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REDUCED BASIS METHOD FOR THE ELASTIC SCATTERING BY MULTIPLE
SHAPE-PARAMETRIC OPEN ARCS IN TWO DIMENSIONS

José Pinto1 and Fernando Henŕıquez2,*

Abstract. We consider the elastic scattering problem by multiple disjoint arcs or cracks in two spa-
tial dimensions. A key aspect of our approach lies in the parametric description of each arc’s shape,
which is controlled by a potentially high-dimensional, possibly countably infinite, set of parameters.
We are interested in the efficient approximation of the parameter-to-solution map employing model
order reduction techniques, specifically the reduced basis method. Firstly, we use boundary potentials
to transform the boundary value problem, originally posed in an unbounded domain, into a system
of boundary integral equations set on the parametrically defined open arcs. We adopt the two-phase
paradigm (offline and online) of the reduced basis method to construct a fast surrogate. In the offline
phase, we construct a reduced order basis tailored to the single arc problem assuming a complete de-
coupling among arcs. In the online phase, when computing solutions for the multiple arc problem with
a new parametric input, we use the aforementioned basis for each individual arc. We present a com-
prehensive theoretical analysis of the method, fundamentally based on our previous work [Pinto et al.,
J. Fourier Anal. Appl. 30 (2024) 14]. In particular, the results stated therein allow us to find appropri-
ate bounds for the so-called Kolmogorov width. Finally, we present a series of numerical experiments
demonstrating the advantages of our proposed method in terms of both accuracy and computational
efficiency.
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1. Introduction

Solving parametric partial differential equations (pPDEs) is a common task in many areas of science and engi-
neering. Parameters are used to describe various aspects of a mathematical model, such as material properties
or variations in the problem’s physical domain. Traditionally, methods like Finite Differences, Finite Volumes,
and Finite Elements have been employed to numerically solve these problems. However, applications involving
multiple-query or real-time problems require repeated and rapid evaluations of the high-fidelity or full-order
model for different parametric inputs. This quickly becomes computationally intractable, making complexity
reduction methods in the parameter space necessary for efficient handling of these models.
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The Reduced Basis (RB) method aims to accelerate the computation of the solution of pPDEs by using a
two-stage paradigm. First, in an offline phase, a collection of so-called snapshots or high-fidelity solutions of
the problem are computed for a set of parametric inputs. Then, a reduced-dimensional basis is constructed
using these collection of solutions. Currently, two main approaches are used: POD [33] and greedy strategies
[5,6,18,28]. POD establishes a set of samples in the parameter space in advance, calculating the corresponding
high-fidelity solutions. A reduced basis is then computed using the Singular Value Decomposition (SVD) of the
snapshot matrix. Conversely, greedy strategies sequentially add new elements to the basis in such a way that
each new element provides the best possible improvement in approximating the solution manifold. Once the
reduced basis is constructed using either method, the original high-fidelity problem is projected onto this basis,
marking the online phase of the RB method. For further details, we refer the reader to [29,38–40].

Constructing reduced spaces for time-independent problems becomes a computational challenge, particularly
when the parameter space is of high, potentially infinite, dimension. Efficiently approximating maps with high-
dimensional parametric inputs presents major challenges to traditional computational methods due to the
so-called curse of dimensionality in the parameter space. In [11], polynomial surrogates of high-dimensional
input maps are shown to converge independently of dimension, provided there is an holomorphic dependence on
the parametric input. Computationally, this property, often referred to as parametric holomorphy, underpins
provably dimension-independent convergence rates for a variety of methods including, for instance, Smolyak
interpolation and quadrature [42, 44] and high-order Quasi-Monte Carlo integration (HoQMC) [19, 21] among
others. In particular, in the context of model order reduction and the RB method, parametric holomorphy
guarantees dimension-independent bounds for Kolmogorov’s width [12, 13], leading to dimension-independent
convergence rates for both the POD-based and greedy strategies [3,5,8–10,34]. Furthermore, in the multiple-arc
setting under consideration in this work, the decay of Kolmogorov’s width becomes slower as the number of
arcs increases, adding to the difficulty posed by the high dimensionality of the parameter space.

In the context of shape-parametric Boundary Integral Operators (BIOs), one may find a variety of works
addressing and proving the aforementioned parametric holomorphy property. In [25,26], the holomorphic depen-
dence of the Calder’on projector on boundaries of class 𝒞2 has been established. Furthermore, in [15–17], analytic
shape differentiability of BIOs has been studied for problems in two and three dimensions. In [22], paramet-
ric holomorphy of the combined integral operator has been proved for piecewise 𝒞2-boundaries, thus allowing
polygonal/polyhedral boundaries. However, relevant to this work is [37], which addresses the case of multiple
open arcs in two dimensions.

1.1. Contributions

In this work, we perform model order reduction for the elastic scattering problem by multiple shape-parametric
open arcs. Firstly, as in [1,2,7,30,32,43], we cast the original boundary value problem as an equivalent system of
boundary integral equations (BIEs) posed on the collection of open arcs. Then, following the approach presented
in [23], we propose and thoroughly analyze a reduced basis method for this shape-parametric formulation.

A key insight of this method lies in the construction of a reduced basis for each shape-parametric arc, which
is then used as a building block for the complexity reduction of the multiple interacting arcs configuration. For
the numerical approximation of the high-fidelity solution, we use a custom spectral Galerkin Boundary Element
(BE) implementation tailored to handle the problem’s characteristic singular nature at the arcs’ endpoints.

We provide a comprehensive convergence analysis that accounts for discretization in the parameter space,
the BE discretization, and parametric dimension truncation. Unlike previous works in this field, we also provide
a systematic analysis for constructing the RB space for elastic scattering by multiple arcs using the single
arc problem as a building block. These insights are supported by a series of numerical experiments. Indeed,
our computational results show that the multiple arcs problem cannot be efficiently reduced using standard
procedures. However, the construction based on the single arc problem leads to a more efficient algorithm.
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1.2. Outline

This work is structured as follows. In Section 2, we introduce notation and relevant technical results to be
used throughout this work. Section 3 introduces the elastic scattering problem by multiple open arcs, together
with its boundary integral formulation and details of the spectral Galerkin BE discretization. Next, in Section 4
we introduce the reduced basis method for pPDES. Particular emphasis is given to the construction of a reduced
order model for the multiple arc problem by taking as starting point a reduced basis constructed for a single arc.
In Section 5 we provide a complete analysis of the reduced order method for the multiple arc problem. Finally, in
Section 6 we present numerical experiments portraying the performance of the reduced basis approach, whereas
in Section 7 we provide final concluding remarks.

2. Preliminaries

2.1. Notation

Throughout, vectors are indicated by boldface symbols. For any 𝑣 ∈ C𝑛, with 𝑛 ∈ N, we consider the
Euclidean norm ‖𝑣‖ =

√
𝑣 · 𝑣. In R2, we denote by 𝑒1 = (1, 0)⊤, 𝑒2 = (0, 1)⊤ the canonical vectors. Given an

angle 𝜃 ∈ [0, 2𝜋), the corresponding directional vector is 𝑒(𝜃) = (cos 𝜃, sin 𝜃)⊤. The rotation matrix associated
with the angle 𝜃 is

𝑅𝜃 =
(︂

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

)︂
, (2.1)

thus we have that 𝑒(𝜃) = 𝑅𝜃𝑒1.
Given real numbers 𝑎, 𝑏, we say that 𝑎 . 𝑏 if there exists a positive constant 𝑐, independent of the variables

relevant to the corresponding analysis, such that 𝑎 ≤ 𝑐𝑏. If 𝑎 . 𝑏 and 𝑏 . 𝑎 we write 𝑎 ∼= 𝑏.
Let 𝑋 be a Banach space. Its anti-dual is denoted by 𝑋⋆, and the evaluation of an element 𝑓 ∈ 𝑋⋆ on an

element 𝑥 ∈ 𝑋 is denoted by ⟨𝑓, 𝑥⟩. Given another Banach space 𝑌 , we denote by ℒ(𝑋, 𝑌 ) the space of bounded
linear operators from 𝑋 to 𝑌 . As it is customary, we equip it with the standard operator norm, thus rendering
it a Banach space itself.

Given a Hilbert space 𝐻 and a closed subspace 𝑉 ⊂ 𝐻, we denote the corresponding orthogonal projection
by 𝑃𝐻

𝑉 , or simply 𝑃𝑉 when the space 𝐻 is clear from the context.

2.2. Functional spaces

First, let us recall the definition of Hölder spaces. Given two non-empty, open and connected sets Ω1 ⊂
R𝑑1 , Ω2 ⊂ R𝑑2 , for 𝑑1, 𝑑2 ∈ N, the space 𝒞𝑚,𝛼(Ω1, Ω2) consists of functions 𝑓 : Ω1 → Ω2 with derivatives up to
order 𝑚 in Ω1, each of them continuous over Ω1, and such that the derivatives of order 𝑚 fulfils the 𝛼-Hölder
continuous condition, i.e. ‖𝑔(x)−𝑔(y)‖ . ‖x−y‖𝛼 with 𝑔 being any derivative of total order up to and including
𝑚 of 𝑓 .

In order to describe the relevant geometries we will make use of a subset of 𝒞𝑚,𝛼
(︀
(−1, 1), R2

)︀
, denoted by

𝒞𝑚,𝛼
𝑏

(︀
(−1, 1), R2

)︀
consisting of all 𝑟 ∈ 𝒞𝑚,𝛼

(︀
(−1, 1), R2

)︀
such that ‖𝑟′(𝑡)‖ > 0, 𝑡 ∈ (−1, 1), and having a globally

defined inverse, i.e. 𝑟 : (−1, 1)→ R2 has a unique inverse.
We also introduce the functional spaces used to properly state the elastic scattering problem on cracks. Set

𝑤(𝑡) =
√

1− 𝑡2, 𝑡 ∈ (−1, 1). We denote by 𝑇𝑛(𝑡) the 𝑛th Chebyshev polynomial of the first kind normalized
according to ∫︁ 1

−1

𝑇𝑚(𝑡)𝑇𝑙(𝑡)𝑤−1(𝑡) d𝑡 = 𝛿𝑚,𝑙, 𝑙, 𝑚 ∈ N0,

where 𝛿𝑙,𝑚 = 1 if 𝑙 = 𝑚 and 𝛿𝑙,𝑚 = 0 if 𝑙 ̸= 𝑚. For a smooth function 𝑢 : [−1, 1] → C we define two sequences
of Chebyshev coefficients as

𝑢𝑛 :=
∫︁ 1

−1

𝑢(𝑡)𝑇𝑛(𝑡) d𝑡 and ̂︀𝑢𝑛 :=
∫︁ 1

−1

𝑢(𝑡)𝑇𝑛(𝑡)𝑤−1(𝑡) d𝑡, 𝑛 ∈ N0.
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By using a duality argument, these definitions are extended to distributions, and we define the following spaces:
For 𝑠 ∈ R we set

𝑇 𝑠 :=

{︃
𝑢 : ‖𝑢‖2𝑇 𝑠 =

∞∑︁
𝑛=0

(1 + 𝑛2)𝑠|𝑢𝑛|2 <∞

}︃
,

𝑊 𝑠 :=

{︃
𝑢 : ‖𝑢‖2𝑊 𝑠 =

∞∑︁
𝑛=0

(1 + 𝑛2)𝑠|̂︀𝑢𝑛|2 <∞

}︃
.

The dual space of 𝑇 𝑠 can be identified with 𝑊−𝑠, where the duality product, that subsequently is denoted as
⟨·, ·⟩, is the extension of the 𝐿2((−1, 1)) inner product without any weight function. Throughout this work we
assume that this identification has been made.

For certain values of 𝑠, these spaces coincide with standard Sobolev spaces in the interval (−1, 1). In fact, we
have that

𝑇−
1
2 = ̃︀𝐻− 1

2 ((−1, 1)) and 𝑊
1
2 = 𝐻

1
2 ((−1, 1)).

We refer the reader to Chapter 3 from [35], for the classical definition of Sobolev spaces of integer and fractional
orders.

Finally, for 𝑠 ∈ N, we define the following product spaces

T𝑠 = 𝑇 𝑠 × 𝑇 𝑠 and W𝑠 = 𝑊 𝑠 ×𝑊 𝑠.

These will be extensively used in the next sections.

2.3. Problem geometry

We provide a precise description of the type of open arcs to be considered in the rest of this work. We uniquely
identify each open arc with one of its corresponding parametrizations. Each open arc is described as a function
from [−1, 1] with values R2 satisfying the following properties:

(i) The function is an element of 𝒞𝑚,𝛼((−1, 1); R2), with 𝑚 ∈ N, 𝛼 ∈ [0, 1], and 𝑚 + 𝛼 > 2.
(ii) The derivative of the function, i.e. the tangent vector, is nowhere null. Therefore, it belongs to
𝒞𝑚,𝛼

𝑏

(︀
(−1, 1), R2

)︀
.

The latter requirement implies that the parametrization function is invertible. In the following we set U :=[︀
− 1

2 , 1
2

]︀N. Of special interest will be collection of open arcs that are determined by a parametric input 𝑦 ∈ U of
the form

𝑟(𝑦, 𝑡) = 𝑟0(𝑡) +
∞∑︁

𝑛=1

𝑦𝑛𝑟𝑛(𝑡), (2.2)

here 𝑟0 is an open arc with a nowhere null tangent vector, and in the following we refer to it as the reference
arc. In the following, for each 𝑦 ∈ U, when referring to an open arc as an element of 𝒞𝑚,𝛼((−1, 1); R2) we use
the notation 𝑟(𝑦). In contrast, when referring to a point in R2 described by the arc’s parametrization we use
the notation 𝑟(𝑦, 𝑡) for some 𝑡 ∈ [−1, 1]. The set {𝑟𝑛}𝑛∈N is a subset of 𝒞𝑚,𝛼((−1, 1), R2) and we will refer to
it as the perturbation basis. In order to ensure that for any value of the parameter 𝑦 the parametrization 𝑟(𝑦)
as in (2.2) is indeed an open arc in R2, we work under the following assumptions.

Assumption 2.1. (1) The perturbation basis 𝑟𝑛 is such that, 𝑏 =
{︀
‖𝑟𝑛‖𝒞𝑚,𝛼((−1,1);R2)

}︀
𝑛∈N, 𝑛 ∈ N, is a

sequence in ℓ𝑝(N) for some 𝑝 ∈ (0, 1).

(2) There exists 𝜁 ∈ (0, 1) such that

sup
𝑡∈(−1,1)

∞∑︁
𝑛=1

‖(𝑟𝑛)′(𝑡)‖ ≤ 𝜁 inf
𝑡∈(−1,1)

‖(𝑟0)′(𝑡)‖.
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Under these conditions for 𝑟0 and {𝑏𝑛}𝑛∈N, and using the mean value theorem we can ensure that 𝑟(𝑦) is an
open arc for any 𝑦 ∈ U.

As we are interested in the multiple arc problem, we also consider 𝑀 parametrically defined collections of
open arcs, each of them of the form (2.2). We denote these families by 𝑟1(𝑦1), . . . , 𝑟𝑀 (𝑦𝑀 ), each of them having
their corresponding reference arc denoted by 𝑟1

0, . . . 𝑟
𝑀
0 , while the perturbations basis would be assumed to be

the same for any of the 𝑀 collections.
We further assume that fixed parts are line segments of the form

𝑟𝑗
0(𝑡) = 𝑐𝑗 + 𝜚𝑗(cos 𝜙𝑗 , sin 𝜙𝑗)⊤𝑡, 𝑡 ∈ (−1, 1), 𝑗 = 1, . . . ,𝑀

where 𝑐𝑗 ∈ [−𝐵, 𝐵]× [−𝐵, 𝐵], for some 𝐵 > 0, is the arc’s center. The length of the segment is 𝜚𝑗 ∈ [𝑟min, 𝑟max],
for given 0 < 𝑟min < 𝑟max, while 𝜙𝑗 ∈ [0, 𝜋) defines the orientation of the segment.

We also assume that there exist 𝑑min, 𝑑max, with 0 < 𝑑min < 𝑑max, such that 𝑑min ≤ ‖𝑐𝑘 − 𝑐𝑗‖ ≤ 𝑑max, for
𝑘 ̸= 𝑗, and that

𝑑min > 2

(︃
𝑟max +

∞∑︁
𝑛=1

sup
𝑡∈[−1,1]

‖𝑟𝑛(𝑡)‖

)︃
.

This last condition ensures that the arcs are pairwise disjoint.

3. Elastic wave scattering by multiple open arcs

In this section, we introduce the elastic scattering problem by multiple open arcs together with its spectral
BE Galerkin discretization using weighted polynomials. We refer to [31] and references therein for more details
on these aspects of the problem.

3.1. Problem formulation

Given 𝜅 ∈ R, 𝜃 ∈ [0, 2𝜋) we denote a scalar plane wave with incidence angle 𝜃 and wave-number 𝜅 by

𝑔𝜃,𝜅(𝑥) = exp
(︀
𝚤𝜅𝑒(𝜃) · 𝑥

)︀
,

where we recall that 𝑒(𝜃) = (cos 𝜃, sin 𝜃)⊤. Let us consider 𝑀 families of parameterized open arcs as in Section 2.3,
whose image in R2 are denoted by Γ(𝑦1, . . . ,𝑦𝑀 ). We fix a direction 𝜃0 ∈ [0, 2𝜋) that corresponds to that of
the incoming plane-wave. In addition, we also fix 𝜔 as the the problem’s frequency, and we denote by 𝜆, 𝜇 the
Lamé parameters. Then, for a given realization of the parameters 𝑦1, . . . ,𝑦𝑀 , we seek 𝑈 : R2 → C2 such that

(𝜇∆ + (𝜆 + 𝜇)∇∇·)𝑈 + 𝜔2𝑈 = 0 in R2 ∖ Γ(𝑦1, . . . ,𝑦𝑀 ),

𝑈 = 𝑒(𝜃0)𝑔𝜃0𝜅p , on Γ(𝑦1, . . . ,𝑦𝑀 )
+ Condition at infinity,

where 𝜅p =
√︁

𝜔
𝜆+2𝜇 , and the radiation condition at infinity is the standard Kupradze’s one.

Using standard arguments of boundary integral formulations ([35], Chap. 7) we look for a solution of the
form1

𝑈(x) =
𝑀∑︁

𝑗=1

∫︁ 1

−1

G(x, 𝑟𝑗(𝑦𝑗 , 𝜏))𝑢𝑗(𝑦1, . . . ,𝑦𝑀 , 𝜏) d𝜏, x ∈ R2 ∖ Γ(𝑦1, . . . ,𝑦𝑀 ), (3.1)

where G is the fundamental solution to the elastic wave operator2, and 𝑢𝑗(𝑦1, . . . ,𝑦𝑀 , ·) are unknown densities
defined in (−1, 1), for 𝑗 = 1, . . . ,𝑀 . By imposing the boundary conditions on the representation formula stated in

1From standard boundary integral potentials properties this representation formula is continuous across Γ(𝑦1, . . . ,𝑦𝑀 ).
2The fundamental solution depends on the parameters 𝜔, 𝜆, 𝜇, however as these are fixed for each instance of the problem we

do not incorporate them in the notation.
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(3.1) we obtain the following system of boundary integral equations for the unknown densities 𝑢𝑗(𝑦1, . . . ,𝑦𝑀 , ·),
for 𝑗 = 1, . . . ,𝑀 :

𝑀∑︁
𝑗=1

𝑉𝑟𝑘(𝑦𝑘),𝑟𝑗(𝑦𝑗)𝑢
𝑗(𝑦1, . . . ,𝑦𝑀 , ·)(𝑡) = 𝑔𝑘(𝑡), 𝑘 = 1, . . . ,𝑀, (3.2)

where the weakly singular operator 𝑉𝑟,𝑝 is defined, for a pair of open arcs 𝑟, 𝑝 and a density function 𝑢, as

𝑉𝑟,𝑝𝑢(𝑡) =

1∫︁
−1

G(𝑟(𝑡), 𝑝(𝜏))𝑢(𝜏) d𝜏

and the right-hand side is given by
𝑔𝑘(𝑡) = 𝑒(𝜃0)𝑔𝜃0,𝜅𝑝

(𝑟𝑘(𝑦𝑘,𝑡)). (3.3)

We refer to [4] for the functional setting and well-posedness of (3.2).

3.2. High-fidelity discretization

We now provide the construction of the spectral BE Galerkin discretization of (3.2) used as the high-fidelity
solver for the construction of the reduced basis method ahead in (4.2) To this end, we define the following
families of finite dimensional spaces

𝑇𝑁 =

{︃
𝑢(𝑡) =

𝑁∑︁
𝑛=0

𝑎𝑛𝑇𝑛(𝑡)𝑤−1(𝑡) with {𝑎𝑛}𝑁𝑛=0 ⊂ C

}︃
, 𝑁 ∈ N,

𝑊𝑁 =

{︃
𝑢(𝑡) =

𝑁∑︁
𝑛=0

𝑎𝑛𝑇𝑛(𝑡) with {𝑎𝑛}𝑁𝑛=0 ⊂ C

}︃
, 𝑁 ∈ N,

and set T𝑁 = 𝑇𝑁 × 𝑇𝑁⊂ T𝑠, W𝑁 = 𝑊𝑁 ×𝑊𝑁 ⊂W𝑠, for 𝑁 ∈ N and 𝑠 ∈ R. Having introduced these spaces,
the discrete version of (3.2) reads as follows: For 𝑦1, . . . ,𝑦𝑀 ∈ U, we seek 𝑢𝑗

𝑁 (𝑦1, . . . ,𝑦𝑀 , ·) ∈ T𝑁 , such that

𝑀∑︁
𝑗=1

𝑃W𝑁
𝑉𝑟𝑘(𝑦𝑘),𝑟𝑗(𝑦𝑗)𝑢

𝑗
𝑁 (𝑦1, . . . ,𝑦𝑀 , ·)(𝑡) = 𝑃W𝑁

𝑔𝑘(𝑡), 𝑘 = 1, . . . ,𝑀.

Using the following ansatz for the solution of (3.2)

𝑢𝑗
𝑁 (𝑦1, . . . ,𝑦𝑀 , 𝑡) =

𝑁∑︁
𝑚=0

2∑︁
𝑝=1

(︀
𝑎𝑗,𝑝

(︀
𝑦1, . . . ,𝑦𝑀

)︀)︀
𝑚

𝑇𝑚(𝑡)𝑤(𝑡)−1
𝑒𝑝, 𝑡 ∈ (−1, 1),

we can write (3.2) as follows.

Problem 3.1. Given 𝑁 ∈ N we seek 𝑎1,𝑝(𝑦1, . . . ,𝑦𝑀 ), . . . ,𝑎𝑀,𝑝(𝑦1, . . . ,𝑦𝑀 ) ∈ C𝑁+1, for 𝑝 ∈ {1, 2}, such that

𝑀∑︁
𝑗=1

A𝑝,𝑞
𝑘,𝑗𝑎

𝑗,𝑞(𝑦1, . . . ,𝑦𝑀 ) = 𝑔𝑝
𝑁,𝑘, 𝑘 ∈ {1, . . . ,𝑀}, 𝑞 ∈ {1, 2},

where (︁
A𝑝,𝑞

𝑘,𝑗

)︁
ℓ,𝑚

=
⟨

𝑉𝑟𝑘(𝑦𝑘),𝑟𝑗(𝑦𝑗)

𝑇𝑚

𝑤
𝑒𝑞,

𝑇ℓ

𝑤
𝑒𝑝

⟩
, ℓ,𝑚 ∈ {0, . . . , 𝑁}, 𝑝, 𝑞 ∈ {1, 2}

and (︁
𝑔𝑝

𝑁,𝑘

)︁
ℓ

=
⟨

𝑔𝑘,
𝑇𝑙

𝑤
𝑒𝑝

⟩
, ℓ ∈ {0, . . . , 𝑁}, 𝑝 ∈ {1, 2}.
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Remark 3.2. In [31] it was proven that if for a given realization of the parameters 𝑦1, . . . ,𝑦𝑀 the resulting
open arcs 𝑟1(𝑦1), . . . , 𝑟𝑀 (𝑦𝑀 ) are analytic, then asymptotically in 𝑁 we obtain exponential convergence, i.e.
there exist 𝜌 > 1 and 𝑁0 ∈ N such that for any 𝑁 ≥ 𝑁0 it holds

𝑀∑︁
𝑗=1

‖𝑢𝑗(𝑦1, . . . ,𝑦𝑀 )− 𝑢𝑗
𝑁 (𝑦1, . . . ,𝑦𝑀 )‖

T−
1
2
. 𝜌−𝑁 ,

where, in principle, the implicit constant depends on the parameters 𝑦1, . . . ,𝑦𝑀 ∈ U.

3.2.1. Numerical implementation

We present an overview of some aspects concerning the computational implementation of the previously
described spectral Galerkin BE discretzation, as these are important for the construction of the reduced model.
We again refer to [30,31] for some more details and improvements to the basic implementation.

For the implementation of the spectral Galerkin method we need to approximate two types of integrals:⟨
𝑉𝑟𝑘(𝑦𝑘),𝑟𝑗(𝑦𝑗)

𝑇𝑚

𝑤
𝑒𝑞,

𝑇𝑙

𝑤
𝑒𝑝

⟩
and

⟨
𝑔𝑘,

𝑇𝑙

𝑤
𝑒𝑝

⟩
. (3.4)

Let us start with the second type, which appears in the right-hand side of Problem 3.1. Since 𝑔𝑘 is a smooth
function we can simply compute these integrals using FFT. Concretely, we first construct the vector of evalua-
tions

g𝑘 = (𝑔𝑘(𝑥𝑗))𝑗=0,...,𝑁𝑐−1, 𝑥𝑗 = cos
(︂

𝜋(𝑁𝑐 − 1− 𝑗)
𝑁𝑐 − 1

)︂
,

then we apply the discrete Fourier transform to this vector3, and finally we perform an scaling as in [30]. The
computational cost is of order 𝑂(𝑁 log 𝑁) per arc. Notice that we can think of the integration method as a
linear function acting on vector of evaluations of the right-hand side.

Remark 3.3. While we do not provide all the details concerning the computation of these integrals, (we again
refer to [30] for a detailed discussion), in a more abstract setting the computation of the integrals of the form⟨

𝑓,
𝑇𝑙

𝑤

⟩
,

where 𝑓 is a known function, can be thought as the application of a linear map 𝐿 to the vector f =
𝑓(𝑥𝑗)𝑗=0,...,𝑁𝑐−1, where the points 𝑥𝑗 are as in (3.4).

For the computation of the first type of terms in (3.4) we consider two separate cases. Firstly, for smooth
component of the cross interaction between arcs, i.e. when 𝑘 ̸= 𝑗, we use a tensorization of the method applied
to the right-hand side, with a cost of 𝑂(𝑁2 log 𝑁) operations.

Finally, the self-interaction case, i.e. 𝑘 = 𝑗, is treated as in [31], thus it can be reduced to the computation
of a regular integral (this is done as in the cross-interaction case), plus an integral of the form

𝐼𝑙,𝑚 =
∫︁ 1

−1

∫︁ 1

−1

log |𝑡− 𝜏 |𝐽(𝑡, 𝜏)
𝑇𝑚

𝑤
(𝜏)

𝑇𝑙

𝑤
(𝑡) d𝜏 d𝑡, (3.5)

where 𝐽 is an analytic function in both arguments. Using the exact same procedure used to treat the crossed
interactions together with the orthogonality properties of Chebyshev polynomials, we can construct the approx-
imation

𝐽(𝑡, 𝑠) ≈
𝑄∑︁

𝑝=0

𝑄∑︁
𝑞=0

𝑗𝑝,𝑞𝑇𝑝(𝑡)𝑇𝑞(𝑠),

3The parameter 𝑁𝑐 is selected according to a certain tolerance and at worst grows linearly with 𝑁 .
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with a computational cost of 𝑂(𝑄2 log 𝑄). On the other hand, from the well-known expansion

log |𝑡− 𝑠| =
∞∑︁

𝑛=0

𝑑𝑛𝑇𝑛(𝑡)𝑇𝑛(𝑠),

using traditional Chebyshev properties we have that

𝐼𝑙,𝑚 ≈
∞∑︁

𝑛=0

𝑑𝑛(𝑗𝑙+𝑛,𝑚+𝑛 + 𝑗𝑙+𝑛,|𝑚−𝑛| + 𝑗|𝑙−𝑛|,𝑚+𝑛 + 𝑗|𝑙−𝑛|,|𝑚−𝑛|), (3.6)

where the error decays exponential with respect to 𝑄, which is in turn proportional to 𝑁 . The evaluation of (3.6)
has a computational cost of 𝑂(𝑁3). However, this could be reduced to 𝑂(𝑁2 log 𝑁) by using the convolution
properties of the discrete Fourier transform. The total cost of assembling the linear system of equations is of
order 𝑂(𝑀2𝑁2 log 𝑁).

Remark 3.4. As in Remark 3.3, the algorithm for the computation of the matrix terms can be thought as
linear function acting on evaluations of a kernel function. In the cross-interactions case the kernel function is
the fundamental solution, while for the self-interactions we have two different linear functions, one acting on
the evaluations of the function 𝐽(𝑡, 𝑠) as in (3.5)), and a second one, accounting for the regular part, which is
the difference between the fundamental solution and 𝐽(𝑡, 𝑠) log |𝑡− 𝑠|.

4. Model order reduction for multiple arcs

The high-fidelity discretization introduced in Section 3.2 provides a fast method to approximate the solution
of the elastic scattering problem for a fixed geometry determined by the parameters 𝑦1, . . . ,𝑦𝑀 ∈ U. However,
when aiming to solve this problem for a large number of parametric inputs, a new strategy is required, in
particular as the number of arcs increases. To this end, we adopt a model order reduction perspective and resort
to the reduced basis method.

This section is organized as follows: in Section 4.1, we revisit the fundamentals of the Galerkin Proper
Orthogonal Decomposition (Galerkin-POD) approach, a well-established technique for constructing efficient
reduced basis in the context of parametric problems. Subsequently, in Section 4.2, we outline a method for
constructing an efficient Reduced Order Model (ROM) for configurations with multiple arcs. This approach
involves building individual ROMs the single arc problem, and then use the same basis for the multiples arcs
case.

To fully harness the benefits of the reduced basis approach one needs an efficient and fast way of constructing
the high-fidelity problem projected in the reduced space. Even though we use an affine-parametric representation
for each open arc, this does not translate into an affine decomposition of the underlying reduced problem.
Following ideas introduced in [23] we apply the Empirical Interpolation Method (EIM) as described in Section 4.3
ahead.

4.1. Galerkin-POD and reduced order modelling

Let us briefly recall the Galerkin-POD method. Our presentation follows mainly Chapter 3 of [29] and
Chapter 6 of [39].

For each 𝑦 ∈ U, we seek 𝑢(𝑦) ∈ 𝑋 such that

a(𝑢(𝑦), 𝑣; 𝑦) = g(𝑣, 𝑦), ∀𝑣 ∈ 𝑋, (4.1)

where 𝑋 is a Hilbert Space, for each 𝑦 ∈ U, a(·, ·; 𝑦) : 𝑋 × 𝑋 → C and g(·; 𝑦) ∈ 𝑋⋆ denotes a parameter-
dependent sesquilinear form and an anti-linear functional acting on 𝑋, respectively. We also define the solution
manifold, i.e. the set all possible solutions to (4.1), as

ℳ := {𝑢(𝑦) ∈ 𝑋 : 𝑦 ∈ U} ⊂ 𝑋.
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In addition, let {𝑋𝑁}𝑁∈N be a family of finite-dimensional subspace of 𝑋, each one of dimension 𝑁 , and let
{𝜙1, . . . , 𝜙𝑁} ⊂ 𝑋 be a suitable basis of 𝑋𝑁 , i.e. 𝑋𝑁 = span{𝜙1, . . . , 𝜙𝑁}. The Galerkin discretization of (4.1)
reads: For each 𝑦 ∈ U, we seek 𝑢𝑁 (𝑦) ∈ 𝑋𝑁 , such that

a(𝑢𝑁 (𝑦), 𝑣; 𝑦) = g(𝑣, 𝑦), ∀𝑣 ∈ 𝑋𝑁 ,

and we define the discrete solution manifold as

ℳ𝑁 := {𝑢𝑁 (𝑦) ∈ 𝑋𝑁 : 𝑦 ∈ U}.

Equivalently, the Galerkin discretization of (4.1) using the following anstaz

𝑢𝑁 (𝑦) =
𝑁∑︁

𝑗=1

(𝑎𝑁 (𝑦))𝑗𝜙𝑗 .

can be formulated as follows: For each 𝑦 ∈ U we seek 𝑎𝑁 (𝑦) ∈ C𝑁 such that

A𝑁 (𝑦)𝑎𝑁 (𝑦) = 𝑔𝑁 (𝑦),

where for each 𝑦 ∈ U

(A𝑁 (𝑦))𝑖,𝑗 = a(𝜙𝑗 , 𝜙𝑖; 𝑦) 𝑖, 𝑗 = 1, . . . , 𝑁 and (𝑔𝑁 (𝑦))𝑖 = g(𝜙𝑖; 𝑦) 𝑖 = 1, . . . , 𝑁.

As we are working in a finite-dimensional space, it holds⃦⃦⃦⃦
⃦

𝑁∑︁
𝑛=1

𝑐𝑛𝜙𝑁

⃦⃦⃦⃦
⃦

2

𝑋

∼=
𝑁∑︁

𝑛=1

|𝑐𝑛|2,

with a constant depending on 𝑋𝑁 . Hence, the norm ‖·‖𝑋 in 𝑋𝑁 and the vector 2-norm of the coefficients
{𝑐𝑛}𝑁𝑛=1 ∈ C𝑁 are equivalent with hidden constants depending of 𝑁 .

For the construction of the reduced basis, we seek the subspace 𝑉
(rb)
𝑅 of 𝑋𝑁 of dimension 𝑅 < 𝑁 solution to

the following minimization problem

𝑉
(rb)
𝑅 = arg min

𝑍𝑅⊂𝑋𝑁

dim(𝑍𝑅)≤𝑅

∫︁
U

‖𝑢𝑁 (𝑦)− P𝑍𝑅
𝑢𝑁 (𝑦)‖2𝑋 d𝑦. (4.2)

The above problem can be formulated using the algebraic form of the Galerkin discretization. The solution is
given by a matrix V(rb)

𝑅 ∈ C𝑁×𝑅 which is obtained by solving the following problem:

V(rb)
𝑅 = arg min

W∈V𝑅

∫︁
U

⃦⃦
𝑎(𝑦)−WW†𝑎(𝑦)

⃦⃦2
d𝑦, (4.3)

where V𝑅 =
{︀
W ∈ C𝑁×𝑅 : W†W = I𝑅

}︀
and with I𝑅 denoting the identity matrix of size 𝑅×𝑅.

While the solution of this problem is known (see, e.g. [39], Prop. 6.3), in practical implementations one con-
siders a discretized version of the high-dimensional integral in (4.3). Provided a dimension truncation parameter
𝑠 ∈ N, we consider an equal weights, 𝑁𝑡-points quadrature rule in U𝑠=

[︀
− 1

2 , 1
2

]︀𝑠 with points {𝑦1, . . . ,𝑦𝑁𝑡
} ⊂ U𝑠.

This yields the following approximation of (4.3):

V(rb)
𝑅 = arg min

W∈V𝑅

1
𝑁𝑡

𝑁𝑡∑︁
𝑗=1

⃦⃦
𝑎(𝑦𝑗)−WW†𝑎(𝑦𝑗)

⃦⃦2
. (4.4)



210 J. PINTO AND F. HENRÍQUEZ

The solution of this problem is given by the Schmidt–Eckart–Young theorem (see, e.g. [39], Prop. 6.1). Define
the snapshot matrix

S :=
(︀
𝑎(𝑦1), . . . ,𝑎(𝑦𝑁𝑡

)
)︀
∈ C𝑁×𝑁𝑡

and compute its SVD decomposition S = WΣZ†, where

W =
(︀
𝑤1, . . . ,𝑤𝑁

)︀
∈ C𝑁×𝑁 and Z =

(︀
𝑧1, . . . ,𝑧𝑁𝑡

)︀
∈ C𝑁𝑡×𝑁𝑡

are orthogonal matrices. Then V(rb)
𝑅 in (4.4) is the matrix containing the first 𝑅 columns of W, under the

assumption that the singular values in Σ are sorted in decreasing order.
Next, we define

𝜙
(rb)
𝑖 =

𝑁∑︁
𝑗=1

(𝑤𝑖)𝑗𝜙𝑗 and 𝑉
(rb)
𝑅 = span

{︁
𝜙

(rb)
1 , . . . , 𝜙

(rb)
𝑅

}︁
.

The Galerkin discretization of (4.1) in the reduced space 𝑉
(rb)
𝑅 ⊂ 𝑉𝑁 reads: For each 𝑦 ∈ U, find 𝑢

(rb)
𝑅 (𝑦) ∈ 𝑉

(rb)
𝑅

such that

a
(︁
𝑢

(rb)
𝑅 (𝑦), 𝑣(rb)

𝑅 ; 𝑦
)︁

= g
(︁
𝑣
(rb)
𝑅 ; 𝑦

)︁
, ∀𝑣(rb)

𝑅 ∈ 𝑉
(rb)
𝑅 ,

which in algebraic form reads
A(rb)

𝑅 (𝑦)𝑎(rb)
𝑅 (𝑦) = 𝑔

(rb)
𝑅 (𝑦),

where (︁
A(rb)

𝑅 (𝑦)
)︁

ℓ,𝑚
= a
(︁
𝜙(rb)

𝑚 , 𝜙
(rb)
ℓ ; 𝑦

)︁
and

(︁
𝑔

(rb)
𝑅 (𝑦)

)︁
ℓ

= g
(︁
𝜙

(rb)
ℓ ; 𝑦

)︁
, ℓ,𝑚 = 1, . . . , 𝑅,

or equivalently

A(rb)
𝑅 (𝑦) = V(rb)†

𝑅 A𝑁 (𝑦)V(rb)
𝑅 ∈ C𝑅×𝑅 and 𝑔

(rb)
𝑅 (𝑦) = V(rb)†

𝑅 𝑔𝑁 (𝑦). (4.5)

Remark 4.1 (Criterium to select 𝑅). Provided a target tolerance 𝜖svd> 0, we select 𝑅 as the smallest integer
such that it holds ∑︀𝑅

𝑛=1 𝜎2
𝑛∑︀𝑟

𝑛=1 𝜎2
𝑛

> 1− 𝜖2svd,

where 𝜎1 ≥ · · · ≥ 𝜎𝑟 > 0 are the singular values of S, with 𝑟 = rank(S).

4.2. Reduced basis construction

We now present how effectively apply the Galerkin POD method discussed in Section 4.1 in the construction
of a reduced basis for the multiple arc problem.

Initially, one can attempt to directly apply the method to the entire problem. However, its performance in
addressing the multiple arc problem is significantly hindered by two primary factors:

(1) To construct the snapshot matrix, a significant number of parametric configurations with multiple arcs
would be necessary. Each configuration is computationally demanding, especially as the number of arcs
increases

(2) The solution manifold (and its discrete counterpart) becomes difficult to approximate as it accounts for
shape variations of each crack.

Even for a moderate number of arcs, a direct application of the Galerkin-POD methods is prohibitively
expensive. Following [23], we firstly construct a reduced basis using the Galerkin-POD method for a single arc.
Then, in the online stage, this basis is used as reduced order model for each individual arc.
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4.2.1. Reduced basis construction for a single arc

Using the notation of Section 2.3, we define a new family of parametrized open arcs as follows

𝑝(𝑦, 𝑡) = 2𝐵

(︂
𝑦1

𝑦2

)︂
+ 𝜚(𝑦3)

(︂
cos 𝜙(𝑦4)
sin 𝜙(𝑦4)

)︂
𝑡 +

∑︁
𝑛≥1

𝑦𝑛+4𝑟𝑛(𝑡), 𝑡 ∈ [−1, 1], 𝑦 ∈ U,

where

𝜚(𝑧) = (𝑟max − 𝑟min)(𝑧 +
1
2

) + 𝑟min, 𝜙(𝑧) = 𝜋

(︂
𝑧 +

1
2

)︂
· (4.6)

We also define the corresponding set of all possible geometries and its dimension-truncated counterpart as

Σ = {𝑝(𝑦, ·) : 𝑦 ∈ U} and Σ(𝑠) =
{︁

𝑝(𝑦, ·) : 𝑦 ∈ U(𝑠)
}︁

, (4.7)

where as in the previous section we set U(𝑠) =
[︀
− 1

2 , 1
2

]︀𝑠.
The construction of the reduced basis follows as in Section 4.1, we consider the variational form of (3.2) for a

single arc (𝑀 = 1) parametrized by 𝑝(𝑦). Additionally, and for reasons to be addressed ahead in Section 5.2.2,
we also considered (3.2) for a rotated plane-wave, thus yielding the following problem. For each 𝑦 ∈ U, we seek
𝑢(𝑦), ̃︀𝑢(𝑦) ∈ T− 1

2 such that

⟨V𝑝(𝑦),𝑝(𝑦)𝑢(𝑦), 𝑣⟩ = ⟨𝑒(𝜃)𝑔𝜃,𝜅p ∘ 𝑝(𝑦), 𝑣⟩, ∀𝑣 ∈ T−
1
2 ,

⟨V𝑝(𝑦),𝑝(𝑦)̃︀𝑢(𝑦), 𝑣⟩ = ⟨𝑒(𝜃+ 𝜋
2 )𝑔𝜃,𝜅p ∘ 𝑝(𝑦), 𝑣⟩, ∀𝑣 ∈ T−

1
2 ,

and its corresponding Galerkin discretizations using the method described in Section 3.2. i.e. given 𝑁 ∈ N, for
each 𝑦 ∈ U(𝑠) we seek 𝑢𝑁 (𝑦), ̃︀𝑢𝑁 (𝑦) ∈ T𝑁 such that⟨︀

V𝑝(𝑦),𝑝(𝑦)𝑢𝑁 (𝑦), 𝑣𝑁

⟩︀
=
⟨︀
𝑒(𝜃)𝑔𝜃,𝜅p ∘ 𝑝(𝑦), 𝑣𝑁

⟩︀
, ∀𝑣𝑁 ∈ T𝑁 , (4.8)⟨︀

V𝑝(𝑦),𝑝(𝑦)̃︀𝑢𝑁 (𝑦), 𝑣𝑁

⟩︀
=
⟨
𝑒(𝜃+ 𝜋

2 )𝑔𝜃,𝜅p ∘ 𝑝(𝑦), 𝑣𝑁

⟩
, ∀𝑣𝑁 ∈ T𝑁 . (4.9)

For a given, fixed incident angle 𝜃, we consider the solution manifolds

ℳ𝜃 :=
{︁

𝑢(𝑦) ∈ T−
1
2 : 𝑦 ∈ U

}︁
, ℳ𝜃+ 𝜋

2 :=
{︁̃︀𝑢(𝑦) ∈ T−

1
2 : 𝑦 ∈ U

}︁
and its discrete counterparts

ℳ𝜃
𝑁 := {𝑢𝑁 (𝑦) ∈ T𝑁 : 𝑦 ∈ U}, ℳ𝜃+ 𝜋

2
𝑁 := {̃︀𝑢𝑁 (𝑦) ∈ T𝑁 : 𝑦 ∈ U}.

For the approximation of the discrete solution manifolds ℳ𝜃
𝑁 and ℳ𝜃+ 𝜋

2
𝑁 , we construct a snapshot matrix

by sampling both problems in the parameter space. We then obtain a reduced space denoted by 𝑉
(rb)
𝑅 , with

𝑅 < 4(𝑁 + 1).

4.2.2. Reduced basis for the multiple arc problem

Let 𝑉
(rb)
𝑅 = span{𝜙(rb)

1 , . . . ,𝜙
(rb)
𝑅 } be the reduced space of the single arc problem, constructed as in

Section 4.2.1. Then, for 𝑦1, . . . ,𝑦𝑀 ∈ U, the Galerkin problem in the reduced basis reads as follows.

Problem 4.2. We seek 𝑎
(rb),1
𝑅 (𝑦1, . . . ,𝑦𝑀 ), . . . ,𝑎(rb),𝑀

𝑅 (𝑦1, . . . ,𝑦𝑀 ) ∈ C𝑅, such that

𝑀∑︁
𝑗=1

A(rb)
𝑅

(︀
𝑦1, . . . ,𝑦𝑀

)︀
𝑘,𝑗

𝑎
(rb),𝑗
𝑅

(︀
𝑦1, . . . ,𝑦𝑀

)︀
= 𝑔

(rb)
𝑅,𝑘 , 𝑘 ∈ {1, . . . ,𝑀},
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where (︁
A(rb)

𝑅

(︀
𝑦1, . . . ,𝑦𝑀

)︀
𝑘,𝑗

)︁
ℓ,𝑚

=
⟨
𝑉𝑟𝑘(𝑦𝑘),𝑟𝑗(𝑦𝑗)𝜙

(rb)
𝑚 , 𝜙

(rb)
ℓ

⟩
, ℓ,𝑚 ∈ {1, . . . , 𝑅},

and (︁
𝑔

(rb)
𝑅,𝑘

)︁
ℓ

=
⟨
𝑔𝑘, 𝜙

(rb)
ℓ

⟩
, ℓ ∈ {1, . . . , 𝑅}.

The reduced basis approximation of the unknown 𝑢(rb),𝑗(𝑦1, . . . 𝑦𝑀 ) of (3.2), for 𝑗 = 1, . . . ,𝑀 , is then given
by

𝑢(rb),𝑗(𝑦1, . . . 𝑦𝑀 ) =
𝑅∑︁

𝑙=1

(𝑎(rb),𝑗
𝑅 (𝑦1, . . . ,𝑦𝑀 ))𝑙𝜙

(rb)
𝑙 .

4.3. Reduced basis linear system construction

The newly constructed linear system, which stems from the projection of the linear system of equations
arising from the high-fidelity model, is of substancial smaller size than that of the high-fidelity one. However,
to fully benefit from the reduced order basis method one needs to be able to efficiently compute the full-order
linear system of equations in the online phase of the RB method. In particular if the approach of (4.5) is used,
the cost of the assembling the linear system for the high-fidelity model (see Sect. 3.2) it would neglect any
benefit of the reduced basis.

A common solution to improve the performance of the construction of the linear system, in the context
where many evaluations for different parameters are required, is the Empirical Interpolation Method (EIM),
see Chapter 5 from [29]. In what follows we briefly introduce the latter method and explain how is used for the
multiple arc problem.

Given a function 𝑓 : (𝑡, 𝑦) ↦→ 𝑓(𝑡, 𝑦), where 𝑡 is called the physical variable, and 𝑦 ∈ [−1, 1]N are the
parameters representing the perturbations, the idea of the EIM is to construct an approximation of 𝑓 of the
form:

𝑓(𝑡𝑗 , 𝑦) ≈
𝑄∑︁

𝑞=1

𝑐𝑞(𝑦)𝑓(𝑡𝑗 , 𝑦𝑞), 𝑗 = 1, . . . , 𝑁𝑐

where 𝑡𝑗 , 𝑗 = 1, . . . , 𝑁𝑐 represent a set of pre-fixed points. The construction of this approximation is done in
two stages.
(i) Offline Stage. Given a discretization of U, we find 𝑄 ∈ N, select the points 𝑦𝑞, 𝑞 = 1, . . . 𝑄 of the

discretization of U, construct the functions 𝑐𝑞(·), 𝑞 = 1, . . . , 𝑄 and store the values 𝑓(𝑡𝑗 , 𝑦𝑞) for future
evaluations. These quantities are found using a greedy algorithm, in which is necessary to evaluate 𝑓(𝑡𝑗 , 𝑧)
for all the possible values of 𝑡𝑗 , and 𝑧 in the discretization of U. While this can be very expensive, since the
processes is independent of 𝑦 (the parameter for which we want to evaluate the approximation), it has to
be done only one time.

(ii) Online Stage. Given 𝑦 ∈ U we evaluate the functions 𝑐𝑞(𝑦), 𝑞 = 1, . . . , 𝑄 and the corresponding of
approximations of 𝑓(𝑡𝑗 , 𝑦).

Practical algorithms for the multiple arcs cases are given in the next section.

4.3.1. EIM for multiples open arcs

We now explain how to use the EIM for the construction of the reduced linear system for the multiple arcs
problem.

To solve the multiple arcs problem in the reduced basis space one needs to assemble the linear system of
equations described in Problem 4.2. This implies the computation of 𝑀2 block matrices: 𝑀 blocks accounting
for self-interaction terms, and 𝑀2 −𝑀 for cross interaction between arcs. It follows from (4.5) that each of
these blocks are of the form

A(rb)
𝑅 (𝑦1, . . . ,𝑦𝑀 )𝑘,𝑗 = V(rb)†

𝑅 A𝑁 (𝑦1, . . . ,𝑦𝑀 )𝑘,𝑗V(rb)
𝑅 , (4.10)
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where A𝑁 (𝑦1, . . . ,𝑦𝑀 )𝑘,𝑗 corresponds to the matrix accounting for the interaction between arcs 𝑘, 𝑗 in the

high-fidelity space4. Furthermore, notice that while the full matrices A(rb)
𝑅 (𝑦1, . . . ,𝑦𝑀 ), and A𝑁 (𝑦1, . . . ,𝑦𝑀 )

depends on 𝑀 parameters, the block 𝑘, 𝑗 only depends on 𝑦𝑘 and 𝑦𝑗 . In the following, we simplify the notation
but just including the two active parameters as arguments.

Let us consider first the computation of (A(rb)
𝑅 (𝑦𝑘, 𝑦𝑗))𝑘,𝑗 , for 𝑘 ̸= 𝑗. The the case 𝑘 = 𝑗 is treated at the end

of this section. According to Remark 3.4 and (4.10), there exists a linear function 𝐿, such that

A𝑁 (𝑦𝑘, 𝑦𝑗)𝑘,𝑗 ≈ 𝐿
(︀
G𝑘,𝑗

(︀
𝑦𝑘, 𝑦𝑗

)︀)︀
,

where G𝑘,𝑗(𝑦1, 𝑦2), is a matrix constructed from evaluations of the fundamental solution, i.e. consider 𝑁𝑐 points
{𝑥𝑝}𝑁𝑐

𝑝=1 ⊂ (−1, 1)

G𝑘,𝑗(𝑦𝑘, 𝑦𝑗) =

⎛⎜⎝ G(𝑟𝑘(𝑦𝑘)(𝑥1), 𝑟𝑗(𝑦𝑗)(𝑥1)) · · · G(𝑟𝑘(𝑦𝑘)(𝑥1), 𝑟𝑗(𝑦𝑗)(𝑥𝑁𝑐))
...

. . .
...

G(𝑟𝑘(𝑦𝑘)(𝑥𝑁𝑐
), 𝑟𝑗(𝑦𝑗)(𝑥1)) · · · G(𝑟𝑘(𝑦𝑘)(𝑥𝑁𝑐

), 𝑟𝑗(𝑦𝑗)(𝑥𝑁𝑐
))

⎞⎟⎠.

By introducing the linear function 𝐿𝑅(·) = (V(rb)
𝑅 )†𝐿(·)V(rb)

𝑅 , we can write an approximation of A(rb)
𝑅 (𝑦𝑘, 𝑦𝑗)𝑘,𝑗 ,

as

A(rb)
𝑅 (𝑦𝑘, 𝑦𝑗)𝑘,𝑗 ≈ 𝐿𝑅(G𝑘,𝑗(𝑦𝑘, 𝑦𝑗)).

Now we would use the EIM to form an interpolation of G𝑘,𝑗(𝑦1, 𝑦2), this will result in an approximation of
A(rb)

𝑅 (𝑦𝑘, 𝑦𝑗)𝑘,𝑗 , once the linear map 𝐿𝑅 is applied to the interpolated evaluations.
Without any further assumptions for each of the 𝑀2 −𝑀 off-diagonal blocks we have to compute a tailored

interpolation based on the EIM for each pair of interactions. To reduce the computational burden, we instead
form a global interpolation of G𝑘,𝑗(𝑦𝑘, 𝑦𝑗) incorporating the local indices 𝑘, 𝑗 in the interpolation variables.

To this end, given 𝑠 ∈ N, and 𝑦𝑘, 𝑦𝑗 ∈ U𝑠, we define 𝑧𝑘,𝑗 ∈ U2𝑠+6, whose components are

𝑧𝑘,𝑗
1 =

(︂
𝜚𝑘 − 𝑟min

𝑟max − 𝑟min

)︂
− 1

2

𝑧𝑘,𝑗
2 =

𝜙𝑘

𝜋
− 1

2
𝑧𝑘,𝑗
𝑛+2 = (𝑦𝑘)𝑛, 𝑛 = 1, . . . , 𝑠

𝑧𝑘,𝑗
𝑠+3 =

(︂
𝑑− 𝑑min

𝑑max − 𝑑min

)︂
− 1

2
, 𝑑 = ‖𝑐𝑘 − 𝑐𝑗‖

𝑧𝑘,𝑗
𝑠+4 =

𝜃

𝜋
− 1

2
, 𝜃 = arg(𝑐𝑘 − 𝑐𝑗)

𝑧𝑘,𝑗
𝑠+5 =

(︂
𝜚𝑗 − 𝑟min

𝑟max − 𝑟min

)︂
− 1

2

𝑧𝑘,𝑗
𝑠+6 =

𝜙𝑗

𝜋
− 1

2
𝑧𝑘,𝑗
𝑛+𝑠+6 = (𝑦𝑗)𝑛, 𝑛 = 1, . . . , 𝑠

where 𝑟min, 𝑟max, 𝑑min, 𝑑max are the global geometry parameters defined in Section 2.3 and 𝑐𝑗 , 𝑐𝑘, 𝜚𝑗 , 𝜚𝑘, 𝜙𝑗 , 𝜙𝑘

are the variables determining the fixed part of arcs 𝑘, 𝑗 respectively, also defined in the same section.

4This is the same matrix A𝑘,𝑗 of Section 3.2, but we have made explicit the dependence of the parameters as its makes the use
of the EIM more clear.
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For a general 𝑧 ∈ U2𝑠+6 we introduce the following auxiliary parametrizations:

ℎ1(𝑧, 𝑡) = 𝜚(𝑧1)
(︂

cos 𝜙(𝑧2)
sin 𝜙(𝑧2)

)︂
𝑡 +

𝑠∑︁
𝑛=1

𝑧𝑛+2𝑟𝑛(𝑡), (4.11a)

ℎ2(𝑧, 𝑡) = 𝑑(𝑧𝑠+3)
(︂

cos 𝜙(𝑧𝑠+4)
sin 𝜙(𝑧𝑠+4)

)︂
+ 𝜚(𝑧𝑠+5)

(︂
cos 𝜙(𝑧𝑠+6)
sin 𝜙(𝑧𝑠+6)

)︂
𝑡

+
𝑠∑︁

𝑛=1

𝑧𝑛+𝑠+6𝑟𝑛(𝑡), (4.11b)

where 𝑑(𝑧) = (𝑑max − 𝑑min)(𝑧 + 1
2 ) + 𝑑min, and the functions 𝜚, 𝜙 are the same that in (4.6). Finally using the

in-variance of the fundamental solution under translations we have that,

G(𝑟𝑘(𝑦𝑘, 𝑡), 𝑟𝑗(𝑦𝑗 , 𝜏) = G(ℎ1(𝑧𝑘,𝑗 , 𝑡), ℎ2(𝑧𝑘,𝑗 , 𝜏)), ∀𝑡, 𝜏 ∈ [−1, 1].

This last equation justify the fact that we only need to construct an interpolation of the function:

H(𝑥𝑝, 𝑥𝑞, 𝑧) = G(ℎ1(𝑧, 𝑥𝑝), ℎ2(𝑧, 𝑥𝑞)), 𝑝, 𝑞 = 1, . . . , 𝑁𝑐.

The implementation of the EIM for this particular functions is given in Algorithm 1 for the offline part, and
Algorithm 2 for the online evaluation5.

Remark 4.3. Lines 19, and 20, of Algorithm 1, ensure that the matrix I𝑆 , is a triangular matrix, and then
corresponding linear system, on Algorithm 2 can be solved fast. Alternatively, we could replace these two lines
by their simpler counterparts,

I𝐵 ← 𝐻[ℓmax][:]

I𝑀 ← 𝐿𝑅(𝐻[ℓmax][:])

and then instead of returning the square matrix I𝐵 [:][𝑋max], we return its inverse, so the evaluation in Algo-
rithm 2, can be carried out fast. This alternative could lead to ill-conditioned linear system in Algorithm 1,
however since these are typically very small and solved by direct methods no extra complications arise. The
main advantage of using this procedure is that in some implementations evaluating

𝐿𝑅

(︂
𝐻[ℓmax][:]− I[ℓmax][:]

𝐻[ℓmax][𝑥max]− I[ℓmax][𝑥max]

)︂
may not be supported, but 𝐿𝑅(𝐻[ℓmax][:]) is just a discretization matrix.

In terms of computational cost, since we are interested in solving for a number of geometric configurations,
the only relevant part is Algorithm 2. For each cross-interaction the cost is 𝑂(𝑄2 + 𝑅2𝑄).

Finally, let us comment in the approximation of the self-interaction matrices. As mentioned in Remark 3.4,
in an abstract setting the only difference between cross and self-interactions is that for the self-interactions we
have two different functions (a regular part, and the function 𝐽(𝑡, 𝜏) of Rem. 3.4). Thus, we need to interpolate
two different functions, but in essence the costs and algorithms are the same.

With this final considerations we have that total cost of the construction of the linear system is 𝑂(𝑀2(𝑄2 +
𝑅2𝑄)), compared with 𝑂(𝑀2𝑁2 log N) for the high-fidelity solver of Section 3.2.

5In these algorithms we use the following notation, if 𝐴 is a two-dimensional array (matrix), its element (𝑗, 𝑘), is denoted by
𝐴[𝑗][𝑘], its row 𝑗 is 𝐴[𝑗][:], and its column 𝑘 is 𝐴[:][𝑘].
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Algorithm 1. Empirical Interpolation Method: Offline Phase.
1: procedure EIM OFFLINE KERNEL(𝜖𝑒𝑖𝑚,𝑧𝑠, 𝑄max, 𝑄𝑢𝑎𝑑𝑃𝑜𝑖𝑛𝑡𝑠)
2: 𝑁𝑠 = 𝑙𝑒𝑛𝑔𝑡ℎ(𝑧𝑠)
3: for ℓ = 1, . . . , 𝑁𝑠 do
4: 𝐻[ℓ][:] = H(𝑄𝑢𝑎𝑑𝑃𝑜𝑖𝑛𝑡𝑠,𝑧𝑠(ℓ)) ◁ Pre-compute the evaluations H
5: end for
6: I = 𝑧𝑒𝑟𝑜𝑠 ◁ Initialize interpolation for all the geometries in 𝑧𝑠
7: 𝑒max = 1𝑒28 ◁ The error initialized as a big number
8: I𝐵 = [] ◁ Stores the interpolation basis
9: I𝑀 = [] ◁ Stores the interaction matrices, 𝐿𝑅(I𝐵)

10: 𝑋max = [] ◁ Stores indices of the quadrature points where big errors are detected
11: while 𝑞 < 𝑄max and 𝑒max > 𝜖𝑒𝑖𝑚 do
12: for ℓ = 1, . . . , 𝑁𝑠 do
13: Error(ℓ) = ‖𝐻[ℓ][:]−I[ℓ][:]‖

‖𝐻[ℓ][:]‖
14: end for
15: ℓmax = argmax(Error)
16: emax = Error(ℓmax)

17: xmax = argmax( ‖𝐻[ℓmax][:]−I[ℓmax][:]‖
‖𝐻[ℓmax][:]‖ )

18: 𝑋max ← 𝑥max

19: I𝐵 ← 𝐻[ℓmax][:]−I[ℓmax][:]
𝐻[ℓmax][𝑥max]−I[ℓmax][𝑥max]

20: I𝑀 ← 𝐿𝑅
(︁

𝐻[ℓmax][:]−I[ℓmax][:]
𝐻[ℓmax][𝑥max]−I[ℓmax][𝑥max]

)︁

21: 𝑔 = (𝐻[:][𝑋max])
⊤

22: 𝑐 = LinSolve(I𝐵 [:][𝑋max], 𝑔)
23: I = (I𝐵)𝑐
24: end while
25: I𝑠 = I𝐵 [:][𝑋max]
26: Return I𝑆 , I𝑀 , 𝑋max

27: end procedure

Algorithm 2. EIM Evaluation.
1: procedure EIM ONLINE(𝑄𝑢𝑎𝑑𝑃𝑜𝑖𝑛𝑡𝑠,𝑧, I𝑆 , 𝑋max, I𝑀 )
2: 𝑔 = H(𝑄𝑢𝑎𝑑𝑃𝑜𝑖𝑛𝑡𝑠[𝑋max],𝑧) ◁ Evaluate the Fundamental solution for the configuration 𝑧, but only on the

specified quadrature points
3: 𝑐 = LinSolve(I𝑆 , 𝑔) ◁ Obtain the coefficients to exactly interpolate the configuration given by 𝑧 in the specified

Quadrature points
4: 𝐼𝑛𝑡𝑒𝑟𝑝 = I𝑀𝑐 ◁ Construction of the interpolation
5: Return 𝐼𝑛𝑡𝑒𝑟𝑝
6: end procedure

5. Analysis of the reduced basis method for multiple open arcs

In this section, we provide an analysis of the reduced basis method for the multiple arc problem described in
Section 4.

5.1. Parametric holomorphy

We establish the analytic or holomorphic dependence of the discrete parameter-to-solution map upon the the
parametric variables used to describe the arc’s shapes. This property is of key importance for the derivation of
the convergence analysis presented in Section 5.2. The results to be presented herein are based on our previous
work [37].
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For 𝜌 > 1, we consider the Bernstein ellipse in the complex plane

ℰ𝜌 :=
{︂

𝑧 + 𝑧−1

2
: 1 ≤ |𝑧| ≤ 𝜌

}︂
⊂ C.

This ellipse has foci at 𝑧 = ±1 and semi-axes of length 𝑎 := 1
2 (𝜚 + 𝜚−1) and 𝑏 := 1

2 (𝜚 − 𝜚−1). Let us consider
the tensorized poly-ellipse

ℰ𝜌 :=
⨂︁
𝑗≥1

ℰ𝜌𝑗
⊂ CN,

where 𝜌 := {𝜌𝑗}𝑗≥1 is such that 𝜌𝑗 > 1, for 𝑗 ∈ N.

Definition 5.1 ([11], Def. 2.1). Let 𝑋 be a complex Banach space equipped with the norm ‖·‖𝑋 . For 𝜀 > 0
and 𝑝 ∈ (0, 1), we say that the map

U ∋ 𝑦 ↦→ 𝑢(𝑦) ∈ 𝑋

is (𝑏, 𝑝, 𝜀)-holomorphic if and only if

(i) The map U ∋ 𝑦 ↦→ 𝑢(𝑦) ∈ 𝑋 is uniformly bounded, i.e.

sup
𝑦∈U
‖𝑢(𝑦)‖𝑋 ≤ 𝐶0,

for some finite constant 𝐶0 > 0.
(ii) There exists a positive sequence 𝑏 := {𝑏𝑗}𝑗≥1 ∈ ℓ𝑝(N) and a constant 𝐶𝜀 > 0 such that for any sequence

𝜌 := {𝜌𝑗}𝑗≥1 of numbers strictly larger than one that is (𝑏, 𝜀)-admissible, i.e. satisfying∑︁
𝑗≥1

(𝜌𝑗 − 1)𝑏𝑗 ≤ 𝜀,

the map 𝑦 ↦→ 𝑢(𝑦) admits a complex extension 𝑧 ↦→ 𝑢(𝑧) that is holomorphic with respect to each variable
𝑧𝑗 on a set of the form

𝒪𝜌 :=
⨂︁
𝑗≥1

𝒪𝜌𝑗
,

where 𝒪𝜌𝑗
⊂ C is an open set containing ℰ𝜌𝑗

. This extension is bounded on ℰ𝜌 according to

sup
𝑧∈ℰ𝜌

‖𝑢(𝑧)‖𝑋 ≤ 𝐶𝜀.

By considering the parametric family of open arcs 𝑟(𝑦, ·) : (−1, 1) → R2, we define the discrete parameter-
to-solution map as 𝑦 ↦→ 𝑢𝑁 (𝑦), where, for each 𝑦 ∈ U, 𝑢𝑁 (𝑦) ∈ T𝑁 corresponds to the solution of (4.8) on the
parametrically defined open arc 𝑟(𝑦), for a given incidence angle 𝜃.

Lemma 5.2. Let 𝑚 ∈ N and 𝛼 ∈ [0, 1] be such that 𝑚 + 𝛼 > 2. Let Assumption 2.1 be satisfied with 𝑏 ∈ ℓ𝑝(N)
and 𝑝 ∈ (0, 1). Then there exist 𝜀 > 0 and 𝑁0 ∈ N such that for any 𝑁 ≥ 𝑁0 the maps

U ∋ 𝑦 ↦→ 𝑢𝑁 (𝑦), ̃︀𝑢𝑁 (𝑦) ∈ T𝑁

are (𝑏, 𝑝, 𝜀)-holomorphic and continuous with the same 𝑏 ∈ ℓ𝑝(N) and 𝑝 ∈ (0, 1), and with 𝜀 > 0 independent of
𝑁 , where 𝑢𝑁 (𝑦), ̃︀𝑢𝑁 (𝑦) are the solutions of (4.8) and (4.9), respectively.
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Proof. Using the projection on T𝑁 , and denoting the arc parametrization by 𝑟(𝑦), we can rewrite (4.8), (4.9)
as: find 𝑢𝑁 (𝑦), ̃︀𝑢𝑁 (𝑦) ∈ T𝑁 such that

𝑃W𝑁
V𝑟(𝑦),𝑟(𝑦)𝑢𝑁 (𝑦) = 𝑃W𝑁

𝑒(𝜃)𝑔𝜃,𝜅p ∘ 𝑟(𝑦),
𝑃W𝑁

V𝑟(𝑦),𝑟(𝑦)̃︀𝑢𝑁 (𝑦) = 𝑃W𝑁
𝑒(𝜃+ 𝜋

2 )𝑔𝜃,𝜅p ∘ 𝑟(𝑦).

It follows from [37] that the map U ∋ 𝑦 ↦→ V𝑟(𝑦),𝑟(𝑦) is (𝑏, 𝑝, 𝜖)-holomorphic and continuous for some 𝜖 > 0.
On the other hand, 𝑃W𝑁

is a linear operator independent of the parameter 𝑦, and 𝑔𝜃,𝜅p ∘ 𝑟(𝑦) is an entire
function of the arc parametrization 𝑟. Consequently, the maps

U ∋ 𝑦 ↦→ 𝑃W𝑁
V𝑟(𝑦),𝑟(𝑦) ∈ ℒ(T𝑁 , W𝑁 ),

and
U ∋ 𝑦 ↦→ 𝑃W𝑁

𝑒(𝜃)𝑔𝜃,𝜅p ∘ 𝑟(𝑦), 𝑃W𝑁
𝑒𝜃+ 𝜋

2
𝑔𝜃,𝜅p ∘ 𝑟(𝑦) ∈W𝑁 ,

are (𝑏, 𝑝, 𝜖′)-holomorphic and continuous, with 𝜖 independent of 𝑁 .
Using the standard stability of the Galerkin discretization of an injective Fredholm operator of index 0, we

can ensure that for each 𝑦 ∈ U there exist 𝑁0(𝑦) such that 𝑃W𝑁
V𝑟(𝑦),𝑟(𝑦) has a bounded inverse in ℒ(T𝑁 , W𝑁 )

for every 𝑁 > 𝑁0(𝑦). Next, we form an open cover of U with the sets of the form

𝐴𝑁0,𝐶 =
{︂

𝑦 ∈ U :
⃦⃦⃦(︀

𝑃W𝑁
V𝑟(𝑦),𝑟(𝑦)

)︀−1
⃦⃦⃦
ℒ(T𝑁 ,W𝑁 )

< 𝐶, for 𝑁 > 𝑁0

}︂
.

Since U is compact we can find 𝑁0 independent of 𝑦, and then the results follows from the holomorphic extension
of the inverse operation and Theorem 4.4 from [37], with a possibly different 𝜖 but still not depending on
𝑁 ∈ N. �

An equivalent statement for the multiple problem can be proved, i.e. parametric holomorphy of the discrete
domain-to-solution map. However, as the ensuing analysis of the ROM algorithm is based on the understanding
of the single arc problem, we skip it.

A commonly used concept in nonlinear approximation to quantify uniform error bounds is the so-called
Kolmogorov’s width. For a compact subset 𝒦 of a Banach space 𝑋 it is defined for 𝑅 ∈ N as

𝑑𝑅(𝒦, 𝑋) := inf
dim(𝑋𝑅)≤𝑅

sup
𝑣∈𝒦

inf
𝑤∈𝑋𝑅

‖𝑣 − 𝑤‖𝑋 ,

where the outer infimum is taken over all finite dimensional spaces 𝑋𝑅 ⊂ 𝑋 of dimension smaller than 𝑅. This
quantifies the suitability of 𝑅-dimensional subspaces for the approximation of the solution manifold.

In particular, if we consider the response surface associated to the discrete single arc parametric problem,
i.e. ℳ𝜃

𝑁 , we have as a consequence of [13] and Lemma 5.2 the following bound: there exist 𝑁0 ∈ N such that
for any 𝑁 ≥ 𝑁0

𝑑𝑅

(︁
ℳ𝜃

𝑁 , T−
1
2

)︁
≤ 𝐶𝑅−( 1

𝑝−1), 𝑅 ∈ N,

for some 𝐶 > 0 depending only on 𝑁0 and 𝑝 ∈ (0, 1) as in Assumption 2.1. The exact same result holds valid
for the solution manifold ℳ𝜃+ 𝜋

2
𝑁 .

5.2. Convergence analysis

In this section we provide a complete error analysis of the reduced basis method for multiple open arcs. The
results of this section justify the algorithms from Section 4, which in turn lead to the numerical results presented
ahead in Section 6.
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Let 𝑉
(rb)
𝑅 be as in (4.2) for 𝑅 ∈ N. Herein, we interested in quantifying the performance of the RB algorithm

according to the following error measure

𝜀
(︁
𝑉

(rb)
𝑅

)︁
=
∫︁
U

. . .

∫︁
U

⃦⃦⃦
u
(︀
𝑦1, . . . ,𝑦𝑀

)︀
− u

(rb)
𝑅

(︁
𝑦1
{1:𝑠}, . . . 𝑦

𝑀
{1:𝑠}

)︁⃦⃦⃦2

T−
1
2×···×T−

1
2

d𝑦1 · · · d𝑦𝑀 , (5.1)

where 𝑦1, . . . ,𝑦𝑀 ∈ U, and 𝑦𝑗
{1:𝑠} = (𝑦𝑗

1, 𝑦
𝑗
2, . . . 𝑦

𝑗
𝑠, 0, 0 . . .) ∈ U, 𝑗 = 1, . . . ,𝑀 .

u(𝑦1, . . . ,𝑦𝑀 ) =

⎛⎜⎝ 𝑢1(𝑦1, . . . ,𝑦𝑀 )
...

𝑢𝑀 (𝑦1, . . . ,𝑦𝑀 )

⎞⎟⎠ ∈ T−
1
2 × · · · × T−

1
2

corresponds to the solution of the multiple open arcs problem. Equivalently, u
(rb)
𝑅 (𝑦1

{1:𝑠}, . . . 𝑦
𝑀
{1:𝑠}) is defined as

the solution of reduced multiple arc problem.
In the remainder of this section we investigate appropriate bounds for 𝜀(𝑉 (rb)

𝑅 ) in two cases.

(i) Firstly, in Section 5.2.1 we consider the single arc problem. The convergence analysis follows for standard
arguments, as the ones presented in [29,39]. A key element in our analysis consists in bounding Kolmogorov’s
width of the solution manifold, which as discussed in [13], follows from the parametric holomorphy property
of the parameter-to-solution map.

(ii) Secondly, in Section 5.2.2 we consider the multiple open arcs problem. The main difficulty is that the
reduced basis in this case by construction are only guaranteed to provide good performance for the single
arc problem. We prove that the multi-arc problem can be cast as independent single arc problems but on
different geometries.

5.2.1. Convergence analysis of the single arc problem

To simplify the exposition of the multiple arcs case we enumerate the different steps needed to bound 𝜀(𝑉 (rb)
𝑅 )

for the single arc problem with 𝑉
(rb)
𝑅 as in Section 4.2.1.

(i) Dimension Truncation in the Parameter Space. As a consequence of the parametric holomorphy
property of the parameter-to-solution map, and following the arguments of [20], we truncate the parametric
dimension as follows

𝜀
(︁
𝑉

(rb)
𝑅

)︁
≤
∫︁
U𝑠

⃦⃦⃦
𝑢
(︀
𝑦{1:𝑠}

)︀
− 𝑢

(rb)
𝑅

(︀
𝑦{1:𝑠}

)︀⃦⃦⃦2

T−
1
2

d𝑦 + 𝐶1(𝑝)𝑠−2( 1
𝑝−1),

for some constant 𝐶1(𝑝) depending on 𝑝 ∈ (0, 1), however not on the parametric dimension 𝑠 ∈ N.
(ii) Galerkin BEM Discretization. Recalling the convergence results established in Section 3.2, we can

replace 𝑢(𝑦) by its Galerkin approximation. Provided that the arc is analytic, as stated in Section 3.2,
Remark 3.2, one has exponential convergence towards the exact solution, i.e. there exist 𝑁0 ∈ N, 𝜚 > 1
and 𝐶2 > 0 such that for any 𝑁 ≥ 𝑁0

𝜀
(︁
𝑉

(rb)
𝑅

)︁
≤
∫︁
U𝑠

⃦⃦⃦
𝑢𝑁

(︀
𝑦{1:𝑠}

)︀
− 𝑢

(rb)
𝑅

(︀
𝑦{1:𝑠}

)︀⃦⃦⃦2

T−
1
2

d𝑦

+ 𝐶2𝜚
−2𝑁 + 𝐶1(𝑝)𝑠−2( 1

𝑝−1).

(iii) Quasi-optimality in the Reduced Space. Since 𝑢
(rb)
𝑅 is obtained by solving a Galerkin discretization

of a well-posed and coercive problem, quasi-optimality yields the existence of a unique discrete solution for
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𝑅 large enough. i.e., there exists 𝑅0 > 0 and 𝐶3 > 0, such that for any 𝑅 ≥ 𝑅0 one has

𝜀
(︁
𝑉

(rb)
𝑅

)︁
≤ 𝐶3

∫︁
U𝑠

⃦⃦⃦
𝑢𝑁

(︀
𝑦{1:𝑠}

)︀
− 𝑃

(rb)
𝑅 𝑢𝑁

(︀
𝑦{1:𝑠}

)︀⃦⃦⃦2

T−
1
2

d𝑦

+ 𝐶2𝜚
−2𝑁 + 𝐶1(𝑝)𝑠−2( 1

𝑝−1),

where 𝑃
(rb)
𝑅 : T𝑁 → 𝑉

(rb)
𝑅 denotes the orthogonal projection operator onto the reduced space 𝑉

(rb)
𝑅 , and

𝐶3 depends only on 𝑅0.
(iv) Decay of the Kolmmogorov’s Width. As a consequence of Lemma 5.2, which in turn follows from our

previous work [37] and the stability of the Galerkin BEM discetrization described in Section 3.2, and [13]
we may conclude that there exists 𝐶4 > 0 such that for 𝑅 ≥ 𝑅0 and 𝑁 ≥ 𝑁0, with 𝑅0 as in item (iii) and
𝑁0 as in item (ii), we have

𝜀
(︁
𝑉

(rb)
𝑅

)︁
≤ 𝐶4𝑅

−2( 1
𝑝−1) + 𝐶2𝜚

−2𝑁 + 𝐶1(𝑝)𝑠−2( 1
𝑝−1).

Clearly, the computation of 𝑉
(rb)
𝑅 is not feasible as it requires the evaluation of (4.2). Therefore, we consider

a discrete approximation of the high-dimensional integral as in (4.4), and we refer to this space as ̃︀𝑉 (rb)
𝑅 . To

quantify this mismatch, we follow ([39], Sect. 6.5).
Set

𝜀(𝑁𝑠)
(︁̃︀𝑉 (rb)

𝑅

)︁
=

1
𝑁𝑡

𝑁𝑡∑︁
𝑗=1

⃦⃦⃦
𝑢𝑁 (𝑦𝑗)− 𝑃

(rb)
𝑅 𝑢𝑁 (𝑦𝑗)

⃦⃦⃦2

T−
1
2
.

We are interested in the performance of this empirically constructed space according to

𝜀
(︁̃︀𝑉 (rb)

𝑅

)︁
≤
⃒⃒⃒
𝜀
(︁̃︀𝑉 (rb)

𝑅

)︁
− 𝜀(𝑁𝑠)

(︁̃︀𝑉 (rb)
𝑅

)︁⃒⃒⃒
⏟  ⏞  

(♣)

+𝜀(𝑁𝑠)
(︁̃︀𝑉 (rb)

𝑅

)︁
.

It follows from [24] that for each 𝛿 > 0 there exists 𝐶(𝛿) > 0 such that (♣) ≤ 𝐶(𝛿)𝑁−1+𝛿, and with 𝐶(𝛿)→∞
as 𝛿 → 0+. The last term can be bounded by the singular values of the snapshot matrix.

5.2.2. Convergence analysis for multiple open arcs

We proceed to establish the convergence of the RB method applied to the multiple arcs problem as described
in Section 4.2.2. Throughout, we work under the following assumption.

Assumption 5.3. The set Σ defined in (4.7) is closed under rotations, i.e. if 𝑟 ∈ Σ, then for any 𝜃 ∈ [0, 2𝜋),
𝑅𝜃𝑟 ∈ Σ, where 𝑅𝜃 denotes the rotation matrix for angle 𝜃 defined in (2.1). In addition, for 𝑠 ∈ N, 𝑠 > 4, the
set Σ𝑠 is closed under rotations as well.

Remark 5.4. (i) For 𝑠 = 4 is immediate that Σ𝑠 is closed under rotations as they are only line segments in
R2.

(ii) For larger values of 𝑠, i.e. 𝑠 > 4, in general it would depend on the properties of the functions {𝑟𝑛}𝑛∈N.
(iii) A particular case for which one may straightforwardly verify Assumption 5.3 is when the functions {𝑟𝑛}𝑛∈N

are of the form 𝑟𝑛𝑒1, 𝑟𝑛𝑒2, for some scalar functions 𝑟𝑛, and for each 𝑛 ∈ N.

For the sake of simplicity, we firstly discuss the two open arcs problem as the extension to multiple
open arcs follows from the exact same arguments. This problem reads as follows: For 𝑦1, 𝑦2 ∈ U, we seek
𝑢1(𝑦1, 𝑦2), 𝑢2(𝑦1, 𝑦2) ∈ T− 1

2 such that

𝑉𝑟1(𝑦1),𝑟1(𝑦1)𝑢
1(𝑦1, 𝑦2) + 𝑉𝑟1(𝑦1),𝑟2(𝑦2)𝑢

2(𝑦1, 𝑦2) = 𝑔1,

𝑉𝑟2(𝑦2),𝑟1(𝑦1)𝑢
1(𝑦1, 𝑦2) + 𝑉𝑟2(𝑦2),𝑟2(𝑦2)𝑢

2(𝑦1, 𝑦2) = 𝑔2,
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where 𝑔1, 𝑔2 are as in (3.3).
The analysis of the multiple arc problem has one major difference compered to the single arc case: In the

former case the cross-interaction terms cannot be accounted for by the use of the reduced space.
In the following we argue that the solution of the multiple open arc problem can be approximated (in a

controlled way) by a linear combinations of independent problem, posed on different geometries. First notice
that the multi-arc problem can be expressed as

𝑉𝑟1(𝑦1),𝑟1(𝑦1)𝑢
1
(︀
𝑦1, 𝑦2

)︀
= 𝑓1

(︀
𝑦1, 𝑦2

)︀
and 𝑉𝑟2(𝑦2),𝑟2(𝑦2)𝑢

2
(︀
𝑦1, 𝑦2

)︀
= 𝑓2

(︀
𝑦1, 𝑦2

)︀
,

where
𝑓1

(︀
𝑦1, 𝑦2

)︀
= 𝑔1 − 𝑉𝑟1(𝑦1),𝑟2(𝑦2)𝑢

2
(︀
𝑦1, 𝑦2

)︀
, and,

𝑓2

(︀
𝑦1, 𝑦2

)︀
= 𝑔2 − 𝑉𝑟2(𝑦2),𝑟1(𝑦1)𝑢

1
(︀
𝑦1, 𝑦2

)︀
.

Next, we approximate 𝑓1, and 𝑓2. To this end, we recall that the set of boundary traces of plane-waves (of a
fixed wave-number and variable directions) are dense in 𝐿2(𝛾), where 𝛾 is the boundary of a bounded, simply
connected Lipschitz domain, provided that the wavenumber is not a eigenvalue of the interior Laplace Dirichlet
problem, see e.g. Section 3.4 of [14]. Standard arguments for open arcs (see, e.g. [41]) guarantee that we can
extend this result to the scenario of 𝛾 being an open arc.

Being 𝐿2(𝛾) a dense subset of W 1
2 (𝛾), one may claim the following: For each 𝑦1, 𝑦2 ∈ U and 𝜖 > 0 there exist

𝐿 ∈ N and {︀
𝛼ℓ

1(𝑦1, 𝑦2)
}︀𝐿

ℓ=1
⊂ C,

{︀
𝛽ℓ

1(𝑦1, 𝑦2)
}︀𝐿

ℓ=1
⊂ C, and

{︀
𝜃ℓ
1(𝑦1, 𝑦2)

}︀𝐿

ℓ=1
⊂ [0, 2𝜋), (5.2)

such that ⃦⃦⃦⃦
⃦𝑓1

(︀
𝑦1, 𝑦2

)︀
−

𝐿∑︁
ℓ=1

𝛼ℓ
1𝑒(𝜃ℓ

1)
𝑔𝜃ℓ

1,𝑘p
∘ 𝑟1(𝑦1) + 𝛽ℓ

1𝑒(𝜃ℓ
1+

𝜋
2 )𝑔𝜃ℓ

1,𝑘p
∘ 𝑟1(𝑦1)

⃦⃦⃦⃦
⃦

W
1
2

< 𝜖,

and a equivalent result holds for 𝑓2(𝑦1, 𝑦2). We remark that the quantities in (5.2) depend continuously on the
parametric inputs 𝑦1, 𝑦2 ∈ U and on 𝜖 > 0. For 𝑦1, 𝑦2 ∈ U, let us now define the collection of functions{︀

𝑣ℓ
𝑗(𝑦1, 𝑦2)

}︀𝐿

ℓ=1
⊂ T−

1
2 , and

{︀
𝑤ℓ

𝑗(𝑦1, 𝑦2)
}︀𝐿

ℓ=1
⊂ T−

1
2 ,

for 𝑗 = 1, 2, as

𝑉𝑟𝑗(𝑦𝑗),𝑟𝑗(𝑦𝑗)𝑣
ℓ
𝑗(𝑦1, 𝑦2) = 𝑒(𝜃𝑙

𝑗)
𝑔𝜃𝑙

𝑗 ,𝜅p
∘ 𝑟𝑗(𝑦𝑗) and,

𝑉𝑟𝑗(𝑦𝑗),𝑟𝑗(𝑦𝑗)𝑤
ℓ
𝑗(𝑦1, 𝑦2) = 𝑒(𝜃𝑙

𝑗+
𝜋
2 )𝑔𝜃𝑙

𝑗 ,𝜅p
∘ 𝑟𝑗(𝑦𝑗),

and their rotations by the angle 𝜑ℓ
𝑗(𝑦1, 𝑦2) = 𝜃 − 𝜃ℓ

𝑗(𝑦1, 𝑦2), denoted by

̃︀𝑣ℓ
𝑗(𝑦1, 𝑦2) = 𝑅𝜑ℓ

𝑗(𝑦
1,𝑦2)𝑣

ℓ
𝑗(𝑦1, 𝑦2) and ̃︀𝑤ℓ

𝑗(𝑦1, 𝑦2) = 𝑅𝜑ℓ
𝑗(𝑦

1,𝑦2)𝑤
ℓ
𝑗(𝑦1, 𝑦2),

for 𝑗 = 1, 2.
Given 𝜃, 𝜃 ∈ [0, 2𝜋) one has 𝑔𝜃,𝜅(𝑅𝜃−𝜃𝑥) = 𝑔𝜃,𝜅(𝑥). Also, observe that 𝐺 is invariant under translations, i.e.

𝐺(𝑥 + 𝑑, 𝑦 + 𝑑) = 𝐺(𝑥, 𝑦) for any 𝑥, 𝑦, 𝑑 ∈ R2. However, it is not invariant under rotations. Instead, the
following holds 𝐺(𝑅𝜃𝑥, 𝑅𝜃𝑦) = 𝑅𝜃𝐺(𝑥, 𝑦)𝑅⊤

𝜃 . These observations imply that

𝑉̃︀𝑟𝑗(𝑦𝑗),̃︀𝑟𝑗(𝑦𝑗)̃︀𝑣ℓ
𝑗(𝑦1, 𝑦2) = 𝑒(𝜃)𝑔𝜃,𝜅p ∘ ̃︀𝑟𝑗(𝑦𝑗) and

𝑉̃︀𝑟𝑗(𝑦𝑗),̃︀𝑟𝑗(𝑦𝑗) ̃︀𝑤ℓ
𝑗(𝑦1, 𝑦2) = 𝑒(𝜃+ 𝜋

2 )𝑔𝜃,𝜅p ∘ ̃︀𝑟𝑗(𝑦𝑗),

where ̃︀𝑟𝑗(𝑦𝑗) = 𝑅𝜑ℓ
𝑗
𝑟𝑗(𝑦𝑗), for 𝑗 = 1, 2.

It follows from Assumption 5.3 we have that ̃︀𝑟𝑗(𝑦𝑗) belongs to Σ. Consequently, ̃︀𝑣ℓ
𝑗 , ̃︀𝑤ℓ

𝑗 are in the solution
manifold of the single arc problem. In this setting, we obtain the following approximation result.
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Proposition 5.5. Let 𝑉 be any closed subspace of T− 1
2 , and 𝜃 ∈ [0, 2𝜋). Given 𝜖 > 0 there exist 𝐿 ∈ N,

{𝜃ℓ
𝑗}𝐿ℓ=1 ⊂ [0, 2𝜋) and functions {𝛼ℓ

𝑗(𝑦1, 𝑦2)}𝐿ℓ=1, {𝛽ℓ
𝑗(𝑦1, 𝑦2)}𝐿ℓ=1 ⊂ C, depending on the parametric inputs

𝑦1, 𝑦2, such that for 𝑗 = 1, 2⃦⃦
𝑢𝑗(𝑦1, 𝑦2)− 𝑃𝑉 𝑢𝑗(𝑦1, 𝑦2)

⃦⃦
T−

1
2

. 𝜖 +
𝐿∑︁

ℓ=1

⃒⃒
𝛼ℓ

𝑗(𝑦1, 𝑦2)
⃒⃒(︁⃦⃦̃︀𝑣ℓ

𝑗(𝑦1, 𝑦2)− 𝑃𝑉 ̃︀𝑣ℓ
𝑗(𝑦1, 𝑦2)

⃦⃦
T−

1
2

+ ℰ
(︀
ℳ𝜃, 𝑉

)︀)︁
+

𝐿∑︁
ℓ=1

⃒⃒
𝛽ℓ

𝑗(𝑦1, 𝑦2)
⃒⃒(︁⃦⃦ ̃︀𝑤ℓ

𝑗(𝑦1, 𝑦2)− 𝑃𝑉 ̃︀𝑤ℓ
𝑗(𝑦1, 𝑦2)

⃦⃦
T−

1
2

+ ℰ
(︀
ℳ𝜃+ 𝜋

2 , 𝑉
)︀)︁

,

where
ℰ(ℳ, 𝑉 ) = sup

𝜃∈[0,2𝜋)
𝑥∈𝑃𝑉 (ℳ)

‖𝑅𝜃𝑥− 𝑃𝑉 𝑅𝜃𝑥‖T− 1
2

(5.4)

measures how well rotations of the set ℳ can be approximated by the space 𝑉 .

Proof. For 𝑦𝑗 ∈ U, with 𝑗 = 1, 2 observe that

⃦⃦
𝑢𝑗(𝑦1, 𝑦2)− 𝑃𝑉 𝑢𝑗(𝑦1, 𝑦2)

⃦⃦
T−

1
2
≤ 2

⃦⃦⃦⃦
⃦𝑢𝑗(𝑦1, 𝑦2)−

𝐿∑︁
ℓ=1

𝛼ℓ
𝑗(𝑦1, 𝑦2)𝑣ℓ

𝑗 + 𝛽ℓ
𝑗(𝑦1, 𝑦2)𝑤ℓ

𝑗

⃦⃦⃦⃦
⃦

T−
1
2

+
𝐿∑︁

ℓ=1

⃒⃒
𝛼ℓ

𝑗(𝑦1, 𝑦2)
⃒⃒⃦⃦

𝑣ℓ
𝑗(𝑦1, 𝑦2)− 𝑃𝑉 𝑣ℓ

𝑗(𝑦1, 𝑦2)
⃦⃦

T−
1
2

+
𝐿∑︁

ℓ=1

⃒⃒
𝛽ℓ

𝑗(𝑦1, 𝑦2)
⃒⃒⃦⃦

𝑤ℓ
𝑗(𝑦1, 𝑦2)− 𝑃𝑉 𝑤ℓ

𝑗(𝑦1, 𝑦2)
⃦⃦

T−
1
2
·

(5.5)

In the following, for economy of notation, we do not explicitly state the dependence upon the parametric
variables 𝑦1 and 𝑦2. The first term on the right-hand side of (5.5) can be bounded using the well-possedness of
the boundary integral formulation. Indeed, for 𝑗 = 1, 2, one has⃦⃦⃦⃦

⃦𝑢𝑗 −
𝐿∑︁

ℓ=1

𝛼ℓ
𝑗𝑣

ℓ
𝑗 + 𝛽ℓ

𝑗𝑤
ℓ
𝑗

⃦⃦⃦⃦
⃦

T−
1
2

.

⃦⃦⃦⃦
⃦𝑉𝑟𝑗 ,𝑟𝑗

(︃
𝑢𝑗 −

𝐿∑︁
𝑙=1

𝛼ℓ
𝑗𝑣

ℓ
𝑗 + 𝛽ℓ

𝑗𝑤
ℓ
𝑗

)︃⃦⃦⃦⃦
⃦

W
1
2

=

⃦⃦⃦⃦
⃦𝑓𝑗 −

𝐿∑︁
𝑙=1

𝛼ℓ
𝑗𝑒𝜃ℓ

𝑗
𝑔𝜃ℓ

𝑗 ,𝑘𝑝
∘ 𝑟𝑗 + 𝛽ℓ

𝑗𝑒𝜃ℓ
𝑗+

𝜋
2
𝑔𝜃ℓ

𝑗 ,𝑘𝑝
∘ 𝑟𝑗

⃦⃦⃦⃦
⃦

W
1
2

< 𝜖.

We bound the term
⃦⃦
𝑣ℓ

𝑗 − 𝑃𝑉 𝑣ℓ
𝑗

⃦⃦
T−

1
2

, ℓ = 1, . . . , 𝐿, 𝑗 = 1, 2, as all the remainder terms are similar. Using the
definition of ̃︀𝑣𝑙

𝑗 and the invariance of the 2-norm under rotations we have that⃦⃦
𝑣ℓ

𝑗 − 𝑃𝑉 𝑣ℓ
𝑗

⃦⃦
T−

1
2

=
⃦⃦⃦
𝑅⊤

𝜑ℓ
𝑗
̃︀𝑣ℓ

𝑗 − 𝑃𝑉 𝑅⊤
𝜑ℓ

𝑗
̃︀𝑣ℓ

𝑗

⃦⃦⃦
T−

1
2

≤
⃦⃦̃︀𝑣ℓ

𝑗 − 𝑃𝑉 ̃︀𝑣ℓ
𝑗

⃦⃦
T−

1
2

+
⃦⃦⃦(︁

𝑅⊤
𝜑ℓ

𝑗
𝑃𝑉 − 𝑃𝑉 𝑅⊤

𝜑ℓ
𝑗

)︁̃︀𝑣ℓ
𝑗

⃦⃦⃦
T−

1
2
·

In addition, we have ⃦⃦⃦(︁
𝑅⊤

𝜑ℓ
𝑗
𝑃𝑉 − 𝑃𝑉 𝑅⊤

𝜑ℓ
𝑗

)︁̃︀𝑣ℓ
𝑗

⃦⃦⃦
T−

1
2
≤
⃦⃦⃦(︁

𝑅⊤
𝜑ℓ

𝑗
𝑃𝑉 − 𝑃𝑉 𝑅⊤

𝜑ℓ
𝑗
𝑃𝑉

)︁̃︀𝑣ℓ
𝑗

⃦⃦⃦
T−

1
2

+
⃦⃦⃦(︁

𝑃𝑉 𝑅⊤
𝜑ℓ

𝑗
𝑃𝑉 − 𝑃𝑉 𝑅⊤

𝜑ℓ
𝑗

)︁̃︀𝑣ℓ
𝑗

⃦⃦⃦
T−

1
2
·
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Set ℎ = 𝑃𝑉 ̃︀𝑣ℓ
𝑗 . Then, one has⃦⃦⃦(︁

𝑅⊤
𝜑ℓ

𝑗
𝑃𝑉 − 𝑃𝑉 𝑅⊤

𝜑ℓ
𝑗
𝑃𝑉

)︁̃︀𝑣ℓ
𝑗

⃦⃦⃦
T−

1
2

=
⃦⃦⃦(︁

𝑅⊤
𝜑ℓ

𝑗
− 𝑃𝑉 𝑅⊤

𝜑ℓ
𝑗

)︁
ℎ
⃦⃦⃦

T−
1
2

≤ ℰ(ℳ𝜃, 𝑉 ),

where ℰ(ℳ𝜃, 𝑉 ) is as in (5.4).
Using the continuity of 𝑃𝑉 𝑅⊤

𝜑ℓ
𝑗

we obtain⃦⃦⃦(︁
𝑃𝑉 𝑅⊤

𝜑ℓ
𝑗
𝑃𝑉 − 𝑃𝑉 𝑅⊤

𝜑ℓ
𝑗

)︁̃︀𝑣ℓ
𝑗

⃦⃦⃦
T−

1
2
≤
⃦⃦
𝑃𝑉 ̃︀𝑣ℓ

𝑗 − ̃︀𝑣ℓ
𝑗

⃦⃦
T−

1
2
,

thus yielding ⃦⃦⃦(︁
𝑅⊤

𝜑ℓ
𝑗
𝑃𝑉 − 𝑃𝑉 𝑅⊤

𝜑ℓ
𝑗
𝑃𝑉

)︁̃︀𝑣ℓ
𝑗

⃦⃦⃦
T−

1
2
≤ ℰ(ℳ𝜃, 𝑉 ) +

⃦⃦
𝑃𝑉 ̃︀𝑣ℓ

𝑗 − ̃︀𝑣𝑙
𝑗

⃦⃦
T−

1
2
,

and finally replacing in the original bound of
⃦⃦
𝑣ℓ

𝑗 − 𝑃𝑉 𝑣ℓ
𝑗

⃦⃦
T−

1
2

we obtain the bound⃦⃦
𝑣ℓ

𝑗 − 𝑃𝑉 𝑣ℓ
𝑗

⃦⃦
T−

1
2
.
⃦⃦̃︀𝑣ℓ

𝑗 − 𝑃𝑉 ̃︀𝑣ℓ
𝑗

⃦⃦
T−

1
2

+ ℰ
(︀
ℳ𝜃, 𝑉

)︀
.

The bound for
⃦⃦
𝑤ℓ

𝑗 − 𝑃𝑉 𝑤ℓ
𝑗

⃦⃦
T−

1
2

follows from the same analysis, but replacing ℳ𝜃 by ℳ𝜃+ 𝜋
2 , as this is the

solution manifold to which 𝑤ℓ
𝑗 belongs. Finally replacing in (5.5), we obtain the desire bound. �

Equipped with this we may now state the main result of this section concerning the convergence of the RB
algorithm from for the multiple arc problem.

Theorem 5.6. Let Assumptions 2.1 and 5.3 be satisfied for some 𝑝 ∈ (0, 1). There exist 𝑅0, 𝑁0 ∈ N, and 𝜚 > 1,
such that for every 𝜖 > 0 there exist 𝐿(𝜖) ∈ N, depending on 𝜖 > 0, such that

𝜀
(︁
𝑉

(rb)
𝑅

)︁
.𝑀

(︁
𝜖2 + 𝑠−2( 1

𝑝−1) + 𝜚−2𝑁 + 𝐿𝑅−2( 1
𝑝−1) + 𝐿ℰ2

(︁
ℳ𝜃

𝑁 , 𝑉
(rb)
𝑅

)︁
+ 𝐿ℰ2

(︁
ℳ𝜃+ 𝜋

2
𝑁 , 𝑉

(rb)
𝑅

)︁)︁
where ℰ(ℳ𝜃

𝑁 , 𝑉
(rb)
𝑅 ) and ℰ(ℳ𝜃+ 𝜋

2
𝑁 , 𝑉

(rb)
𝑅 ) are as in Proposition 5.5, and 𝜀(𝑉 (rb)

𝑅 ) as in (5.1).

Proof. By using the same arguments of the analysis for a single arc we obtain the following bound

𝜀
(︁
𝑉

(rb)
𝑅

)︁
.𝑀

(︁
𝑠−2( 1

𝑝−1) + 𝜚−2𝑁
)︁

+
𝑀∑︁

𝑗=1

∫︁
U𝑠

· · ·
∫︁

U𝑠

⃦⃦⃦
𝑢𝑗

𝑁

(︁
𝑦1
{1:𝑠}, . . . ,𝑦

𝑀
{1:𝑠}

)︁
− 𝑃

(rb)
𝑅 𝑢𝑗

𝑁

(︁
𝑦1
{1:𝑠}, . . . ,𝑦

𝑀
{1:𝑠}

)︁⃦⃦⃦2

T−
1
2

d𝑦1 . . . d𝑦𝑀 .

An inspection of Proposition 5.5 reveals that the statement continues to be valid for the discrete counterpart
of the multiple arc problem. Consequently, for any 𝜖 > 0 there exist 𝐿 ∈ N such that for 𝑗 = 1, . . . ,𝑀 it holds⃦⃦⃦

𝑢𝑗
𝑁

(︁
𝑦1
{1:𝑠}, . . . ,𝑦

𝑀
{1:𝑠}

)︁
− 𝑃

(rb)
𝑅 𝑢𝑗

𝑁

(︁
𝑦1
{1:𝑠}, . . . ,𝑦

𝑀
{1:𝑠}

)︁⃦⃦⃦
T−

1
2

. 𝜖 +
𝐿∑︁

ℓ=1

⃒⃒
𝛼ℓ

𝑗

⃒⃒(︁⃦⃦⃦̃︀𝑣ℓ
𝑗 − 𝑃

(rb)
𝑅 ̃︀𝑣ℓ

𝑗

⃦⃦⃦
T−

1
2

+ ℰ
(︁
ℳ𝜃

𝑁 , 𝑉
(rb)
𝑅

)︁)︁
+

𝐿∑︁
ℓ=1

⃒⃒
𝛽ℓ

𝑗

⃒⃒(︁⃦⃦⃦ ̃︀𝑤ℓ
𝑗 − 𝑃

(rb)
𝑅 ̃︀𝑤ℓ

𝑗

⃦⃦⃦
T−

1
2

+ ℰ
(︁
ℳ𝜃+ 𝜋

2
𝑁 , 𝑉

(rb)
𝑅

)︁)︁
.

(5.6)

We remark that in (5.6), just for economy of notation, we did not explicitly include the dependence upon the
parametric variables 𝑦1

{1:𝑠}, . . . ,𝑦
𝑀
{1:𝑠} in the last two terms.
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By Assumption 5.3 we have that ̃︀𝑣ℓ
𝑗 , and ̃︀𝑤ℓ

𝑗 are elements of the discrete solution manifold. Arguing as in the
case of a single arc, in particular as in items (iii) and (iv) of the results presented in Section 5.2.1, we have the
following bounds ⃦⃦⃦̃︀𝑣ℓ

𝑗

(︁
𝑦1
{1:𝑠}, . . . ,𝑦

𝑀
{1:𝑠}

)︁
− 𝑃

(rb)
𝑅 ̃︀𝑣ℓ

𝑗

(︁
𝑦1
{1:𝑠}, . . . ,𝑦

𝑀
{1:𝑠}

)︁⃦⃦⃦
T−

1
2
. 𝑅−( 1

𝑝−1) and⃦⃦⃦ ̃︀𝑤ℓ
𝑗

(︁
𝑦1
{1:𝑠}, . . . ,𝑦

𝑀
{1:𝑠}

)︁
− 𝑃

(rb)
𝑅 ̃︀𝑤ℓ

𝑗

(︁
𝑦1
{1:𝑠}, . . . ,𝑦

𝑀
{1:𝑠}

)︁⃦⃦⃦
T−

1
2
. 𝑅−( 1

𝑝−1).

Finally, it follows from a compactness argument and the continuity of the functions 𝛼ℓ
𝑗 and 𝛽ℓ

𝑗 for a given
𝜖 > 0 the corresponding value of 𝐿 can be selected such that do not depend of the parameters 𝑦1

{1:𝑠}, . . . ,𝑦
𝑀
{1:𝑠},

and that 𝛼ℓ
𝑗 , and 𝛽ℓ

𝑗 can also be bounded independently of the parameters thus yielding the stated result. �

Various remarks are in place regarding the convergence of the multiple arcs problem. First, the presence of
the term ℰ(ℳ𝜃

𝑁 , 𝑉
(rb)
𝑅 ) in Proposition 5.5 is a result of the lack of invariance under rotation of the fundamental

solution of the elastic wave problem. For acoustic formulation or EFIE formulation for Maxwell equation this
term does not appear. In addition, the value of 𝐿 and 𝜖 of Theorem 5.6 are obviously related, as 𝜖 > 0 can be
interpreted as the convergence rate of the approximation by plane waves of a particular solution of the Navier
equation. In particular for the Helmholtz equation the relation is well understood, see e.g. [36]. Furthermore, if we
can show that

∑︀∞
ℓ=1 |𝛼ℓ

𝑗 |, and
∑︀∞

ℓ=1 |𝛽ℓ
𝑗 | are bounded for every 𝑦1

{1:𝑠}, . . . ,𝑦
𝑀
{1:𝑠}, then the bound of Theorem 5.6

would not depend explicitly on 𝐿.

6. Numerical results

We present numerical experiments illustrating the performance of the reduced order algorithm for the multiple
arcs problem.

6.1. Fixed number of arcs

We consider 𝑀 =16 open arcs enclosed in the two-dimensional box [−10, 10] × [−10, 10]. In addition, we
consider the setting described in Section 2.3 with parameters 𝑟min = 0.56, 𝑟max = 0.93, 𝑑min = 5, 𝑑max = 21,
and perturbations terms in (4.11a) and (4.11b) of the form

3∑︁
𝑛=1

𝑐𝑛

2∑︁
𝑝=1

(︀
cos((𝑛− 1)𝑡)𝑒𝑝𝑦6(𝑝−1)+2𝑛 + sin(𝑛𝑡)𝑒𝑝𝑦6(𝑝−1)+2𝑛−1

)︀
, 𝑦 ∈ U𝑠, (6.1)

with dimension truncation 𝑠 = 12 and 𝑐𝑛 = 𝑛−
5
2 . A realization of this setting is presented in Figure 1. We

consider the elastic-wave scattering operator with parameters 𝜔 = 10, 𝜆 = 2, 𝜇 = 1.
We investigate the convergence of the high-fidelity solver described in Section 3.2 for this configuration. To

this end, we consider 512 geometry realization and take the average error in the T0-norm. These results are
presented in Figure 2.

Based on the errors achieved by the high-fidelity solver, for further results related to this test case we fix
𝑁 = 40, unless otherwise specified.

Now we analyze whether the multiple arc problem is amenable for complexity reduction. We consider a
number of snapshots and inspect the singular values of the snapshot matrix. These are presented in Figure 3.
We observe that while the singular values decay exponentially, we are not able to achieve relative small tolerances.
Consequently, this configuration is not directly amenable for reduction.

Hence, as pointed out in Section 4.2, we have two key issues.

(1) The dimension of the perturbation parameter is 12× 16 = 192, and many (at least twice the total number
of arcs) share the same importance. This is the main reason as to why is hard to find a suitable reduced
basis for the multiple arc problem.
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Figure 1. Geometry realization of 16 open arcs with parametrically defined perturbations as
described in (6.1).

Figure 2. Convergence of the high-fidelity solver with respect to an overkill solution obtained
with 𝑁 = 100, for the 16 arcs problems, with 𝜔 = 10, 𝜆 = 2, 𝜇 = 1, and geometry perturbations
as in (6.1), errors computed as the average over 512 realizations of the geometry.

Figure 3. Singular values of the snapshot matrix of the multiple arc problem (16 arcs) scaled
by the magnitude of the first singular-value, width 𝑁 = 70 as parameter for the high-fidelity
solver.
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Figure 4. Singular values for a single arc, scaled by the magnitude of the first singular-value,
with 𝑁 = 100 as discretization parameter for the high-fidelity solver.

(2) Even if we could find good basis for the full problem, the cost of constructing this basis can be extremely
high, as we would require to solve a large number of full-order problems.

Next we study whether the single arc problem is suitable for reduction. As explained in Section 4.3, we
consider a parametrization of the arc that includes the effects of the position, orientation and length as variables
determined by the random parameters, as well as perturbations of the form (6.1). These results are presented in
Figure 4. As opposed to the multiple arc problem, for a single arc we can achieve much smaller relative singular
values.

It remains to elucidate if the reduced basis for the single arc problem performs accurately for the multiple
arc problem. The following results illustrate that this is indeed the case.

We investigate the convergence of the interpolation procedure described in Section 4.3. We are interested
in the evolution of the relative errors as the number of iterations of the empirical interpolation method (i.e.
Algorithm 1) increases. Observe that the fundamental solution is a 2×2 matrix. Therefore, we need to compute
four scalar interpolations. However, the pair of diagonal terms exhibits a similar behavior and so does the pair
of off-diagonal terms. Thus, we only show results for the entries (1, 1) and (1, 2). We also recall that according
to Remark 3.4, for the self-interactions we have to interpolate two type of functions: the regular-part, which
for the sake of simplicity is referred to as Reg-Part, and the 𝐽-part. The corresponding results are presented in
Figure 5.

We make the following remarks concerning these results:

(1) The error appears to decrease exponentially, as the slope of the error curve is approximately constant.
(2) The cross-interaction matrices need a higher number of terms to achieve the same level of accuracy. This

should be expected as the cross-interaction term is of higher dimension as it depends on two parametrically
defined arcs

We present the errors of the reduced basis method for the multiple arc problem. We recall that according to
Sections 4.1 and 4.3 the accuracy of the reduced basis method depends of two parameters: 𝜖svd that determines
the number of basis and 𝜖eim the tolerance used to construct the interpolation of the corresponding functions. In
Figure 6 we present the average error of 56 test cases6 depending of the number of reduced basis used 𝑅, which is
determined by 𝜖svd and 𝜖eim. The solution of the respective linear system is computed using the preconditioned
GMRES.

To further illustrate the performance of the method, in Table 1 we include some extra information regarding
these test cases, such as the tolerances used and the execution times: Times-RB (solution time for the reduced

6These 56 configurations are not part of the snapshots set.
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Figure 5. Percentage error of the interpolation procedure for the different blocks of the fun-
damental solution with respect to the number of iterations of Algorithm 1, for the 16 arcs
problems, with 𝜔 = 10, 𝜆 = 2, 𝜇 = 1, and geometry perturbations as in (6.1). (a) Cross-
interactions. (b) Self-interactions.

Figure 6. Mean value of the errors of the reduced basis method for the 16 arcs problems, with
𝜔 = 10, 𝜆 = 2, 𝜇 = 1, and geometry perturbations as in (6.1).

basis), Times-HF (solution time for the high-fidelity), and the values of 𝑅 (number of reduced basis) and 𝑄
(number of terms in the interpolation), for the latter we show a weighted mean value, as the value differs for
each of the four entries of the fundamental solution, and also if it correspond to a cross or self-interaction. The
associated weights are 𝑀2−𝑀

𝑀2 , for the cross-interactions, and 𝑀
𝑀2 , for the self-interactions.

6.2. Increasing number of arcs

We again consider the problem with 𝜔 = 10, 𝜆 = 2, 𝜇 = 1, and perturbations of the form (6.1), but with
𝑐𝑛 = min(1,𝑟max)

𝑛2.5 . The arcs are again positioned in [−10, 10] × [−10, 10], but the number of arcs, as well as the
global parameters 𝑟min, 𝑟max, 𝑑min, 𝑑max, are variable. In particular, we consider different number of arcs, from
36 to 1024, and we adapt the global geometry parameters to ensure that no self crossing occurs. We illustrate
some geometry realizations in Figure 7.
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Table 1. Convergence results for the high-fidelity solver as well as the reduced basis model.
The parameters are 16 arcs 𝜔 = 10, 𝜆 = 2, 𝜇 = 1, and geometry perturbations as in (6.1).

𝜖svd 𝑅 𝜖eim Mean of 𝑄 Time-RB Time-HF Percentage error

1e−6 34 1e−3 245 3.1 s 6 s 3.4e−2
1e−6 34 1e−1 179 2 s 6 s 5e−1
1e−3 23 1e−3 245 2.8 s 6 s 1.3
1e−3 23 1e−1 179 1.8 s 6 s 1.3
1e−1 10 1e−3 245 2.5 s 6 s 47
1e−1 10 1e−1 179 1.5 s 6 s 47

Figure 7. Geometry realizations. (a) 121 Arcs. (b) 256 Arcs.

Observe that the size of the arcs decreases as the number of arcs increases. This is equivalent to reduce
the frequency as the number of arcs increases. Consequently, the corresponding single arc problem used for
constructing the reduced space becomes computationally simpler as we increase the number of arcs.

In some of the cases considered in this section (529 and 1024 arcs) it is impossible (given the memory
constraints7) to obtain the solutions using the high-fidelity solver. We consider an a posteriori estimation of the
error to illustrate the performance of the method. To this end, we define the relative residual as,

res =
𝑀∑︁

𝑘=1

‖
∑︀𝑀

𝑗=1 A𝑘,𝑗V(rb)
𝑅 𝑎

(rb),𝑗
𝑅 − 𝑔𝑘‖2

‖𝑔𝑘‖2
·

The results are presented in Table 2.

7. Concluding remarks

In this work, we present and analyze a reduced basis algorithm for the elastic scattering by multiple arcs in
two space dimensions. The key insight of the method, which as previously mentioned follows [23], consists first in
finding a reduced space for a single shape-parametric, and then use this as a building block for the construction
of a reduced space for the multiple open arcs problem. Among the advantages of this method, we highlight that
once the reduced basis has been constructed and stored in the offline phase, one can use this reduced space for

7All the experiments were performed on a desktop computer I7-4770 with 32GB of RAM.
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Table 2. Results for number of arcs (M), with 𝑁 = 70 for the high-fidelity solver, 𝜖svd =
𝜖eim = 10−3. Parameters are 𝜔 = 10, 𝜆 = 2, 𝜇 = 1, and geometry perturbations are as in (6.1).

𝑀 𝑅 Mean 𝑄 Time-RB Time-HF Percentage error Percentage residual

36 22 175 9 s 90 s 0.07 0.01
64 20 140 21 s 290 s 0.05 0.007
121 18 112 70 s 479 s 0.04 0.006
256 16 88.8 311 s 4640 s 0.04 0.003
529 14 70 1820 s – – 0.005
1024 14 60 11 800 s – – 0.001

the computation solution of different multiple arcs configuration, possibly with different number of arcs, in the
online phase of the reduced basis method. Furthermore, based on our previous work [37], we present a complete
analysis of the method. In particular, in our analysis, we provide an argument as to why the reduced basis for
the single arc serves for the multiple arcs problem. Even though we have presented a complete description for the
multiple arcs problem equipped with Dirichlet boundary conditions, the exact same analysis can be extended
to the same problem equipped with Neumann boundary conditions. This would lead to a boundary integral
formulation characterized by the presence of hypersingular BIOs. Future work comprises the extension of this
work and analysis to acoustic and elastic scattering by multiple objects in three dimensions, and the construction
of neural network-based surrogates for the approximation of the corresponding parameter-to-solution map as in
[27].
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