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DOMAIN WALL DYNAMICS IN NOTCHED FERROMAGNETIC NANOWIRES

Gilles Carbou1,* , Mustapha Jazar2 and Mouna Kassan1,2

Abstract. We study the dynamics of magnetization reversals, known as walls, in a notched ferro-
magnetic nanowire. The model used is the Landau–Lifschitz equation in dimension 1, with a weight
representing the notch. Despite the pinning properties of notches, we establish in this article that when
the applied field tends to push the wall far away from the notch, pinning effects are negligible, and wall
dynamics are asymptotically close to those in an unnotched wire.
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1. Introduction

1.1. The physical context

Ferromagnetic nanowires have become the subject of numerous studies in both physics (see [9, 11–13, 16])
and mathematics (see [4, 5, 7, 10, 17]). In such devices, magnetization spontaneously divides into uniformly
magnetized regions called domains, separated by thin zones of magnetization reversal called domain walls
(DW). This property enables digital data to be stored, the information being encoded by the positions of the
DWs along the wire. In this context, DW stability is crucial for ensuring storage reliability, as an undesired
displacement of a DW can deteriorate the data. To fix DW positions, notches are patterned along the wire
(see [12,18]). DWs pinning by the notches ensures the reliability of the storage mode without requiring energy
consumption. Nevertheless, to bring the information to a read/write head, it can be necessary to unpin DWs.
It is achieved by injecting an electric current or applying a magnetic field (see [9, 11,12]).

In this paper, we consider a one-dimensional model of ferromagnetic notched nanowire obtained in [1] by
asymptotic process. This model was used in [7] to highlight DW pinning effects of notches. Our goal is to
describe in this model the behavior of a DW when subjected to a magnetic field and as it moves away from the
notch. We establish that the DW dynamics become similar to those observed in the absence of a notch.

Afterwards, we denote the canonical basis in R3 by (𝑒⃗1, 𝑒⃗2, 𝑒⃗3). The Euclidean scalar product, its associated
norm and the cross product are denoted by ·, |.| and × respectively.
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1.2. DW dynamics in unnotched nanowire

We consider the following one-dimensional model of ferromagnetic nanowire of infinite length and constant
cross-section justified by asymptotic methods in [6, 15].

The wire is assimilated to the axis R𝑒1. The magnetization is described by the magnetic moment 𝑚 :
R+

𝑡 × R𝑥 −→ R3 satisfying the saturation constraint:

|𝑚(𝑡, 𝑥)| = 1 in R+
𝑡 × R𝑥, (1.1)

so that 𝑚 takes its values in 𝑆2, the unit sphere of R3.
We assume that the wire is submitted to an applied magnetic field of the form −ℎ(𝑡)𝑒⃗1, where ℎ is a time-

depending continuous function. The variations of 𝑚 are described by:⎧⎨⎩
𝜕𝑚

𝜕𝑡
= −𝑚× (𝑞(𝑚)− ℎ(𝑡)𝑒⃗1)−𝑚× (𝑚× (𝑞(𝑚)− ℎ(𝑡)𝑒⃗1))

𝑞(𝑚) = 𝜕𝑥𝑥𝑚+ (𝑚 · 𝑒⃗1)𝑒⃗1.
(1.2)

We remark that system (1.2) is invariant by translation in the variable 𝑥 and rotation around the axis R𝑒⃗1,
that is: if 𝑚 satisfies (1.2), then for 𝜙 ∈ R and 𝜎 ∈ R, (𝑡, 𝑥) ↦→ R𝜙𝑚(𝑡, 𝑥− 𝜎) is also a solution, where

R𝜙 =

⎛⎝1 0 0
0 cos𝜙 −sin𝜙
0 sin𝜙 cos𝜙

⎞⎠.
We consider now the profile 𝑀0 given by:

𝑀0(𝑥) =

⎛⎜⎝tanh𝑥
1

cosh 𝑥

0

⎞⎟⎠.
This profile is a static solution of (1.2) for vanishing ℎ and describes a DW connecting a left-hand-side −𝑒⃗1-
domain and a right-hand-side +𝑒⃗1-domain. Stability and asymptotic stability modulo translation/rotation of
the profile 𝑀0 are established in [5].

For a non-zero ℎ, the solution of (1.2) for initial data of the form 𝑥 ↦→ R𝜙0𝑀0(𝑥− 𝜎0) is given by:

Mℎ(𝑡, 𝑥) = R(𝜙0−𝐻(𝑡))𝑀0(𝑥− 𝜎0 −𝐻(𝑡)), where 𝐻(𝑡) =
∫︁ 𝑡

0

ℎ(𝑠) d𝑠. (1.3)

In [10], if ℎ does not depend on time, it was shown that Mℎ is stable in the Lyapunov sense and asymptotically
stable modulo translation-rotation if |ℎ| < 1, and that Mℎ is linearly unstable if |ℎ| > 1. In [8], the stability and
asymptotic stability modulo rotation/translation of Mℎ are established for time-depending ℎ, under a smallness
assumption on ‖ℎ‖𝐿∞(R+

𝑡 ).

1.3. Model for notched nanowire

Now we consider a ferromagnetic nanowire of infinite length (assimilated to the real line) presenting a notch.
We introduce the 𝒞1 function 𝑠 : R −→ [𝜌1, 1] ⊂ R*+, where 0 < 𝜌1 < 1, such that 𝑠(𝑥) is proportional to the
cross-section area of the wire at the abscissa 𝑥. We assume that 𝑠 = 1 outside [−𝑎, 𝑎]. Note by 𝑠′ the derivative
of 𝑠 with respect to 𝑥 (Fig. 1).

In the static case, the energy associated to a magnetisation configuration 𝑚 : R𝑥 −→ 𝑆2 is given by:

ℰ(𝑚) =
1
2

∫︁
R
𝑠(𝑥)|𝜕𝑥𝑚|2 +

1
2

∫︁
R
𝑠(𝑥)

(︀
1− |𝑚(𝑥) · 𝑒⃗1|2

)︀
d𝑥.
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Figure 1. Function 𝑠(𝑥).

In the dynamical case, in the presence of an applied magnetic field of the form 𝐻𝑎(𝑡, 𝑥) = −ℎ(𝑡)𝑒⃗1, variations
of the magnetic moment 𝑚 : R+

𝑡 × R𝑥 −→ 𝑆2 are described by the following Landau–Lifschitz equation:⎧⎪⎨⎪⎩
𝜕𝑚

𝜕𝑡
= −𝑚×𝐻eff(𝑚)− 𝑚× (𝑚×𝐻eff(𝑚)) in R+ × R,

𝐻eff(𝑚) = 𝜕𝑥𝑥𝑚+
𝑠′

𝑠
𝜕𝑥𝑚+ (𝑚 · 𝑒1)𝑒1 − ℎ(𝑡)𝑒⃗1.

(1.4)

We note that the model above is invariant under rotation around the R𝑒⃗1 axis. Because of the notch, we no
longer have translational invariance. In [7], in the case of a 0-symmetric notch (𝑠 is even) with 𝑠 increasing on
[0, 𝑎], the authors establish the existence and asymptotic stability modulo rotation of static profiles describing
a DW centered at the notch. This illustrates DW pinning effects of notches. For larger magnetic fields, it is
shown in [7] that such stationary solutions no longer exist, which illustrates DW depinning by a sufficiently
large applied field.

1.4. Main result

In this paper, we are interested in DW behavior after depinning, and we show that once away from the notch,
the DW dynamics are close to those described by (1.3) for unnotched wires. We establish the following theorem:

Theorem 1.1. Let 𝑠 : R −→ R+ be a 𝒞1-function such that 𝑠(𝑥) = 1 for 𝑥 /∈ [−𝑎, 𝑎] and 0 < 𝜌0 ≤ 𝑠(𝑥) ≤ 1 for
𝑥 ∈ [−𝑎, 𝑎]. There exists 𝛿0 > 0 such that for any continuous function ℎ : R+ → R satisfying

∀ 𝑡, |ℎ(𝑡)| ≤ 𝛿0, (1.5)

and such that ∫︁ ∞

0

𝑒−𝐻(𝑡) d𝑡 < +∞, where 𝐻(𝑡) =
∫︁ 𝑡

0

ℎ(𝑠) d𝑠, (1.6)

then for any 𝜀 > 0, there exist 𝜎* and 𝜂 > 0 such that the following holds: for all 𝜎0 ≥ 𝜎* and for all 𝜙0 ∈ R,
we consider Mℎ given by

Mℎ(𝑡, 𝑥) = R(𝜙0−𝐻(𝑡))𝑀0(𝑥− 𝜎0 −𝐻(𝑡)).

Then all solution 𝑚 of (1.4) such that ‖𝑚(0, ·)−Mℎ(0, ·)‖𝐻1(R) ≤ 𝜂 satisfies:

∀ 𝑡 ∈ R+, ‖𝑚(𝑡, ·)−Mℎ(𝑡, ·)‖𝐻1(R) ≤ 𝜀.

Furthermore, there exists (𝜙∞, 𝜎∞) ∈ R2 such that:

‖𝑚(𝑡, ·)−R𝜙∞Mℎ(𝑡, ·+ 𝜎∞)‖𝐻1(R) −→
𝑡→+∞

0.
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The paper is organized as follows. Section 2 is devoted to obtaining successive equivalent forms for equation
(1.4). In particular, we describe the perturbations 𝑚 of Mℎ satisfying the saturation constraint in a mobile
frame so that the new unknown 𝑟 takes its values in the flat space R2, and that 𝑚 is close to Mℎ if and only if
𝑟 is close to zero.

In Section 3, due to the system’s invariance by rotation around the axis 𝑒⃗1, and the quasi-invariance by
translation when the wall is far from the notch, a two-parameter family 𝑅Λ of quasi-solutions of the equation
in 𝑟 is obtained. Then we decompose 𝑟 as 𝑟 = 𝑅Λ + 𝑊 , where 𝑊 is in the orthogonal of the linearized kernel
of the system without notch used in [10]. The same technique was used in [2] to prove the stability of traveling
waves in thin films and in [14] for radially symmetric traveling waves in reaction–diffusion equations.

In order to perform variational estimates in Section 5, we establish in Section 4 a uniform coercivity result
for a one-parameter family of linear operators arising in the equation satisfied by 𝑊 . For the convenience of the
reader, technical estimates on nonlinear terms are postponed in Section 6.

2. Equivalent forms of the equation

Let 𝑚 : R+ × R → 𝑆2 be a solution to the model (1.4). We define 𝑀 : R+ × R → 𝑆2 as :

𝑀(𝑡, 𝑥) = R(−𝜙0+𝐻(𝑡))𝑚(𝑡, 𝑥+ 𝜎0 +𝐻(𝑡)),

and a⋆ by:

a⋆(𝑥) =
𝑠′

𝑠
(𝑥+ 𝜎0 +𝐻(𝑡)). (2.1)

Then, 𝑀 satisfies the saturation constraint, and we prove by a simple calculation that 𝑚 is a solution for
(1.4) if and only if 𝑀 satisfies the following system:⎧⎪⎨⎪⎩

𝜕𝑀

𝜕𝑡
= −𝑀 × 𝑞(𝑀)−𝑀 × (𝑀 × 𝑞(𝑀)) + ℎ(𝑡)(𝜕𝑥𝑀 +𝑀 × (𝑀 × 𝑒1))
−a⋆(𝑥)(𝑀 × 𝜕𝑥𝑀 +𝑀 × (𝑀 × 𝜕𝑥𝑀)),

𝑞(𝑀) = 𝜕𝑥𝑥𝑀 + (𝑀 · 𝑒1)𝑒1.

(2.2)

Furthermore, 𝑚 is close to Mℎ if and only if 𝑀 is close to 𝑀0.
We consider the following orthonormal frame (𝑀0(𝑥),𝑀1(𝑥),𝑀2) with

𝑀0(𝑥) =

⎛⎜⎜⎝
tanh𝑥

1
cosh𝑥

0

⎞⎟⎟⎠, 𝑀1(𝑥) =

⎛⎜⎜⎝
1

cosh𝑥
− tanh𝑥

0

⎞⎟⎟⎠ and 𝑀2 =

⎛⎝ 0
0
−1

⎞⎠.
In order to consider only perturbations 𝑀 of 𝑀0 that satisfy the saturation constraint, we describe these

perturbations in the mobile frame by writing:

𝑀(𝑡, 𝑥) = 𝑀0(𝑥) + 𝑟1(𝑡, 𝑥)𝑀1(𝑥) + 𝑟2(𝑡, 𝑥)𝑀2 + 𝜇(𝑟(𝑡, 𝑥))𝑀0(𝑥), (2.3)

where
𝑟 : R+ × R → 𝐵2(0, 1) ⊂ R2

(𝑡, 𝑥) ↦→ 𝑟(𝑡, 𝑥) = (𝑟1(𝑡, 𝑥), 𝑟2(𝑡, 𝑥)),

and where 𝜇(𝑟) =
√︀

1− 𝑟21 − 𝑟22 − 1. In order to avoid singularities of 𝜇 when |𝑟| = 1, we will have to check in
the calculations that for all 𝑡, ‖𝑟(𝑡, ·)‖𝐿∞(R) ≤ 1

2 , so that 𝑟(𝑡, 𝑥) remains far from the unit circle.
Plugging (2.3) into (2.2), we obtain that 𝑀 satisfies (2.2) if and only if 𝑟 = (𝑟1, 𝑟2) is a solution of the

following system:
𝜕𝑟

𝜕𝑡
= p⋆(𝑥) + (𝒥L⋆ + ℎ(𝑡)ℓ)𝑟 +

7∑︁
𝑖=1

F𝑖, (2.4)

where:
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– p⋆ is defined by

p⋆(𝑥) =
1

cosh(𝑥)
a⋆(𝑥)

(︂
1
0

)︂
,

– 𝒥 is given by

𝒥 =
(︂−1 −1

1 −1

)︂
,

– the two operators L⋆ and ℓ are given by

L⋆(𝑟) = −𝜕𝑥𝑥𝑟 − a⋆(𝑥)𝜕𝑥𝑟 + 𝑔(𝑥)𝑟 and ℓ(𝑟) = 𝜕𝑥𝑟 + tanh(𝑥)𝑟, (2.5)

with 𝑔(𝑥) = 2 tanh2(𝑥)− 1.

The nonlinear terms F𝑖, 𝑖 ∈ {1, . . . , 7}, are given by

F1 = 𝐹1(𝑟)(𝜕𝑥𝑥𝑟), F2 = 𝐹2(𝑥, 𝑟)(𝜕𝑥𝑟), F3 = 𝐹3(𝑟)(𝜕𝑥𝑟, 𝜕𝑥𝑟), F4 = 𝐹4(𝑥, 𝑟),
F5 = ℎ(𝑡)𝐹5(𝑥, 𝑟), F6 = a⋆(𝑥)𝐹6(𝑟)(𝜕𝑥𝑟), F7 = a⋆(𝑥)𝐹7(𝑥, 𝑟),

where

𝐹1(𝑟) =

(︃
2𝜇(𝑟) + 𝜇2(𝑟) + 𝑟21 𝜇(𝑟)− 𝑟1𝑟2

−𝜇(𝑟) + 𝑟1𝑟2 2𝜇(𝑟) + 𝜇2(𝑟) + 𝑟21

)︃
+
(︂−𝑟1(1 + 𝜇(𝑟)) + 𝑟2

𝑟1 + 𝑟2(1 + 𝜇(𝑟))

)︂
𝐷𝜇(𝑟),

𝐹2(𝑥, 𝑟) =
2

cosh(𝑥)

(︂
𝑟1(1 + 𝜇(𝑟)) + 𝑟2 0
−𝑟1 + 𝑟2(1 + 𝜇(𝑟)) 0

)︂
+

2
cosh(𝑥)

(︃
(1 + 𝜇(𝑟))2 + 𝑟22

−(1 + 𝜇(𝑟))2 − 𝑟1𝑟2

)︃
𝐷𝜇(𝑟),

𝐹3(𝑟) =
(︂−𝑟1(1 + 𝜇(𝑟)) + 𝑟2

𝑟1 − 𝑟2(1 + 𝜇(𝑟))

)︂
𝐷2𝜇(𝑟),

𝐹4(𝑥, 𝑟) =
(︂

2 sinh(𝑥)
cosh2(𝑥)

𝑟1 + 𝜇(𝑟)𝑔(𝑥)
)︂(︂−𝑟1(1 + 𝜇(𝑟))− 𝑟2

𝑟1 − 𝑟2(1 + 𝜇(𝑟))

)︂
− 𝜇(𝑟)𝑔(𝑥)𝑟,

𝐹5(𝑥, 𝑟) =

⎛⎜⎝− 𝜇(𝑟)
cosh(𝑥)

(1 + 𝜇(𝑟)) + 𝜇(𝑟)𝑟1 tanh(𝑥)− 𝑟22
cosh(𝑥)

𝑟1𝑟2
cosh(𝑥)

+ 𝜇(𝑟)𝑟2 tanh(𝑥)

⎞⎟⎠,
𝐹6(𝑟) =

(︃
2𝜇(𝑟) + 𝜇2(𝑟) + 𝑟22 𝜇(𝑟)− 𝑟1𝑟2

−𝜇(𝑟)− 𝑟1𝑟2 2𝜇(𝑟) + 𝜇2(𝑟) + 𝑟21

)︃
+
(︂−𝑟1(1 + 𝜇(𝑟))− 𝑟2

𝑟1 − 𝑟2(1 + 𝜇(𝑟))

)︂
𝐷𝜇(𝑟),

𝐹7(𝑥, 𝑟) =
1

cosh(𝑥)

(︃
𝜇3(𝑟) + 3𝜇(𝑟)(1 + 𝜇(𝑟)) + (𝑟21 + 𝑟22)(1 + 𝜇(𝑟)) + 𝑟1𝑟2

−𝑟21

)︃
,

where 𝐷𝜇(𝑟) and 𝐷2𝜇(𝑟) denote the first and second order total derivative of 𝑟 ↦→ 𝜇(𝑟). We remark that

– 𝐹1 ∈ 𝒞∞(𝐵2(0, 1);ℳ2(R)), and 𝐹1(𝑥, 𝑟) = 𝒪(|𝑟|2), where ℳ2(R) is the set of the 2× 2 matrices.
– 𝐹2 ∈ 𝒞∞(R×𝐵2(0, 1);ℳ2(R)), with 𝐹2(𝑥, 𝑟) = 𝒪(|𝑟|).
– 𝐹3 ∈ 𝒞∞(𝐵2(0, 1);ℒ2(R2; R2)), where ℒ2(R2;𝑅2) is the set of the bilinear applications defined on R2 × R2

with values in R2. We have: 𝐹3(𝑟) = 𝒪(|𝑟|).
– 𝐹4 ∈ 𝒞∞(R×𝐵2(0, 1); R2), and 𝐹4(𝑟) = 𝒪(|𝑟|2).
– 𝐹5 ∈ 𝒞∞(R×𝐵2(0, 1); R2), and 𝐹5(𝑟) = 𝒪(|𝑟|2).
– 𝐹6 ∈ 𝒞∞(𝐵2(0, 1);ℳ2(R)), and 𝐹6(𝑟) = 𝒪(|𝑟|).
– 𝐹7 ∈ 𝒞∞(R×𝐵2(0, 1); R2), and 𝐹7(𝑟) = 𝒪(|𝑟|2).
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3. New coordinate system

We denote by ⟨ | ⟩ the 𝐿2(R) scalar product:

⟨𝑢 | 𝑣⟩ =
∫︁

R
𝑢(𝑥) · 𝑣(𝑥) d𝑥,

where · is the multiplication in R if 𝑢 and 𝑣 are real-valued or the scalar product when they take their values
in R2.

The operator L⋆ is a perturbation the operator 𝐿 given by:

𝐿 = −𝜕𝑥𝑥 + 𝑔.

As proved in [3] (see Prop. 3.1.), 𝐿 is self-adjoint with respect to the 𝐿2(R) inner product. In addition, it can
be factorized as 𝐿 = ℓ* ∘ ℓ, with ℓ = 𝜕𝑥 + tanh𝑥, so that 𝐿 is positive and Ker𝐿 = Ker ℓ = R 1

cosh 𝑥 . Moreover,
the essential spectrum of 𝐿 is [1,+∞[ and has only zero as its eigenvalue. Indeed, if 𝐿𝑢 = 𝜆𝑢, with 𝑢 ∈ 𝐻2(R)
and 𝜆 ̸= 0, then by applying ℓ, we have:

𝜆ℓ𝑢 = ℓ ∘ 𝐿𝑢 = ℓ ∘ ℓ* ∘ ℓ𝑢,

so that ℓ𝑢 is an eigenvector of ℓ∘ ℓ*. However, ℓ∘ ℓ* = −𝜕𝑥𝑥 + 1, so this operator has no eigenvalue. This implies
that ℓ𝑢 = 0, so 𝜆 = 0.

Therefore, on (Ker𝐿)⊥, 𝐿 ≥ 1:

∀ 𝑣 ∈ 𝐻2(R),
⟨
𝑣 | 1

cosh𝑥

⟩
= 0 =⇒ ⟨𝐿𝑣 | 𝑣⟩ ≥ ‖𝑣‖2𝐿2(R). (3.1)

Then, by invertibility of the matrix 𝒥 , the kernel of 𝒥𝐿 is the two-dimensional space generated by 𝑎1 and
𝑎2 with

𝑎1(𝑥) =

⎛⎝ 1
cosh(𝑥)

0

⎞⎠, 𝑎2(𝑥) =

⎛⎝ 0

1
cosh(𝑥)

⎞⎠.
Equation (2.4) is invariant by rotation, and quasi-invariant by translation far from the notch. For Λ = (𝜃, 𝜎) ∈

R2, we denote by 𝑀Λ the rotation/translation of the quasi-solution 𝑀0:

𝑀Λ(𝑥) = R𝜃(𝑀0(𝑥− 𝜎)),

and we denote by 𝑅Λ the coordinates of 𝑀Λ(𝑥) in the basis (𝑀1(𝑥),𝑀2):

𝑅Λ(𝑥) =
(︂
𝑀Λ(𝑥) ·𝑀1(𝑥)
𝑀Λ(𝑥) ·𝑀2

)︂
=

⎛⎜⎜⎝
tanh(𝑥− 𝜎)

cosh𝑥
− cos 𝜃

tanh(𝑥)
cosh(𝑥− 𝜎)

− sin 𝜃
cosh(𝑥− 𝜎)

⎞⎟⎟⎠. (3.2)

In [5], the authors establish that there exists a neighborhood 𝒰 ⊂ 𝐿2(R; R2) of 0 and a neighborhood
𝒱 ⊂ R2 × 𝐿2(R; R2) of (0, 0) such that for 𝑟 ∈ 𝒰 , there exists one and only one couple (Λ,𝑊 ) ∈ 𝒱 such that
𝑟 = 𝑅Λ + 𝑊 where the components 𝑊1 and 𝑊2 of 𝑊 are in (Ker𝐿)⊥. In addition, 𝑊 as the same regularity
as 𝑟. Therefore, while 𝑟(𝑡) remains in 𝒰 , we decompose 𝑟(𝑡, ·) as:

𝑟(𝑡, 𝑥) = 𝑅Λ(𝑡)(𝑥) +𝑊 (𝑡, 𝑥), (3.3)

where (Λ(𝑡),𝑊 (𝑡, ·)) ∈ 𝒱 ⊂ R2 × 𝐿2(R; R2), with 𝑊 (𝑡, ·) ∈ (Ker 𝐿)⊥, that is:

∀ 𝑗 ∈ {1, 2}, ∀ 𝑡,
∫︁

R
𝑊 (𝑡, 𝑥) · 𝑎𝑗(𝑥) d𝑥 = 0. (3.4)
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We introduce 𝜈0 > 0 such that if |Λ(𝑡)| ≤ 𝜈0 and ‖𝑊 (𝑡, ·)‖𝐻1(R) ≤ 𝜈0, then:

𝑅Λ(𝑡)(·) +𝑊 (𝑡, ·) ∈ 𝒱 and ‖𝑅Λ(𝑡)(·) +𝑊 (𝑡, ·)‖𝐿∞(R) ≤
1
2
·

We substitute 𝑟 by 𝑅Λ +𝑊 in (2.4) and we obtain that while |Λ(𝑡)| ≤ 𝜈0 and ‖𝑊 (𝑡, ·)‖𝐻1(R) ≤ 𝜈0, we have:

𝜕Λ𝑅Λ

(︂
dΛ
d𝑡

)︂
+
𝜕𝑊

𝜕𝑡
= p⋆(𝑥) + (𝒥L⋆ + ℎ(𝑡)ℓ)(𝑊 ) + (𝒥L⋆ + ℎ(𝑡)ℓ)(𝑅Λ)

+ 𝐹1(𝑅Λ +𝑊 )(𝜕𝑥𝑥𝑅Λ + 𝜕𝑥𝑥𝑊 ) + 𝐹2(𝑥,𝑅Λ +𝑊 )(𝜕𝑥𝑅Λ + 𝜕𝑥𝑊 )
+ 𝐹3(𝑅Λ +𝑊 )(𝜕𝑥𝑅Λ + 𝜕𝑥𝑊,𝜕𝑥𝑅Λ + 𝜕𝑥𝑊 ) + 𝐹4(𝑥,𝑅Λ +𝑊 )
+ ℎ(𝑡)𝐹5(𝑥,𝑅Λ +𝑊 ) + a⋆(𝑥)𝐹6(𝑅Λ +𝑊 )(𝜕𝑥𝑅Λ + 𝜕𝑥𝑊 )

+ a⋆(𝑥)𝐹7(𝑥,𝑅Λ +𝑊 ).

(3.5)

For a constant Λ, 𝑅Λ is a static solution for equation (2.4) without the terms containing a⋆(𝑥). So we have:

(𝒥𝐿+ ℎ(𝑡)ℓ)(𝑅Λ) + 𝐹1(𝑅Λ)(𝜕𝑥𝑥𝑅Λ) + 𝐹2(𝑥,𝑅Λ)(𝜕𝑥𝑅Λ)
+ 𝐹3(𝑅Λ)(𝜕𝑥𝑅Λ, 𝜕𝑥𝑅Λ) + 𝐹4(𝑥,𝑅Λ) + ℎ(𝑡)𝐹5(𝑥,𝑅Λ) = 0.

(3.6)

In order to use Identity (3.6), we perform a Taylor expansion in the variable 𝑟 for 𝐹1, . . . , 𝐹7 on the following
way. For a function 𝐹 defined on 𝐵2(0, 1

2 ) ⊂ R2 with values in a vector space W , we write:

𝐹 (𝑅Λ +𝑊 ) = 𝐹 (𝑅Λ) + ̃︀𝐹 (Λ,𝑊 )(𝑊 ),

with ̃︀𝐹 (Λ,𝑊 )(𝑊 ) =
∫︁ 1

0

𝐷𝐹 (𝑅Λ + 𝑦𝑊 )(𝑊 ) d𝑦,

where we denote by 𝐷 the total derivative in the variable 𝑟, so that 𝐷𝐹 (𝑟) ∈ ℒ(R2; W ). Using these notations
for 𝐹1, . . . , 𝐹7, using (3.6), we have:

𝜕Λ𝑅Λ

(︂
dΛ
d𝑡

)︂
+
𝜕𝑊

𝜕𝑡
= 𝐾(𝑡, 𝑥, 𝜎0,Λ) + (𝒥L⋆ + ℎ(𝑡)ℓ)(𝑊 ) +

5∑︁
𝑖=1

𝑇𝑖, (3.7)

where
𝐾(𝑡, 𝑥, 𝜎0,Λ) = p⋆(𝑥) + a⋆(𝑥)

(︁
−𝒥 𝜕𝑥𝑅Λ + 𝐹6(𝑅Λ)(𝜕𝑥𝑅Λ) + 𝐹7(𝑥,𝑅Λ)

)︁
,

and

𝑇1 = 𝐹1(𝑅Λ +𝑊 )(𝜕𝑥𝑥𝑊 ),

𝑇2 = ̃︀𝐹1(Λ,𝑊 )(𝑊 )(𝜕𝑥𝑥𝑅Λ) + 𝐹2(𝑥,𝑅Λ +𝑊 )(𝜕𝑥𝑊 ) + ̃︀𝐹2(𝑥,Λ,𝑊 )(𝑊 )(𝜕𝑥𝑅Λ),

𝑇3 = ̃︀𝐹3(Λ,𝑊 )(𝑊 )(𝜕𝑥𝑅Λ, 𝜕𝑥𝑅Λ) + 2𝐹3(𝑅Λ +𝑊 )(𝜕𝑥𝑅Λ, 𝜕𝑥𝑊 ) + 𝐹3(𝑅Λ +𝑊 )(𝜕𝑥𝑊,𝜕𝑥𝑊 ),

𝑇4 = ̃︀𝐹4(Λ,𝑊 )(𝑊 ) + ℎ(𝑡) ̃︀𝐹5(Λ,𝑊 )(𝑊 ),

𝑇5 = a⋆(𝑥)
(︁ ̃︀𝐹6(Λ,𝑊 )(𝑊 )(𝜕𝑥𝑅Λ) + 𝐹6(𝑅Λ +𝑊 )(𝜕𝑥𝑊 ) + ̃︀𝐹7(𝑥,Λ,𝑊 )(𝑊 )

)︁
.

We take the 𝐿2(R)-inner product of (3.7) with 𝑎1 and 𝑎2. By the orthogonality condition on 𝑊 , we have:⟨
𝜕𝑊

𝜕𝑡
| 𝑎1

⟩
=
⟨
𝜕𝑊

𝜕𝑡
| 𝑎2

⟩
= 0.
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So, we obtain that

𝐴(Λ)
dΛ
d𝑡

= 𝐾(𝑡, 𝜎0,Λ) +𝒩 (𝑡,𝑊 ) +
5∑︁

𝑖=1

𝑇𝑖, (3.8)

where

𝐴(Λ) =

⎛⎜⎜⎝
⟨
𝜕𝑅Λ

𝜕𝜃
| 𝑎1

⟩ ⟨
𝜕𝑅Λ

𝜕𝜎
| 𝑎1

⟩
⟨
𝜕𝑅Λ

𝜕𝜃
| 𝑎2

⟩ ⟨
𝜕𝑅Λ

𝜕𝜎
| 𝑎2

⟩
⎞⎟⎟⎠, 𝐾(𝑡, 𝜎0,Λ) =

(︂⟨𝐾(𝑡, 𝑥, 𝜎0,Λ) | 𝑎1⟩
⟨𝐾(𝑡, 𝑥, 𝜎0,Λ) | 𝑎2⟩

)︂
,

𝒩 (𝑡,𝑊 ) =
(︂⟨𝒥L⋆(𝑊 ) + ℎ(𝑡)ℓ(𝑊 ) | 𝑎1⟩
⟨𝒥L⋆(𝑊 ) + ℎ(𝑡)ℓ(𝑊 ) | 𝑎2⟩

)︂
, 𝑇𝑖 =

(︂⟨𝑇𝑖 | 𝑎1⟩
⟨𝑇𝑖 | 𝑎2⟩

)︂
.

We observe that 𝐴(0) = −2
(︂

0 1
1 0

)︂
, thus for sufficiently small Λ, we can invert the matrix 𝐴(Λ). Even if

it means reducing 𝜈0 > 0, we assume that (𝐴(Λ))−1 is defined for all Λ ∈ 𝐵2(0, 𝜈0). Hence, while |Λ(𝑡)| ≤ 𝜈0,
while ‖𝑊 (𝑡, ·)‖𝐻1(R) ≤ 𝜈0, we have:

dΛ
d𝑡

= 𝒢(𝑡, 𝜎0,Λ,𝑊 ), (3.9)

where

𝒢(𝑡, 𝜎0,Λ,𝑊 ) = (𝐴(Λ))−1

(︃
𝐾(𝑡, 𝜎0,Λ) +𝒩 (𝑡,𝑊 ) +

5∑︁
𝑖=1

𝑇𝑖

)︃
.

By substituting the expression for dΛ
d𝑡 into (3.7), we obtain:

𝜕𝑊

𝜕𝑡
= 𝒥L⋆(𝑊 ) + ℎ(𝑡)ℓ(𝑊 ) + 𝐹 (𝑡, 𝑥, 𝜎0,Λ,𝑊 ), (3.10)

where 𝐹 (𝑡, 𝑥, 𝜎0,Λ,𝑊 ), the nonlinear part of (3.10), is given by:

𝐹 (𝑡, 𝑥, 𝜎0,Λ,𝑊 ) =
5∑︁

𝑖=1

𝑇𝑖 − 𝜕Λ𝑅Λ(𝒢(𝑡, 𝜎0,Λ,𝑊 )) +𝐾(𝑡, 𝑥, 𝜎0,Λ). (3.11)

Therefore, (2.4) is equivalent to system (3.9) and (3.10), and 𝑟 is close to zero in 𝐻1(R) if and only if (Λ,𝑊 )
is close to (0, 0) in R2 ×𝐻1(R). It is also important to note that the system (3.9) and (3.10) is valid as long as
|Λ(𝑡)| ≤ 𝜈0 and ‖𝑊‖𝐻1(R) ≤ 𝜈0.

4. Uniform coercivity of the operator L⋆

The operator L⋆, defined in (2.5), depends on 𝜎0 and 𝐻(𝑡). We prove in this section that, when restricted to
(Ker𝐿)⊥, it is uniformly coercive with respect to 𝜎0 +𝐻(𝑡) when this quantity is large enough.

For 𝜆 ∈ R, we denote by ⟨· | ·⟩𝜆 the weighted scalar product given by:

⟨𝑢 | 𝑣⟩𝜆 =
∫︁

R
𝑠(𝑥+ 𝜆)𝑢(𝑥)𝑣(𝑥) d𝑥,

and by ‖ · ‖𝐿2
𝜆

the associated norm. We denote by L𝜆 the operator:

L𝜆𝑣 = −𝜕𝑥𝑥𝑣 −
𝑠′

𝑠
(𝑥+ 𝜆)𝜕𝑥𝑣 + 𝑔(𝑥)𝑣.

We claim the following proposition:
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Proposition 4.1. There exists 𝜆0 such that for all 𝜆 ≥ 𝜆0, for all 𝑤 ∈ 𝐻2(R; R) such that
⟨︀
𝑤 | 1

cosh 𝑥

⟩︀
= 0,

⟨L𝜆𝑤 |𝑤⟩𝜆 ≥
1
4
‖𝑤‖2𝐿2

𝜆
.

Proof. We fix 𝑥0 > 0 such that

∀𝑥 ∈ R, |𝑥| ≥ 𝑥0 ⇐⇒ 𝑔(𝑥) ≥ 1
2
· (4.1)

We consider a smooth non decreasing function 𝜓 : R −→ [0, 1] such that 𝜓(𝑥) = 0 if 𝑥 ≤ − 2
3 and 𝜓(𝑥) = 1 if

𝑥 ≥ − 1
3 . We define 𝜑 : R −→ [0, 1] the smooth function defined by 𝜑(𝑥) =

√︀
1− (𝜓(𝑥))2, so that 𝜓(𝑥)2+𝜑(𝑥)2 =

1.
For 𝜆 ∈ R, we define 𝜓𝜆 and 𝜑𝜆 by 𝜓𝜆(𝑥) = 𝜓( 𝑥

𝜆 ) and 𝜑𝜆(𝑥) = 𝜑( 𝑥
𝜆 ), so that

𝜓𝜆(𝑥)2 + 𝜑𝜆(𝑥)2 = 1, (4.2)

with supp 𝜓𝜆 ⊂ [− 2𝜆
3 ,+∞[ and supp 𝜑𝜆 ⊂]−∞,−𝜆

3 ].
Using (4.2), we have:

⟨L𝜆𝑤 |𝑤⟩𝜆 =
⟨︀
L𝜆𝑤 |𝜓2

𝜆𝑤
⟩︀
𝜆

+
⟨︀
L𝜆𝑤 |𝜑2

𝜆𝑤
⟩︀
𝜆
.

Using that L𝜆𝑣 = − 1
𝑠(𝑥+𝜆)𝜕𝑥(𝑠(𝑥+ 𝜆)𝜕𝑥𝑣) + 𝑔(𝑥)𝑣, we have:

⟨︀
L𝜆𝑤 |𝜓2

𝜆𝑤
⟩︀
𝜆

= 𝜏1 +
∫︁

R
𝑠(𝑥+ 𝜆)𝑔(𝑥)|𝜓𝜆𝑤|2,

with

𝜏1 =
∫︁

R
−𝜕𝑥(𝑠(𝑥+ 𝜆)𝜕𝑥𝑤) · 𝜓𝜆(𝑥)2𝑤.

We have:

𝜏1 =
∫︁

R
𝑠(𝑥+ 𝜆)𝜕𝑥𝑤 · 𝜕𝑥(𝜓𝜆(𝑥)2𝑤)

=
∫︁

R
𝑠(𝑥+ 𝜆)𝜕𝑥𝑤 · 𝜓𝜆𝑤𝜕𝑥𝜓𝜆(𝑥) +

∫︁
R
𝑠(𝑥+ 𝜆)𝜕𝑥𝑤 · 𝜕𝑥(𝜓𝜆𝑤)𝜓𝜆(𝑥),

=
∫︁

R
𝑠(𝑥+ 𝜆)|𝜕𝑥(𝜓𝜆𝑤)|2 −

∫︁
R
𝑠(𝑥+ 𝜆)𝑤𝜕𝑥𝜓𝜆 · 𝜕𝑥(𝜓𝜆𝑤) +

∫︁
R
𝑠(𝑥+ 𝜆)𝜕𝑥𝑤 · 𝑤𝜓𝜆𝜕𝑥𝜓𝜆(𝑥),

=
∫︁

R
𝑠(𝑥+ 𝜆)|𝜕𝑥(𝜓𝜆𝑤)|2 −

∫︁
R
𝑠(𝑥+ 𝜆)|𝑤|2|𝜕𝑥𝜓𝜆|2.

Thus, we have:

⟨︀
L𝜆𝑤 |𝜓2

𝜆𝑤
⟩︀
𝜆

=
∫︁

R
𝑠(𝑥+ 𝜆)

(︀
|𝜕𝑥(𝜓𝜆𝑤)|2 + 𝑔(𝑥)|𝜓𝜆𝑤|2

)︀
−
∫︁

R
𝑠(𝑥+ 𝜆)|𝑤|2|𝜕𝑥𝜓𝜆|2.

With the same calculation for the term in 𝜑𝜆, we obtain that:

⟨L𝜆𝑤 |𝑤⟩𝜆 = ⟨L𝜆(𝜓𝜆𝑤) |𝜓𝜆𝑤⟩𝜆 + ⟨L𝜆(𝜑𝜆𝑤) |𝜑𝜆𝑤⟩𝜆 −
∫︁

R
𝑠(𝑥+ 𝜆)|𝑤|2

(︀
|𝜕𝑥𝜓𝜆|2 + |𝜕𝑥𝜑𝜆|2

)︀
. (4.3)
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Estimate for 𝜓𝜆𝑤

We remark that the support of 𝜓𝜆𝑤 is included in [− 2𝜆
3 ,+∞[, and that the support of 𝑠′(·+𝜆) is included in

[−𝑎− 𝜆, 𝑎− 𝜆]. Thus, for 𝜆 ≥ 3𝑎, [− 2𝜆
3 ,+∞[∩[−𝑎− 𝜆, 𝑎− 𝜆] = ∅, so that 𝑠(·+ 𝜆) = 1 on the support of 𝜓𝜆𝑊 .

Therefore

⟨L𝜆(𝜓𝜆𝑤) |𝜓𝜆𝑤⟩𝜆 = ⟨𝐿(𝜓𝜆𝑤) |𝜓𝜆𝑤⟩.

In order to use the coercivity of 𝐿 in Ker 𝐿⊥, for 𝑢 ∈ 𝐻2(R), we define 𝑢⊥ by:

𝑢⊥ = 𝑢− 1
2
⟨𝑢 | 1/ cosh(𝑥)⟩ 1

cosh𝑥
,

and since 𝑢⊥ ∈ (Ker𝐿)⊥, we have:

⟨𝐿𝑢 |𝑢⟩ =
⟨︀
𝐿𝑢⊥ |𝑢⊥

⟩︀
≥ ‖𝑢⊥‖2𝐿2 .

Since by Pythagore:

‖𝑢‖2𝐿2(R) = ‖𝑢⊥‖2𝐿2(R) +
1
2
|⟨𝑢 | 1/ cosh𝑥⟩|2,

we obtain that:

⟨𝐿𝑢 |𝑢⟩ ≥ ‖𝑢‖2𝐿2(R) −
1
2
|⟨𝑢 | 1/ cosh𝑥⟩|2. (4.4)

We apply (4.4) for 𝑢 = 𝜓𝜆𝑤.

⟨𝜓𝜆𝑤 | 1/ cosh𝑥⟩ =
∫︁

R
𝑤

1
cosh𝑥

+
∫︁

R
(𝜓𝜆 − 1)𝑤

1
cosh𝑥

·

The first term of the right-hand side vanishes by orthogonality condition 𝑤 ∈ (Ker𝐿)⊥. In addition,⃒⃒⃒⃒∫︁
R

(𝜓𝜆 − 1)𝑤
1

cosh𝑥

⃒⃒⃒⃒
≤ ‖𝑤‖𝐿2(R)

⃦⃦⃦⃦
(𝜓𝜆 − 1)

1
cosh𝑥

⃦⃦⃦⃦
𝐿2(R)

.

Since: ⃦⃦⃦⃦
(𝜓𝜆 − 1)

1
cosh𝑥

⃦⃦⃦⃦2

𝐿2(R)

=
∫︁

R
|𝜓𝜆 − 1|2 1

(cosh𝑥)2
≤
∫︁ −𝜆

3

−∞

1
(cosh𝑥)2

≤ 1− tanh
(︂
𝜆

3

)︂
,

we obtain that:

⟨L𝜆(𝜓𝜆𝑤) |𝜓𝜆𝑤⟩𝜆 ≥ ‖𝜓𝜆𝑤‖2𝐿2
𝜆
−

1− tanh(𝜆
3 )

2
‖𝑤‖2𝐿2(R). (4.5)

Estimate for 𝜑𝜆𝑤

We have:

⟨L𝜆(𝜑𝜆𝑤) |𝜑𝜆𝑤⟩𝜆 =
∫︁

R
𝑠(𝑥− 𝜆)

(︀
|𝜕𝑥(𝜑𝜆𝑤)|2 + 𝑔(𝑥)|𝜑𝜆𝑤|2

)︀
.

We remark that supp𝜑𝜆 ⊂]−∞,−𝜆
3 ], so if 𝜆 ≥ 3𝑥0 (where 𝑥0 is defined by (4.1)), then 𝑔(𝑥) ≥ 1

2 on the support
of 𝜑𝜆𝑤. Therefore,

∀𝜆 ≥ 3𝑥0, ⟨L𝜆(𝜑𝜆𝑤) |𝜑𝜆𝑤⟩𝜆 ≥
1
2
‖𝜑𝐾𝑤‖2𝐿2

𝜆(R). (4.6)
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Estimate for the last term in (4.3)

We remark that 𝜕𝑥𝜓𝜆 = 1
𝜆𝜓

′( 𝑥
𝜆 ), so that:

‖𝜕𝑥𝜓𝜆‖𝐿∞(R) ≤
𝐶

𝜆
·

The same estimate occurs for 𝜑𝜆, and we obtain that there exists a constant 𝐶 such that:⃒⃒⃒⃒∫︁
R
𝑠(𝑥+ 𝜆)|𝑤|2

(︀
|𝜕𝑥𝜓𝜆|2 + |𝜕𝑥𝜑𝜆|2

)︀⃒⃒⃒⃒
≤ 𝐶

𝜆2
‖𝑤‖2𝐿2

𝜆(R)· (4.7)

From (4.3), (4.5), (4.6) and (4.7), using also that for all 𝜆,

𝜌1‖𝑢‖2𝐿2(R) ≤ ‖𝑢‖
2
𝐿2

𝜆(R) ≤ ‖𝑢‖
2
𝐿2(R),

we obtain that for all 𝜆,

⟨L𝜆𝑤 |𝑤⟩𝜆 ≥ ‖𝜓𝜆𝑤‖2𝐿2
𝜆

+
1
2
‖𝜑𝐾𝑤‖2𝐿2

𝜆
−

(︃
1− tanh

(︀
𝜆
3

)︀
2𝜌1

+
𝐶

𝜆2

)︃
‖𝑤‖2𝐿2

𝜆
.

Since 𝜓2
𝜆 + 𝜑2

𝜆 = 1, since 1−tanh( 𝜆
3 )

2𝜌1
+ 𝐶

𝜆2 tends to zero when 𝜆 tends to +∞, there exists 𝜆0 such that for all
𝜆 ≥ 𝜆0, for all 𝑤 ∈ 𝐻2(R; R) such that

⟨︀
𝑤 | 1

cosh 𝑥

⟩︀
= 0,

⟨L𝜆𝑤 |𝑤⟩𝜆 ≥
1
4
‖𝑤‖2𝐿2

𝜆
. (4.8)

This concludes the proof of Proposition 4.1. �

Remark 4.1. For 𝑤 ∈ 𝐻2(R), we have:

⟨L𝜆𝑤 |𝑤⟩𝜆 =
∫︁

R
𝑠(𝑥+ 𝜆)

(︀
|𝜕𝑥𝑤|2 + 𝑔(𝑥)|𝑤|2

)︀
,

so we can give a sense to ⟨L𝜆𝑤 |𝑤⟩𝜆 for 𝑤 ∈ 𝐻1(R), and by density argument, we can extend Inequality (4.8)
to functions 𝑤 in 𝐻1(R) ∩ 1

cosh 𝑥

⊥
.

By Cauchy–Schwartz inequality in (4.8), we obtain that for 𝜆 ≥ 𝜆0, for all 𝑤 ∈ 𝐻2(R; R) ∩ (1/ cosh𝑥)⊥, we
have:

1
4
‖𝑤‖2𝐿2

𝜆
≤ ‖L𝜆𝑤‖𝐿2

𝜆
‖𝑤‖𝐿2

𝜆
,

so that:
‖𝑤‖𝐿2

𝜆
≤ 4‖L𝜆𝑤‖𝐿2

𝜆
. (4.9)

In addition, by Cauchy–Schwartz inequality and using (4.9), we have:

⟨L𝜆𝑤 |𝑤⟩𝜆 ≤ 4‖L𝜆𝑤‖2𝐿2
𝜆
. (4.10)

We obtain also the following corollary:

Corollary 4.1. There exist 𝛼1 and 𝛼2, with 0 < 𝛼1 < 𝛼2, there exists 𝜆0 such that for all 𝜆 ≥ 𝜆0, for all
𝑤 ∈ 𝐻2(R; R) such that

⟨︀
𝑤 | 1

cosh 𝑥

⟩︀
= 0,

𝛼1‖𝑤‖𝐻1(R) ≤ ⟨L𝜆𝑤 |𝑤⟩
1
2

𝜆 ≤ 𝛼2‖𝑤‖𝐻1(R),

𝛼1‖𝑤‖𝐻2(R) ≤ ‖L𝜆𝑤‖𝐿2
𝜆
≤ 𝛼2‖𝑤‖𝐻2(R).

(4.11)
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Proof. First, we have:

‖𝜕𝑥𝑤‖2𝐿2(R) ≤
1
𝜌1
‖𝜕𝑥𝑤‖2𝐿2

𝜆
≤ 1
𝜌1

(︁
⟨L𝜆𝑤 |𝑤⟩𝜆 + ‖𝑔‖𝐿∞(R)‖𝑤‖2𝐿2

𝜆

)︁
.

So, using (4.9) and (4.10), we obtain that:

‖𝜕𝑥𝑤‖2𝐿2(R) ≤
20
𝜌1
‖L𝜆𝑤‖2𝐿2

𝜆
. (4.12)

Writing that 𝜕𝑥𝑥𝑤 = −L𝜆𝑤 + 𝑔(𝑥)𝑤 − 𝑠′

𝑠 (𝑥+ 𝜆)𝜕𝑥𝑤, we obtain that:

‖𝜕𝑥𝑥𝑤‖2𝐿2(R) ≤
1
𝜌1
‖𝜕𝑥𝑥𝑤‖2𝐿2

𝜆
,

≤ 1
𝜌1

(︃
‖L𝜆𝑤‖2𝐿2

𝜆
+ ‖𝑔‖𝐿∞(R)‖𝑤‖2𝐿2

𝜆
+
⃦⃦⃦⃦
𝑠′

𝑠

⃦⃦⃦⃦
𝐿∞(R)

‖𝜕𝑥𝑤‖𝐿2
𝜆

)︃
,

≤ 𝐾‖L𝜆𝑤‖2𝐿2
𝜆

(4.13)

where 𝐾 does not depend on 𝜆 ≥ 𝜆0.
From (4.9), (4.12) and (4.13), we obtain that there exists a constant 𝐾 independent of 𝜆 ≥ 𝜆0 such that for

all 𝑤 in (Ker𝐿)⊥,

‖𝑤‖𝐻1(R) ≤ 𝐾⟨L𝜆𝑤 |𝑤⟩
1
2

𝜆 and ‖𝑤‖𝐻2(R) ≤ 𝐾‖L𝜆𝑤‖𝐿2
𝜆
. (4.14)

From (4.14), we obtain the existence of 𝛼1. The existence for 𝛼2 is straightforward. �

5. Variational estimates and proof of Theorem 1.1

In the remainder of this paper, we assume that:

‖ℎ‖𝐿∞(R+) ≤ 1 and ∀ 𝑡 ≥ 0, 𝜎0 +𝐻(𝑡) ≥ 𝜆0. (5.1)

We will perform variational estimates on equations (3.9) and (3.10). We equip 𝐿2(R) with the weighted scalar
product (see [7]) given by: for 𝑢, 𝑣 ∈ 𝐿2(R),

⟨𝑢 | 𝑣⟩⋆ =
∫︁

R
𝑠(𝑥+ 𝜎0 +𝐻(𝑡))𝑢(𝑥)𝑣(𝑥) d𝑥 = ⟨𝑢 | 𝑣⟩𝜎0+𝐻(𝑡), (5.2)

associated with the norm ‖ · ‖𝐿2
⋆(R) = ‖ · ‖𝐿2

𝜎0+𝐻(𝑡)
defined by

‖𝑢‖𝐿2
⋆(R) =

(︂∫︁
R
𝑠(𝑥+ 𝜎0 +𝐻(𝑡))|𝑢(𝑥)|2 d𝑥

)︂ 1
2

. (5.3)

Using (4.11), we define 𝜈1 > 0 such that 𝜈1 ≤ 𝜈0 and such that for all 𝑊 ∈ 𝐻1(R; R2) ∩ (Ker𝐿)⊥,

⟨L⋆𝑊 |𝑊 ⟩
1
2

⋆ ≤ 𝜈1 =⇒ ‖𝑊‖𝐻1(R) ≤ 𝜈0.

Therefore, while |Λ(𝑡)| ≤ 𝜈1 and ⟨L⋆𝑊 |𝑊 ⟩
1
2

⋆ ≤ 𝜈1, the system (3.9) and (3.10) is valid.
The right-hand-side terms in (3.9) and (3.10) are estimated in the following proposition.

Proposition 5.1. Under assumption (5.1), there exists a constant 𝐶1 such that while |Λ(𝑡)| ≤ 𝜈1, while
⟨L⋆𝑊 |𝑊 ⟩

1
2

⋆ ≤ 𝜈1,

‖𝐹 (𝑡, ·, 𝜎0,Λ,𝑊 )‖𝐿2
⋆
≤ 𝐶1‖L⋆𝑊‖𝐿2

⋆

(︁
|Λ|+ ⟨L⋆𝑊 |𝑊 ⟩

1
2

⋆

)︁
+ 𝐶1 exp(−𝜎0 −𝐻(𝑡)),

|𝒢(𝑡, 𝜎0,Λ,𝑊 )| ≤ 𝐶1⟨L⋆𝑊 |𝑊 ⟩
1
2

⋆ + 𝐶1 exp(−𝜎0 −𝐻(𝑡)).
(5.4)

For the convenience of the reader, the proof of Proposition 5.1 is postponed in Section 6.
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5.1. Variational estimates for 𝑊

We observe that 𝑠(−𝜕𝑥𝑥 − 𝑠′

𝑠 𝜕𝑥) = −𝜕𝑥(𝑠𝜕𝑥), which implies that the operator L⋆ is self-adjoint with respect
to the weighted scalar product ⟨· | ·⟩⋆. Moreover, for all 𝑢 ∈ 𝐻2(R), we have

⟨L⋆𝑢 |𝑢⟩⋆ =
∫︁

R
𝑠(𝑥+ 𝜎0 +𝐻(𝑡))

(︀
|𝜕𝑥𝑢|2 + 𝑔(𝑥)|𝑢|2

)︀
, (5.5)

where 𝑔(𝑥) = 2 tanh2 𝑥− 1. Now, we take the scalar product in 𝐿2
⋆ (R) of (3.10) with L⋆𝑊 . We obtain:⟨

𝜕𝑊

𝜕𝑡
|L⋆𝑊

⟩
⋆

= −‖L⋆𝑊‖2𝐿2
⋆ (R) + ℎ(𝑡)⟨ℓ(𝑊 ) |L⋆𝑊 ⟩⋆ + ⟨𝐹 (𝑡, 𝑥, 𝜎0,Λ,𝑊 ) |L⋆𝑊 ⟩⋆. (5.6)

We notice that⟨
𝜕𝑊

𝜕𝑡
|L⋆𝑊

⟩
⋆

=
1
2

d
d𝑡
⟨𝑊 |L⋆𝑊 ⟩⋆ −

1
2
ℎ(𝑡)

∫︁
R
𝑠′(𝑥+ 𝜎0 +𝐻(𝑡))

(︀
|𝜕𝑥𝑊 |2 + 𝑔(𝑥)|𝑊 |2

)︀
.

Since 𝑠′ is bounded, there exists a constant 𝐶2 such that:

ℎ(𝑡)
∫︁

R
𝑠′(𝑥+ 𝜎0 +𝐻(𝑡))

(︀
|𝜕𝑥𝑊 |2 + 𝑔(𝑥)|𝑊 |2

)︀
≤ 𝐶2‖ℎ‖𝐿∞‖𝑊‖2𝐻1(R),

therefore, using (4.11), there exists a constant 𝐶3 such that

ℎ(𝑡)
∫︁

R
𝑠′(𝑥+ 𝜎0 +𝐻(𝑡))

(︀
|𝜕𝑥𝑊 |2 + 𝑔(𝑥)|𝑊 |2

)︀
≤ 𝐶3‖ℎ‖𝐿∞‖L⋆𝑊‖2𝐿2

⋆ (R). (5.7)

By the Cauchy–Schwarz inequality,

|⟨ℓ(𝑊 ) |L⋆𝑊 ⟩⋆| ≤ ‖ℓ(𝑊 )‖𝐿2
⋆ (R)‖L⋆𝑊‖𝐿2

⋆ (R),

and since ‖ℓ(𝑊 )‖𝐿2
⋆ (R) ≤ 𝐶‖𝑊‖𝐻1(R), using (4.11), there exists a constant 𝐶4 such that:

|⟨ℓ(𝑊 ) |L⋆𝑊 ⟩⋆| ≤ ‖ℓ(𝑊 )‖𝐿2
⋆ (R)‖L⋆𝑊‖𝐿2

⋆ (R) ≤ 𝐶4‖L⋆𝑊‖2𝐿2
⋆ (R), (5.8)

In addition, by using Proposition 5.1, we obtain:

|⟨𝐹 (𝑡, 𝑥, 𝜎0,Λ,𝑊 ) |L⋆𝑊 ⟩⋆| ≤ 𝐶1

(︁
|Λ|+ ⟨L⋆𝑊 |𝑊 ⟩

1
2

⋆

)︁
‖L⋆𝑊‖2𝐿2

⋆ (R)

+ 𝐶1 exp(−(𝜎0 +𝐻(𝑡)))‖L⋆𝑊‖𝐿2
⋆ (R).

(5.9)

Therefore, combining (5.6)–(5.9), we obtain that

d
d𝑡
⟨L⋆𝑊 |𝑊 ⟩⋆ + 2‖L⋆𝑊‖2𝐿2

⋆ (R) ≤ 𝐶1 exp(−(𝜎0 +𝐻(𝑡)))‖L⋆𝑊‖𝐿2
⋆ (R)

+
(︁

2(𝐶3 + 𝐶4)‖ℎ‖𝐿∞ + 𝐶1

(︁
|Λ|+ (⟨L⋆𝑊 |𝑊 ⟩⋆)

1
2

)︁)︁
‖L⋆𝑊‖2𝐿2

⋆ (R).

By Young inequality, we obtain that:

𝐶1 exp(−(𝜎0 +𝐻(𝑡)))‖L⋆𝑊‖𝐿2
⋆ (R) ≤

1
4
‖L⋆𝑊‖2𝐿2

⋆ (R) + 2(𝐶1)2 exp(−2(𝜎0 +𝐻(𝑡))).

Therefore, under assumption (5.1), we obtain that there exist 𝐾1 > 0 and 𝐾2 > 0 such that while |Λ| ≤ 𝜈1

and ⟨L⋆𝑊 |𝑊 ⟩
1
2

⋆ ≤ 𝜈1, we have:

d
d𝑡
⟨L⋆𝑊 |𝑊 ⟩⋆ +

(︂
2− 1

4
−𝐾1

(︁
|Λ|+ ⟨L⋆𝑊 |𝑊 ⟩

1
2

⋆ + ‖ℎ‖𝐿∞

)︁)︂
‖L⋆𝑊‖2𝐿2

⋆ (R)

≤ 𝐾2 exp(−2(𝜎0 +𝐻(𝑡))).
(5.10)
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We assume that ‖ℎ‖𝐿∞ ≤ 𝛿1 := min{1, 1
4𝐾1

}. We denote by 𝜂1 = min(𝜈1, 1
4𝐾1

). Then, while |Λ| ≤ 𝜂1 and

⟨L⋆𝑊 |𝑊 ⟩
1
2

⋆ ≤ 𝜂1, we have:

d
d𝑡
⟨L⋆𝑊 |𝑊 ⟩⋆ + ‖L⋆𝑊‖2𝐿2

⋆ (R) ≤ 𝐾2 exp(−2(𝜎0 +𝐻(𝑡))).

Therefore, using (4.10), we obtain that while |Λ| ≤ 𝜂1 and ⟨L⋆𝑊 |𝑊 ⟩
1
2

⋆ ≤ 𝜂1,

d
d𝑡
⟨L⋆𝑊 |𝑊 ⟩⋆ +

1
4
⟨L⋆𝑊 |𝑊 ⟩⋆ ≤ 𝐾2 exp(−2(𝜎0 +𝐻(𝑡))). (5.11)

We consider the solution of the Cauchy problem:⎧⎪⎨⎪⎩
𝑌 ′ +

1
4
𝑌 = 𝐾2 exp(−2(𝜎0 +𝐻(𝑡))),

𝑌 (0) = ⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩⋆,
(5.12)

given by:

𝑌 (𝑡) = ⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩⋆ exp
(︂
− 𝑡

4

)︂
+𝐾2 exp(−2𝜎0)

∫︁ 𝑡

0

exp
(︂
𝑠− 𝑡

4
− 2𝐻(𝑠)

)︂
d𝑠. (5.13)

By (5.11), ⟨L⋆𝑊 |𝑊 ⟩⋆ is a sub-solution for (5.12), so that: for all 𝑡 ≥ 0, while |Λ| ≤ 𝜂1 and ⟨L⋆𝑊 |𝑊 ⟩
1
2

⋆ ≤ 𝜂1,
we have:

⟨L⋆𝑊 |𝑊 ⟩⋆(𝑡) ≤ 𝑌 (𝑡). (5.14)

We remark that for all 𝑡 ≥ 0,

√︀
𝑌 (𝑡) ≤

√︁
⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩⋆ exp

(︂
− 𝑡

8

)︂
+
√︀
𝐾2 exp(−𝜎0) exp(−𝐻(𝑡))

(︂∫︁ 𝑡

0

exp
(︂
𝑠− 𝑡

4
+ 2𝐻(𝑡)− 2𝐻(𝑠)

)︂
d𝑠
)︂ 1

2

.

We remark that for 0 ≤ 𝑠 ≤ 𝑡,

𝐻(𝑡)−𝐻(𝑠) ≤
∫︁ 𝑡

𝑠

|ℎ(𝜏)|d𝜏 ≤ (𝑡− 𝑠)‖ℎ‖𝐿∞(R+).

Therefore, ∫︁ 𝑡

0

exp
(︂
𝑠− 𝑡

4
+ 2𝐻(𝑡)− 2𝐻(𝑠)

)︂
d𝑠 ≤

∫︁ 𝑡

0

exp
(︂

2‖ℎ‖𝐿∞ −
1
4

)︂
(𝑡− 𝑠) d𝑠.

Thus, there exists 𝐾3 such that if ‖ℎ‖𝐿∞ ≤ 1
16 ,

√︀
𝑌 (𝑡) ≤

√︁
⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩⋆ exp

(︂
− 𝑡

8

)︂
+𝐾3 exp(−𝜎0) exp(−𝐻(𝑡)). (5.15)

So that: ∫︁ +∞

0

√︀
𝑌 (𝑡) d𝑡 ≤ 8

√︁
⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩⋆ +𝐾3 exp(−𝜎0)

∫︁ +∞

0

exp(−𝐻(𝑡)). (5.16)
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5.2. Estimate on Λ

According to (3.9), (5.4) and (5.14), for all 𝑡 ≥ 0, while |Λ| ≤ 𝜂1 and ⟨L⋆𝑊 |𝑊 ⟩
1
2

⋆ ≤ 𝜂1, we have:⃒⃒⃒⃒
dΛ
d𝑡

⃒⃒⃒⃒
= |𝒢(𝑡, 𝜎0,Λ,𝑊 )| ≤ 𝐶1

√︀
𝑌 (𝑡) + 𝐶1 exp(−(𝜎0 +𝐻(𝑡))). (5.17)

We define H by:

H =
∫︁ +∞

0

exp(−𝐻(𝑡)) d𝑡.

By integration of (5.17), by Estimate (5.16), under the assumption ‖ℎ‖𝐿∞ ≤ min{ 1
16 , 𝛿1}, we obtain that

while |Λ| ≤ 𝜂1 and ⟨L⋆𝑊 |𝑊 ⟩
1
2

⋆ ≤ 𝜂1, we have:

|Λ(𝑡)| ≤ |Λ(0)|+ 𝐶1

∫︁ +∞

0

√︀
𝑌 (𝜏) d𝜏 + 𝐶1 exp(−𝜎0)

∫︁ +∞

0

exp(−𝐻(𝜏)) d𝜏,

≤ |Λ(0)|+ 𝐶1

(︂
8
√︁
⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩⋆ +𝐾3H exp(−𝜎0)

)︂
+ 𝐶1 exp(−𝜎0)H .

Therefore, under the assumption ‖ℎ‖𝐿∞ ≤ min{ 1
16 , 𝛿1}, there exists a constant 𝐾4 such that while |Λ| ≤ 𝜂1

and ⟨L⋆𝑊 |𝑊 ⟩
1
2

⋆ ≤ 𝜂1, we have:

|Λ(𝑡)| ≤ |Λ(0)|+𝐾4

√︁
⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩⋆ +𝐾4H exp(−𝜎0). (5.18)

5.3. End of the proof

We define 𝛿0 by 𝛿0 = min{ 1
16 , 𝛿1}. We assume that ‖ℎ‖𝐿∞ ≤ 𝛿0 and that H =

∫︀ +∞
0

exp(−𝐻(𝑡)) d𝑡 < +∞.
We remark that these asumptions imply that 𝐻(𝑡) tends to +∞ when 𝑡 tends to +∞, so that 𝐻(𝑡) is bounded
by below on R+:

∃𝐻− ∈ R+, ∀ 𝑡 ≥ 0, −𝐻− ≤ 𝐻(𝑡).

We fix 𝜎̄ such that
𝜆0 +𝐻− ≤ 𝜎̄, 𝐾3𝑒

𝐻−𝑒−𝜎̄ ≤ 𝜂1
3

and 𝐾4H 𝑒−𝜎̄ ≤ 𝜂1
4

(5.19)

(we recall that 𝜆0 is given by Prop. 4.1). We fix 𝜈 > 0 such that

𝜈 ≤ 𝜂1
4

and 𝐾4𝜈 ≤
𝜂1
4
· (5.20)

We assume that:
𝜎0 ≥ 𝜎̄, |Λ(0)| ≤ 𝜈 and ⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩

1
2

⋆ ≤ 𝜈. (5.21)

We remark that for all 𝑡, 𝜎0 +𝐻(𝑡) ≥ 𝜆0. Let us prove that for all 𝑡 ≥ 0,

|Λ(𝑡)| ≤ 𝜂1 and ⟨L⋆𝑊 (𝑡, ·) |𝑊 (𝑡, ·)⟩
1
2

⋆ ≤ 𝜂1. (5.22)

If it is not the case, we consider the first time 𝑇 such that:

|Λ(𝑇 )| = 𝜂1 or ⟨L⋆𝑊 (𝑇, ·) |𝑊 (𝑇, ·)⟩
1
2

⋆ = 𝜂1. (5.23)
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Since at initial time, |Λ(0)| ≤ 𝜈 < 𝜂1 and ⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩
1
2

⋆ ≤ 𝜈 < 𝜂1, 𝑇 > 0. For all time 𝑡 ∈ [0, 𝑇 ], we are
in the domain of validity for (5.14) and (5.18), so using also (5.15), (5.19) and (5.20), we have:√︁

⟨L⋆𝑊 |𝑊 ⟩⋆(𝑡) ≤
√︁
⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩⋆ exp

(︂
− 𝑡

8

)︂
+𝐾3 exp(−𝜎0) exp(−𝐻(𝑡))

≤
√︁
⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩⋆ +𝐾3 exp(−𝜎0) exp(𝐻−)

≤ 2𝜂1
3

and
|Λ(𝑡)| ≤ 3𝜂1

4
,

which leads to a contradiction with (5.23). Thus, (5.22) holds for all 𝑡 ≥ 0.
Therefore, under assumption (5.21), the following holds for all 𝑡 ≥ 0:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⟨L⋆𝑊 |𝑊 ⟩
1
2

⋆ (𝑡) ≤
√︁
⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩⋆ exp

(︂
− 𝑡

8

)︂
+𝐾3 exp(−𝜎0) exp(−𝐻(𝑡)),

|Λ(𝑡)| ≤ |Λ(0)|+𝐾4

√︁
⟨L⋆𝑊 (0, ·) |𝑊 (0, ·)⟩⋆ +𝐾4H exp(−𝜎0),⃒⃒⃒⃒

dΛ
d𝑡

⃒⃒⃒⃒
≤ 𝐶1

√︀
𝑌 (𝑡) + 𝐶1 exp(−𝜎0) exp(−𝐻(𝑡)).

.

The first two estimates imply the stability of (0, 0) for the system coupling (3.9) and (3.10). The third estimate
implies that Λ(𝑡) has a limit when 𝑡 tends to +∞. This concludes the proof of Theorem 1.1. It remains to prove
Proposition 5.1.

6. Proof of Proposition 5.1

6.1. Estimates of 𝐾 and 𝒩
From (3.2), there exists a constant 𝐶 such that for all Λ ∈ R2 such that |Λ| ≤ 𝜈0, we have:

∀𝑥 ∈ R, |𝑅Λ(𝑥)|+ |𝜕𝑥𝑅Λ(𝑥)|+ |𝜕𝑥𝑥𝑅Λ(𝑥)| ≤ 𝐶

cosh𝑥
|Λ|. (6.1)

In particular, we obtain that

‖𝑅Λ‖𝐿∞(R) + ‖𝜕𝑥𝑅Λ‖𝐿∞(R) + ‖𝜕𝑥𝑥𝑅Λ(𝑥)‖𝐿∞(R) ≤ 𝐶|Λ|.

In addition, while |Λ(𝑡)| ≤ 𝜈0 and ‖𝑊 (𝑡, ·)‖𝐻1(R) ≤ 𝜈0, we have:

‖𝑅Λ(𝑡) +𝑊 (𝑡, ·)‖𝐿∞(R) ≤ 𝐶
(︀
|Λ(𝑡)|+ ‖𝑊 (𝑡, ·)‖𝐻1(R)

)︀
.

Since the support of 𝑠′ is included in [−𝑎, 𝑎], the support of 𝑥 ↦→ a⋆(𝑥) is included in [−𝑎 − 𝜎0 −𝐻(𝑡), 𝑎 −
𝜎0 −𝐻(𝑡)], so that for all 𝜎0 ≥ 𝑎 and all 𝑡 such that 𝐻(𝑡) ≥ 𝑎,

|p⋆(𝑥)| ≤ ‖𝑠
′

𝑠
‖𝐿∞

1
cosh(𝑥)

𝜒[−𝑎−𝜎0−𝐻(𝑡),𝑎−𝜎0−𝐻(𝑡)].

Now, there exists a constant 𝐶 such that

∀𝑥 ∈ R, ∀𝐾 ∈ R,
⃒⃒⃒𝜒[−𝑎−𝐾,𝑎−𝐾]

cosh𝑥

⃒⃒⃒
≤ 𝐶𝑒−𝐾 . (6.2)
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Therefore, there exists a constant 𝐶 such that for all 𝜎0 ≥ 𝑎, for all 𝑡 ≥ 0 such that 𝐻(𝑡) ≥ 𝑎 and all 𝑥 ∈ R,

‖p⋆‖𝐿2(R) ≤ 𝐶𝑒−𝜎0−𝐻(𝑡). (6.3)

In addition, using (6.1), using that 𝐹6(𝑟) = 𝒪(|𝑟|) and 𝐹7(𝑟) = 𝒪(|𝑟|2), we obtain that there exists a constant
𝐶 such that for all 𝑥 ∈ R, while |Λ(𝑡)| ≤ 𝜈0, we have:

|−𝒥 𝜕𝑥𝑅Λ + 𝐹6(𝑅Λ)(𝜕𝑥𝑅Λ) + 𝐹7(𝑥,𝑅Λ)| ≤ 𝐶

cosh𝑥
,

so that, with the same arguments as above, there exists a constant 𝐶 such that for all 𝜎0, for all 𝑡 ≥ 0 and all
𝑥 ∈ R, while |Λ(𝑡)| ≤ 𝜈0

‖𝐾(𝑡, ·, 𝜎0,Λ)‖𝐿2(R) ≤ 𝐶1𝑒
−𝜎0−𝐻(𝑡). (6.4)

By Cauchy–Schwartz inequality, we obtain that there exists 𝐶 such that for all 𝜎0 ≥ 𝑎, for all 𝑡 ≥ 0 such that
𝐻(𝑡) ≥ 𝑎, while |Λ(𝑡)| ≤ 𝜈0,

|𝐾(𝑡, 𝜎0,Λ)| ≤ 𝐶𝑒−𝜎0−𝐻(𝑡). (6.5)

We recall that 𝒩 (𝑡,𝑊 ) is defined by 𝒩 (𝑡,𝑊 ) = 𝒩1(𝑡,𝑊 ) +𝒩2(𝑡,𝑊 ), with:

𝒩1(𝑡,𝑊 ) =
(︂⟨𝒥L⋆(𝑊 ) | 𝑎1⟩
⟨𝒥L⋆(𝑊 ) | 𝑎2⟩

)︂
, 𝒩2(𝑡,𝑊 ) =

(︂⟨ℎ(𝑡)ℓ(𝑊 ) | 𝑎1⟩
⟨ℎ(𝑡)ℓ(𝑊 ) | 𝑎2⟩

)︂
where L⋆ = 𝐿− a⋆(𝑥)𝜕𝑥. For 𝑗 ∈ {1, 2}, we have

⟨𝒥𝐿(𝑊 ) | 𝑎𝑗⟩ =
⟨
𝐿(𝑊 ) | 1

cosh𝑥
𝒥 𝑇 𝑒𝑗

⟩
=
⟨
𝑊 |𝐿

(︂
1

cosh𝑥

)︂
𝒥 𝑇 𝑒𝑗

⟩
= 0,

so,
⟨𝒥L⋆(𝑊 ) | 𝑎𝑗⟩ = −⟨𝒥 a⋆(𝑥)𝜕𝑥𝑊 | 𝑎𝑗⟩.

Therefore, with arguments used to prove Inequality (6.3), we have:

|⟨𝒥L⋆(𝑊 ) | 𝑎𝑗⟩| ≤ 𝐶‖a⋆(𝑥)
1

cosh𝑥
‖𝐿2(R)‖𝑊‖𝐻1(R) ≤ 𝐶𝑒−𝜎0−𝐻(𝑡)‖𝑊‖𝐻1(R).

So,
|𝒩1(𝑡,𝑊 )| ≤ 𝐶𝑒−𝜎0−𝐻(𝑡)‖𝑊‖𝐻1(R). (6.6)

On the other hand,

|𝒩2(𝑡,𝑊 )| ≤ 𝐶|ℎ(𝑡)|‖𝑊‖𝐻1(R)‖𝑎𝑗‖𝐿2(R) ≤ 𝐾|ℎ(𝑡)|‖𝑊‖𝐻1(R). (6.7)

6.2. Estimate of the nonlinear part

From the expressions of the 𝐹𝑖’s, we obtain that there exists a constant 𝐶 such that for all 𝑟 ∈ 𝐵2(0, 1
2 ) and

for all 𝑥 ∈ R, we have:

|𝐹1(𝑟)|+ |𝐹2(𝑥, 𝑟)|+ |𝐷𝐹4(𝑥, 𝑟)|+ |𝐷𝐹5(𝑟)|+ |𝐹6(𝑟)|+ |𝐷𝐹7(𝑥, 𝑟)| ≤ 𝐶|𝑟|,
|𝐷𝐹1(𝑟)|+ |𝐷𝐹2(𝑥, 𝑟)|+ |𝐹3(𝑟)|+ |𝐷𝐹3(𝑟)|+ |𝐷𝐹6(𝑟)| ≤ 𝐶.

(6.8)

Therefore, there exist universal constants 𝐶 such that for all Λ and 𝑊 such that |Λ| ≤ 𝜈0 and ‖𝑊‖𝐻1(R) ≤ 𝜈0,
we have:

‖𝑇1‖𝐿2(R) ≤ ‖𝐹1(𝑅Λ +𝑊 )‖𝐿∞(R)‖𝜕𝑥𝑥𝑊‖𝐿2(R)
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≤ 𝐶
(︀
|Λ|+ ‖𝑊‖𝐻1(R)

)︀
‖𝑊‖𝐻2(R).

‖𝑇2‖𝐿2(R) ≤
⃦⃦⃦ ̃︀𝐹1(Λ,𝑊 )

⃦⃦⃦
𝐿∞(R)

‖𝑊‖𝐿2(R)‖𝜕𝑥𝑥𝑅Λ‖𝐿∞(R) + ‖𝐹2(𝑥,𝑅Λ +𝑊 )‖𝐿∞(R)‖𝜕𝑥𝑊‖𝐿2(R)

+
⃦⃦⃦ ̃︀𝐹2(𝑥,Λ,𝑊 )

⃦⃦⃦
𝐿∞(R)

‖𝑊‖𝐿2(R)‖𝜕𝑥𝑅Λ‖𝐿∞(R)

≤ 𝐶‖𝑊‖𝐿2(R)|Λ|+ 𝐶
(︀
|Λ|+ ‖𝑊‖𝐻1(R)

)︀
‖𝑊‖𝐻1(R) + 𝐶|Λ|‖𝑊‖𝐿2(R).

‖𝑇3‖𝐿2(R) ≤
⃦⃦⃦ ̃︀𝐹3(Λ,𝑊 )

⃦⃦⃦
𝐿∞(R)

‖𝑊‖𝐿2(R)‖𝜕𝑥𝑅Λ‖2𝐿∞(R)

+ 2‖𝐹3(𝑅Λ +𝑊 )‖𝐿∞(R)‖𝜕𝑥𝑅Λ‖𝐿∞(R)‖𝜕𝑥𝑊‖𝐿2(R)

+ ‖𝐹3(𝑅Λ +𝑊 )‖𝐿∞(R)‖𝜕𝑥𝑊‖𝐿2(R)‖𝜕𝑥𝑊‖𝐿∞(R)

≤ 𝐶|Λ|‖𝑊‖𝐿2(R) + 𝐶|Λ|‖𝑊‖𝐻1(R) + 𝐶‖𝑊‖𝐻1(R)‖𝑊‖𝐻2(R).

‖𝑇4‖𝐿2(R) ≤
⃦⃦⃦ ̃︀𝐹4(Λ,𝑊 )

⃦⃦⃦
𝐿∞(R)

‖𝑊‖𝐿2(R) + |ℎ(𝑡)|
⃦⃦⃦ ̃︀𝐹5(Λ,𝑊 )

⃦⃦⃦
𝐿𝑖𝑛𝑓𝑡𝑦(R)

‖𝑊‖𝐿2(R)

≤ 𝐶
(︀
|Λ|+ ‖𝑊‖𝐻1(R)

)︀
‖𝑊‖𝐿2(R).

‖𝑇5‖𝐿2(R) ≤ ‖a⋆(·)‖𝐿∞(R)

(︂⃦⃦⃦ ̃︀𝐹6(Λ,𝑊 )
⃦⃦⃦

𝐿∞(R)
‖𝑊‖𝐿2(R)‖𝜕𝑥𝑅Λ‖𝐿∞(R)

+ ‖𝐹6(𝑅Λ +𝑊 )‖𝐿∞(R)‖𝜕𝑥𝑊‖𝐿2(R) +
⃦⃦⃦ ̃︀𝐹7(𝑥,Λ,𝑊 )

⃦⃦⃦
𝐿∞(R)

‖𝑊‖𝐿2(R)

)︂
≤ 𝐶‖𝑊‖𝐿2(R)|Λ|+ 𝐶

(︀
|Λ|+ ‖𝑊‖𝐻1(R)

)︀
‖𝑊‖𝐻1(R).

Hence, there exists a constant 𝐶2 such that while |Λ| ≤ 𝜈0 and ‖𝑊‖𝐻1(R) ≤ 𝜈0, we have:

∀𝑖 ∈ {1, . . . , 5}, ‖𝑇𝑖‖𝐿2(R) ≤ 𝐶2‖𝑊‖𝐻2(R)

(︀
|Λ|+ ‖𝑊‖𝐻1(R)

)︀
. (6.9)

We claim that there exists a constant 𝐶3 such that while |Λ| ≤ 𝜈0 and ‖𝑊‖𝐻1(R) ≤ 𝜈0, we have:

∀𝑖 ∈ {1, . . . , 5}, |𝑇𝑖| ≤ 𝐶3‖𝑊‖𝐻1(R)

(︀
|Λ|+ ‖𝑊‖𝐻1(R)

)︀
. (6.10)

Since 𝑇𝑖 is the 𝐿2(R)-scalar product of 𝑇𝑖 with 1
cosh 𝑥 , the estimates performed for 𝑇𝑖, 𝑖 = 2, 4, 5, yield such

estimates by Cauchy–Schwarz inequality.
Concerning 𝑇1, we have:

⟨𝑇1 | 𝑎𝑗⟩ = ⟨𝐹1(𝑅Λ +𝑊 )(𝜕𝑥𝑥𝑊 ) | 𝑎𝑗⟩
= ⟨𝜕𝑥𝑥𝑊 | (𝐹1(𝑅Λ +𝑊 ))*𝑎𝑗⟩,

where we denote by 𝐴* the transpose of a matrix 𝐴,
= −

⟨︀
𝜕𝑥𝑊 | 𝜕𝑥

(︀
(𝐹1(𝑅Λ +𝑊 ))*𝑎𝑗

)︀⟩︀
,

= −
⟨︀
𝜕𝑥𝑊 |𝐷(𝐹1)*(𝑅Λ +𝑊 )(𝜕𝑥𝑅Λ + 𝜕𝑥𝑊 )𝑎𝑗 + (𝐹1(𝑅Λ +𝑊 ))*𝜕𝑥𝑎𝑗

⟩︀
,

so that

|⟨𝑇1 | 𝑎𝑗⟩| ≤ ‖𝜕𝑥𝑊‖𝐿2(R)

(︂⃦⃦⃦
𝐷(𝐹1)⊥(𝑅Λ +𝑊 )

⃦⃦⃦
𝐿∞(R)

(︁
‖𝜕𝑥𝑅Λ + 𝜕𝑥𝑊‖𝐿2(R)

)︁
‖𝑎𝑗‖𝐿∞(R)

+
⃦⃦⃦
𝐹1(𝑅Λ +𝑊 )⊥

⃦⃦⃦
𝐿2(R)

‖𝜕𝑥𝑎𝑗‖𝐿∞(R)

)︂
≤ 𝐶‖𝑊‖𝐻1(R)

(︀
|Λ|+ ‖𝑊‖𝐻1(R)

)︀
.

Concerning 𝑇3, we have:

|⟨𝑇3 | 𝑎𝑗⟩| ≤
⃦⃦⃦ ̃︀𝐹3(Λ,𝑊 )(𝑊 )(𝜕𝑥𝑅Λ, 𝜕𝑥𝑅Λ)

⃦⃦⃦
𝐿2(R)

‖𝑎𝑗‖𝐿2(R)
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+ ‖2𝐹3(𝑅Λ +𝑊 )(𝜕𝑥𝑅Λ, 𝜕𝑥𝑊 )‖𝐿2(R)‖𝑎𝑗‖𝐿2(R)

+ ‖𝐹3(𝑅Λ +𝑊 )(𝜕𝑥𝑊,𝜕𝑥𝑊 )‖𝐿1(R)‖𝑎𝑗‖𝐿∞(R)

≤
⃦⃦⃦ ̃︀𝐹3(Λ,𝑊 )

⃦⃦⃦
𝐿∞(R)

‖𝑊‖𝐿2(R)‖𝜕𝑥𝑅Λ‖2𝐿∞(R)‖𝑎𝑗‖𝐿2(R)

+ 2‖𝐹3(𝑅Λ +𝑊 )‖𝐿∞(R)‖𝜕𝑥𝑅Λ‖𝐿∞(R)‖𝜕𝑥𝑊‖𝐿2(R)‖𝑎𝑗‖𝐿2(R)

+ ‖𝐹3(𝑅Λ +𝑊 )‖𝐿∞(R)‖𝜕𝑥𝑊‖𝐿2(R)‖𝜕𝑥𝑊‖𝐿2(R)‖𝑎𝑗‖𝐿∞(R)

≤ 𝐶‖𝑊‖𝐻1(R)(|Λ|+ ‖𝑊‖𝐻1).

Therefore, as shown previously, and by the Young inequalities, we obtain that there exist a constant 𝐶 such
that while |Λ(𝑡)| ≤ 𝜈0 and ‖𝑊 (𝑡)‖𝐻1(R) ≤ 𝜈0, then:

‖𝐹 (𝑡, 𝑥, 𝜎0,Λ,𝑊 )‖𝐿2(R) ≤ 𝐶‖𝑊‖𝐻2(R)

(︀
|Λ|+ ‖𝑊‖𝐻1(R)

)︀
+ 𝐶 exp(−(𝜎0 +𝐻(𝑡))). (6.11)

and,
|𝒢(𝑡, 𝜎0,Λ,𝑊 )| ≤ 𝐶‖𝑊‖𝐻1(R)

(︀
‖ℎ‖𝐿∞ + ‖𝑊‖𝐻1(R)

)︀
+ 𝐶 exp(−(𝜎0 +𝐻(𝑡))). (6.12)

All the previous inequalities in this subsection are true under the condition |Λ(𝑡)| ≤ 𝜈0 and ‖𝑊‖𝐻1(R) ≤ 𝜈0.
We conclude the proof of Proposition 5.1 using the norms’equivalence results in Corollary 4.1.

7. Conclusion

For a small enough applied field, it is proven in [7] that the DW is pinned at the notch. It is also proven
that the DW can be depinned by applying a large enough magnetic field. In the present paper, when a small
magnetic field is applied, we establish that DW dynamics are less and less affected by the notch as the DW
moves away from it.

To demonstrate our result, we need assumptions about the applied field. Concerning the smallness assumption
(1.5), inspired by Jizzini [10], we can conjecture that any 𝛿0 in [0, 1[ would allow us to conclude. We remark that
the condition 𝛿0 < 1 is necessary to ensure that the magnetization almost equal to +𝑒1 in the right-hand-side
domain will not be destabilized by a contrary applied field.

With regard to assumption (1.6), although certainly not optimal, it reflects the fact that the applied field
must be strong enough to “control” the DW dynamics. Indeed, we can conjecture that in the absence of a
magnetic field, even when far from the notch, the DW remains subject to its attraction, and will therefore move
closer to it. Quantifying this long-range interaction and describing the DW dynamics it generates remain open
problems.
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[6] G. Carbou and S. Labbé, Stabilization of walls for nano-wires of finite length. ESAIM Control Optim. 18 (2012)
1–21.

[7] G. Carbou and D. Sanchez, Stabilization of walls in notched ferromagnetic nanowires. hal-01810144 (2018).
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