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BOUNDS ON THE RATE-DISTORTION FUNCTION
FOR GEOMETRIC MEASURE OF DISTORTION

by B. D. SHARMA, Y. D. MATHUR and J. MITTER (1)

Abstract. — Earlier the authors have defined the Geometric Measure of Distortion
«De where a(> 0) stands for the cost for distorsion per letter for correct transmission. In
this paper we calculate the Rate Distortion Function R(¢D%). In Section 3, the Symmetric
Measure of Distortion is defined and bounds are obtained on R(4D%) and «D%.

1. INTRODUCTION

In a communication process, let { X; }” ~1 be the set of symbols trans-
i=0
mitted and { Y; }""1 be the set of symbols received such that for correct
Jj=0

transmission x; corresponds to y; for every i. For an independent letter source,
we shall denote by p;, the probability of transmitting x;; and by g;;;, the pro-
bability of receiving y; when x; is sent. The average mutual information is
given by

N—-1 M-1 q .
I(P;Q)= ), Y. prgy:log (————”’ ) (1.1,
i=0 j=0 ZP:"I]/:

For convenience, the logarithms are considered to the base e. For a trans-
mission with a fidelity criterion [3], the authors [4] have introduced the geo-
metric measure of distortion given by

«De =TI pf ", (1.2)
LJ
where p;; is the distortion (cost) of transmitting x; and receiving y; so that

piy > a if i7%j and p;=o where o> 0 (1.3)
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30 B. D. SHARMA, Y. D. MATHUR, J. MITTER

The rate distortion function of the source relative to the given distortion
measure is then defined as

R (.D¢) =minI(P; Q), (1.4
where the minimization is done with respect to g;;; under the condition that
Do < DE. (1.5)

Gallager [2]; Berger [1] and others have investigated noisy channel coding
theorems with the Shannon’s measure of distortion geven by

Dy =22 pi* @i+ dys (1.6)
i J
in which d;>0 if i#j and dy=0 (1.7)

In this paper, we shall investigate the values of R(,Dg&) and prove theorems
on the symmetric measure of distortion with the geometric fidelity criterion.

It is rather obvious that R(,D%) is non negative and a non increasing
function of ,D¥ for minimization in (1.4) is done over a constraint set which
is enlarged as ,Dg is increased.

2. CALCULATION OF R(,D¥)

Theorem 2.1 The set { g;; } which gives R(,D?) i.e. min I(P; Q) subject
to the constraint ,D; < ,DE is given by

gjsi = %:& . p;¥ePe  foralli,j (2.1)

where Z c,p,}"“”" =1 for all jand g¢;= Z Pi* Qi .2
i i
Proof : We have to minimize (1.1) under the conditions
«De = exp (Z ZP: * gj; » log Pu) < D&
¢ J
and Z gj;; =1 for all i
J
Consider the function

¢=I(P§Q)+A'4DG+ZI~‘5‘ZJ:QJ/.' 2.3)
where A and p; are Lagrange’s constants.

For a suitable choice let u; = — p; log % 2.4
'
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BOUNDS ON THE RATE-DISTORSION FUNCTION 31

Replacing the set p = { i }" tbye=1{¢ }" -1 (2.3) becomes
=0 i=0>

Mo, C
Z * Gy (log =Hl_ _Jog —‘) + A.exp (Z Y. py-log Pu)
j=0 ZP: *gin bi i J

@.5)

uMn

Thus the condition for g;;; to yield a stationary point for @ is
i c
tJ

for every i and j
where
q; = Z‘:Pi * 9y 2.7
Next (2.6) gives

c -
U0 =p—: *qgje PijA abe, (2.8)

Multiphying (2.8) by p; and summing over i, we get
> eopiP® =1  forallj. (2.9)

Again summing up (2.8) over j and using the constraint z g, =1 for
J

every i, we obtain
sf. Z g+ pi P =1 foralli. (2.10)
J

From (2.9) we get a set of M-linear equations in the unknowns ¢; and
another set of M-linear equations in ¢, obtained from (2.10). If N = M, we
can usually solve the equations and then find g;;; from (2.8). Since I(P ; Q)
is convex U in Q, @ is also convex U and therefore the solution is a minimum., |

The above approach does not take into account the non-negativity of
quantities g;,; and the resulting values of g;;, giving minimum of I(P ; Q)
may become negative, leading to a non-feasible solution.

In the next theorem we follow an approach which always gives a feasible
solution.

Now we define a function

= ZZP; ' [logz L

} + A« Dg 2.11)
*qin

where g;; > 0.
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It would be noted that since ,Dg < ,DE
min ¢ — A+ D& < R(,DY). (2.12)

i/
Theorem 2.2 For any A > 0,
min ¢ = H(U) + max Z pi-loge;;¢; >0, 2.13)

aj/é

where H(U) is the entropy of the source and C = { c; }N ~1 js such that
i=0

-1
Zo ciopi¥P <1 where py>e. 2. 14)

Also i is minimized for values of ¢; given by (2.8) in terms of g;,; and
the necessary and sufficient conditions on ¢; to achieve the maximum in (2.13)
are that there exists an output distribution satisfying (2.10) and (2.14) with
equality.

Proof : Consider the function

. ¢;
¢=ZZPi'qj/i‘1°gng—/f+ A'aDG—'Zpi 108;.2 G (2.15)
i J J i tJ
then
® = — H(U)— D, p;-log (2. 16)
(2.15) can be put as ‘

— D= Zzplqjll logq . D; +Zzpl q]/l logPu ‘D¢ -logoi;

ZZF; q]/llog P1+ZZP‘ qj/x IOgPu abe
PJ

as Pij = e
Using the inequality log x < x — 1, we obtain

z Zplqjll [qj c P(J — 1}

q_y/l'px
=zi:2j:qj'ct'Pij oP —‘;ql'
<24—24=0 2. 17)
J i

(using (2. 14))
Combining (2.17) and (2.16), we get

¢ > H(U) + ). pilog ¢; 2.18)
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BOUNDS ON THE RATE-DISTORSION FUNCTION 33

(2.18) is satisfied with equality if and only if the inequalities log x < x —1
and (2.14) are satisfied with equality, or if and only if

: . - —A.QDG
LGPy 1  forall g;,,>0 (2.19)
4j1i* D
and
Z cipy ¥Pe=1 forall g;>0 (2.20)

The conditions in the theorem are necessary for equality in (2.18) as we
obtain (2.10) from (2.19) after multiplying by g;,; and summing over j. Again
if the output probabilities satisfy (2.10) and if (2.20) is satisfied then as already
seen g;;; given by (2.8) is a transition assignment with output probabilities g;.
By (2.10), the choice satisfies (2.19) so that the conditions of the theorem are
sufficient for equality in (2.18).

3. SYMMETRIC MEASURE OF DISTORTION

If the number of input and output symbols are same and if the cost of
correct transmission is « and the cost of any incorrect transmission is B
(obviously a < B) so that the distortion is

a if i=j

Py = G.D
B if i)

then we refer to this as Symmetric Measure of Distortion.

Theorem 3.1. Under symmetric measure of Distortion, we have

Al DE—aloga Df — alog o
* > . oG . a™G -
R(Dg) > HU) H(,B log B—alog a) (,8 log B — o log a)log(N D
3.2

af Df—aloga | DE—aloga
where H(,Blogﬁ—aloga) ——(ﬂlogﬁ—aloga

lo DE—aloga —(l— DE —aloga
& BlogB— alog « ‘ Blog B— alog«

DE— aloga
log(l — ma) (3.3)

with equality if
D% < aloga + (Blog B— alog YN — 1) P
where p;, is the minimum of all p,’s.
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Proof : The constraint equations (2.14) under symmetric measure of
distortion take the form

N-—1
cjr oM+ (2 ci—cj) B M <1 (3.5)
i=0
0<j< M—1.

These are all symmetric and can be made to hold with equality by taking
¢; == ¢, for each i. Then,

co=a’ [l + (N—1)- g ~M] ! (3.6)
From (2.13) and (3.6), we have
ming > HU) + A-aloga—Ilog [I + (N—1) .~} 3.7

qi/é
Invoking the relation (2.12) we get for all A > 0,
R(DE) = — X+ D + HU) + A+ aloga—1log[l + (N —1) o™« 7],
(3.3)

Now if we maximize the right hand side with respect to A, we get

(Blog B— alog )N —1)
BY o (N —1)

—_ *
A — l log /3 IOg B aDG
Blog B—loga Dt —aloga

DE = aloga+

3.9

therefore

)(N—— 1). (3.10)

{(3.2) follows by substituting (3.10) into (3.8).

Now by theorem 2.2 (3.7) would hold with equality if we can find a solu-
tion of (2.10) such that g; > 0. Under the symmetric measure of distortion
defined by (3.1), (2.10) gives

A A, A
=(pi/c¢)°‘a'ﬁﬁ_°‘ *

q; BM __ o= G.11)
: Aﬁ + N’—‘ 1) aAa — a/\a
_pilB ;m_am (3.12)
for values of ¢; = ¢, given in (3.6).
All g;’s will be non negative if
!
Pz B (N—1) for every i (3.13)
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BOUNDS ON THE RATE-DISTORSION FUNCTION 35

If A is sufficiently large (3.13) holds normally and (3.7) would hold with
equality.

Now combining (3.9) and (3.13), we get

Al D —oaloga Df — alog o
*\ . a’'G _ oG _
R(.Dg) = H(U) H(B log B— alog oc) (B log B— alog a) log (N —1)

for
Dt < aloga 4 (Blog B — alog a)(N — 1)pmin.

Hence the theorem. |

An Extension of Theorem 3.1

We shall now calculate R(,D¥) for large values of ,D§ Without any loss
of generality we can assume that the source letters are ordered in decreasing
order of probabilities that is

Po Z P1 Z «o 2 PN-1- (3.14)
Next suppose that there is an integer m, 0 < m < N-—1 such that
=0 if j=zm
9;
>0 if j<m—1 (3.15)
For j < m, (3.11) then gives
pi=c B (3.16)

(3.5) must be satisfied with equality for j < m — 1, therefore forallj < m — 1,
all the ¢; must be the same say ¢, and ¢; < ¢, for j > m.

The constraint equations (2.14) for j = 0 gives

m—1

N=1
coa™ M + ( Z ¢+ z Ci_co)‘ﬁ—m= L

i=0

N-1
or  coa M (meo—co) BN + Z B M=1 (317

or Co [a' Ae 4 m—1)8" Aﬁ] = mil Di = on(say)
i=0
(using (3.16))

o, »

Tl m—D gV

or ¢ = ¢ (3.18)
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It is clear from (3.16) that c, > ¢,4q = ... = ¢y~ and for j > m ;
¢; < ¢o will hold if

Tm

o < .aAa'ﬁ—Aﬂ
" 14 m—1)ar.pM

Now z p; log ¢; will be maximized for ¢ given by (3.16) and (3.18), if

(3.19)

all the g} s given by (3.11) are non negative. This requires from (3.11) that

o, a/\a . B— A8

=
1+ @m—1)o'*. g

Pp-y (3-20)

since from (3.11) and (3.14) it is obvious that
do 2 41 2 vee 2 Gy,

Thus for the values of A for which (3.19) and (3.20) are satisfied, the given
¢ yields

Aa
Oy » O

14+ @m—1)a*. g~

m—1
min ¢ = H(U) + ), p;log
i=0

as/
N-1
+ Z pilog(p; - B). 3.21)

The min ¢ over a range of A specifies R(,DE) over the corresponding
range of A. The parameter A is related to D} by

aloga + (Blog B)(m—1) & B~ ""]
14+m—1)ar*. 7%

aDz=a%[min¢1=am[

+ (Blog B)(1 — ay,). (3.22)
Therefore
A= log [ (m—1)(8 log B— .D¥) ] Hllonsmelorn) 1 a3
aDz— B IOg B + (B 10g B_ o lOg a)om

For A and D} related by (3.22).
R(,D¥) = mmy — A+ D (3.24)

ai/i

using (3.21) and (3.23); simplifying and rearranging the terms, (3.24) becomes
*__ —_—
R(.DY = o, [H(U,..) 4 fRe—PlogP 4 Blogf—alogolon |

(Blog B — alog )oy,

«D§ — Blog B + (B log B — alog &)o,
x log { 2% (Blog B— alog @), j
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Blog B — .D¢ Blog B— D
+ { (Blog B — alog o, } o {(plogp_alogf;)am}

- { oD — Blog B + (Blog B — alog ®)o,,
(Blog B— alog a)ay,

} log(m — 1)]
This can be equivalently expressed as

R(,D%) = 0,{H(Uy,) — H(4) — Alog (n— 1)
where H(U,) is the entropy of a reduced ensemble with probabilities

pO/Gm > pl/qm: °--’pm—1/cms

A = D& — Blog B + (Blog B — alog &),
(Blog B— alog o)a,,

and
H(d) = — Alog 4 — (1 — d) log (1 — 4).

Substituting (3.23) into (3.19) and (3.20) we obtain the bounds of ,D¥
given by

(Blog B— alog a (mpm—.;)pi) + Blog B < D¢ < (BlogB— xlog )

m=1
X [(m_ l)pm—l - =ZO pi] + BIOg ﬂ'
When m=N—1
(B log ﬂ —_— IOg a)(mpm - i;opi>

= alog a + (Blog B — alog a)(N — 1)ppmin.

which is the same as upper limt in (3.4). |
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APPENDIX

Shannon introduced p;; as the single letter distortion when x; is sent and
»; is received. As there is always some cost even for correct transmission, we
take p;; > afori #%j; « > 0 and p;; = « (where « is zero in Shannon’s case).
Since any measure of distortion is an average of per letter distorsions p;;’s,
the measure in its most-generalized form is taken as

o - Z ;f(pij) */’ (Pij)
Dy =¥ Y2 Py

where (i) ¢ is strictly monotonic and continuous function defined for non
negative values.

and (i) f is positive valued and bounded weight function in [0, 1]
By setting f(x) = x and ¢ (x) = log x in (4) we get

«De = eXP(_Z Zpii - log Pij) = H ph" where 2 Zpij =1
i i i

(*) For relevant matter of [4] refer to Appendix.
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