𝑚𝑖
2,ℎ] +

1
2
𝜏

2∑︁
ℓ=1

𝑎ℓℓ

(︀
2⟨∇𝑚𝑖

ℓ,ℎ, ∇𝑣𝑖
ℓ,ℎ⟩ + 𝜏‖∇𝑣𝑖

ℓ,ℎ‖2
)︀

+ 𝑎12𝜏
(︁
⟨∇𝑚𝑖

1,ℎ, ∇𝑣𝑖
2,ℎ⟩ + ⟨∇𝑚𝑖

2,ℎ, ∇𝑣𝑖
1,ℎ⟩ + 𝜏⟨∇𝑣𝑖

1,ℎ, ∇𝑣𝑖
2,ℎ⟩

)︁
− 𝑎0𝜏

(︁
⟨𝑚𝑖

1,ℎ,𝑣𝑖
2,ℎ⟩ + ⟨𝑚𝑖

2,ℎ,𝑣𝑖
1,ℎ⟩ + 𝜏⟨𝑣𝑖

1,ℎ,𝑣𝑖
2,ℎ⟩

)︁
(41)
= ℰ [𝑚𝑖

1,ℎ,𝑚𝑖
2,ℎ]− 𝜏

2∑︁
ℓ=1

‖𝑣𝑖
ℓ,ℎ‖2ℋ − (2𝜃1 − 1)

2
𝜏2

2∑︁
ℓ=1

𝑎ℓℓ‖∇𝑣𝑖
ℓ,ℎ‖2

− 𝑎12(2𝜃2 − 1)𝜏2⟨∇𝑣𝑖
1,ℎ, ∇𝑣𝑖

2,ℎ⟩ + 𝑎0(2𝜃3 − 1)𝜏2⟨𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ⟩,

which is (39). Arguing as in the proof of Proposition 6.4, it is easy to see the right-hand side of (39) is nonpositive
if the inequalities in (40) are satisfied. This shows that the sequence of energies generated by the algorithm is
monotonically decreasing and concludes the proof. �

In the following lemma, we prove two auxiliary estimates, which will be useful in the proof of convergence of
Algorithm 6.3.

Lemma 6.6. For all ℓ = 1, 2, for all 𝑗 ∈ N, the iterates of Algorithm 6.3 satisfy

𝑐−1
𝒯 ‖ℐℎ

[︂⃒⃒⃒
𝑚𝑗

ℓ,ℎ

⃒⃒⃒2]︂
− 1‖𝐿1(Ω) ≤ 𝜏2

𝑗−1∑︁
𝑖=0

‖𝑣𝑖
ℓ,ℎ‖2 (42)

𝑐−1
𝒯 ‖𝑚𝑗

ℓ,ℎ‖
2 ≤ |Ω|+ 𝜏2

𝑗−1∑︁
𝑖=0

‖𝑣𝑖
ℓ,ℎ‖2, (43)

where 𝑐𝒯 > 0 depends only on the shape-regularity of the family of meshes.

Proof. We follow [10]. Let ℓ = 1, 2 and 𝑗 ∈ N. For all 𝑖 = 0, . . . , 𝑗 − 1, from (36), since 𝑣𝑖
ℓ,ℎ ∈ 𝒦ℎ[𝑚𝑖

ℓ,ℎ], we

deduce that
⃒⃒⃒
𝑚𝑖+1

ℓ,ℎ (𝑧)
⃒⃒⃒2

=
⃒⃒⃒
𝑚𝑖

ℓ,ℎ(𝑧)
⃒⃒⃒2

+ 𝜏2
⃒⃒⃒
𝑣𝑖

ℓ,ℎ(𝑧)
⃒⃒⃒2

for all 𝑧 ∈ 𝒩ℎ. Iterating in 𝑖 and using that
⃒⃒⃒
𝑚0

ℓ,ℎ(𝑧)
⃒⃒⃒

= 1
for all 𝑧 ∈ 𝒩ℎ, we obtain that ⃒⃒⃒

𝑚𝑗
ℓ,ℎ(𝑧)

⃒⃒⃒2
= 1 + 𝜏2

𝑗−1∑︁
𝑖=0

⃒⃒
𝑣𝑖

ℓ,ℎ(𝑧)
⃒⃒2

.
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Then, both (42) and (43) follow from the equivalence of the 𝐿𝑝-norm of discrete functions with the weighted
ℓ𝑝-norm of the vector collecting their nodal values (with equivalence constants depending only on the shape-
regularity of the family of meshes); see, e.g., Lemma 3.4 from [9]. �

In the following lemma, we prove stability of Algorithm 6.3.

Lemma 6.7. Let 𝜃1, 𝜃2, 𝜃3, and 𝜏 satisfy the assumptions of Proposition 6.4 as well as the inequalities

𝜃1 > 1/2, 𝑎11𝑎22(2𝜃1 − 1)2 > 𝑎2
12(2𝜃2 − 1)2, and 𝑐2

ℋ|𝑎0||2𝜃3 − 1|𝜏 < 2. (44)

Then, there exists a threshold 𝜏0 > 0 such that, if 𝜏 < 𝜏0, the iterates of Algorithm 6.3 satisfy, for all 𝑗 ∈ N,
the stability estimate

2∑︁
ℓ=1

‖𝑚𝑗
ℓ,ℎ‖

2
𝐻1(Ω) + 𝜏

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖𝑣𝑖
ℓ,ℎ‖2ℋ + 𝜏2

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖∇𝑣𝑖
ℓ,ℎ‖2 ≤ 𝐶

(︃
1 +

2∑︁
ℓ=1

‖𝑚0
ℓ,ℎ‖2𝐻1(Ω)

)︃
. (45)

The threshold 𝜏0 depends on 𝑎0, 𝜃3, 𝑐ℋ, and the shape-regularity of the family of meshes, whereas the constant
𝐶 > 0 depends only on |Ω|, 𝑎11, 𝑎12, 𝑎22, 𝑎0, 𝜃1, 𝜃2, 𝜃3, 𝑐ℋ, and the shape-regularity of the family of meshes.

Proof. Let 𝑗 ∈ N. For all 𝑖 = 0, . . . , 𝑗 − 1, we apply Proposition 6.5, which yields (39). Summing (39) over
𝑖 = 0, . . . , 𝑗 − 1, we obtain that

ℰ [𝑚𝑗
1,ℎ,𝑚𝑗

2,ℎ] + 𝜏

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖𝑣𝑖
ℓ,ℎ‖2ℋ +

(2𝜃1 − 1)
2

𝜏2

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

𝑎ℓℓ‖∇𝑣𝑖
ℓ,ℎ‖2

+ 𝑎12(2𝜃2 − 1)𝜏2

𝑗−1∑︁
𝑖=0

⟨∇𝑣𝑖
1,ℎ, ∇𝑣𝑖

2,ℎ⟩ − 𝑎0(2𝜃3 − 1)𝜏2

𝑗−1∑︁
𝑖=0

⟨𝑣𝑖
1,ℎ,𝑣𝑖

2,ℎ⟩ = ℰ [𝑚0
1,ℎ,𝑚0

2,ℎ].

Using (44) and arguing as in the proof of Proposition 6.4, one can show that

ℰ [𝑚𝑗
1,ℎ,𝑚𝑗

2,ℎ] + 𝜆1𝜏

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖𝑣𝑖
ℓ,ℎ‖2ℋ + 𝜆2𝜏

2

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖∇𝑣𝑖
ℓ,ℎ‖2 ≤ ℰ [𝑚0

1,ℎ,𝑚0
2,ℎ]

for some positive values 𝜆1 = 𝜆1(𝑎0, 𝜃3) and 𝜆2 = 𝜆2(𝑎11, 𝑎12, 𝑎22, 𝜃1, 𝜃2). From (2) and Young’s inequality, it
follows that

ℰ [𝑚𝑗
1,ℎ,𝑚𝑗

2,ℎ] ≥ 𝜆3

2∑︁
ℓ=1

‖∇𝑚𝑗
ℓ,ℎ‖

2 − |𝑎0|
2

2∑︁
ℓ=1

‖𝑚𝑗
ℓ,ℎ‖

2

for some 𝜆3 = 𝜆3(𝑎11, 𝑎12, 𝑎22) > 0. Moreover, it holds that

ℰ [𝑚0
1,ℎ,𝑚0

2,ℎ] ≤ 𝜆4

2∑︁
ℓ=1

‖𝑚0
ℓ,ℎ‖2𝐻1(Ω)

for some 𝜆4 = 𝜆3(𝑎11, 𝑎12, 𝑎22, 𝑎0) > 0. Altogether, we thus obtain that

𝜆3

2∑︁
ℓ=1

‖∇𝑚𝑗
ℓ,ℎ‖

2 − |𝑎0|
2

2∑︁
ℓ=1

‖𝑚𝑗
ℓ,ℎ‖

2 + 𝜆1𝜏

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖𝑣𝑖
ℓ,ℎ‖2ℋ + 𝜆2𝜏

2

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖∇𝑣𝑖
ℓ,ℎ‖2

≤ 𝜆4

2∑︁
ℓ=1

‖𝑚0
ℓ,ℎ‖2𝐻1(Ω). (46)
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From Lemma 6.6 and (17), we deduce that

|𝑎0|
2∑︁

ℓ=1

‖𝑚𝑗
ℓ,ℎ‖

2 ≤ 2𝑐𝒯 |𝑎0||Ω|+ 𝑐𝒯 |𝑎0|𝑐ℋ𝜏2

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖𝑣𝑖
ℓ,ℎ‖2ℋ, (47)

where 𝑐𝒯 > 0 is the constant appearing in (43) (which depends only on the shape-regularity of the family of
meshes). Combining (46) and (47), we thus obtain that

𝜆3

2∑︁
ℓ=1

‖∇𝑚𝑗
ℓ,ℎ‖

2 +
|𝑎0|
2

2∑︁
ℓ=1

‖𝑚𝑗
ℓ,ℎ‖

2 + (𝜆1 − 𝑐𝒯 |𝑎0|𝑐ℋ𝜏)𝜏
𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖𝑣𝑖
ℓ,ℎ‖2ℋ

+ 𝜆2𝜏
2

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖∇𝑣𝑖
ℓ,ℎ‖2 ≤ 2𝑐𝒯 |𝑎0||Ω|+ 𝜆4

2∑︁
ℓ=1

‖𝑚0
ℓ,ℎ‖2𝐻1(Ω).

Hence, if 𝜏 < 𝜏0 := 𝜆1/(𝑐𝒯 |𝑎0|𝑐ℋ), all terms on the left-hand side are nonnegative and we obtain (45), where
the (explicitly computable) constant 𝐶 > 0 depends only on |Ω|, 𝑎11, 𝑎12, 𝑎22, 𝑎0, 𝜃1, 𝜃2, 𝜃3, 𝑐ℋ, and 𝑐𝒯 . �

In the following proposition, combining the results we have proved so far, we establish the main properties
of Algorithm 6.3.

Proposition 6.8. Let 𝜃1, 𝜃2, 𝜃3, and 𝜏 satisfy the assumptions of Lemma 6.7. If the time-step size 𝜏 is suffi-
ciently small, then Algorithm 6.3 is well defined: Each iteration is well defined and the stopping criterion (37) is
met in a finite number of iterations. In particular, the approximate stationary point (𝑚1,ℎ,𝑚2,ℎ) is well defined.
Moreover, for all ℓ = 1, 2, it holds that

‖ℐℎ[|𝑚ℓ,ℎ|2]− 1‖𝐿1(Ω) ≤ 𝐶𝜏

(︃
1 +

2∑︁
ℓ=1

‖𝑚0
ℓ,ℎ‖2𝐻1(Ω)

)︃
, (48)

where the constant 𝐶 > 0 depends only on |Ω|, 𝑎11, 𝑎12, 𝑎22, 𝑎0, 𝜃1, 𝜃2, 𝜃3, 𝑐ℋ, and the shape-regularity of the
family of meshes.

Proof. The well-posedness of each iteration of the algorithm is a consequence of Proposition 6.4. Now, let
𝜏0 > 0 be the threshold guaranteed by Lemma 6.7. If 𝜏 < 𝜏0, then (45) holds. Since the left-hand side of (45)
is nonnegative and the right-hand side is independent of 𝑗, we deduce that the series

∞∑︁
𝑖=0

2∑︁
ℓ=1

(︀
‖𝑣𝑖

ℓ,ℎ‖2ℋ + 𝜏‖∇𝑣𝑖
ℓ,ℎ‖2

)︀
is convergent. It follows that

∑︀
ℓ=1,2‖𝑣𝑖

ℓ,ℎ‖2ℋ + 𝜏‖∇𝑣𝑖
ℓ,ℎ‖2 → 0 as 𝑖 → ∞, which guarantees that the stopping

criterion (37) is satisfied if 𝑖 is sufficiently large. Estimate (48) is a consequence of (45) and (42) from Lemma 6.6.
This concludes the proof. �

In the following theorem, we show the convergence of the sequence generated by Algorithm 6.3.

Theorem 6.9. Let 𝜃1 and 𝜃2 satisfy the inequalities

𝜃1 > 1/2, 𝑎11𝑎22𝜃
2
1 > 𝑎2

12𝜃
2
2, and 𝑎11𝑎22(2𝜃1 − 1)2 > 𝑎2

12(2𝜃2 − 1)2.

Suppose that there exists 𝑐0 > 0, independent of the discretization parameters ℎ, 𝜏 , and 𝜀, such that

sup
ℎ>0

(︃
2∑︁

ℓ=1

‖𝑚0
ℓ,ℎ‖2𝐻1(Ω)

)︃
≤ 𝑐0. (49)
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Suppose that 𝜏 → 0 and 𝜀 → 0 as ℎ → 0. Then, as ℎ → 0, the sequence of approximate stationary points
{(𝑚1,ℎ,𝑚2,ℎ)}ℎ>0 generated by Algorithm 6.3, upon extraction of a subsequence, converges weakly in 𝐻1(Ω)×
𝐻1(Ω) toward a point (𝑚1,𝑚2) ∈ 𝒳 . If 𝑎12 = 0, the limit (𝑚1,𝑚2) is a stationary point of the energy
functional (1).

Proof. Since 𝜏 → 0, we can assume that it is sufficiently small such that the algorithm is well defined (cf.
Prop. 6.8) and that the stability estimate (45) holds (cf. Lem. 6.7). Together with (49), it thus follows that the
sequence {(𝑚1,ℎ,𝑚2,ℎ)}ℎ>0 is uniformly bounded in 𝐻1(Ω)×𝐻1(Ω). Hence, there exists (𝑚1,𝑚2) ∈𝐻1(Ω)×
𝐻1(Ω) and a (nonrelabeled) weakly convergent subsequence of {(𝑚1,ℎ,𝑚2,ℎ)}ℎ>0 such that (𝑚1,ℎ,𝑚2,ℎ) ⇀
(𝑚1,𝑚2) in 𝐻1(Ω)×𝐻1(Ω) and (𝑚1,ℎ,𝑚2,ℎ) → (𝑚1,𝑚2) in 𝐿2(Ω)×𝐿2(Ω). Combining (49) with (48), we
see that, for all ℓ = 1, 2, ‖ℐℎ[|𝑚ℓ,ℎ|2]− 1‖𝐿1(Ω) → 0 as ℎ → 0. Hence, applying Lemma 7.2 from [9], we obtain
that (𝑚1,𝑚2) ∈ 𝒳 .

To conclude the proof, it remains to show that, if 𝑎12 = 0, (𝑚1,𝑚2) ∈ 𝒳 satisfies (4). We start with observ-
ing that each approximate stationary point (𝑚1,ℎ,𝑚2,ℎ) generated by Algorithm 6.3 satisfies the variational
formulation

−𝑎ℓℓ⟨∇𝑚ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ + 𝑎0⟨𝑚3−ℓ,ℎ,𝜑ℓ,ℎ⟩ = ℛℓ,ℎ(𝜑ℓ,ℎ)

for all 𝜑ℓ,ℎ ∈ 𝒦ℎ[𝑚ℓ,ℎ] and ℓ = 1, 2, where the remainder terms on the right-hand side are given by

ℛℓ,ℎ(𝜑ℓ,ℎ) = ⟨𝑣𝑖*

ℓ,ℎ,𝜑ℓ,ℎ⟩ℋ + 𝑎ℓℓ𝜃1𝜏⟨∇𝑣𝑖*

ℓ,ℎ, ∇𝜑ℓ,ℎ⟩ − 𝑎0𝜃3𝜏⟨𝑣𝑖*

3−ℓ,ℎ,𝜑ℓ,ℎ⟩

and satisfy
⃒⃒
ℛℓ,ℎ(𝜑ℓ,ℎ)

⃒⃒
≤ 𝐶𝜀‖𝜑ℓ,ℎ‖𝐻1(Ω) for all 𝜑ℓ,ℎ ∈ 𝐻

1(Ω); see (35) and (37). Here, 𝐶 > 0 depends only
on 𝑎11, 𝑎22, 𝑎0, and |Ω|. Note that, since 𝜀 → 0 as ℎ → 0, we have that ℛℓ,ℎ → 0 in 𝐻1(Ω)* as ℎ → 0. Let
𝜓 ∈ 𝐶∞(Ω). Choosing the test function 𝜑ℓ,ℎ = ℐℎ[𝑚ℓ,ℎ × 𝜓] ∈ 𝒦ℎ[𝑚ℓ,ℎ] in (35) and passing to the limit as
ℎ → 0 (using the available convergence results as in the proof of Theorem 7.6 from [9]), we obtain that

−𝑎ℓℓ⟨∇𝑚ℓ,𝑚ℓ ×∇𝜓⟩ + 𝑎0⟨𝑚3−ℓ,𝑚ℓ ×𝜓⟩ = 0 (50)

for all ℓ = 1, 2. Since 𝜓 was arbitrary, by density we have that this identity holds for all 𝜓 ∈𝐻1(Ω). Finally, let
𝜙 ∈𝐻1(Ω)∩𝐿∞(Ω) be arbitrary. Choosing 𝜓 = 𝑚ℓ×𝜙 in (50) and performing simple algebraic manipulations
based on the identities 𝑎× (𝑏× 𝑐) = (𝑎 · 𝑐)𝑏− (𝑎 · 𝑏)𝑐 (for all 𝑎, 𝑏, 𝑐 ∈ R3), |𝑚ℓ| = 1 (a.e. in Ω, for all ℓ = 1, 2)
and 𝜕𝑖𝑚ℓ ·𝑚ℓ = 0 (a.e. in Ω, for all 𝑖 = 1, 2, 3 and ℓ = 1, 2), we obtain that (𝑚1,𝑚2) ∈ 𝒳 solves (4) for the
case 𝑎12 = 0. This shows that (𝑚1,𝑚2) is a stationary point of the energy and concludes the proof. �

6.2. Dynamic problem

In this section, we aim to present the proofs of the results concerning Algorithm 5.1 discussed in Section 5.
However, for the sake of brevity, we omit those of Propositions 5.2 and 5.3, because they can be obtained following
line by line those of Propositions 6.4, 6.5, and Lemma 6.7. We focus on the proof of the main convergence result.

Proof of Theorem 5.4. We follow the argument of the seminal paper on the tangent plane scheme [3], which we
adapt in order to take the projection-free update (30) (see also [1,18]) and the different expression of the energy
into account. For the sake of clarity, we split the proof into three steps:

Step 1. Existence of the limit (𝑚1,𝑚2) ∈ 𝐿∞(0,∞;𝒳 ).

Let 𝑇 > 0 be arbitrary. From the stability estimate (32) (cf. Prop. 5.3), which holds uniformly in ℎ
and 𝜏 (if 𝜏 is sufficiently small), it follows that, for all ℓ = 1, 2, the piecewise affine time reconstruction
𝑚ℓ,ℎ𝜏 and the piecewise constant time reconstructions 𝑚±

ℓ,ℎ𝜏 (defined according to (13)) are both uniformly
bounded in 𝐿∞(0,∞;𝐻1(Ω)). Moreover, 𝑚ℓ,ℎ𝜏 |Ω𝑇

is uniformly bounded in 𝐻1(Ω𝑇 ). By compactness, suc-
cessive extractions of (nonrelabeled) subsequences and standard Sobolev embeddings yield the existence of
𝑚1,𝑚2 ∈ 𝐿∞(0,∞;𝐻1(Ω)) ∩ 𝐻1(Ω𝑇 ) such that, for all ℓ = 1, 2, as ℎ, 𝜏 → 0 we have the convergences
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𝑚ℓ,ℎ𝜏 |Ω𝑇
⇀ 𝑚ℓ|Ω𝑇

in 𝐻1(Ω𝑇 ), 𝑚ℓ,ℎ𝜏 |Ω𝑇
→ 𝑚ℓ|Ω𝑇

in 𝐻𝑠(Ω𝑇 ) for all 𝑠 ∈ (0, 1), 𝑚ℓ,ℎ𝜏 ,𝑚±
ℓ,ℎ𝜏

*
⇀ 𝑚ℓ in

𝐿∞(0,∞;𝐻1(Ω)), 𝑚ℓ,ℎ𝜏 ,𝑚±
ℓ,ℎ𝜏 ⇀ 𝑚ℓ in 𝐿2(0,∞;𝐻1(Ω)), 𝑚ℓ,ℎ𝜏 |Ω𝑇

,𝑚±
ℓ,ℎ𝜏 |Ω𝑇

→ 𝑚ℓ in 𝐿2(0, 𝑇 ;𝐻𝑠(Ω)) for
all 𝑠 ∈ (0, 1),𝑚ℓ,ℎ𝜏 |Ω𝑇

,𝑚±
ℓ,ℎ𝜏 |Ω𝑇

→𝑚ℓ in 𝐿2(Ω𝑇 ) and pointwise almost everywhere in Ω𝑇 . From the projection-
free updates (30), arguing as in the proof of Lemma 6.6, we obtain that (42) holds for all ℓ = 1, 2 and for all
𝑗 ∈ N, from which it follows (see Step 3 of the proof of Proposition 6 from [18]) that |𝑚1| = |𝑚2| = 1 a.e. in
Ω× (0,∞). This shows that (𝑚1,𝑚2) ∈ 𝐿∞(0,∞;𝒳 ). Finally, from the stability estimate, it also follows that,
for all ℓ = 1, 2, 𝜏∇(𝜕𝑡𝑚ℓ,ℎ𝜏 )|Ω𝑇

→ 0 in 𝐿2(Ω𝑇 ) as ℎ, 𝜏 → 0.

Step 2. If 𝑎12 = 0, (𝑚1,𝑚2) satisfies the variational formulation (11).

Let 𝜙 ∈ 𝐶∞(Ω𝑇 ) be an arbitrary smooth test function. We consider the smallest integer 𝑗 ∈ N satisfying
𝑇 ≤ 𝑗𝜏 and extend 𝜙 by zero in (𝑇, 𝑡𝑗). Let ℓ = 1, 2. For all 𝑖 = 0, . . . , 𝑗−1, we choose 𝜑ℓ,ℎ = ℐℎ[𝑚𝑖

ℓ,ℎ×𝜙(𝑡𝑖)] ∈
𝒦ℎ[𝑚𝑖

ℎ] in (29), we obtain

𝛼ℓ⟨𝑣𝑖
ℓ,ℎ, ℐℎ[𝑚𝑖

ℓ,ℎ ×𝜙(𝑡𝑖)]⟩ℎ + ⟨𝑚𝑖
ℓ,ℎ × 𝑣𝑖

ℓ,ℎ, ℐℎ[𝑚𝑖
ℓ,ℎ ×𝜙(𝑡𝑖)]⟩ℎ

+ 𝜂ℓ𝑎ℓℓ𝜏⟨∇𝑣𝑖
ℓ,ℎ, ∇ℐℎ[𝑚𝑖

ℓ,ℎ ×𝜙(𝑡𝑖)]⟩
= −𝜂ℓ𝑎ℓℓ⟨∇𝑚𝑖

ℓ,ℎ, ∇ℐℎ[𝑚𝑖
ℓ,ℎ ×𝜙(𝑡𝑖)]⟩ + 𝜂ℓ𝑎0⟨𝑚𝑖

3−ℓ,ℎ, ℐℎ[𝑚𝑖
ℓ,ℎ ×𝜙(𝑡𝑖)]⟩,

Due to the properties of the mass-lumped scalar product, we can remove the nodal interpolant from the first
two terms on the left-hand side without altering the value of the integrals. Multiplication by 𝜏 and summation
over 𝑖 = 0, . . . , 𝑗 − 1 then yield

𝛼ℓ

∫︁ 𝑡𝑗

0

⟨𝜕𝑡𝑚ℓ,ℎ𝜏 (𝑡),𝑚−
ℓ,ℎ𝜏 (𝑡)×𝜙−𝜏 (𝑡)⟩ℎd𝑡

+
∫︁ 𝑡𝑗

0

⟨𝑚−
ℓ,ℎ𝜏 (𝑡)× 𝜕𝑡𝑚ℓ,ℎ𝜏 (𝑡),𝑚−

ℓ,ℎ𝜏 (𝑡)×𝜙−𝜏 (𝑡)]⟩ℎd𝑡

+ 𝜂ℓ𝑎ℓℓ𝜏

∫︁ 𝑡𝑗

0

⟨∇𝜕𝑡𝑚ℓ,ℎ𝜏 (𝑡), ∇ℐℎ[𝑚−
ℓ,ℎ𝜏 (𝑡)×𝜙−𝜏 (𝑡)]⟩d𝑡

= −𝜂ℓ𝑎ℓℓ

∫︁ 𝑡𝑗

0

⟨∇𝜙−𝜏 (𝑡), ∇ℐℎ[𝑚−
ℓ,ℎ𝜏 (𝑡)×𝜙−𝜏 (𝑡)]⟩d𝑡

+ 𝜂ℓ𝑎0

∫︁ 𝑡𝑗

0

⟨𝑚−
3−ℓ,ℎ𝜏 (𝑡), ℐℎ[𝑚−

ℓ,ℎ𝜏 (𝑡)×𝜙−𝜏 (𝑡)]⟩d𝑡,

where we note that we have rewritten the equation in terms of the time reconstructions (13). Using (16) and the
approximation properties of the nodal interpolant, in all integrals we substitute the mass-lumped inner products
by 𝐿2-products and remove the nodal interpolant (see [3]). Moreover, exploiting the fact that the integrands
are all uniformly bounded, we modify the domain in integration in time from (0, 𝑡𝑗) to (0, 𝑇 ). All these actions
generate an error which goes to zero in the limit as ℎ, 𝜏 → 0. In particular, we obtain

𝛼ℓ

∫︁ 𝑇

0

⟨𝜕𝑡𝑚ℓ,ℎ𝜏 (𝑡),𝑚−
ℓ,ℎ𝜏 (𝑡)×𝜙−𝜏 (𝑡)⟩d𝑡

+
∫︁ 𝑇

0

⟨𝑚−
ℓ,ℎ𝜏 (𝑡)× 𝜕𝑡𝑚ℓ,ℎ𝜏 (𝑡),𝑚−

ℓ,ℎ𝜏 (𝑡)×𝜙−𝜏 (𝑡)]⟩d𝑡

+ 𝜂ℓ𝑎ℓℓ𝜏

∫︁ 𝑇

0

⟨∇𝜕𝑡𝑚ℓ,ℎ𝜏 (𝑡), ∇[(𝑚−
ℓ,ℎ𝜏 (𝑡)×𝜙−𝜏 (𝑡)]⟩d𝑡

= −𝜂ℓ𝑎ℓℓ

∫︁ 𝑇

0

⟨∇𝜙−𝜏 (𝑡), ∇[𝑚−
ℓ,ℎ𝜏 (𝑡)×𝜙−𝜏 (𝑡)]⟩d𝑡

+ 𝜂ℓ𝑎0

∫︁ 𝑇

0

⟨𝑚−
3−ℓ,ℎ𝜏 (𝑡),𝑚−

ℓ,ℎ𝜏 (𝑡)×𝜙−𝜏 (𝑡)⟩d𝑡 + 𝑜(1).
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Using the convergence results available from Step 1, we can pass this formulation to the limit as ℎ, 𝜏 → 0
and obtain that the last term on the left-hand side goes to zero, whereas all other terms converge toward the
corresponding ones in (11). For the details of the argument, we refer to [3] for all terms but the second one
on the left-hand side, which, due to the omission of the nodal projection from (30), requires a more careful
treatment (see Step 2 of the proof of Theorem 1 from [18]). This shows that, for all ℓ = 1, 2, 𝑚ℓ satisfies (11)
for all 𝜙 ∈ 𝐶∞(Ω𝑇 ). By density, the result then holds for all 𝜙 ∈𝐻1(Ω𝑇 ).

Step 3. (𝑚1,𝑚2) satisfies the energy inequality (12).

We start from the discrete energy law (31) established in Proposition 5.3. Using (2) and a combination of
Cauchy–Schwarz’ an Young’s inequalities, we obtain that

ℰ [𝑚𝑗
1,ℎ,𝑚𝑗

2,ℎ] + 𝜏

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

(︂
𝛼ℓ

𝜂ℓ
− |𝑎0|𝜏

2

)︂
‖𝑣𝑖

ℓ,ℎ‖2ℎ + 𝜆𝜏2

𝑗−1∑︁
𝑖=0

2∑︁
ℓ=1

‖∇𝑣𝑖
ℓ,ℎ‖2 ≤ ℰ [𝑚0

1,ℎ,𝑚0
2,ℎ],

where 𝜆 > 0 is the minimum eigenvalue of the 2-by-2 matrix
(︂

𝑎11 𝑎12

𝑎12 𝑎22

)︂
. The last term on the left-hand side

is nonnegative and can be omitted. Rewriting the inequality in terms of the time reconstructions (13), we get

ℰ [𝑚+
1,ℎ𝜏 (𝑇 ),𝑚+

2,ℎ𝜏 (𝑇 )] +
2∑︁

ℓ=1

(︂
𝛼ℓ

𝜂ℓ
− |𝑎0|𝜏

2

)︂∫︁ 𝑇

0

‖𝜕𝑡𝑚ℓ,ℎ𝜏 (𝑡)‖2ℎ d𝑡 ≤ ℰ [𝑚−
1,ℎ𝜏 (0),𝑚−

2,ℎ𝜏 (0)].

Passing to the limit as ℎ, 𝜏 → 0, using the convergence results available from Step 1, standard lower semiconti-
nuity arguments yield (12). This concludes the proof. �
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Appendix A. The equations in physical units

In this appendix, for the convenience of all interdisciplinary readers, we present the model in physical units (used for

physical investigations, e.g., in [14,23–26,28,29,33]) and show how to obtain from it the dimensionless setting described

in Section 2 and analyzed in the paper. By doing this, we also justify the setup and the choice of the material parameters

in the numerical experiments presented in the work.

A.1. Nondimensionalization

Let Ω ⊂ R3 be the volume occupied by an AFM or FiM material. Let the vector field 𝑀 : Ω → R3 denote the
total magnetization of the sample (in A/m). The total magnetization can be decomposed as 𝑀 = 𝑀1 +𝑀2, where
𝑀1,𝑀2 : Ω → R3, the magnetization vectors of two sublattices (in A/m), satisfy the constraints |𝑀1| = 𝑀s,1 and
|𝑀2| = 𝑀s,2. The constants 𝑀s,1, 𝑀s,2 > 0 are the sublattice saturation magnetizations (in A/m). Let𝑚1,𝑚2 : Ω → S2

be the dimensionless unit-length vector fields 𝑚1 =𝑀1/𝑀s,1 and 𝑚2 =𝑀2/𝑀s,2. The total Gibbs free energy (in J)
of the system (assumed, for simplicity, to include only exchange contributions in this section) reads as

ℰ [𝑚1,𝑚2] = ℰex[𝑚1,𝑚2]

=

2∑︁

ℓ=1

𝐴ℓℓ

∫︁

Ω

|∇𝑚ℓ|2 + 𝐴12

∫︁

Ω

∇𝑚1 :∇𝑚2 −
4𝐴0

𝑎2

∫︁

Ω

𝑚1 ·𝑚2,
(A.1)

where the exchange constants 𝐴11, 𝐴22 > 0 and 𝐴12, 𝐴0 ∈ R are in J/m, whereas 𝑎 > 0 is the lattice constant (in

m). The first contribution in (A.1) is called inhomogeneous intralattice exchange and models the classical ferromagnetic

exchange for 𝑚1 and 𝑚2. The second term is called inhomogeneous interlattice exchange, which arises from a nearest-

neighbor approximation of the exchange interaction between spins. The last contribution is called homogeneous interlattice

exchange and takes the local interaction between 𝑚1 and 𝑚2 into account.
The dynamics of 𝑚1 and 𝑚2 is governed by a coupled system of two LLG equations

𝜕𝑡𝑚ℓ = −𝛾ℓ𝑚ℓ ×𝐻eff,ℓ[𝑚1,𝑚2] + 𝛼ℓ𝑚ℓ × 𝜕𝑡𝑚ℓ for ℓ = 1, 2, (A.2)

where 𝛾ℓ > 0 (in m/(A s)) and 𝛼ℓ > 0 (dimensionless) are the sublattice rescaled gyromagnetic ratios and Gilbert
damping parameters, respectively. In (A.2), the effective fields 𝐻eff,ℓ[𝑚1,𝑚2] (in A/m) are equal, up to a negative
multiplicative constant, to the functional derivatives of the total energy with respect to 𝑚ℓ, i.e.,

𝐻eff,ℓ[𝑚1,𝑚2] = − 1

𝜇0𝑀s,ℓ

𝛿ℰ [𝑚1,𝑚2]

𝛿𝑚ℓ
,

where 𝜇0 is the vacuum permeability (in N/A2). Assuming no flux boundary conditions, the strong form of the resulting
effective fields reads as

𝐻eff,ℓ[𝑚1,𝑚2] =
2𝐴ℓℓ

𝜇0𝑀s,ℓ
Δ𝑚ℓ +

𝐴12

𝜇0𝑀s,ℓ
Δ𝑚3−ℓ +

4𝐴0

𝜇0𝑀s,ℓ 𝑎2
𝑚3−ℓ.

mailto:subscribers@edpsciences.org
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We now start the nondimensionalization. Let 𝑀s > 0 and 𝛾0 > 0 be some reference saturation magnetization (in A/m)

and rescaled gyromagnetic ratio (in m/(A s)), respectively. For all ℓ = 1, 2, define the positive dimensionless parameters

𝜂s,ℓ := 𝑀s,ℓ/𝑀s and 𝜂𝛾,ℓ := 𝛾ℓ/𝛾0. The dimensionless total magnetization is given by 𝑚 =𝑀/𝑀s = 𝜂s,1𝑚1 + 𝜂s,2𝑚2.
Let 𝐿 > 0 is some intrinsic length of the problem. We rescale the space and time variables to obtain the dimensionless

variables 𝑥′ = 𝑥/𝐿 and 𝑡′ = 𝛾0𝑀s 𝑡. Accordingly, we rescale also the domain Ω′ = Ω/𝐿. We consider the rescaled
unit-length vector fields 𝑚′

ℓ(𝑥
′, 𝑡′) = 𝑚ℓ(𝐿𝑥′, 𝑡′/(𝛾0𝑀s)) (ℓ = 1, 2) and the rescaled total magnetization 𝑚′(𝑥′, 𝑡′) =

𝑚(𝐿𝑥′, 𝑡′/(𝛾0𝑀s)). Moreover, we rescale the energy as ℰ ′[𝑚′
1,𝑚

′
2] = ℰ [𝑚1,𝑚2]/(𝜇0𝑀

2
s 𝐿3), which yields the expression

ℰ ′[𝑚′
1,𝑚

′
2] = ℰ ′ex[𝑚′

1,𝑚
′
2]

=
1

2

2∑︁

ℓ=1

2𝐴ℓℓ

𝜇0𝑀2
s 𝐿2

∫︁

Ω′

⃒⃒
∇′𝑚′

ℓ

⃒⃒2
+

𝐴12

𝜇0𝑀2
s 𝐿2

∫︁

Ω′
∇′𝑚′

1 :∇′𝑚′
2 −

4𝐴0

𝜇0𝑀2
s 𝑎2

∫︁

Ω′
𝑚′

1 ·𝑚′
2.

Defining the dimensionless coefficients 𝑎ℓℓ = 2𝐴ℓℓ/(𝜇0𝑀
2
s 𝐿2) > 0 (ℓ = 1, 2), 𝑎12 = 𝐴12/(𝜇0𝑀

2
s 𝐿2) ∈ R, and 𝑎0 =

4𝐴0/(𝜇0𝑀
2
s 𝑎2) ∈ R, and omitting all “primes” for simplicity, we obtain the dimensionless energy functional (1) of

Section 2. By construction, the dimensionless rescaled effective fields defined in (5) are related to the ones in physical
units according to the relation

ℎeff,ℓ[𝑚
′
1,𝑚

′
2]

(5)
= −𝛿ℰ ′[𝑚′

1,𝑚
′
2]

𝛿𝑚′
ℓ

=
𝜂2
s,ℓ

𝑀s,ℓ
𝐻eff,ℓ[𝑚1,𝑚2] for all ℓ = 1, 2.

Rescaling the LLG equations in (A.2) according to the above change of variables and introducing all dimensionless
quantities, we obtain

𝜕𝑡′𝑚
′
ℓ = −𝜂𝛾,ℓ

𝜂s,ℓ
𝑚′

ℓ × ℎeff,ℓ[𝑚
′
1,𝑚

′
2] + 𝛼ℓ𝑚

′
ℓ × 𝜕𝑡′𝑚

′
ℓ for all ℓ = 1, 2.

Defining the dimensionless parameter 𝜂ℓ := 𝜂𝛾,ℓ/𝜂s,ℓ > 0 and omitting all “primes”, we obtain the dimensionless sys-

tem (9) of LLG equations of Section 2.

A.2. Lower-order energy contributions

In practically relevant simulations, to be able to describe complex physical processes involving AFM and FiM materials,
more energy contributions (in addition to the exchange ones) need to be taken into account in (A.1):

– The magnetocrystalline anisotropy energy incorporates the existence of preferred directions of alignment for the fields.
In the uniaxial case, it reads as

ℰani[𝑚1,𝑚2] = 𝐾1

∫︁

Ω

[1− (𝑎1 ·𝑚1)
2] + 𝐾2

∫︁

Ω

[1− (𝑎2 ·𝑚2)
2],

where 𝐾1, 𝐾2 > 0 are physical constants (in J/m3), whereas 𝑎1,𝑎2 ∈ S2 are the so-called easy axes of the material
(usually it holds that 𝐾1 = 𝐾2 and 𝑎1 = 𝑎2).

– The Dzyaloshinskii–Moriya interaction is used to incorporate chiral effects into the model. Its general expression for
AFM and FiM materials is given by

ℰDMI[𝑚1,𝑚2] =

∫︁

Ω

𝐷1 : (∇𝑚1 ×𝑚1) +

∫︁

Ω

𝐷2 : (∇𝑚2 ×𝑚2),

where 𝐷1,𝐷2 ∈ R3×3 are the so-called spiralization tensors (with coefficients in J/m2), whereas, for ℓ = 1, 2,
∇𝑚ℓ ×𝑚ℓ denotes the matrix with columns 𝜕𝑗𝑚ℓ ×𝑚ℓ for 𝑗 = 1, 2, 3 (again, usually it holds that 𝐷1 =𝐷2).

– The Zeeman energy models the interaction of the total magnetization with an applied external field (assumed to be
magnetization-independent) and reads as

ℰext[𝑚1,𝑚2] = −𝜇0

∫︁

Ω

𝐻ext · (𝑀s,1𝑚1 + 𝑀s,2𝑚2),

where 𝐻ext ∈ R3 denotes an applied external field (in A/m).
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– The magnetostatic energy can be understood as the energy associated with the interaction of the total magnetization
with the stray field 𝐻s ∈ R3, which solves the magnetostatic Maxwell equations

∇ ·𝐻s = −∇ · [𝜒Ω(𝑀s,1𝑚1 + 𝑀s,2𝑚2)] and ∇×𝐻s = 0 in R3.

The energy contribution is given by

ℰext[𝑚1,𝑚2] = −𝜇0

2

∫︁

Ω

𝐻ext · (𝑀s,1𝑚1 + 𝑀s,2𝑚2),

where 𝜒Ω : R3 → {0, 1} denotes the indicator function of the domain Ω.

Note that in all the above energy contributions the two fields are decoupled (for the magnetostatic energy, this is a
consequence of the fact that the operator mapping the total magnetization to the solution of the magnetostatic Maxwell
equations is linear). Hence, even in the presence of the above contributions, the system of Euler–Lagrange equations
associated with the minimization problem and the system of LLG equations are only exchange-coupled.

In the numerical experiments of the work (see Sects. 4.3 and 5.2), we considered dimensionless forms of magnetocrys-
talline anisotropy energy, Dzyaloshinskii–Moriya interaction and Zeeman energy, namely

ℰani[𝑚1,𝑚2] =
𝑞2
1

2

∫︁

Ω

[1− (𝑎1 ·𝑚1)
2] +

𝑞2
2

2

∫︁

Ω

[1− (𝑎2 ·𝑚2)
2],

ℰDMI[𝑚1,𝑚2] =

∫︁

Ω

̂︀𝐷1 : (∇𝑚1 ×𝑚1) +

∫︁

Ω

̂︀𝐷2 : (∇𝑚2 ×𝑚2),

ℰext[𝑚1,𝑚2] = −
∫︁

Ω

ℎext · (𝜂s,1𝑚1 + 𝜂s,2𝑚2) = −
∫︁

Ω

ℎext ·𝑚.

In these expressions, which can be obtained rescaling the energy contributions as described in the previous section, the

dimensionless parameters are related to the physical ones via the relationships 𝑞ℓ =
√︀

2𝐾ℓ/(𝜇0𝑀2
s ), ̂︀𝐷ℓ =𝐷ℓ/(𝜇0𝑀

2
s 𝐿)

(ℓ = 1, 2), and ℎext =𝐻ext/𝑀s.

To conclude, we note that for AFM and FiM materials, differently from what happens for FM materials, the Zeeman

and the magnetostatic energies are usually of limited physical importance, because they depend on the total magnetization

of the sample, which is in general very small.


	Introduction
	Mathematical model
	Static problem
	Dynamic problem

	Preliminaries
	Numerical energy minimization
	Finite element discretization
	Computation of low energy stationary points
	Numerical experiments
	Comparison of the algorithms
	AFM skyrmion formation
	The role of a0


	Numerical approximation of the LLG system
	Numerical algorithm and main results
	Numerical experiments
	LLG-based energy minimization
	Skyrmion dynamics


	Proofs
	Static problem
	Dynamic problem

	References
	The equations in physical units
	Nondimensionalization
	Lower-order energy contributions


