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CONFORMING AND NONCONFORMING
FINITE ELEMENT METHODS FOR SOLVING
THE STATIONARY STOKES
EQUATIONS I

par M. Crouzeix (1) and P.-A. RAVIART (1)

Communiqué par P.-A. RAVIART

Abstract. — The paper is devoted to a general finite element approximation of the solution
of the Stokes equations for an incompressible viscous fluid. Both conforming and nonconfor-
ming finite element methods are studied and various examples of simplicial elements well
suited for the numerical treatment of the incompressibility condition are given. Optimal error
estimates are derived in the energy norm and in the L*-norm.

1. INTRODUCTION

Let Q be a bounded domain of RY (N = 2 or 3) with boundary I'. We
consider the stationary Stokes problem for an incompressible viscous fluid
confined in Q : Find functions % = (u;, ..., #y) and p defined over  such that

— vAu + grad pﬂ=}in Q,
a.n dive=0inQ,

where 7 is the fluid velocity, p is the pressure, f are the body forces per unit
mass and v > 0 is the dynamic viscosity.

This paper is devoted to the numerical approximation of problem (1.1)
by finite element methods using triangular elements (N = 2) or tetrahedral

(1) Analyse Numérique, T. 55 Université de Paris-VI.
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34 M. CROUZEIX ET P. A. RAVIART

elements (N = 3). Clearly, the main difficulty stems from the numerical
treatment of the incompressibility condition div % = 0. Because of this addi-
tional constraint, and except in some special cases, standard finite elements as
those described in Zienkiewicz [16, Chapter 7] appear to be rather unsuitable.
Thus, it has been found worthwile to generate special finite elements which
are well adapted to the numerical treatment of the divergence condition.

Indeed, one can construct finite element methods where the incompressi-
bility condition is exactly satisfied (cf. Fortin [8], [9]) but this leads to the use
of complex elements of limited applicability. Thus, in this paper, we shall
construct and study finite element methods using simpler elements where the
incompressibility condition is only approximatively satisfied.

On the other hand, we have found it very convenient to use nonconforming
finite elements which violate the interelement continuity condition of the
velocities. Thus, we shall develop in this paper both conforming and non-
conforming finite element methods for solving the Stokes problem (1.1).

An outline of the paper is as follows. In § 2, we shall recall some standard
results on the continuous problem and we shall give a general formulation of
the finite element approximation. Section 3 will be devoted to the derivation
of general error bounds for the velocity both in the energy norm and in the
L2-norm. In §§ 4 and 5, we shall give examples of conforming and nonconfor-
ming elements, respectively. In § 6, we shall derive general error bounds for the
pressure in the L2-norm. Finally, we shall consider in § 7 the approximation of
the Stokes problem with inhomogeneous boundary conditions

(1.2) uw=gonT.

For the sake of simplicity, we have confined ourselves to polyhedral domains
Q but it is very likely that our results can be extended to the case of general
curved domains by using isoparametric finite elements, as analyzed in Ciarlet
and Raviart [6], [7). Similarly, we have not considered the effect of numerical
integration since this effect has been already studied : see Ciarlet and Raviart [7],
Strang and Fix [15].

In a subsequent paper, we shall describe and study both direct and iterative
matrix methods for numerically finding the finite element approximation of
the Stokes problem. Finally, let us mention that all the methods and results
of this paper can be extended to some nonlinear problems. In this respect,
we refer to a forthcoming paper of Jamet and Raviart [11] where the stationary
Navier-Stokes equations are considered.
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METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 35

2. NOTATIONS AND PRELIMINARIES

We shall consider real-valued functions defined on Q. Let us denote by

2.1) (¥, v) = f u(x)v(x) dx
Q

the scalar product in L2(Q) and by

(2.2) lol = @»)'?
05Q

the corresponding norm. Consider also the quotient space L2(Q)/R provided
with the quotient norm

2.3) lo  =iof o+

L¥Q)/R c€R 0,Q

For simplicity, we shall denote also by v any function in the class
v € L*(Q)/R.

Given any integer m > 0, let
2.4 H™Q) = {v|veL*Q), 3% e L*Q), |a| < m}

be the usual Sobolev space provided with the norm
1/2
@9 bl = (2 1,
mQ la[<m 0,0
We shall need the following seminorm
1/2
26 bl = 2 el )

In (24), ..., (2.6), « is a multiindex : « = (24, ..., ay), &; = 0,

« a a1l a ayN
|“| = 0 + .re + oy and a = (a_‘XI) con (57) .

Let
@7 Ho@) = {v|pe H'@), 0| =0}.

Note that [v|,,q is a norm over H(Q) whichis equivalent to the H'(Q)-norm.
Let (L*(Q))" (resp. (H™(Q))) be the space of vector functions v = (vy, ..., vy)

n°;décembre 1973, R-3.



36 M. CROUZEIX ET P. A. RAVIART

with components v; in L%(Q) (resp. in H™(Q)). The scalar product in (L*(Q))¥
is given by

N
(2.8) (%,7) = f Ux) - D(x) dx = Y. f u,(x)v,(x) dx.
o i=1Ja
We consider the following norm and seminorm on the space (H™(Q))" :

N 1/2
29) i = (&)
N 1/2
(2.10) o] = (Z i) )
Q m,Q

m, i=1
Introduce now the space
(2.11) V={0|veHy Q)" divi=0}.

We extend the scalar product in (L*(Q))" to represent the duality between
V and its dual space V.

Let
(2.12) a(u, 0) = Z f ax'( ) (x) dx, u, v € (HY(Q))",

i,j=1

be the bilinear form associated with the operator — A. A weak form of pro-
blem (1.1) is as follows : Given a function f€ V’, find functions w€ V and
p € L*(Q)/R such that

(2.13) va(u, ) + (grad p, ) = (f, 3) for all 3 € (HXQ))"
or equivalently
(2.14) va(@, 3) — (p, div D) = (f, 3) for all b € (HH(Q)".

Clearly, if (, p) € V x L*(Q)/R is a solution of equation (2.13) (or 2.14)),
then % € V is a solution of

(2.15) va(i, ) = (f, 9) foralld € V.
In fact, one can prove the following result (cf. Ladyzhenskaya [12], Lions
[13]).

Theorem 1. There exists a unique pair of functions (u, p) € V x L*(Q)/R
solution of equation (2.13). Moreover, the function 1 € V can be characterized
as the unique solution of equation (2.15).

For the sake of simplicity, we shall always assume in the sequel that Q
is a polyhedral domain of R™ and that f belongs to the space (L*())~.
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METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 37

In order to approximate_ problems (2.13) or (2.15), we first construct
a triangulation G, of the set Q with nondegenerate N-simplices K (i.e. triangles
if N = 2 or tetrahedrons if N = 3) with diameters < 4. For any K € G, we let :

h(K) = diameter of K,

o(K) = diameter of the inscribed sphere of K,

h(K)
o®y ° = Sup oK),

(2.16)
o(K) =

Note that, in the case N = 2, we have the estimate

2 L 2
sin0(K) ° " smn6’

o(K) <

where 0(K) is the smallest angle of the triangle K and 0 is the smallest angle
of the triangulation G,. In the following, we shall refer to /4 and o as parameters
associated with the triangulation G,.

Let k > 1 be a fixed integer. With any N-simplex K € G,, we associate
a finite-dimensional space Py of functions defined on K and satisfying the
inclusions

(2.17) P,C PyC CY(K),

where P, is the space of all polynomials of degree k in the N variables x,, ..., Xy.
Next, we are given two finite-dimensional spaces W, and W, , C W, of func-
tions v, defined on Q and such that v,| x € Py for all X € B,. We provide the
space W, with the following seminorm

1/2
(2.18) thllh=( > lol? )
KE€B 1,K

h

ReMARK 1. The spaces W, and W, , will appear in the sequel as finite-
dimensional approximations of the spaces H'(Q) and H,(Q) respectively. The
inclusions W, C H'(Q), W, , € H(Q) occur when conforming finite elements
are used and we get |0, = |v4]1,q for all v, € W, But, in the general case of
nonconforming finite elements, these inclusions are no longer true and we shall
need some appropriate compatibility conditions : see Hypothesis H.2 below.

Let (W,)" (tesp. (W,,,)") be the space of vector functions v, = (v, 4, ..., Uy,4)
with components v; ; in W), (resp. in W, ;). We provide (W,)" with the seminorm

. N 1/2
219) ol = 3 Tl

n° décembre 1973, R-3.



38 M. CROUZEIX ET P. A. RAVIART

Consider now the space @, of functions ¢, defined on Q and such that
®n k € Pi—, for all K € G,. Let us introduce the operator

div, € S(W)"; @) N L(HQ)Y; D)

by
(2.20) (div, D, @) = 2. f div 3 ¢, dx for all ¢, €D,
K€E€Br VK
Then, define the space
(2.21) Vi = {0, | o € Wo )", div, 5, =0}.

With the bilinear form a(u, v), we associate

N
222 a@d)= Y g“ g”‘d i, v € (HYQ)" U (W)Y
K€EBH i,j=1 X

Notice that a,(#, v,) = a(it, 0y), t, 0, € (W), when W, HYQ). Then
the approximate problem is the following : Find a function w, € V,, such that

(2.23) vay (i D) = (f, 3,) for all 3, € W,
Theorem 2. Assume that ||v,||, is a norm over W, ,. Then, problem (2.23)
has a unique solution u, € W,

Proof. Since |7, |, is a norm over (W, )", this result is an easy consequence
of the Lax-Milgram Theorem.

3. GENERAL ERROR ESTIMATES FOR THE VELOCITY

Now, we want to derive bounds for the error %, — % when the solution
u € V of (2.15) is smooth enough (For regularity properties of the solution %,
we refer to [12]). We begin with an estimate for ||, — u/|,. We may write for
all v, €V,

@ty — Dy, iy — D) = @yt — U, Uy — Oy) + (i — Dy, Uy, — Dy)
and
a,(u, — U, W)
[ =5l < [+ sup 1= %),
WAEVH ” Wh” h
Thus, we get

(3.1) i, — 2, < 2 mf lu— il + sup |yl — 14, Wy)|
VA€V ”wh”h
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METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 39

In order to evaluate the term 3mf |# — | appearing in (3.1), we need
hEVA

some approximability assumption :

Hypothesis H.1. There exists an operator

rw € L(H Q)" (W)™) N E(HXQ) N Hy Q)Y (Wo ™)

uch that
@ (3.2 div, rp = div, v for all v € (H*(Q))";
(ii) for some integer 1 > 1
(33)  |[ro—3|s < Co'h™|D|ps1.q forall o € (H™ Q)Y 1 < m < k,
where the constant C is independent of h and o.

By (2.20), condition (3.2) is equivalent to the following property :

(3.49) f g div r,p dx = f g div? dx for all g€ P,_, and all K € 6,.
K K
Lemma 1. Assume that Hypothesis H.1 holds. Then r, € C(V N (H*Q)Y; V)
and we have the estimate
(3.5 inf |5, — |, < CH"[O]ms1,0foralloe VN (H™Q)YY, 1 < m< k,
DA€V

where the constant C is independent of h and o.

Now, for estimating the term a,(u, — %, w;), W, € V;, we assume that the
solution (u, p) of (2.13) satisfies the smoothness assumptions :

uevVnHQ), pe H(Q).
From (2.23), we obtain
o — ) = 5 [ F i dx — @ .
Clearly
[ 7o ax = [ i, ax 4+ [ ad pe iy ax
Q Q Q

and, by using Green’s formula on each K € G,, we get

J‘ f‘ ‘T’h dx = Vah(;, ;&h)_ Z f Y4 diV ;V'h dx
Q K

K€eTh

a—. - - -
—v Z J‘axa—:-w,,dc—}— Z J‘pr,,-ndc

KETBx K€ETGh

n°® décembre 1973, R-3.



40 M. CROUZEIX ET P. A. RAVIART

where 7 denotes the exterior (with respect to K) unit vector normal to the
boundary oK of K. Thus, we have
U -
f ’_zf . th'

— - = 1 e
a (U, — u, wp) = — — Z prdlvw,,dx— Z o 1

(3.6) V K€k K€Gh

l el -
+ - z f pw, + nde
V K€By ¥ 0K

In order to evaluate the surface integrals which appear in (3.6) (and which

are identically zero when W, , C Hy(Q), i.e. for conforming finite element
methods), we need first some compatibility assumption.

Hypothesis H.2. We assume the following compatibility conditions :

(i) For any (N — 1)-dimensional face K' which separates two N-simplices K,
K, € : G, we have

3.7 f q(wp,1 — v,,2)do =0 for all g € Py_4 and all v, € W),
K

where v, ; is the restriction of v, to K;, i = 1, 2;

(ii) For any (N — 1)-dimensional face K' of a N-simplex K€ G, such
that K' is a portion of the boundary T', we have

(3.8) J quide = 0 for all g € P,_, and all v, € Wy .
K

REMARK 2. Clearly, Hypothesis H.2 is satisfied when W, C H'(Q) and
Wo., C Ho(Q). When W, & H'(Q)and W, , & H'(Q),i.e. for nonconforming
finite element methods, Hypothesis H.2 implies that, for second order elliptic
problems, all polynomials of degree k pass the « patch test » of Irons (cf. [1],
[10] and [15] for a more mathematical point of view) so that the right order
of convergence can be reasonably expected.

As a consequence of Hypothesis H.2, we can prove :

Lemma 2. Assume that Hypothesis H.2 holds. Then ||v,||, is a norm over
the space W, .

Proof. Let v, be a function of W, such that |v,], =0. From (2.18),
ov,
A,
simplex K € G,,. Using Hypothesis H.2 (i) with ¢ = 1, we find that v, is constant
over Q. Finally, by using Hypothesis H.2 (ii), we get v, = 0.

we get =0,1< i< N, in each K € G,. Thus, v, is constant in each N-

Besides Hypothesis H.2, we need an essential technical result. Let K be
a nondegenerate N-simplex of RY and let X’ be a (N — 1)-dimensional face

Revue Frangaise d’ Automatique, Informatique et Recherche Opérationnelle



METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 41

of K. Let us denote by P}, the space of the restrictions to X’ of all polynomials
of degree . and (%, the projection operator from L*(K’) onto P, :

3.9 f q - Mivde = f gvde for all g € P,,.
K’ K’

Lemma 3. For any integer m with 0 < m < ., there exists a constant C > 0
independent of K such that

(3.10) } L, o0 — Mv) do | < CoB)HE) ™ [o] o]

m+1,K

for all o € HY(K) and all v € H™*'(K).

Proof. Let Kbea nondegenerate N-simplex of R and let K'bea (N— 12-
dimensional face of K. Just for convenience, we shall assume that K’ and K’
have the same supporting hyperplane xy = 0. Let us denote by
F:x—F(x)= Bx + b, BelL(RY), beR",

an affine invertible mapping such that K = F(Ie), K’ = F(IA( "), and by B’ the
(N —1) X (N — 1) matrix obtained by crossing out the N*® row and the N
column of the N X N matrix B.

For any function f defined on K(oron K’), we let : f = fo F. Then, we have
'AMJ;'U = JK)I%('{J\.
We may write for all ¢ € H'(K) and all » € H"*}(K).
(3.11) f ¢(v — Migv) do = |det (B")] f , O® — M) do
K’ K’
Consider, for fixed v € H "'“(Ié), 0 < m < p, the linear functional
A A A A
Q—> J; o — MAv) do
&

which is continuous over H(K) with norm < 1o — J(;‘é,f;” 0,8 and which
vanishes over P, by (3.9). By the Bramble-Hilbert lemma [3] in the form given
in [5, Lemma 6], we get

A
< ¢ 9]

(3.12) 1 f 3G — MokD) do
s,

oAy,
|6 —AeR0]
1,K 0,K’

n°® décembre 1973, R-3.



42 M. CROUZEIX ET P. A. RAVIART

for some constant ¢; = cl(}(). Since .JK:Z,?J = p for all D € P,,, we get as an
easy consequence of the Bramble-Hilbert lemma (see also [5, Lemma 7}).

(3.13) o — ’,gv!] < ¢ |9

for some constant ¢, = c2(Ié). Combining (3.11), ..., (3.13), we obtain

(3.14) f o0 — M) do | < crcp [det B)] 8] . 5] ..
K’ 1,K m+1,K

Since (cf. [5, formula (4.15)])

(3.15) 9],.4 < |det (B)]"Y* || B| |v| foranueH‘(K),
we get
(3.16)
P — M) do | < cyey det (B)] [det B)|7* [B|™ [l o]

where || B|| is the norm of the matrix B subordinate to the Euclidean vector
norm.

Denote by ey the N™ vector of the canonical basis of RY. Then, the N*®
component of the vector R~ ¢, is given by

(B™'ey)y = det (B') (det (B))™"
so that
(3.17) |det (B")| < |det (B)] |B7.

By (3.16) and (3.17), we may write

(3.18) . o — Miv) do | < cc; | B2 | B7Y ]cp]l . |v| .
Since
WE) yo—1n WK
(3.19) 18] < 28 51 < ‘ )
(K)
h(K)

(cf. [5, Lemma 2]), the desired inequality follows whit C = ¢;c, ——
which depends only on X. (p(K))

In the sequel, we shall denote by C or C; various constants independent of
h and o. We are now able to derive a bound for the error ||u, — /[,
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METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 43

Theorem 3. Assume that Hypotheses H.1 and H.2 hold. Assume, in addition,
that the solution (u, p) of problem (2.13) satisfies the smoothness properties

(3.20) ne VN (HYQ), pe H(Q).

Then, problem (2.23) has a unique solution w, € V, and we have the estimate

(.21 [ — s < C'Ri(|a]  +|p| )
k Q k,Q

Proof. Existence and uniqueness of the solution %, € ¥, follow from Hypo-
thesis H.2, Lemma 2 and Theorem 2. Consider now equation (3.6) : we begin
with an estimate for the term

aﬁ - -
= w,do, w, € (WO,h)N-

3.22
( ) k€T, Jox On

Let K’ be a (N — 1)-dimensional face which separates two N-simplices
K, K, €G,. Fori=1,2, let us denote by w,; the restriction w, to K; and
by 7, the unit vector normal to K’ and pointing out of K;. The contribution
of K’ in the expression (3.22) is given by- - - - — - —

% . %0 - o ..
J‘K' (—871 4 Wh,l -T- ‘871; . Wh,z) dO' = . anl . S S Whlz) dO'.

According to Hypothesis H.2 (i), we have

b
fK ('M>k la:) (Wh1—th)d°'—o WhE(Wop.) s

and we may write

ou - U - . ou k-1 ou = =
fK, (E * Wyt + 5;12 ¢ Wh,z) do = fK’ (me t/“JK' anl) * (wh,l - wh,2) do

- AV T N
f, { (anl a—nl' . ‘vh,l _— anz —_ JK)K' a}lz Wh,2 } do.

Now let K’ be a (N — 1)-dimensional face of a N-simplex K € G, such
that K’ is a portion of the boundary I'. According to Hypothesis H.2 (ii),
we have

J’ (:MJk ! g:) Wh do = O w,, € (Wo h)N
K’

Thus, we may write

QU - ou L Ou)
f , a Wy dG = (‘—n— dK)K an) . Wh dO'.

n° décembre 1973, R-3.



44 M. CROUZEIX ET P. A. RAVIART

In conclusion, we get as a consequence of Hypothesis H.2

(3.23)

U - cu u
ZG fax an " do = KGZG xzc:axf (an Mo 71) + y do, 0, € W, W'
K€Bn » K’

By using Lemma 3 with m = k — 1, we get the estimate

(B24) i > faK?-{ﬁhdc

KETn

\ clchk Iﬁl ” ‘_';’h”h fOI‘ all "_;'h € (WO,h)N.
k+1,Q
Similarly, we get
3. 25)
f pw,+nde = f (p — M pw, - 7 do, W€ Wo",
K€ KG‘B’n K" COK

and by Lemma 3

w, + 1 do
2 jaxp "

K€

(3.26)

< 0" |p|  ||wil, for all W, € (W, )~
kQ
It remains to estimate the term
‘, p div w, dx, w, € Vi
K€TGh
By definition of the space V,, we have :
(3.28) Wy € V<> f g div w, dx = 0 for all g € P,_, and all K€ G,.
K
Thus, we may write

f p div w, dx = f (p — q) div w, dx for all g € P,_, and all K € G,
K K

By applying [5, Theorem 5], we get the estimate
min [[p—gq| < c3((K))*|p|
q€Px—1 0,K k,K

and therefore

> fpdiviv,,dx

K€TGr VK

(3.29)

< c i [p!k . (|4 for all ¥, € ¥,

Revue Frangaise d’ Automatique, Informatique et Recherche Opérationnelle



METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 45

Combining (3.6), (3.24), (3.26), (3.29), we obtain for all w, € ¥,
(3.30) Iah(ah —l_‘: V—‘;h)| < csch" (IZ;] + IP| ) “_]';}h”h
k+1,Q k,Q

Then, the desired inequality (3.21) follows from (3.1), (3.30) and lemma 1.

REeMARK 3. In the case of conforming finite element methods, the proof of
Theorem 3 reduces to the proof of inequality (3.29).

REMARK 4. When the solution (i, p) verifies only
(3.31) ue VN H"TY Q) p e H'(Q),
for some integer m with 1 < m < k, we similarly get the estimate
(3.32) [, — 2| A< co'nm (|7 + 1ol ).
m+1,Q m,Q

Assume now that (3.31) holds with m = 0, i.e. (%, p) does not satisfy any

smoothness property. Then, by using the density of ¥ N (D(Q))" in ¥, one can
casily show that for bounded ¢

(3.33) lim |, —uf, = 0.

h=0

We now come to an L2-estimate for the error %, — 7. To do this, we need
the following regularity property for the Stokes problem :
The mapping (3, y) —— vA@ - grad  is an
@39 isomorphism from [V N (H*Q))"] x [H'(Q)/R] onto (L*(Q))".
Since Q is a polyhedral domain, this property holds for example when Q

is convex.

Theorem 4. Assume that Hypotheses H.1, H.2, (3.20) and (3.34) hold. Then
we have the estimate

(3.35) ”;h__;"” < Co?pett (W 1'23!,‘_,’_ Ipl ).
0,0 k+1,0Q EQ

»

Proof. We use and generalize to the nonconforming case the now classical
Aubin-Nitsche’s duality argument. We may write

(3.36) lon— o0 = sup |, — 2, g)l.
2@’ |2loa

Given g € (L*(Q))", we let (g, 3) be the solution of the Stokes problem
—VAG + grad x =2 in Q,
(3.37) div o ='0in"Q,
¢=0o0nT.

n° décembre 1973, R-3.



46 M. CROUZEIX ET P. A. RAVIART

According to (3.34), we have ¢ € V' N (H*(Q))Y, x € H(Q) and
(3.38) lell, +1d < clel -
0,0

By using Green’s formula over each K € G, we get

(?‘h—;a-g’)z_"v f ("h—“) A(de

KeBan
+ ‘z f (4, — ) » grad y dx
Bn VK

(3.39) = vay ity — 1 P)— 2, { fx y div (1, — %) dx

KeT,
- - 35 - -
+vfax(u,,—u)-%da—fal((u,,—u)-nxdc } .

Combining (3.6) and (3.37), we obtain for all g, € (W, )"

(;;h — Z"a §) = Van(ﬁh — lz 6 — 5}.)

— Z {fpdivc}’,,dx—f—f x div (4, — %) dx
KeBa

+vf Su -<p,. c—f p3y-ndo

- - a - - e
—}—vfaK(u,,——u)-égidc—faK (u,—u)-nydo } .

(3.40)

Let us consider first the expression

92"3}.‘1‘7 Z

?) do.
KEGn Jok On KeBa J Ok E)n ((Ph ?)

Using Hypothesis H.2, we may write as in the proof of theorem 3

> [ Ese=-3 3 | (g,’j Ac“a") - Gu— ) do.

K€y JOK on Ke€Bs K COK

By using Lemma 3 with m = k — 1, we get for all ¢, € (W, )"

a - - - -
y [ % dc{ < csot [ilksr |3 — s

3.41
( ) KeTn oK an

Consider now

-

- - a(P
u, —u)+ = do.
KeBn 3K( g ) on
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Using again Hypothesis H.2, we may write

- a0 09 dp k-1 00
Z (uh_u)'an Z Bxf (uy, — 1)~ (n Mok F do

KB JOK KEG: K'C

and therefore by using Lemma 3 with m = 0

z (u,,—u) a do-

KeTa

(3.42)

< exohia—] 1],

Similarly, we can prove

(3.43)
5 [y ido | < csoh lpl_I7— 3] foratl € Fon"
R€Ts JOK h
Gaty | S [ G—ieiydo| < cuoh—i] 1l -
| K€By JOK B 1.0

Finally, we want to estimate

> fpdiva,,dxand > fxdiv(z;,,_a)dx.
K K

KeTGa KeTGar

Since ¢ € V, we get for all 3, € ¥, (cf. (3.28))
[raviian=] pav Gi—Par= [ G- e G—Pax

for all g € P, and all K € G,, and therefore

pdivq_;,,dx ‘S cs inf ”P‘—q” |‘15;1_5l <
K | q€Pr—1 0,K 1,K

p lq-;h_zﬁl .
K 1,K

Thus, we obtain

> fpdivzp’,,dx
K

KeTGna

(3.45)

< C6hk Iplk a ”(-5;,— Eé”h for all Eﬁh € Vh‘

On the other hand,
f y div (@, — u) dx
K

= f (x — q) div (%, — %) dx for all ¢ € P,_, and all Ke G,
K
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so that

| f x div (u, — ) dx | Sepinf |xy—q| |4—74

| K l g€Po 0,K 1,K

< cghlx| | —1u|
1,K 1,K
and therefore
(3.46) S [ xaiv Gi—i) ax| < eoh [ —il Il
KeGn VK H h 1,Q

Now, combining (3.40), ..., (3.46), we obtain
GAD |G — i DI < o | [ia—7] _inf |§— ]
P,

hEVR
+ohfu—af (8] +xl )
h 2,0 1,Q

+oh (4] 4+ |p| ) .inf [|[o—7 }
k+1,Q k h

Q ereVa
Then, applying Lemma 1 and Theorem 3 gives
(3.48) |Gl —u, @] < croos® i (fa]  +1p| 8| +1Ixl )
k+1,Q k,Q 2,Q 1,Q

The conclusion follows from (3.36), (3.38) and (3.48).

4. APPLICATIONS I : CONFORMING FINITE ELEMENTS

Let us recall some general definitions [5]. Let K be a N-simplex belonging
to G, with vertices a; g, 1 <i< N-1; we denote by A(x) = A ¢(x),
1 < i < N + 1, the barycentric coordinates of a point x € RY with respect to
the vertices of K. Let Xy = {b, ¢},™ ; be a set of M distinct points of K. We
shall say that the set Xy is P g-unisolvent if the Lagrange interpolation problem :
«Find p € Py such that p(b; x) = «;, 1 < i< M» has a unique solution
for any given set { «; L, of real numbers. If Sy is P g-unisolvent, we denote
by pi,x, | < i < M, the basis functions over the set K (i.e. p;, € Px and p, ¢
=393;, 1 <j< M)

We shall consider now examples of conforming finite element methods
corresponding to the cases k =1, 2, 3.

ExaMmpiE 1. Just for simplicity, we shall restrict ourselves to the case N = 2
Denote by a;; ¢ the midpoint of the side [a; g, a; k], 1 < i < j < 3. Then,
as is well known2y = {a; ¢ } U{a;x} is a P,-unisolvent set.

3 1<i<j<3

<i\
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Moreover, the basis functions are given by

Pixk =MN2N—D,1<i<3,
@.1)

Pk =M1 <i<j<3

Q

Figure 1

Then, define the spaces :
(4.2) PK = PZ
4.3) W, = {0, |o, € CAQ), v € P, for all K € G, } € H'(Q).

Clearly, a function v, € W, is uniquely determined by its values v,(a; x),
1 <i<3,andyya; x), 1 <i<j<3, KeTG, Welet

4.4) Wo = { vy |0, €W, u,,|P =0} =W, N H(Q).

Let us prove now that Hypothesis H.1 holds with k = [ = 1. First, for
any K € G, we define the operator Il € £(H*(K), P,) by

Hgv(a; x) = v(a;g), 1 < i< 3,
4.5) f i do = vdo,1 < i< j< 3.
[a¢,x,a5.%] lai,x,a7,E)

By the Sobolev’s imbedding theorem, we have H2(K) C C°(K) so that the
first condition (4.5) makes sense. On the other hand, the restriction p|i, ¢4, .
to the side [a; g, a; 5] of any polynomial p € P, depends only on p(a; ),

p(a;, %), p(a;;, x)- Thus, since J- Pijx do is > 0, the last condition (4.5)

[ai,z,a;,5]
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determines II g v(a;;, k). Clearly,

4.6) Mg | depends only on v| 1<i<j<3,KeT,

[as,k a7,7] los,x.a7,5]
Since Il zv = v for all v € P,, we get by applying [5, theorem 5]
@.7 IHxv — v[ < Co(K)(R(K)™ [v[ forallv € H™*Y{(K), m = 1, 2,
1,K m+1,K

s

for some constant C > 0 which is independent of K.

Now, for any » € (H*(Q))?, we let r,p be the function in (W,)? such that
(r,,_é),-l = II v, for all K€, i =1,2. This definition makes sense because
K

of property (4.6). Obviously, we have
ra € SHAQ)); (W) N L(HA(Q) N Hy(D)*; (Wo ))-

Moreover, using (4.5) and Green’s formula, we obtain
(4.8) fdivr,,?dx:f roende = E-ﬁ'dc;:fdivadx
K oK ok K

so that (3.4) (and (3.2)) holds with & = 1. On the other hand, by (4.7), we have
{4.9)

e —3] = |mo—3] < Cob™ |3 for all 5 € (H™ {(Q)*m'=1] 2,
h 1,Q m+1,Q
so that (3.3) holds with & = 1 (and also with k = 2), / = 1.

Since we are using conforming finite elements, Hypothesis H.2 is trivially
satisfied. Thus, defining

(4.10) V= {0, | 0 € Wo )% L divp,dx =0forall K€ G, }

and applying Theorems 3 and 4, we obtain whenz € ¥ N (H*(Q))?, p € H'(Q)
(4.11) lo,—u| < Coh(|d| +|p| )
1,0 2,0 1,0

and

(4.12) fw—2u| < C®m* (4] +|p| )

0,0 2,0 1,0
provided (3.34) holds. The bound (4.11) is a slight improvement of a result
of Fortin [8] who first discussed this type of approximation. Notice however
that these error estimates are quite disappointing since we use polynomials
of degree 2 in each triangle K € G,. This comes from the low order of accuracy
in approximating the divergence condition. In fact, it is impossible to construct
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an operator r,€ L((H*(Q))?, (W,)?) such that (3.4) holds with k = 2. We shall
see in § 5 how the use of nonconforming finite elements enables us to obtain
the same asymptotic error estimates by using polynomials of degree 1 only
in each triangle K € G,

ExaMPLE 2. Now, we show that we can raise by one the asymptotic order
of convergence of the previous method by slightly increasing the corresponding
number of degrees of freedom. Assume for the moment that N = 2. We
introduce the centroid a,,; g of the triangle K with vertices @; x, 1 < 7 < 3.
Let us denote by Pg the space of polynomials spanned by

)‘i’ )\2’ )\ga )\17‘29 }‘2)‘35 )‘3)‘1’ )‘1)‘2)‘3'

Then, P, © Py and Zg = {a;k } U{ajx} U{apsk}isa
. 1<i< 1<i<j<3 .
P g-unisolvent set. Moreover, we can easily compute the basis functions :

Pix = MN2A—1) =300, 1 << 3,
(4.13) pij,K - 4)\17\1—' 12)\1)\2)\3, 1 S i < j $ 3,

Pi123,k = 2Th A3,

Q

Let us define the space
(4.14) W, = {v, |p,€C%Q), v,| €PgforallKeE,} < H Q).
piq

Here again, a function v, € W, is uniquely determined by its values v,(a; x),
1 <i<3,v4a5,%), 1 <i<j<3,and vy a,; k), K€ T, We let

(@.15) Wou = { vx |on € W), v;.lr =0} = W, N Hy().
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Let us show that Hypothesis H.1 holds with k = [ = 2. We begin with
a preliminary result.

Lemma 4. For any K € G, the equations

@ HK{;(ai,K) = Z—;(ai,rc), 1<i<3,

4.16) (ii) Myo'de = vde,1<i<j<3,

lai,x,a1,K) la¢,k,a5,8]

(iii) f x; div o dx = f x;divodx, i=1,2,
K K

define an operator Ty € L((H?(K))?; (Px)?). Moreover, 1o | depends
las,r,a1,K]
only on v | ,1<i<j<3, and we have the estimate :
las,z,a5,K]
@4.17)

Hgo —3] < CE))HWE)"™ 9] forallv e H™ Y(K))* , m=1,2
1,K m+1,K

Proof. Let ¥ be in (H*(K)). Since A;:,); vanishes on 3K, the restriction
to any side of K of a polynomial p € Py coincides with a polynomial of degree
< 2. Thus, as in example 1, the first two equations (4.16) determine

Mb(a; x), 1 < i< 3, Mala;0), 1 < i< j< 3,
and consequently the restriction IT Kﬁia of IIxv to 8K. Moreover, IT X0
K [as,&,a4,%]
. By using Green’s formula, equation (4.16) (iii)
[as,x,a4,%)

depends only on v

becomes

(4.18) —f (HKB)idx'!‘f xinxb’-h‘da:.—-f v; dx+f x0+n do.
K ok K oK

Since f P123.x dx is > 0, this equation (4.18) determines (I1xv); (2123 x)-
K

Thus, equations (4.16) uniquely define a function I v € (Pg)% Clearly, the
operator II ¢ belongs to L((H*(K))?: (Py)?).

Now, notice that conditions (4.16) (ii) imply

f div I o dx = J div v dx.
K K
Thus, we get as a consequence of equations (4.16) (ii), (iii)

(4.19) f g div IIzp dx = f g div 7 dx for all g € P,.
K K
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Finally, let us derive the estimate (4.17). We shall denote by Ka nondege-

nerate reference triangle of R? and we shall use the notations given in the proof
—

of Lemma 3. Since Iz # I120, inequality (4.17) is not a direct consequence

of [5, Theorem 5]. Thus, let us introduce the operator I1x € £(H*K))?, (Px)?)
defined by

ﬁxg(ai,x) = B(”:,K), 1<i<3

(4.20) f Mg do = Pdo,1<i<j<3,
[ai,x,ai,K] [ai,&,aj,K)

f ﬁK;dX=f v dx.
K K

Observe now that
Ti0 = 14 for all ¥ € (H*(K))>
Thus, by using [5, Theorem 5], we get

4.21)
Tixd —3] < ers(K)BE)™ |3] forallv e (H" '(K)), m=1, 2.
1,K m+

>

It remains to estimate

e — 13| ,oeH™ (K)Y m=1,2.
1,K

Clearly, we have

(4.22) ﬁK5|aK = I |aK for all v € (H*(K))>.
Thus, we obtain
(4.23) M — o = pras x(Mxd — Tx0)(@123,)
and therefore
4.24) |HK;; - ﬁK;|1,K = '1’123,KI1 < ” (HK;— ﬁxg)(aus,x)“

where || - || is the Euclidean vector norm in R?. By a change of variable, we get

(4.25) IP123,K|1 i < |det (B)Illz (:a I?hza,zcll 2 < ¢, |det (B)ll/2 ”B_lu.
On the other hand, using (4.18), (4.20) and (4.22), we obtain
f (13 — D), dx = f x(gp—7D)-ndo, i=1,2,
K ok

n® décembre 1973, R-3.



54 M. CROUZEIX ET P. A. RAVIART

and by (4.23)
(J Pi23k dx) (HK;;_ ﬁK;)i(alzs,K) = fax xi(ﬁKE—B) -7 do.
K

Since

!
i f D123,k dx
| Jk

= Idet (B)I . flzlA’lza,K dx | > c3 ldet (B)I,

we have
(4.26)
I(Hxl_; — ﬁk—;)); (@123%) | < ¢q |det (B)] -t

f x (Mo —72)-ndo|,i=1.2
ok

Let K’ be a side of the triangle K. We may write

f x (g0 — )+ 71 do = |det (B")| f (Bx + b)i(ﬁ,g5_5) -ndo
K’ K’

-

= |det (B)| f . (Bx)(d14p — ) -ndo
2
and therefore

el - Ed ’ ~ l? 7
4.27) \ f x(Ilgp —7v)-ndo | < cs|det (BY)| || B|| ||IIiv — vfo.2
K’ t

Since 1140 = v for all » € (P,)?, we get as a consequence of the Bramble-
Hilbert Lemma

(4.28) 1T — 3, < s3] < ce|det B2 | B |5]
0,K m+1,K

m+1,K

Thus, using (3.17), (4.27) and (4.28), we obtain

< oo ldet B B 57 (5]

| f ({15 —3)- 7 do
» l

1,K
and by (4.26)
(4.29) [(ILd — T 0) (@123 0)|| < cs |det (B)| /> ||B|™*2 | B~ |3]

m+1,K

From (4.24), (4.25) and (4.29), we get

M — T3] < co || B]™+2 B2 |5]
1,K m+1,K
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and by (3.19)
@30) |Heo—TMB| < epolo®)VME)™ [5]  for all b € (H™(K))?,
1,K m+1,K

m = 1,2. The desired estimate (4.17) follows from (4.21) and (4.30).

Now, for any v € (H*(Q))?, we let r,p be the function in (W;)? such that
rw| =g for all K € G,. Again, we have
K

r € L((HH(Q)?, (W,)*) N L((HA(Q) N H5(Q))?; (Wo,1)%). By (4.19), we have
4.31) f g div r,p dx = f g div v dx for all g€ P, and all K € G,,
K K

so that (3.2) holds with k¥ = 2. On the other hand, we get from (4.17)
(4.32)

||r,§3—_z5”h = |r,,3--i$|1 < ca®h™ [o] . forall sEH™ D), m=1,2

so that (3.3) holds with k =/ = 2.
Defining

4.33) vV, = { o | B € (Wo )% L g divo, dx =0 for all g € P,
and all K € G, } .

and applying Theorems 3 and 4, we obtain when u € ¥ N (H3(Q))?, p € H*(Q

(4.34) |y —u| < e®W(Ju| +|p| )
1,Q 3,Q 2,Q

and

4.35) lw—2u| < es*h® (] +|p| )
0,Q 3,Q 2,Q

provided (3.34) holds.

The previous analysis can be now extended to 3-dimensional problems.
Here K is a tetrahedron with vertices a; g, 1 < i < 4. Let us denote by a;;
the midpoint of the edge [a; , a; k], 1 < i < j < 4, by a;j,, x the centroid of
the triangle with vertices a; g, a; x, @, k, and ay534,x the centroid of the
tetrahedron K. Let Py be the space of polynomials spanned by

7‘%3 )‘29 )‘gs )‘ia )‘1)\2a )\27\3’ )‘37‘45 )‘4)‘1, 7‘1)‘3: 7\27\4:
AR2Rs, Aadshy, Ashahy, Agdgd,, ST Y, S Ve
Then P, C Py and
Zr={ax }1<_ Ufayx} U { @ijmx } U{as4x}

i<a4 1<i<j<4 1I<i<j<m<4
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is a Pg-unisolvent set of R3, Moreover, the basis functions are :
Prx = M@A; — 1) — 30 0As + Aghy + Agha) + 68AAA50s, oo
(4.36) P12,k = AMA; — 1200505 + Ag) + 128025050, ...
P123,x = 2TA1 A A3 — 108A A,052, ...
P1234,x = 256A 1 M3A30,.

Let us define the spaces W, and W, , by (4.14) and (4.15) respectively.
Then, we can similarly show that Hypothesis H.1 holds with £k =/ = 2.

This is easily done by introducing for any K € G, the operator

I, € L(HAK)); (PY))
such that

(a0 = da), 1 < i< 4,

Mv(a;; x) = ;(aij,K)’ I<i<j<yd,

(4.37) f 0 do = f v do for each 2-dimensional face K’ of K,
K’ K’

f x; divHKde=f x;divodx, i=1,2, 3.
k k

Thus, defining again ¥}, by (4.33), the estimates (4.34) and (4.35) still remain
valid when % € V N (H3(Q))?, p € HA(Q).

ExaMPLE 3. We can easily extend the ideas given in Example 2 in order to
construct conforming finite element methods of higher-order of accuracy.
We shall consider only a 2-dimensional example corresponding to k = 3.
With any triangle K € G,, we associate the points a, g, 1 < i < 12, whose
barycentric coordinates are :

al,K = (15 O; O), a2,K = (09 1, 0), as,K = (03 0; 1)’

21 12 21
a4yK=(§’_3"0)) aS,KZ(S"i’O)’ as,K—'——(O,g’g):
1 2 1 2 2 1
a7’K=(0’§’§), “‘”‘z(?’o’ 5)’ 9.K=(§’0, 3)’

a N l—a 1—a _[1—a 1 —a
k= \® T T ) fuk =\ e T )

l—a 1 —a
a12’K= ———2—;—-—E—-sd ’
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where 0 < « < 1, « ;é%- Let Py be the space of polynomials spanned by
AL A, A3, A2, AZAg, A3N, AAS, Mo, AaAZ, ARG, A2ASA,, A2,

Then P, C Py and Tk = {a; ¢ } is a Pg-unisolvent set of R%
1<

7
R
S

Figure 3

By an elementary calculation, one can verify that the basis functions art

1 9
Prk=73 MG — DB —2) — 3 ISTOYS

— 2702 + 18« + 1

2l —a)? A2, -
4.38) pax= % AN — 1) — 9(32211&;;_ 1 -
9(39;1(Tiaa—)!— 1) s
+ 22 Dona,, .

8 I —a
= AMMAA3 | A — —— ), ...
Piox ol — 2)2 (G — 1) 1h243 ( 1 ) )

n° décembre 1973 R-3.




58 M. CROUZEIX ET P. A. RAVIART

Let us define the spaces W), and W, , by (4.14) and (4.15) respectively.
Then, a function v, € W, is uniquely determined by its values wv,(a; g),
1 < i € 12, K € G,. Moreover, one can easily show that Hypothesis H.1 holds
with k = 3, / = 2. The proof is similar to that given in Example 2 : for each
K € B,, we consider the operator Il € L((H?*(K))? (Pg)?) defined by

Hxa(ai,x) = U(ai,l()5 1<ig3,
f qHKEdc;:f godoforallge P, 1 <i<j<3,
la¢,x,a7,&] [as,x,85,&]

(4.39) j g div HK-E dx = f g div ? dx for all gEP,,
X K

fx [xl(HK;)Z - x2(HK;;)1] dx = fx (19 — x,v,) dx.
Thus, putting
4.40) V, = { 0y | O € (Wo 1), f g div v, dx = 0 for all g € P,
K

and all K€ G, }

we obtain when z € V N (HYQ))?, p € H3(Q)

4.41) |4, —u| < co®m(|a]  +|p| )
1,0 4,Q 3,Q

and

(4.42) 4 —u| < eo*h* (2] +|p| )
0,0 4,Q 3,Q

if property (3.4) holds.

5. APPLICATIONS II : NONCONFORMING FINITE ELEMENTS

We now come to nonconforming finite element methods for solving the
stationnary Stokes equations. We shall give two examples which correspond
to the cases k = 1 and k = 3.

EXAMPLE 4. For N = 2,3, let K€ G, be a N-simplex with vertices a; g,
1 < i< N+ 1. Denote by K} the (N — 1)-dimensional face of K which is
opposite to a; x and by b; x the centroid of K}, 1 < i< N + 1. Then,

Zx=1{b;x} is a P;-unisolvent set and the basis function p; g asso-
1<i<N+1

Revue Frangaise d’ Automatique, Informatique et Recherche Opérationnelle



METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 59
ciated with the point b; g is given by

(5.1) pi,K == 1'N7\i, 1 < l < N“}' 1.

2

(Nal q

Figure 4

Let us define the space W), as follows : a function v, defined on Q belongs
to W, if and only if

(5.2 v,] €P, forany K€ G,
K
(5.3) v, 1s continuous at the points b; €, 1 < i< N+ 1,K€ TG,

Thus, a function v, € W, is uniquely determined by its values v,(b; ),
1<i< N+ 1,KeT, Welet

(5.4) Wo = { 04|ty € Wy vyby. ) = Oforall b, x €T }.

Observe that W, ¢ H'(Q) and W, , & Hy(Q).
Let us show that Hypothesis H.1 holds with k == [ = 1. For any K € G,,
we define the operator I, € £(H'(K); P,) by

(5.5) f Hivdo = vde,]1 < i< N-+1.
K'; K's

Since

J- Pjx do = (j dc) Sijs
K’ K’z
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the equation (5.5) determines II zv(b; &) :

f vdo

Ky 1< i<N+1

f do
K’;

Since II yv = v for all v € P,, we get by applying [5, Theorem 5]
5.7 |Hxo—v] < eo(K)REK)™|v] forallve H™*Y(K),m =0, 1,
1.K m+1,K

(3.6) HKU(bi,K) =

for some constant ¢ > 0 which is independent of K.
Now, for any v € (H*(Q))", we let r,v be the function in (W)Y such that
(rw);| = g, for all K€ B, 1 < i< N. Then
K
ry € SCHNQ)Y; (W) N E(H(@)Y; (Wo 1))
and, by (5.5), we have

N+1

f divr,,?;dxzf rpende = z f rpende
K ok i=1 JK%
(58) T

= Zf v-ndc=f div v dx
i=1 VK’ K

so that (3.4) holds with k = 1. Using (5.7), we obtain

(59 |rw—v] < coh™|v] forall v € (H™ (), m =0, 1,
h m+1,Q

»

so that (3.3) holds with £ =/ = 1.

On the other hand, let us show that Hypothesis H2 holds with k = 1.

For any (N — 1)-dimensional face K] of a N-simplex K € G, and any function
v, € W, we have

v(bix) =0 < v,doc =0
K's

so that (3.7) and (3.8) hold with £ = 1.
Thus, defining

(5.10) W, = { oy | O € (Wo )", f divy,dx =0forall KeG, }
K
as in Example 1 and applying Theorems 3 and 4, we obtain when

ue VN HQ), pe H(Q)
(5.11) o —34| < Coh (4] + |p| )
B 2,Q 1,Q
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and

(5.12) o —u|| < Co?h*(|u] +|p| )
0,Q 2,0 1,0

provided (3.14) holds.

In conclusion, the nonconforming finite element method discussed here
appears to be more attractive than the conforming method of Example 1
which involves more degrees of freedom without improving the asymptotic
order of accuracy.

EXAMPLE 5. Here again, it is possible to construct nonconforming finite
element methods of higher-order of accuracy. For the sake of simplicity, we
shall confine ourselves to a specific 2-dimensional example corresponding to
k = 3. With any triangle K € G,, we associate the points b; g, 1 < i< 12,
whose barycentric coordinates with respect to the vertices a@; g, 1 < i < 3, of
K are given by

11
bl,K = (81, &2, 0), by x = (5’ 3’ 0) > b3,K = (g2, £1, 0),

b4,K = (0, g1, &2), bs,x = (0, 3 ") ’ bex = (0, g2, 1)

1 1
b7,K = (82, 0, g1), bgx = (‘2" 0, 5) > by x = (&1, 0, g2),

l—a 1—a 1—a 1l —«
bIO,K= (O(., T’ —-2'——), bll,K=( 2 s o, 5 ),

where 0 < « < l,oc;é%-and

|

Notice that g,, 21 » g, are Gaussian quadrature points on (0,1).

As in Example 3, let us denote by Py the space of polynomials spanned by
AL A3, A3 AR, A2, A3Ag, A%, M03, Mg, A20, A3y, A3,
By an easy but tedious calculation, one can verify that g = { b,  } .
is a Pg-unisolvent set of R, Moreover, one can compute explicitly thelcilrfelsz-
ponding basis functions.
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Let W, be the space of functions v, defined on Q and such that
(5.13) Up|x € Py for any K € G,

(5.14) vy is continuous at the points b; x € Q2,1 < i< 9,K€ T,

Figure 5 (oc=1 — 2g, = 5)

Then clearly, a function v, € W, is uniquely determined by its values
Uh(bi,p), 1 i< 12, K€T, Welet

(5.15) Wo,'I = {v,,lv,, € Wh, vh(bi,K) = 0 for aH bi,K € IN }

Let us prove first that Hypothesis H.1 holds with k = 3,1 = 1.

Lemma 5. For any K € G,, the equations

@ qllxv do = qudo forallge P,,1 < i< j<3,
(5.16) las,z,05,£] lai,x,a5,E]

(i) f qllzv do = f qv do for all g € Py,
K K

define an operator Il € C(H'(K), Py). Moreover Ilgv| depends only

[aix,a5.%]
on y| , 1 < i< j< 3, and we have the estimate
lai,x,a4,K]

(5.17) |Hgo—v| < Co(K)HEK)" |v| - - forallv € H™ 1 (K),0 < m < 3.
1,K m+1,K
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Proof. We only sketch the proof. First, we remark that the restriction to
each side of K of any polynomial of Py is a polynomial of degree < 3. Thus,
if p € Pg vanishes at points b; g, 1 < i < 3 for instance, we get

f gpdec=0forallge P,
[a1,x,a2,x]

since the points b; x, 1 < i < 3, are Gaussian quadrature points. Then, for

fixed g € P,, the integral gp do depends on p(b; x), 1 <i < 3,
[a1,x,a2,K]
p € Pg. Now, one can easily verify that
DPE Py

=>pb;x)=0,1<i<3.
f gpdo =0forallge P,
[a1,&,00,%)

Thus, equations (5.16) (i) uniquely determineIl xv(b; x), 1 < i < 9. Finally,
equations (5.16) (ii) determine II xv(b; ), 10 < i < 12.

Since Il xv = v for any p € P,, the estimate (5.17) is obtained by applying
again [5, Theorem 5].

For any v e (H(Q))?, we let r,v be the function in (W,)* such that
(r0);| = Hyo, for all K € G,, i = 1,2. Then

K
ry € L((H' Q)% (W)*) N L(Ho(Q)?; (Wo 1))
and, by (5.16), we get for all g € P, and all K€ G,

f qdivr,,;;'dx=—f aaq-r,,?;dx—{— grio - ndo
(5.18) *K K K

=—f gradq-b’dx—}-f qv-ndo =f g div v dx.
K oK K
Using (5.17), we obtain
(5.19) |ro—73|| < Cot™ || foralls e (H™ Q)% 0< m < 3.
h Q

m s

Now, Hypothesis H.2 holds with k = 3 since for any K € G, and any
function v, € W), we have :

(b)) =0,1<i< 3= qu, do = 0 for all g € P,.

{a1,x.02,R]
Thus, defining
(520) V, = { Dy, | O € (W 1), f g divy, dx =0 for all ¢ € P,
K
and all K € G,}
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(as in Example 3) and applying Theorems 3 and 4, we obtain when
ue VN HYQ), pe H(Q)

(5.21) i, —ul < cob®u) +1p| )
B 4,Q 3,0

and

(5.22) I —2| < co®h* (% +|p| )
0,Q 4,Q 3,0

provided (3.14) holds.

6. ERROR ESTIMATES FOR THE PRESSURE

Let us consider again the general finite element approximation of the
Stokes equations as it has been described and studied in §§ 2 and 3. A discrete
analogue of problem (2.13) is the following : Find functions u, € V,, and p, € ®,/R
such that

(6.1) va(tiy, 0) — (Py, divy 0y) = (f; By) for all B, € (Wo ).

In order to prove that problems (2.23) and (6.1) are equivalent and to
estimate the error p, — p, we need the following assumption.

Hypothesis H.3. With any function ¢, € ®, such that f ¢, dx = 0, we can
Q
associate a function v, € (Wo )" with the following properties :

®H (6.2) divy, ;;h = Pp

(ii) for some integer )\ > 0

(6.3) sl < Co* ||o4l
h 0,Q

where the constant C is independent of h and o.

REMARK 5. Denote by V* the orthogonal complement of ¥ in (H(Q))", i.e.
the space of vector functions » € (H'(Q))" such that

a (@, w) =0forall we V.

Then, Hypothesis H.3. appears to be a discrete analogue of
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Lemma 6. Given any function ¢ € L*(Q) such that f ¢ dx = 0, there
exists a unique function v € V* such that ¢
6.4) divo=1¢ in Q.
Moreover, there exists a constant C > 0 such that
©.5) o] < Cle] .
1,0 0,0

Proof. We sketch the proof. First, we show that a function » € (HA(Q))" is
in V! if and only if there exists a function ¢ € L%(Q) such that

(6.6) AY = grad 9 in Q.
Since a(?, w) = — (A%, w) for all w e (Hy(Q))Y, a function v € (HA(Q)x)

isin ¥tif and only if (A, w) = 0 for all w € V. By de Rham’s duality theorem
(cf. [14]), this exactly means that there exists a distribution ¢ in Q (p € D'(Q))
such that (6.6) holds. Moreover, one can prove (cf. [2]) that

¢ €D'(Q)

- L*(Q).
o e(H“(Q))"} T el

Thus, grad is a one to one operator on L3(Q)/R onto A(V). By Banach’s
theorem, grad is an isomorphism on L%(Q)/R onto A(VY). But it is an easy
matter to verify that the dual space A(VT)' of A(V1) can be identified with
V*. So, the adjoint operator-div of the opérator —gEa is an isomorphism on
V* onto (L*(Q)/R)’ and the lemma is proved.

Denote by ¥t the space of vector functions 7, € ( W, )" such that

a,,(;,,, ;;’h) = 0 for all ;’h 6 Vll'

Clearly, we might assume that in (6.2) and (6.3) 7, € ¥+ but this is
unnecessary.

Lemma 7. Assume that Hypothesis H2 and H.3 (1) hold. Then, a

linear functional v,— L(v,) defined on (W, ,)" vanishes on V,, if and only if
there exists a unique function ¢, € ®,/R such that

(6.7) L(;’;.) = (P, div, v,) for all 0y € (Wo,h)N-

Proof. The «if» part is obvious. Let us prove the « only if » part. By
definition of ¥}, the space of linear functionals defined on (W, ,)" and vanishing
on V}, is spanned by the linear functionals

3,,—»f qdivo,dx, g€ P,_;, K€,
X :
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Thus, given a linear functional 3, — L(v,) on (W, ;)" which vanishes on ¥,
there exists a function ¢, € ®, such that (6.7) holds. Let us show that this
function ¢, is uniquely determined up to an additive constant. On the one hand,

using Hypothesis H.2, we obtain for all 3, € (W, ,)"

(1, div, 3) = D, fdivb‘,,dx= > fa V1 do = 0.
K K

KeTGh KeTn

On the other hand, let ¢, € ®, be such that

f ¢, dx =0,
Q

(P1> divy, ) = O for all 7, € (W, ) .

By Hypothesis H.3 (i), we may choose v, € (W, ,)" such that
div, 9, = @
Then, we obtain ¢, = 0.
Theorem 5. There exists a unique pair of functions (4, p,) € V, X ®,/R

solution of problem (6.1). Moreover, the function u, € V, can be characterized
as the unique solution of problem (2.23).

Proof. Let (u, p,) €V, X ®,/R be a solution of problem (6.1). Then,
clearly %, is the solution of problem (2.23). Conversely let %, € ¥, be the
solution of (2.23). Then, the linear functional defined on (W, )"

- il hadeey
Uy —> vay(vy, u) — (f, vy)

vanishes on V;,. By the previous lemma, there exists a unique function p, € ®,/R
such that

vay(thy, O) — (f; 0) = (P4, divy 3y) for all 5, € (Wo )™

Therefore (%, p;) is the solution of (6.1).

We now estimate the error ||p, —p||
LAQ)/R

Theorem 6. Assume that Hypotheses H.1, H.2 and H.3 hold. Assume, in

addition, that the solution (u, p) of problem (2.13) satisfies the smoothness
properties (3.20). Then, we get the estimate

(6.8) les—pll , < Co'*H([u] +|p| )
L()/R k+1,Q kQ

Proof. We may assume that

fp,,dx=J.pdx=O.
Q Q
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Let p,p be the orthogonal projection in L*(Q) of p upon ®@,. Then we have

J‘ p,,pdx:f pdx=20
Q Q

and
lp—owp| = min [p—g| < ech*|p| forall ke,
0,K  g€Pr—1 0,K kK
so that
(6.9) lp—ewpr|l < el*|p| .
0,02 k,Q

Let 7, be in ( Wo,,,)N. Applying (6.1) and Green’s formula, we obtain
(s div,, ;h) = Vah(;h’ l_’;z) —(f l_;h)

= (P, divh zh) + vah(ﬁh - 17’ 5;1)

U - N
4+ v =+ v, do — f +ndo.
Kez‘ﬁ;. aK on " KEZBh ok Pou

Thus, we may write for all 7, € ( Wo ¥

(ps — eup, div, ;h) = (p — pup; div,, 1;;.) + va,,(ﬁ;, — 1;: v-;:)

o - v o
+v Z ¥, do — Z f po,»ndo,
KeTn J Ok on KeGs JOK

Now f (py — exp) dx = 0. Hence, by Hypothesis H.3, we may choose
Q

Dy € (Wo )Y such that
div, v, = py — PwP>

llzhllh < 020'7\ “I’h—‘PhP" .
0,Q

Then, using Theorem 3 and the estimates (3.21), (3.24) and (3.26), we obtain

6.10) |ps—ewp| < llp—ewpll +es'R*(ul 4+ |p| ).
0,2 0,Q k+1,Q k,Q

The desired inequality follows from (6.9) and (6.10).

REMARK 6. More generally, we can easily prove the following result. Assume
that (#, p) satisfies the smoothness properties (2.31) for some integer m with
1 < m < k. Then, we get the estimate

(6.11) lpn—p), <cCo'nm(u]  +1|p| )
LY%(Q)/R m+1,0Q m,Q
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In order to apply the previous theorem to the examples considered in
§§ 4 and 5, it remains to verify that Hypothesis H.3 holds. This is easily done
for the nonconforming examples of § 5. On the other hand, for the conforming
examples of § 4, the derivation of the inequality (6.3) appears to be rather
technical. Thus, we begin with the

(i) Nonconforming Case. In each Example 4 or 5, we have built an operator
ry € S((HQ)"; (Wo,)™) which satisfies for all v € (Ha(Q))"

. - - -
div, rp = div, v,

lrio —7fn < exa ||
1.0

Then, given a function ¢, € ®, with f @, dx = 0, there exists by Lemma 6
0
a unique function 7 € ¥* such that
div, 9 =divo = ¢,

N
< .
Ml QS C2 lI%llo'n

Therefore, the function o, = r,0 € (W, )" satisfies
divy o = O
2l < eso el
k 0,Q

so that Hypothesis H.3 holds with A = 1. We may now conclude that the
following estimates hold :

(6.12) | 2 — 2| . < Co’h(fu| -+ |p| )inExample 4
L2Q)/R 2,0 1,0
and
6.13) | pa—n| < Co’h*(Ju| +|p| )inExample 5.
LAQ)R 4,0 3,0

‘We next consider the

(i) Conforming case. The previous analysis cannot be used here since

in each conforming example of § 4 the operator 7, is defined on (H*(Q) N H3(Q))Y
only. For the sake of brevity, we shall confine ourselves to a specific example,
namely Example 2 with N = 2, but the corresponding analysis can be easily

extended to the other conforming examples. Let ¢, € ®, satisfy j o, dx =0,
Q
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We construct a function 3, € (W, ;) in the following way. By Lemma 6, there
exists a unique function 7 € ¥* such that

(6.18) div, D = gy,
(6.15) ol <eled -
1,0 0,02

Let w, be the orthogonal projection in (H3(Q))? of v upon (W, ,)?, i.e.
(6.16) a(W,, —-l;, -Z.h) = 0 for all _z.,, € (Wo’h)zo
Then, we define the function v, by

@ @) =wlax), 1 <i<3,

©.17) (i) f '13,,d0=f Pdo,1<i<j< 3,
[as,x,a5,x] [a¢,x,a1,8]

(iii) j.x,.diviz’,,dx=f x;divodx,i=1,2,
K K

for any triangle K € G,
Clearly, using (6.17) (ii) and (iii), we obtain

f g div (9, —v)dx =0 forall ¢ € P, and all K € G,,
K
ie.

dth ;;h = div,, 6.

Thus, by (6.14) we get
(6.18) diV,, ;;ll = Cph'
The next step consists in proving the

Lemma 8. Assume that the following hypotheses hold :

(6.19) h < Ch(K) for all K € G;

(6.20)  — A is an isomorphism from H*Q) N Hy(Q) onto L*(Q)
Then, we have the estimate

(6.21) |3,,|1'n < Co? | q;,,]|m .
Proof. Letting

(6.22) Z=0— Wy, Z = Dy — Wps
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we get from (6.17)

@) ;h(ai,K) =0,1<i<3,

6.23) (i) f Z,do = Zdo,1<i<j<3,
[a: &,a,j&] [ai,x,a7,%}
(iii) f x; div z, dx=f x; divzdx,i=1,2,
K K

for all X € G,. In order to estimate |E,,| , we write
1

(6.24) Z, = Z { Z Pij.x ;h(aij,K) + P23k Eh(aus,x) } .

KE€Tu 1<<i<j<3

Let K be a triangle of G,. We have to estimate
”Eh(aij,l()“, I<i<j<3, "-Z'h(ans,x)“-

Denote by Ka nondegenerate rteference triangle of R? with vertices

@,, 1 < i < 3, and use the notations given in the proof of Lemma 4. According
to (6.23) (i) and (ii), we may write

f zydo = J. Dijx do Zh(aij,K)
fai,x,a1,&] {a1,8,a,8)

-
= z do.
{as,x,01,5)

Then, by a change of variable, we get
-1 .
Eh(aij,l() = (j,\ A Pijx do-) fA » Zdo
las,a4) [ai,a4]
so that

(6.25) IZas 0l < ez 2] = e (2, + 2] )V
1,K 1,K 0,K

Using (3.15), we obtain
(6.26)
|Zua;.0] < ¢, [det (B)| "2 (| B]? I_Z:‘ZK + U;“:K)”z’ l<i<j<3
1, s

Let us estimate now ||Zz,(a;23,¢)]|. According to (6.23) (ii) and (iii), we get

by using Green’s formula
J. z, dx = f zdx
K K
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and

(J‘ Pi23.,k dx) Eh(axzs,x) = f zdx — Z (f Dijx dx) Eh(aij,x)'
K K 1<i<j<3\Jk

By a change of variable, we get

-1 -
E'3.(“123,1() = (f‘ Pi23x dx) { J; zdx— Z (f" Pijx dx) zh(aij,x) }
K K 1<i<j<3\JVK

so that
ol < (I, + T Taol
1,K 1<i<j<3
and by (6.25)
IZ@i2s,0) < ea (21, + [2]2 )12
1,K 0,K

Thus, we have
62 [aansl < cldt @2 (Bl + [

On the other hand, we may write
6.28) |yl < |det BB By , < e5 [det B || BT
and similarly

(6.29) |17123,K|1 . < ¢ |det (B)I“2 "B_lll.

Combining (6.24), (6.26), ..., (6.29), we obtain
EARNESECE 12 N(7: el o F
1,K 1,K 0.K
and by (3.19)
(630) |z < cgo(B)(|Z]* + (A(K)) |Z||* )Y for all K €7B,.
1,K 1,K 0,K
Thus, using the hypothesis (6.19), we obtain

(6.31) lz] < eo(z)> +h72|z)? VA
1,Q 1,Q 0,Q

Finally, by using (6.16), the hypothesis (6.20) and the classical Aubin-
Nitsche’s duality argument, we easily get

(6.32) 2] < eooh]z] .
0,Q 1,Q
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Then, applying (6.16), (6.31) and (6.32) gives
(6.33)

o] <zl + |w,,| < ¢1;0 |w,,—v| + Wl < era0? o]
1,Q 1,Q 1,Q 1,Q

Thus, the desired inequality follows from (6.15) and (6.33).

In conclusion, assume that the triangulation G, verifies the uniformity
condition (6.19) and that Q is convex for instance (so that (6.20) holds). Then,
in Example 2 with N = 2, Hypothesis H.3 holds with % = 2 and we get the
estimate

(6.34) len—pll |, < es*B(a] +p| )
L(Q)R 3,Q 2,Q

7. THE CASE OF INHOMOGENEOUS BOUNDARY DATA

Consider the stationary Stokes problem with inhomogeneous boundary data
—-vA74'+—g?a—(_i.p=fin Q
(7.1) divu=0inQ,
u=gonTl.
Assume that the vector-valued function g can be extended inside Q as

a function %, € (H'(Q))" such that div #, = 0. In other words, the function
g satisfies the two conditions :

(7.2) g e (H*D)Y,
(7.3) J;g-ndo‘=0

(see. Cattabrlga [4]). Then, a weak form of problem (7.1) is as follows : Given
a function f € LX) (or f € V"), find functions u € (H(Q))" and p € L*(Q)/R
such that

(7.4) U— Uy € V,

va(i, ) + (grad p, 3) = (f, 0) for all o € (HYQ)".

As a corollary of Theorem 1, we get the following result. If g satisfies
the conditions (7.2), (1.3), there exists a unigue pair of functions

@ p) € (H'@)" x LXQ)/R
solution of problem (7.4).
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Let us introduce the space v, W}, of the restrictions over I' of the functions
of W, and the space G, of the restrictions over I' of the functions v, € (W,)"
such that div, 7, = 0. Then, we have the following characterization of the
space Gj.

Lemma 9. Assume that Hypotheses H.2 (i) and H.3 (i) hold. Then
(.9 Go={ @t eaom, [ 5-fdo=0}.

Proof. Let v, € (W,)". Using Green’s formula, we may write

fdiv,,?,,dx: z fdivi:',,dx:— Z f Dy endo
ol K ok

KETGa KETa

and by Hypothesis H. 2 (i)

(7.6) L div, v, dx = — fr v, - 1 do.
Thus, any function g, € G, satisfies

(1.7 J.P g +ndo=0.

Conversely, let g, € (yoW,)" verify condition (7.7). Let 3, be a function
in (W,)" such that w,| = g,. Using (7.6), we obtain
r

f div, w, dx = 0.
r

Then, by Hypothesis H.3 (i), there exists a function z, € (W, ,)" such that
div,, Zh = - div,, ‘;k'
Now, the function 7, = w, -+ z, satisfies
dth ;;h = 0, 3}., = Eh'
T
A discrete analogue of problem (7.4) is the following : Given a function
Zg':e G, find functions u, € (W,)" and p, € ®,/R such that
Vah(izln ) — (py, div, v,) = (f, o) for all v, € (Wo,h)N,
(7.8) div, #, = 0,
-&hl = §h'
r
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Let us introduce a function %, , € (W,)" such that
(7.9) div, u,, = 0, 220,,,|F = g
Then, problem (7.8) can be equivalently stated as follows : Find functions
u, € (W) and p;, € /R such that
Uy, — Uy € Vi
Vay(ih, 59) — (B divy B) = (F, 3) for all 3, € (Wo )™

We rewrite the 2nd equation (7.10) in the form

(7.10)

(7.11) Vah(’_ih — ao b 1_;;.) — (py, div,, Z;h) = (f, Eh) —_ Vah(ao b 171-)

Since 3, — (f, By) — vay(do 4 ) is a linear functional on ( Wo )", we get
as a corollary of Theorem 5 : Given a function g, € G,, there exists a unique pair
of functions (uy, p;) € (W) X ®,/R solution of problems (7.8).

It remains to choose the function g, € G,. To this purpose, we assume
that %, € (H*(Q))". Then, by Hypothesis H.1, the function ru, satisfies
div,, r2y = div, %, = 0. So, we may choose

(7.12) 2= r,,?4°|r.

Note that, in each example considered in §§ 4 and 5, r,,'zioi depends oniy
r
upon g. Thus, the choice (7.12) appears to be practically relevant. Moreover,
we obtain if u € (H*(Q))¥
g’l = l‘hul .
r
Now, using equation (7.11) with Zo_,, = r,u, it is an easy matter to prove
that Theorems 3, 4 and 5 hold without any modification.

Since, in all the examples of §§ 4 and 5, the determination of g, = r,ﬁol
r

involves the exact computation of surface integrals, the choice (7.12) can be
inconvenient in some cases. An alternative procedure consists in defining

first an approximation g, of g in (yoW,)~ (for example, g, can be a sui-
table interpolate of g). Then, we let g, to be the orthogonal projection in
LA M)V of g, upon G,. We shall not give here the corresponding erroranalysis

since it involves further technical results.
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