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DOMAIN WALL DYNAMICS IN NOTCHED FERROMAGNETIC NANOWIRES

GILLES CARBOU @, MUSTAPHA JAZAR?® AND MOUNA KASssaN'?
)

Abstract. We study the dynamics of magnetization reversals, known as walls, in a notched ferro-
magnetic nanowire. The model used is the Landau—Lifschitz equation in dimension 1, with a weight
representing the notch. Despite the pinning properties of notches, we establish in this article that when
the applied field tends to push the wall far away from the notch, pinning effects are negligible, and wall
dynamics are asymptotically close to those in an unnotched wire.
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1. INTRODUCTION

1.1. The physical context

Ferromagnetic nanowires have become the subject of numerous studies in both physics (see [9,11-13,16])
and mathematics (see [4,5,7,10,17]). In such devices, magnetization spontaneously divides into uniformly
magnetized regions called domains, separated by thin zones of magnetization reversal called domain walls
(DW). This property enables digital data to be stored, the information being encoded by the positions of the
DWs along the wire. In this context, DW stability is crucial for ensuring storage reliability, as an undesired
displacement of a DW can deteriorate the data. To fix DW positions, notches are patterned along the wire
(see [12,18]). DWs pinning by the notches ensures the reliability of the storage mode without requiring energy
consumption. Nevertheless, to bring the information to a read/write head, it can be necessary to unpin DWs.
It is achieved by injecting an electric current or applying a magnetic field (see [9,11,12]).

In this paper, we consider a one-dimensional model of ferromagnetic notched nanowire obtained in [1] by
asymptotic process. This model was used in [7] to highlight DW pinning effects of notches. Our goal is to
describe in this model the behavior of a DW when subjected to a magnetic field and as it moves away from the
notch. We establish that the DW dynamics become similar to those observed in the absence of a notch.

Afterwards, we denote the canonical basis in R? by (€7, €, €3). The Euclidean scalar product, its associated
norm and the cross product are denoted by -, |.| and x respectively.
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1.2. DW dynamics in unnotched nanowire

We consider the following one-dimensional model of ferromagnetic nanowire of infinite length and constant
cross-section justified by asymptotic methods in [6,15].

The wire is assimilated to the axis Rej. The magnetization is described by the magnetic moment m :
R x R, — R3 satisfying the saturation constraint:

|m(t,z)] =1 in R x R,, (1.1)

so that m takes its values in S?, the unit sphere of R3.
We assume that the wire is submitted to an applied magnetic field of the form —h(t)é}, where h is a time-
depending continuous function. The variations of m are described by:

om
ot

q(m) = Ogam + (M - €1)€].

= —m x (¢(m) — h(t)e1) —m x (m x (g(m) — h(t)é1)) (12)

We remark that system (1.2) is invariant by translation in the variable z and rotation around the axis Reé,
that is: if m satisfies (1.2), then for ¢ € R and o € R, (t,2) — Rym(t,x — o) is also a solution, where

1 0 0
R,=[0 cosp —singp
0 sinp cosy

We consider now the profile My given by:

tanh x

Mo () = coslha;

0

This profile is a static solution of (1.2) for vanishing h and describes a DW connecting a left-hand-side —eé}-
domain and a right-hand-side +¢;-domain. Stability and asymptotic stability modulo translation/rotation of
the profile M are established in [5].

For a non-zero h, the solution of (1.2) for initial data of the form z — Ry, My(x — 0¢) is given by:

M (t,x) = Ripo— @) Mo(x — oo — H(t)), where H(t) = /0 h(s)ds. (1.3)

In [10], if A does not depend on time, it was shown that .}, is stable in the Lyapunov sense and asymptotically
stable modulo translation-rotation if || < 1, and that .#, is linearly unstable if || > 1. In [8], the stability and
asymptotic stability modulo rotation/translation of .4, are established for time-depending h, under a smallness
assumption on ||hHLOO(R:f).

1.3. Model for notched nanowire

Now we consider a ferromagnetic nanowire of infinite length (assimilated to the real line) presenting a notch.
We introduce the C* function s : R — [p1,1] C R*T, where 0 < p; < 1, such that s(x) is proportional to the
cross-section area of the wire at the abscissa . We assume that s = 1 outside [—a, a]. Note by s’ the derivative
of s with respect to = (Fig. 1).

In the static case, the energy associated to a magnetisation configuration m : R, — S? is given by:

E(m) = 3 /Rs(nc)\@xﬂﬂ2 + %/Rs(x)(l — |m(z) - é’1|2) dz.
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FIGURE 1. Function s(z).

In the dynamical case, in the presence of an applied magnetic field of the form H,(¢,x) = —h(t)e}, variations
of the magnetic moment m : R x R, — S? are described by the following Landau-Lifschitz equation:

om = —m x Heg(m) — m x (m x Heg(m)) in Rt x R,
ot o (1.4)
Hog(m) = Opam + gamm + (m-€1)e1 — h(t)é.

We note that the model above is invariant under rotation around the Ré; axis. Because of the notch, we no
longer have translational invariance. In [7], in the case of a O-symmetric notch (s is even) with s increasing on
[0, a], the authors establish the existence and asymptotic stability modulo rotation of static profiles describing
a DW centered at the notch. This illustrates DW pinning effects of notches. For larger magnetic fields, it is
shown in [7] that such stationary solutions no longer exist, which illustrates DW depinning by a sufficiently
large applied field.

1.4. Main result

In this paper, we are interested in DW behavior after depinning, and we show that once away from the notch,
the DW dynamics are close to those described by (1.3) for unnotched wires. We establish the following theorem:

Theorem 1.1. Let s : R — RT be a C!-function such that s(x) =1 for x ¢ [—a,a] and 0 < py < s(z) <1 for
x € [—a,a]. There exists &g > 0 such that for any continuous function h : R™ — R satisfying

Vi, |h(t)] < do, (1.5)
and such that

0o t
/ e dt < +oo, where H(t) = / h(s)ds, (1.6)
0 0

then for any € > 0, there exist o* and n > 0 such that the following holds: for all o9 > o* and for all pg € R,
we consider My given by
//h(t, x) = R(WO,H(t))Mo(I — 09 — H(t))

Then all solution m of (1.4) such that ||m(0,-) — (0, )| g1 w) < 1 satisfies:
VteRT, |m(t,) — An(t, )| r) <e.
Furthermore, there exists (oo, 0oo) € R? such that:

m(t,) = Rp An(t, + 0s0) 0.

||H1 (R) t:)oo
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The paper is organized as follows. Section 2 is devoted to obtaining successive equivalent forms for equation
(1.4). In particular, we describe the perturbations m of .4, satisfying the saturation constraint in a mobile
frame so that the new unknown r takes its values in the flat space R?, and that m is close to .4, if and only if
r is close to zero.

In Section 3, due to the system’s invariance by rotation around the axis €}, and the quasi-invariance by
translation when the wall is far from the notch, a two-parameter family Ry of quasi-solutions of the equation
in 7 is obtained. Then we decompose r as r = Ry + W, where W is in the orthogonal of the linearized kernel
of the system without notch used in [10]. The same technique was used in [2] to prove the stability of traveling
waves in thin films and in [14] for radially symmetric traveling waves in reaction—diffusion equations.

In order to perform variational estimates in Section 5, we establish in Section 4 a uniform coercivity result
for a one-parameter family of linear operators arising in the equation satisfied by W. For the convenience of the
reader, technical estimates on nonlinear terms are postponed in Section 6.

2. EQUIVALENT FORMS OF THE EQUATION

Let m : Rt x R — S? be a solution to the model (1.4). We define M : RT x R — 52 as :
M(t,7) = R_gpo+m)ym(t, z + oo + H(t)),
and a, by:
a(z) = Sgl(x+ao + H(t)). (2.1)
Then, M satisfies the saturation constraint, and we prove by a simple calculation that m is a solution for
(1.4) if and only if M satisfies the following system:

OM M x q(M) = M x (M % q(M)) + h(#)@:M + M x (M x 1))

ot
—a,(z)(M x 8, M + M x (M x 8,M)), (2.2)
q(M) = 0y M + (M - €7)é7.
Furthermore, m is close to .4}, if and only if M is close to M.
We consider the following orthonormal frame (My(z), M;(z), M) with

tanh x 1 0
1 cosh x
MO (I’) = cosh - s M1 (l‘) = . tanh x and MQ = 01
0 0 B

In order to consider only perturbations M of M, that satisfy the saturation constraint, we describe these
perturbations in the mobile frame by writing:

M(t,x) = Mo(z) + r1(t, ) My (x) + ro(t, ) Mo + u(r(t, z)) Mo(x), (2.3)

where

r:RT xR — By(0,1) C R?
(t,z) — r(t,z) = (r1(t,x), ra(t, x)),

and where p(r) = /1 —r? —r3 — 1. In order to avoid singularities of u when |r| = 1, we will have to check in
the calculations that for all ¢, [|7(t,-)||L=(®) < 3, so that r(¢,x) remains far from the unit circle.
Plugging (2.3) into (2.2), we obtain that M satisfies (2.2) if and only if r = (r1,72) is a solution of the

following system:
or

7
57 = P(@) + (TZ + h(t))r + ; Fi, (2.4)

where:
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— p, is defined by

— J is given by

— the two operators .Z, and { are given by
Z(1r) = =0pgar — 0, ()0 + g(x)r and  £(r) = Opr + tanh(z)r,
with g(z) = 2tanh?(z) — 1.
The nonlinear terms .%;, i € {1,...,7}, are given by

T = F1(r)(0par), Fo= Fo(x,r)(0,1), F3=F3(r)(0yr,0.1), Fy4=Fy(z,r),
F5 = h()Fs5(x,7), Fo=a,(x)Fs(r)(0:1), Fr=a(x)Fr(x,r),

where

()4 2u0) ) +12) T\ (4 ()

2 (n(+pr) 0 2 (1+ p(r))? + 73 .
B“”‘mmxﬁﬁmwwm>Q*wﬂ@(ﬂm@ﬁrmyM%

L+ p(r) 2, .
F()_(m—rzl—i-u( ))>D“( )

Fi(r) = <2u(r) + u?(r) +r? p(r) —rirg ) N <—r1(1 +p(r) + 7“2) D),

2smh(a: —ri(1+ p(r)) —re
coshQ(x (r)g(m)) ( r1 — ro(1 4 p(r))

( )—uwmwm
( T)1+w<»+mmmmmww— T3

cosh(x)
12
h
cosh( ] + p(r)re tanh(z)

)+ 73 p(r) —rire —r1(1 4 pu(r)) —rg
— 7Ty 2u(r) + p?(r) + T%) " ( r1 —r2(1 4+ p(r)) )D ),
(u (r) +3pu(r )(Hu(r))ﬂr%+r§)(1+u(r))+m2>

2

Fy(w,r) = cosh(a:)

where Dpu(r) and D?u(r) denote the first and second order total derivative of r +— u(r). We remark that

)
Fy € C*(B2(0,1); M2 ( ), and Fy(x,r) = O(|r|?), where M (R) is the set of the 2 x 2 matrices.
Fy € C(R x By(0,1); Ma(R)), with Fy(z,r) = O(|r]).

with values in R%. We have: F3(r) = O(|r]).

Fy € C*®°(R x B3(0,1);R?), and Fy(r) = O(|r|?).
F5 € C®(R x By(0,1); R?), and F5(r) = O(|r|?).
Fs € C*°(B2(0,1); M2(R)), and Fg(r) = O(|r]).
— F7 € C®°(R x By(0,1);R?), and Fx(r) = O(|r|?).

675

F3 € C*°(B2(0,1); L3(R?;R?)), where Lo(R?; R?) is the set of the bilinear applications defined on R? x R?
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3. NEW COORDINATE SYSTEM

We denote by (|) the L?(R) scalar product:

(u]v) = /Ru(x) -v(x) de,

where - is the multiplication in R if 4 and v are real-valued or the scalar product when they take their values
in R2.
The operator %, is a perturbation the operator L given by:

L=- iz + G-

As proved in [3] (see Prop. 3.1.), L is self-adjoint with respect to the L?(R) inner product. In addition, it can
be factorized as L = £* o ¢, with £ = 0, + tanh x, so that L is positive and Ker L = Ker ¢ = Rﬁ. Moreover,
the essential spectrum of L is [1, +oc[ and has only zero as its eigenvalue. Indeed, if Lu = Au, with u € H?(R)

and A # 0, then by applying £, we have:
Mu=/{oLu=/{o/l*o/lu,

so that fu is an eigenvector of £o £*. However, o ¢* = —0,, + 1, so this operator has no eigenvalue. This implies
that fu =0, so A =0.
Therefore, on (Ker L)+, L > 1:

1
cosh x

Vo e H*(R), <v| > =0 = (Lv|v) > Hv||2L2(R). (3.1)

Then, by invertibility of the matrix J, the kernel of JL is the two-dimensional space generated by a; and
a9 with

1 0
aj(z) = | cosh(z) |, aq(x)= 1
0 cosh(z)

Equation (2.4) is invariant by rotation, and quasi-invariant by translation far from the notch. For A = (6,0) €
R?, we denote by My the rotation/translation of the quasi-solution Moy:

M(x) = Rg(Mo(z — o)),
and we denote by R the coordinates of My (z) in the basis (M (z), Ma):
tanh(z — o) cos0 tanh(z)

Ma(x) - My(z)\ coshz cosh(z — o)
Ma(z) - My ) = . (3.2)

—sinf

Ry(x) = (
cosh(z — o)

In [5], the authors establish that there exists a neighborhood U C L?(R;R?) of 0 and a neighborhood
VY C R? x L?(R;R?) of (0,0) such that for r € U, there exists one and only one couple (A, W) € V such that
r = Rp + W where the components W; and Wy of W are in (Ker L)*. In addition, W as the same regularity
as r. Therefore, while r(t) remains in U, we decompose r(¢,-) as:

T(t, I) = RA(t) (l‘) + W(t7 I), (33)
where (A(t), W(t,-)) € V C R? x L?(R; R?), with W(¢,-) € (Ker L)+, that is:

vje (1,2}, Vi, /W(t,x) () de = 0. (3.4)
R
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We introduce v > 0 such that if [A(t)| <vg and [|[W (¢, )| g1 (r) < vo, then:

Ray() +W(t,) €V and  |[[Raw)(-) + W(t, )l eom) <

N |

We substitute r by Ry + W in (2.4) and we obtain that while [A(t)| < v and [[W (¢, )| g1 (r) < o, we have:

dA ow
onta (5 )+ T = a(o) + (24 BOOOV) + (T2 + KON ()
+ F3(RpA + W)(0,RA + 0.W,0,RA + 0, W) + Fy(x, Ry + W)
+ h(t)Fs(z, Ry + W) + a,(x) Fs(Ra + W) (95 Ra + 0, W)

+ a,(x)Fr(z, Ry + W).

(3.5)

For a constant A, Ry is a static solution for equation (2.4) without the terms containing a,.(x). So we have:

(TL+ h(t)0)(Ra) + F1(RA)(OzaRA) + Fa(x, RA) (O Rn)

+ F5(RA)(Ox R, OxRA) + Fu(z, Ro) + h(t)F5(x, Rp) = 0. (3:6)

In order to use Identity (3.6), we perform a Taylor expansion in the variable r for F, ..., F; on the following
way. For a function F defined on B»(0, 3) C R? with values in a vector space #/, we write:
F(Ry +W) = F(Ra) + F(8, W)(W),
with )
FW)W) = [ DF(Ry + )W) dy,
0

where we denote by D the total derivative in the variable r, so that DF(r) € L(R?;#'). Using these notations
for Fy,..., F7, using (3.6), we have:

da\ | ow .
ot (7 ) + i = K00 ) 4 (T 4+ OO0V + 3T @.1)

e K(t,x,00,A) = ps(z) + a.(z) (_jamRA + Fo(Ra)(0zRa) + Fr(z, RA))»

and

RA 4+ W)(0z W),

(W)(0zaRa) + Fa(x, Ry + W) (0: W) + Fa(x, A, W)(W) (9, Ra),
YW)(Ox R, Oz Rp) + 2F3(RA + W) (0x Rp, 0. W) + F3(Rp + W) (0, W, 0, W),
(W) + h(t)Fs (A, W)(W),

)(W)(0:Ra) + Fo(Ry + W)@, W) + Fr(w, A, W)(W)).

=
Il
2
=

=
5
-~
=

We take the L?(R)-inner product of (3.7) with a; and as. By the orthogonality condition on W, we have:

oW N oW
ot ") " N\ar '"7*) T
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So, we obtain that

5
AWS =R (1,00, M) + N (W) + 3T, (39
i—1
where
(1) (B
a0 '™ 90 ' — (K(t,z,00,A) | a1)
A) IR IR ’ Kt o0, 8) = <(K(t7$,0071\)a2>>’
a0 | 9o |
(TL W) + h(t)((W) |a1>) = (<Ti | a1>)
Nt W) = , T, = )
)= (520 i 0) (Ti )
We observe that A(0) = — <(1) (1)>, thus for sufficiently small A, we can invert the matrix A(A). Even if

it means reducing vy > 0, we assume that (A(A))~! is defined for all A € By(0,1p). Hence, while |A(t)] < v,
while |[W (¢, )| g1 ) < o, we have:
dA

a = g(t,do,A,W), (39)

where

G(t, o0, A, W) = (A(A))™? (K(t,omA) +N(t, W) + iz)

i=1

By substituting the expression for % into (3.7), we obtain:

%/ = JL(W) + h()e(W) + F(t, ¢, 00, A, W), (3.10)

where F(t,z, 00, A, W), the nonlinear part of (3.10), is given by:

5
F(t,z,00,A,W) =Y _Ti — OARA(G(t, 00, A, W)) + K(t, 2,00, A). (3.11)
i=1

Therefore, (2.4) is equivalent to system (3.9) and (3.10), and r is close to zero in H'(R) if and only if (A, W)
is close to (0,0) in R? x H'(R). It is also important to note that the system (3.9) and (3.10) is valid as long as
IA)] < vo and [|[W | g1y < vo.

4. UNIFORM COERCIVITY OF THE OPERATOR .%,

The operator .%,, defined in (2.5), depends on oy and H(t). We prove in this section that, when restricted to
(Ker L), it is uniformly coercive with respect to o + H(t) when this quantity is large enough.
For A € R, we denote by (-|-), the weighted scalar product given by:

(wloh = [ sta+ Nu()ota) da,

and by || - | 12 the associated norm. We denote by £y the operator:

/

v = —0pgv — S—(sc + A)0v + g(z)v.
s

We claim the following proposition:
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Proposition 4.1. There exists \g such that for all A\ > X\o, for all w € H?(R;R) such that <w| L > =0,

coshz
1 2
(Bwlw), 2 gl

Proof. We fix x¢ > 0 such that

Ve €R, |z| > zy < g(x) > (4.1)

DN | =

We consider a smooth non decreasing function ¢ : R — [0, 1] such that ¢(z) = 0 if # < —2 and ¥(z) = 1 if
z > —1. We define ¢ : R — [0, 1] the smooth function defined by ¢(z) = /1 — (¢(2))?, so that 1(z)? +¢(z)? =
1.

For A € R, we define 9 and ¢ by ¥a(x) = (F) and ¢x(x) = ¢(5), so that

UA(z)? + oa(z)? =1, (4.2)

with supp ¥y C [*%7+OO[ and supp ¢y C| — oo, fg].

Using (4.2), we have:
(Lw|w), = (Lw|iw), + (Lw|Piw),.

Using that v = Oz (s(x + X)0zv) + g(x)v, we have:

1
T s(zN)
(Bw|viw), =71 + / s(x + Ng(@)irwl,

with
= / — 02 (s(x 4+ \)pw) - Y (2) w.
R

We have:

s(x + \)0pw - 0z (Vx(z)*w)

S
I

s(z 4+ N)0pw - Yrwdywa(z) + / s(x + X)Ozw - Op(Vaw)ha(x),
R

T~

S(@ + N[0 (aw)? — /

R

s(z + Nwogy - 0 (Vaw) + / s(x 4 X)Ozw - WALV (),

R

s+ N[Ol = [ s+ Nl iosin
Thus, we have:
(Lw|y3w), = /RS(x +2) (10s (aw)? + g (@) [awl?) — /Rs(x + A w0z val*.
With the same calculation for the term in ¢y, we obtain that:

(Lw|w)y, = (Lr(Drw) [ Yaw)y + (La(Prw) | prw)y — /Rs(x + N|w|* (10205 + |0201]%)- (4.3)



680 G. CARBOU ET AL.

Estimate for y)w

We remark that the support of ¥ w is included in [—%, +ool, and that the support of s'(- 4+ A) is included in
[-a — A,a — A]. Thus, for A > 3a, [—%, +oo[N[—a — A, a — A] =0, so that s(- + A) = 1 on the support of ¥\ W.
Therefore

(A (haw) [ Paw)y = (L(Paw) [rw).
In order to use the coercivity of L in Ker L+, for u € H?(R), we define u' by:

1
coshz’

ut =u— %<u| 1/ cosh(z))
and since ut € (Ker L)+, we have:

(L) = (Lu [ut) > ut 2.
Since by Pythagore:

lull 2oy = 1wt 72m + %\<u|1/008h$>|27
we obtain that:
(Lulu) > |lulls @) — %\(Ull/coshxﬂz' (4.4)
We apply (4.4) for u = ¢ w.

1 1
1 hx) = -1 .
(¥aw[1/ coshz) /choshx +/R(¢)‘ )wcoshm

The first term of the right-hand side vanishes by orthogonality condition w € (Ker L)*. In addition,

1 1
-1 < -1 .
R e e (e
Since:
1P 1 B A
-1 = —1P—— < ——— <1-—tanh( =
H(ib‘ )coshx L2(R) /RW)‘ | (coshz)? — /,oo (coshz)? — o (3)’
we obtain that:
1 — tanh(2)
(Aaw) [aw)y > [[awlli; — ———— [wlfzm)- (4.5)

Estimate for ¢)\w

‘We hayve:
(Lr(drw) | rw)y = / 5(z — N (|20 (6x) 2 + g(@)]dxw?).

We remark that supp ¢ C] — oo, —3], so if A > 3z (where o is defined by (4.1)), then g(z) >
of ¢ w. Therefore,

% on the support

1
VA =3z, (La(oaw)|daw), = §||¢KWH%§(R)- (4.6)
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Estimate for the last term in (4.3)
We remark that 9,1, = $1(%), so that:

C
102¥x]| oo (m) < 3

The same estimate occurs for ¢y, and we obtain that there exists a constant C' such that:

C
‘/Rs(z + Vw89 + 10:02%) | < 3510123z (47)

From (4.3), (4.5), (4.6) and (4.7), using also that for all A,
leUH%Z(R) < HU||2L§(R) < HU||2L2(R)7
we obtain that for all A,
1 1 —tanh(2 C
(Bw|w)y > [[¥rwll7z + §||¢Kw\|%; - (2/71(3) + )\2> lwll7-
1—tanh(g

Since 1/}A + ¢/\ =1, since T) + )\2 tends to zero when A tends to +0o, there exists Ay such that for all
A > Ao, for all w € H*(R;R) such that (w| =) =0,

(Bw|w), > |wHL2 (4.8)

V2
This concludes the proof of Proposition 4.1. a

Remark 4.1. For w € H?(R), we have:
(Baw|w), = / s(@ + 2 (10w + g(@)w]?),
R

so we can give a sense to (Bw|w), for w € H'(R), and by density argument, we can extend Inequality (4.8)
to functions w in H'(R) N —3

cosh z

By Cauchy-Schwartz inequality in (4.8), we obtain that for A > \g, for all w € H2(R;R) N (1/ coshz)*, we
have:

1
iz <1 Bwlleg llwlzz,

so that:
wllze < 4l-Bwl| Lz (4.9)

In addition, by Cauchy—Schwartz inequality and using (4.9), we have:
(Bl w), < 4Ll (4.10)

We obtain also the following corollary:

Corollary 4.1. There exist oy and ao, with 0 < a1 < ag, there exists Ao such that for all X > X\g, for all
w € H*(R;R) such that (w|—1=) =0,

arllwll e < (Buw|w)F < asllwllm @, (4.11)

o lwll ) < 1Bz < asllwllie .
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Proof. First, we have:
J0w0l3sy < -l < - ((Bawlwly + gl collolly)
So, using (4.9) and (4.10), we obtain that:
o0l < =Bl (4.12)
Writing that 0, w = —LBw + g(z)w — S?/(:I: + \)0,w, we obtain that:

2 1 2
||8wa:wHL2(R) < pTHawwwHLfv

1 2 9 s’
< (nzawug gl s + [

||aww||L;>, (4.13)
L>(R)

< KBl

where K does not depend on A > Ag.
From (4.9), (4.12) and (4.13), we obtain that there exists a constant K independent of A > Ao such that for
all w in (Ker L)*,

1
[wllmE) < K{(Aw|w)? and ||w|peg) < K[| LBuwll L. (4.14)

From (4.14), we obtain the existence of a;. The existence for ay is straightforward. O

5. VARIATIONAL ESTIMATES AND PROOF OF THEOREM 1.1

In the remainder of this paper, we assume that:
Hh||Loo(R+) <1 and Vt>0, o9 —I-H(t) > Xo. (51)

We will perform variational estimates on equations (3.9) and (3.10). We equip L?(R) with the weighted scalar
product (see [7]) given by: for u,v € L3(R),

(ulv), = /RS(I + o0+ Ht)u(x)v(x) de = (u|v)y | gy (5.2)
associated with the norm || - |2y = || - HL30+H(t) defined by
2
lullz = ( [ sto+ o0+ HOlu)ac) 53
R

Using (4.11), we define v; > 0 such that v, < 1 and such that for all W € H(R;R?) N (Ker L),
(ZWIW)2 <vi = [Wm @) < vo
Therefore, while |A(t)] < v1 and (LW | W)*% < vy, the system (3.9) and (3.10) is valid.
The right-hand-side terms in (3.9) and (3.10) are estimated in the following proposition.
Proposition 5.1. Under assumption (5.1), there exists a constant Cy such that while |A(t)] < vy, while
1
<°%(W | W>E <,

IF (00, A W)l < CLllZW |z (1AL + (LW [W)F ) + Crexp(—a0 — HI2)), -
1G(t, 00, A, W)| < CL{ZW | W)} + Cy exp(—a0 — H(1)).

For the convenience of the reader, the proof of Proposition 5.1 is postponed in Section 6.
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5.1. Variational estimates for W

We observe that s(—0,, — %830) = —0,(s0;), which implies that the operator % is self-adjoint with respect

to the weighted scalar product (- |-),. Moreover, for all u € H*(R), we have
(el = [ o+ o0+ )00 + gl ). (55
where g(x) = 2tanh® z — 1. Now, we take the scalar product in L2(R) of (3.10) with £ W. We obtain:
<86Vf |Dzaw>* W oy + W) | LW, + (F(t, .00, A, W) | LW, (5.6)
We notice that

<8thV |-$*W>* - %%W | W), = 5h(0 /R s'(@ + 00+ H(B) (10: W] + g(2) W)

Since s’ is bounded, there exists a constant C3 such that:
h(t) /R s'(z + 00 + H()) (10:W ] + g(2)[W]?) < Col|h]| = W[ w).
therefore, using (4.11), there exists a constant C3 such that
h(t) /R s' (@ + o0 + H()(10:W]* + g(2)IW]?) < Csl|hllz LW 7). (5.7)
By the Cauchy—Schwarz inequality,
[(EW) | LW )] < W)l L2y 1L W || L2
and since [[{(W)[|z2®) < C[|W | g1 (r), using (4.11), there exists a constant Cy such that:
(W) | LW, | < [EW )l L2 | LW | L2 m) < C4||»2’1W||2L§(R)a (5.8)
In addition, by using Proposition 5.1, we obtain:
1
(F(t, 2,00, A,W) | ZW),] < C1(IA] + (LW W) | LW [y
+ Crexp(—(o0 + H() [ LW || L2®)-
Therefore, combining (5.6)—(5.9), we obtain that

d

SULW W), + 2] LW [z, < Crexp(~(0 + H(ED) LW | 2s

+ (2(Cs + Co) bl + CL(JA] + (LW [W))7 ) LW 2 r)-
By Young inequality, we obtain that:
1
Crexp(—(oo0 + H(1))) LW | L2®) < ZH»%WH%E(R) +2(C1)? exp(—2(00 + H(t))).

Therefore, under assumption (5.1), we obtain that there exist K3 > 0 and K3 > 0 such that while |A] < 14
1
and (ZW |W)2 <, we have:
SLaw Wy, + (25— K (A1 + (LW W2+ lhllo ) ) 1L WS
at = * 17! * * o F LR (5.10)
< Ko exp(—2(og + H(t))).
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We assume that ||h||pe < §; := min{l, ﬁ} We denote by 71 = min(v, ﬁ) Then, while |A] < n; and
(LW W>*% <11, we have:

d
3 EWIW), + LW |72y < Ko exp(—=2(ag + H(1))).

Nl

Therefore, using (4.10), we obtain that while |A| < and (ZW |W)2 <y,
d 1
3 EWIW), + (AW W), < Kz exp(—2(00 + H(1)))- (5.11)
We consider the solution of the Cauchy problem:

1
Y/ + Y = Kyexp(~2(o0 + H(1))),

(5.12)
given by:
t K s—t
Y(t) = (ZLW(0,-) | W(0,-)), exp<—4> + Ko exp(—2ao)/ exp<4 - 2H(s)> ds. (5.13)
0
By (5.11), (LW |W), is a sub-solution for (5.12), so that: for all ¢ > 0, while [A| < n; and (ZW | W)E <,
we have:
(LW W), ([t) <Y(1). (5.14)
We remark that for all ¢ > 0,
t
VI < LW 0.9 W 0., e -5
¢ st 3
+ Kz exp(—og) exp(—H (t)) (/ exp(4 +2H(t) — 2H(s)> ds>
0
We remark that for 0 < s <t,
t
Ht) - H(s) < [ [hr)]dr < (¢ = 9],
Therefore,
’ s—t K 1
/ exp( +2H(t) — 2H(S)) ds < / eXp(2h||Loo - ) (t —s)ds.
0 4 0 4
Thus, there exists K3 such that if |||~ < 1—16,
t
VY < W (0, W, ), exp(—g) 1 Ky exp(—o0) exp(—H(1)) (5.15)

So that:

+00 Foo
/0 \/Y(t)dtg8\/<$W(0,-)|W(0,~)>*+K3exp(—ao)/0 exp(—H(t)). (5.16)
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5.2. Estimate on A
According to (3.9), (5.4) and (5.14), for all ¢ > 0, while |A] <, and (LW | W)é , we have:

‘ = |G(t, 00, A, W)| < C1\/Y (£) + Cy exp(— (o0 + H(L))). (5.17)

We define 7 by:

+o0o
éf:/o exp(—H(t))dt.

By integration of (5.17), by Estimate (5.16), under the assumption ||h||z~ < min{{,d1}, we obtain that
while |[A| <7y and (LW | W)é < m1, we have:

+o0 +oo
()] < |A(0)|+01/0 VY@ dr + Gy exp(—ao)/o exp(—H (7)) dr,

< IAO)]+ € (3y/(Z 0. W0, + Kaot expl-a0) ) + Crexp(-a)#.

Therefore, under the assumption |[hf|z~ < min{s, 6}, there exists a constant Ky such that while [A] <y
and (LW | W)E < 11, we have:

[A(B)] < [A0)] +K4\/<$W( VW0, -)), + Ky H exp(—0o). (5.18)

5.3. End of the proof

We define 8y by dy = min{:,d1}. We assume that [|h]| =~ < &y and that J# = fo exp(—H(t))dt < 4o0.
We remark that these asumptions imply that H(t) tends to +o0co when ¢ tends to +o00, so that H(t) is bounded
by below on R*:

JH™ e RT, Vt>0, —H™ < H(t).

We fix & such that
M+H <a, Kzl e77< % and Ky e ° < % (5.19)

(we recall that \g is given by Prop. 4.1). We fix 7 > 0 such that

p<B and Ko< (5.20)
4 4
We assume that:
o0 >5, |AO) < and (ZW(0,)|W(0,))F < . (5.21)

We remark that for all ¢, o9 + H(t) > Ao. Let us prove that for all ¢t > 0,

N\»—A

IA(@) <m  and (ZW(L,-)[W(L )7 <m. (5.22)

If it is not the case, we consider the first time T such that:

* ol

M) =m or (LW(T,-)|W(T,-))? =m. (5.23)
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Since at initial time, |A(0)| < 7 < 1 and (LW (0,-) | W (0, -))é <v<m,T>0.For all time t € [0,T], we are
in the domain of validity for (5.14) and (5.18), so using also (5.15), (5.19) and (5.20), we have:

(AW [W(0) < \(ZIV0.) W0 ) exp( ~ 5 ) + Kaexp(-au) expl (1)

< J(ZW(0,) [ W(0,), + K3 exp(~0o) exp(H ")
< 2m
- 3
and
3m

IO

which leads to a contradiction with (5.23). Thus, (5.22) holds for all ¢ > 0.
Therefore, under assumption (5.21), the following holds for all ¢ > 0:

Nl=

(LW W)z (t) < \/<.,€’1W(0, )W (0, -)), exp (—;) + K3 exp(—og) exp(—H(t)),
D] < [AO)] + Ka/CAW(0,) [W(0,)), + Ka exp(—on).

|
dA
< T+ Ol on) expl—H D)

The first two estimates imply the stability of (0,0) for the system coupling (3.9) and (3.10). The third estimate
implies that A(¢) has a limit when ¢ tends to +00. This concludes the proof of Theorem 1.1. It remains to prove
Proposition 5.1.

6. PROOF OF PROPOSITION 5.1

6.1. Estimates of K and N
From (3.2), there exists a constant C such that for all A € R? such that |A| < vy, we have:

C

<
Ve €R, [Ra(@)| +[0:Ra(@)] + |0 Ra ()] < ——

[A]. (6.1)
In particular, we obtain that
[BAlloe ) + 10 Rall oo ®) + 1022 BA () ]| oo () < CIA].
In addition, while [A(t)| < vp and [|W (t,-)|| g1 (r) < vo, We have:
[ Race) + W (E, )o@y < C(IAG)]+ W (R )] wy)-

Since the support of s’ is included in [—a, a], the support of x — a,(x) is included in [-a — o9 — H(t),a —
oo — H(t)], so that for all oy > a and all ¢ such that H(¢t) > a,

1

WX[fafo'ofH(t),afo'ofH(t)] .

8/
< ||—llre
9. (@) < 12 e

Now, there exists a constant C' such that

X[—a—K,a—K]

< Ce K, 2
cosh x = Ce (6.2)

VreR, VKR,
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Therefore, there exists a constant C' such that for all oy > a, for all ¢ > 0 such that H(t) > a and all z € R,
1Pl L2y < Cem0~H ), (6.3)

In addition, using (6.1), using that Fs(r) = O(|r|) and F(r) = O(|r|?), we obtain that there exists a constant
C such that for all z € R, while |A(t)| < v, we have:

C

coshz’

| =T 0z RA + Fs(Ra)(0xRA) + Fr(x, Rp)| <

so that, with the same arguments as above, there exists a constant C' such that for all og, for all ¢t > 0 and all
x € R, while |A(t)] < vy
IK (¢, -, 00, A) || L2(m) < Crem 0 H ), (6.4)

By Cauchy—Schwartz inequality, we obtain that there exists C' such that for all og > a, for all ¢ > 0 such that
H(t) > a, while |[A(t)| < vy,

K (t,00,A)| < Ce o0~ HD), (6.5)
We recall that N (¢, W) is defined by N'(¢t, W) = Ny (t, W) + Na(t, W), with:

(TLW) | ar) B
(TL(W) |a2>)’ Na(t, W) = (<h<t>e<w> | a2)

where 4, = L — a,(z)0;. For j € {1,2}, we have
1 1
(TLW)|aj) = <L(W)| JTej> _ <W|L< ) jTej> _o,

N, W) = (

coshx coshx

S0,

(TLW)|aj) = —(Tau(2)0: W | aj).

Therefore, with arguments used to prove Inequality (6.3), we have:

1 —oo—H
(TZLW)ay)| < CHa*(x)coshz||L2(R)||W||H1(R) <Ce NV 111.m)-
So,
Wi (t, W)| < Cem 7 HO|W || g1 gy (6.6)
On the other hand,
Wa(t, W)| < CIROIIW [ 1wy llajll L2y < KROW | m1.w).- (6.7)

6.2. Estimate of the nonlinear part

From the expressions of the F;’s, we obtain that there exists a constant C such that for all 7 € B(0, 1) and

12
for all z € R, we have:

[FL ()] + | Fa (e, r) | + |DEy(2,7)| + [DFs (r)] + [Fo(r)| + [DFy (2, )] < Clr|,

IDEL(r)| + [DEy(.r)| + |Fs(r)] + |DEs(r)| + |DEs(r)] < C. (68)

Therefore, there exist universal constants C' such that for all A and W such that [A| < vp and [|[W||g1(w) < vo,
we have:

1Tl L2y < [[F1(Ra + W)l Lo ®) 1022 W | L2 ()



688 G. CARBOU ET AL.

< C(IA + W a2 @) W | 2wy
T2 2 m) < Hﬁl(A’W)HLoo(R)HW”B(R)”amRA”L”(R) + || Fo(z, Ra + W) Lo )10 W || L2 (m)

Bt AW Wy 100 Bl o s
< CIW | 2wy | Al + C(IA] + W |1 @) W |1 ) + CIAIW | L2 gy -
ITsll o < |[Fsh )|, _ W ooy 00 R e
+2|[F5(Ra + W)HL@O(R)HG:DRAHLOO(R)||awW||L2(R)
+ [ F5(Ra + W)||L°°(R)H8$W”L2(]R)||81W||L°°(R)
< AW l2gsy + CIMNIW a1y + CIW a1 s | Wl 223
14l oy < [FaA )| W llzage + 08| F(a, W) (g

‘LOC(]R)
< C(IA] + (W 2 )) W | L2 () -

175 22 ey < a*<->||Lw<R>(\\ﬁ6<A7W>\\Lm(R)|Wan(R)naxRAan(R)

Linfty(R)

I Fs(Ra + W) | e 102 | ey + | P, 4, 0| ||W||L2<R>)

L= (R)
< ClIW L2y Al + C(IA]+ Wz ) IIW [ 122 (-
Hence, there exists a constant Co such that while |[A| < g and |[W{|g1®) < vo, we have:
vie{l,...,5}, ITill L2 ) < CollW [l a2y (IA] + W lmwy)- (6.9)
We claim that there exists a constant C'3 such that while [A] < vy and ||W || g1(r) < 1o, we have:
Vie{l,...,5}, T3l < CslIW || ey (JA] + [1W ] 1 ) - (6.10)

Since Tj is the L?(R)-scalar product of T; with ﬁ, the estimates performed for T;, i = 2,4, 5, yield such
estimates by Cauchy-Schwarz inequality.
Concerning T, we have:
(Ty [ az) = (Fi(RA + W)(0xa W) | ay)
= (OuaW [ (F1(Ra + W) ay),
where we denote by A* the transpose of a matrix A,
= — <8mW | 8I((F1(RA + W))*aj)>,
= — (0. W | D(F1)"(Ra + W)(0Rp + 0, W)a; + (F1(Ry + W) 0,a;),
so that

(T3 ;)] < 9. W22 ey (HD(F&(RA Wy (190 R+ 07 e )l e ey

+ HF1(RA + W)L‘

Lz(R)”axaj”L“(R))
< ClIW L gy (1AL + W L1 ) ) -
Concerning T3, we have:

(T3 )| < || (A, W) W)@ B, 00 B) |, ooy
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- [[2B3(Ba + W)@ R 0 W) 2 g 5

+ HF3(RA + W)(aKVV, awW)HLl(R)”ajHLoo(R)

= Hﬁg’(A’ W)HLoo(R)”WHLZ(R)H@IRAHQLOQ(R)||aj||L2(R)

+ 2||F3(RA + W)HLOC(]R)Ha:vRAHLoo(R)||6wW||L2(R)||aj||L2(R)
+ 1 F3(RA + W)l oo ) 102 W[ 2 ) 10 W | 12y @] oo ()
< ClIW @ (AL + W g).-

Therefore, as shown previously, and by the Young inequalities, we obtain that there exist a constant C' such
that while |A(t)] < vo and ||[W(t)|| g1 () < vo, then:

1 (t, 2,00, A, W)l L2y < CIW 2y (1Al + W[ i1 w)) + C exp(—(o0 + H(1)))- (6.11)

and,
G(t, 00, A, W)| < CIIW 1wy (1Al + Wz m)) + Cexp(—(o0 + H(t))). (6.12)

All the previous inequalities in this subsection are true under the condition [A(t)| < vp and [|W || g1 (m) < vo.
We conclude the proof of Proposition 5.1 using the norms’equivalence results in Corollary 4.1.

7. CONCLUSION

For a small enough applied field, it is proven in [7] that the DW is pinned at the notch. It is also proven
that the DW can be depinned by applying a large enough magnetic field. In the present paper, when a small
magnetic field is applied, we establish that DW dynamics are less and less affected by the notch as the DW
moves away from it.

To demonstrate our result, we need assumptions about the applied field. Concerning the smallness assumption
(1.5), inspired by Jizzini [10], we can conjecture that any dg in [0, 1| would allow us to conclude. We remark that
the condition dg < 1 is necessary to ensure that the magnetization almost equal to +e; in the right-hand-side
domain will not be destabilized by a contrary applied field.

With regard to assumption (1.6), although certainly not optimal, it reflects the fact that the applied field
must be strong enough to “control” the DW dynamics. Indeed, we can conjecture that in the absence of a
magnetic field, even when far from the notch, the DW remains subject to its attraction, and will therefore move
closer to it. Quantifying this long-range interaction and describing the DW dynamics it generates remain open
problems.
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