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A GALERKIN PROCEDURE FOR APPROXIMATING
THE FLUX ON THE BOUNDARY FOR ELLIPTIC
AND PARABOLIC BOUNDARY VALUE PROBLEMS (*)

by Jim DoucLas, Jr. (1), Todd DuponT (1)
and Mary Fanett WHEELER (%)

Abstract. — Elliptic and parabolic boundary value problems are first solved approxima-
tely on a rectangle and then simple auxiliary calculations are performed on the Galerkin
solution to produce higher order correct approximations to the boundary flux than arise from
the straightforward differentiation of the Galerkin solution. L%(OR) and L (9R) estimates
are derived for the error.

1. INTRODUCTION

In many physical problems the major interest is in obtaining flux values
on the boundary, rather than the values of the solution to the particular
partial differential equation being considered. In this paper a method proposed
by J. Wheeler [5] for approximating the boundary flux will be analyzed for
second order elliptic and parabolic boundary value problems when the domain
is a rectangle.

Let R=1 X I, where I = (0, 1). Suppose that a(x), c(x), and p(x) are
L*® (R) functions. Further assume that there exist constants py, p;, @o, @1, Co
and ¢; such that 0 < py < p(x) € p;,0< ag < a(x) € a1,0 < ¢p € ¢(x) < ¢4,
x€R.

We shall consider the following two boundary value problems :

Lu=f, X ER,
(1.1)
u(x) = 0, X € OR,

(*) Sponsored by the United States Army under Contract No. DA-31-124-AR0-D-462
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48 J. DOUGLAS, T. DUPONT, M. F. WHEELER

and
o) 2 L) = (1), () €R X O, T),
(1.2)
w(x, 1) =0, (x,t) €OR X (0, T,
w(x, 0) = wy(x) , X€R,
where

Ly = — V- (a(x) Vy) + c(x)y.

For nonnegative integers s, the Sobolev space H*(R) is the set of all func-
tions in L2(R) whose distributional derivatives of order not greater than s
are also in L2(R); H*(R) is normed by

2 _ Z Dwll?
Wiz = 33 10wl

where o = { ay, x, }, «; a nonnegative integer, |«| = o; + 5, and

dlely

D*w = .
Ox}1 Ox3?

Here || - | denotes the L?(R) norm, and (-, ) denotes the (real) L?(R) inner
product,

(0,9 = [ o4 ax.
We define

Cot> = ottt a

Also Hi(I) = {ve H'(I): v(0) = v(1) = 0}. For X a normed space with
norm || + ||x and ¢ : [0, T]— X, we adopt the notations

T
lollZec = fo lo()| % de

and
)= = ess sup o] x-

The fractional order H*(R)-spaces are to be interpreted in the sense of
interpolation of Hilbert spaces {4] for s > 0. The space H *(R), s > 0, is the
dual of H*(R) and is normed as follows :

_ (@ 9)
lell-s o;ej:llg(R) Iolls
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GALERKIN PROCEDURE FOR THE FLUX 49

Let A : 0=xy<x; <..<xy=1 be a partition of I and set
Ij = [xj-19 xJ]. Let

M, &) ={v|veCD,veP(), Jj=1,2,..,N},

where P,(E) is the class of functions defined on I with restrictions to the set E
agreeing with a polynomial of degree not greater than r. Let

h= max h; , hj = x; — x;_,
1<j<N

and assume that there exists a constant ¢, > 0 such that c,# < h;; such a
partition is called quasi-uniform. Let

'-/K’k,r = Mk(rs A) ® Mk(rs A):
and
e = {0 €My, |v(x) =0, x€dR}.

Let g, and ¢, be linearly independent elements of M (r, A) such that
200) = g,(1) = 1, |g;|| 2y < ChY2, and ||g;|| m2qy < Ch™Y2; such elements
were constructed in the proof of Lemma 2.1 of Douglas, Dupont and
Wahlbin [1] and can be chosen to satisfy the additional constraint that the
support of g; is contained in an interval of length O(%). Let Ny(r, A) be the
span of g, and ¢,. Let

OMog,, = (Ni(r, ) @ M(r, A)) + (My(r, A) ® Ni(r, A))
denote a particular algebraic complement of Gy, in Ay,
The space A, has the following property.

Lemma 1.1. There exists a constant C such that, for any y € M, ,, there
exists an element Q € M, such that 0 =y on R and

lell: < €™ |ly|| Ly@my
el < €' |y @)

Proof. Take Q to be the unique element in dA(, , agreeing with y on OR.
q.ed.

For convenience we denote by {(:, -) the bilinear form
Ble, V) = (aVe, V) + (co, ).
The Galerkin solution U € Ay, to (1.1) is defined by
(1.3) BUV=(f,V) , VeM,
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50 J. DOUGLAS, T. DUPONT, M. F. WHEELER

The approximation to the flux a(x) g—vu is defined by the boundary values
of the element I' € 0 M, , satisfying the relations

(1.4) KLV =B3UV—UT), VeM,.

For the parabolic problem we define an analogous procedure. Let

Z 10, T]— My,
be given by

a.s ( %5, V) +BEZ M= V), VeM, t>0,
BZ—wo, ¥V)=0, VeEUMy, t=0.
We define I'" : [0, T] — 0A, , by the equations

1.6) <T@, V> = ( 0z

——> V) +BZV)—(f,V),t> 0, VEM,

Again the flux is approximated by the boundary values of I'. Note that
the evaluation of I'(¢) involves the solution at time ¢ only; thus, it can be
evaluated at any convenient selection of time arguments.

In Section 2 we derive error estimates of ' — g % for the elliptic problem

with homogeneous data. For the case a = 1 we obtain optimal L? and L*
estimates. Here optimal means optimal rate of convergence (O(h™*!)) with
minimal norm on the solution.

)
T—a du| < Ch' 12
oV || 12@r)
for the special case k = 0. This result does not give an optimal rate of conver-
gence since the exponent on 4 isr + 1/2 and not r + 1; however, the norm on

the solution is minimal.

In Section 3 we extend the elliptic results to the parabolic problem. For
a = 1, optimal convergence rates in L® in space and time are established.
For variable functions a, we again treat the case k = 0 and lose a factor of 4 /2.

For smooth functions a(x) we show that

2. FLUX ESTIMATES FOR ELLIPTIC PROBLEMS
WITH HOMOGENEOUS DIRICHLET BOUNDARY VALUES

We first consider the case a = 1 in (1.3.) For w e Ha(I) let Pw denote
the Hy projection of w into MY, = M,(r, A) N Hi(I) defined by

n
J(w——Pw vdx =20 , vE M,
I
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GALERKIN PROCEDURE FOR THE FLUX 51
Let W= P Q@ Pu. We have
a
@) (a—W, V) =C(U—P5V>—@ V) , Vel

where I — P has the obvious one-dimensional interpretation on each piece

of OR and
7 =18 (I — Pty + (I — P)® Iu,,.

Subtracting (2.1) from (1.4), we obtain

@2 (T—PE vy —BU—W, V) + 0+ ca— W)L V), VE Mo

If we set ¥V = U — W in (2.2), we see that
23) |w—Ull: < (-1 + Ju—w]-0),

since U— W = 0 on OR. For we H™*'(I)it is well known (see, for instance,
Douglas, Dupont, and Wheeler [2]) that, for 0 < s < r — 1 and 1 < p
<r+1,

1T — Pywl| gy < CH** || W]| mrcay-
We remark that, if one uses fractional H” spaces, then in particular

10— Pyl ey < Ch™ 2 || w]| graracay.

Thus,

24 [ofl-1 < CE*2 ursy »  r=2
and

(2.5) loll-1 < CE*2 |luflyes , r=2.

We now derive an estimate of ||u— W|_;. Let ¢ € H'(R) and define
¢ € H(R) by
Pxxyy — “l’! X € R’

=0, x€dR
Then, |[¢,]> < C ||4]ls. For properly chosen y € AG7,,
(— W, ) = (U — W)y Pry=Xxy)
= 0wy | 7 || 25| 2%
= O(luf,+2 4] 7+,
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since it is well known that the approximability property

(2.6) ig{o @ — 0wl < Cllogl,-122"" v € HA(R) N Hy(R), v, € H*~*(R),
XENMK,r

holds on My, for 1 < p < r + 1. Hence, for r > 2, (2.3), (2.4), and (2.5)
show that

.7 lu— w|-1 < CH*? [|u|,+2.
Then,
(2.8) |W—U|, < c** ||ull4aer > a=3/20r2.
Let Q € M, be the extension of I' — P g—vu given by Lemma 1.1, and take

the test function v in (2.2) to be Q. Then,

|

By Lemma 1.1 and the fact that |u — W| < C |uf,+# ",

) -
(2.9) ” P—Pa—u” < ChY2|\{U— W), + CH*® ||u]|,+pe3/2s
v [lL2(ORr)

a 2
r_Pg-v‘H < clu—wi. el + (=l + l«— w2l

L2(OR)

B=1 or 3/2.

Again, use the property of P that |Pw— w2y < C |[w|m+iyh"" ! tosee
that (with = 1 and « = 3/2)

ou .
(2.10) H r _5\7“L2<am < Clluf,ssh 1
Next, recall [1] that
[ Pw —w|| =y < C WP Lo b
Thus, with « = 2 and § = 3/2,

ou
@.11) ” r—o

< C(l|ufl,ss + [[ullwe B,
L™ (OR)

where

j+k
fwro = %[ 20%]
T ez 100k ey

We can summarize the above results as below.
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Theorem 2.1. Let
—Au + c(X)u =f, X €R,
(2.12) u=0, X €OR,

and let U € (P, be the solution of (1.3) corresponding to (2.12). Let I' € 0 A,
be defined by the equations

{T,v)>=(VU, Vo) + (cU —f,v), vE My,
Then, the error estimates (2.10) and (2.11) hold.

We now consider the case of variable a(x) and restrict the choice of &
to k = 0. Let us show that

(2.13) @YW —w), W)| < C |la]ws full,+2 0] FFE, v € Mo,

It is clear that (using x = (x, »))
N
@V(W —u), Vo) = Z a(x;—12, Yi-1/2) J; V(W —u)- Vodxdy
i,j=1 i X1Ij
+ O(lallwe [ W —uls [[o]:h)-
Since Pw interpolates w at the knots when £ = 0 (and this is the source
of our restriction to k£ = 0), P ® Pu = W is locally determined and

[ w—eromaxay=|  @w—0e PI.dxd
Isx I

IixIj

== v IQ (I — Pu,dx dy.

LixIy
A similar reduction can be made on the y-terms. Thus,
@V —u), Vo)| < Clla|| o { 1@ U— Pl |+ [T — P)® Iy } o]«
+ Cllallws [ulr+a oA
< Cllalws lullrsz o] 7

Since B(W — U, v) = B(W — u, v) for v€ My, and W — U € My,, it
follows that

(2.14) |W—Ul|; < c|uf,+0 "
Similarly, if one defines U* € M5, by
Bu—U*V)=0, Ve My,

n° aolt 1974, R-2.
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we have

(2.15) [U*— W] < Clluf,+.h".
Obviously,

(2.16) [U*— U]y < Cluf,+:h"

Now, it is clear that
ou
<a'a—v’v>=B(U*,D)—(f,v) s UG‘/“JR.P
Subtracting (1.4) from the above, we observe that
ou
<I‘—a'a_v’v>=B(U—U*9v) s ve‘/K’k,r'

Thus,
(T—T,0>=8U—U*%v) , veMy,,

where I' € oM, and
<f"v>=<a%’v> s I)E./K;k’,.

Let Q € M, be the extension of I' — iy given by Lemma 1.1. Then,
It — Dlam < ClUu—0*]4 s

< C fJuf,4ah"* 2.

We have proved the following theorem.

Theorem 2.2. Let U and I' be defined by (1.3) and (1.4). Then there exists
a constant C such that

e

ov | < Clluflpo b2

L2(OR)

3. BOUNDARY FLUX ESTIMATES FOR PARABOLIC PROBLEMS

We first consider the case @ = 1 in (1.3). Let W :[0, T]— Ay, be given
by W(t) = P Q Pw(t). Then,

BD (v —W),90) = (U—PY e (0,05 —(n,0) > V€M,
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where

It is easy to see that, for v € A(, ,,

( al,v)w(w ) —(f, v)

(3.2) =<P%~”jav>+(n+c(W—w)+pa—(VZa—jl),v).

Subtracting (1.6) from (3.2), we obtain the equation

33 ((I'— P—’ >—( %’v)—l-ﬁ(i,v)

oW —
——(n—i—c(W—w)-i—pLa—w),v) s v € G, ,,

where £ = Z — W. Asin Lemma 1.1, let Q € A(; , besuchthat Q = T" — P%E

for x € OR. Setting ¥ = Q in (3.3), we have
oo |rri]edjifon~as

e o+ 22

ot

I

Estimates on v and W — w follow as in Section 2 with w replacing u. Note that

a(W'_ W) hr+1 Qu
ot ETI
We now obtain estimates of %—ﬂ and ||&|,. For ¥ € M) ,, we have
d oW —
(3.5 (P—aé’V)%—@(E,V):(7'1+C(W——W)+P—g——at—w*)= )

Differentiate (3.5) with respect to ¢ :
% 0% o oW — w) 82(W—— w)
@.6) (Paz’ )+5(_’ ) (8t+c & oz )

n° aolt 1974, R-2.
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Setting ¥V = % in (3.6) we obtain the inequality
2 ag 2
E Ha—“ < C[

2

1/2 3

1d oy

ot

-1

8(W—w)“2 (az(W— w) P ]
+” ot -1 + or? -1
ézﬂ

< Ch2r+ 1 [
ot?

Ll

ow P
aﬂ +

One can also show that

1d]l| V2eelp iz || OW | 3w |2
(3.8) 552 2] & < Ch _87 bes —é;‘; .
Integrate (3.7) with respect to ¢ :
o || { oF
(3.9) ”57 it <C &(0)
ow %w
pre1/z {__ oaw }
* ( Ot |{r2car+or) ot? LZ(H'—W))
ow ow *w r+1/2
< C{HE(O) NP I 72 OV of | er| DIV faee.
Similarly,
ok { ow |
3.10 == < Cjyll==(0
( ) l at L°°(L2) at( ) |,+1
ow azw” +
haid i hr 1.
Ot |ir2ar+2 + or? LZ(H')}

The use of v = % in (3.3) and the inequality (2.8) lead to the estimates

G1)  Ezma < € [Worass

dw
&

+ vl

hr+a
Lz(Hf+a+1) L2(H'+°—1) }

for « = 3/2 or 2. It then follows from (3.4), (3.9), and (3.11) with « = 3/2
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that

ow
(3.12) ll I— = < { "Wo”r+5/z + F ©)

av

1L® (22(ORr)) r+1/2

o
or?

ow }
+ WY 12, gr+5/2 ‘* . r
" ” LH ) at L2(H'+3/2) Lz(Hv—I/Z)

and, with « = 2 in (3.11) and (3.10) in place of (3.9),

L

(3.13) =

ow
ol

ow H
at LZ(Hr+2)

+ Wl eoow o } K

< c{ Iol.eat

L®(ORx(0,T))

+ Wl sy + l

2w

or?

+|
L2(H")

Theorem 3.1. Let w be the solution of

p_%Lv_.Aw_{—cw:_f, XER, IE[O;TL
w=0, x€OR, te€l0,T),
w(x, 0) = wo(x), x€R.

If Z is the solution of (1.5) and I'(r) is defined by (1.6), then the error
bounds (3.12) and (3.13) hold for the flux.

In the case a = 1 we derive an O(h**1/2) estimate as in Theorem 2.2. Let
Z*: [0, T]— My, defined by

* 9
(3.14) (p(aazt 8‘:) ) + B(Z*—w,0) =0, >0, vEUMy,
B(Z* — Wo, U) = 0’ vE ‘/K’O,r'

One can easily deduce from (3.14), (1.5), and (1.6) that

(3.15) <F——a%,v>= B(Z— Z*, v) + (pgz—;t—z*),v), v € Mo,

Let [ denote the L2 projection of a%s into 30, , and let Q € My, be

n° aoiit 1974, R-2.
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the extension of I' — I provided by Lemma 1.1. Then,
A 7%
3.16) ||I'— I = 2@ry < C[IIZ— z¥| 1h"”2—|-h”2H o(Z - V4 )”]

< claz—wl,+pw—za
n (H AZ— W)” ” a(W 7%

"))

where W(.,t) = P Q Pw(-,t).
We observe that for v € M,

(3.17) (p %g,v) + 8O, v) = (p%(w— w), u) + Bw— W, o),

where 0 = Z* — W. One can easily verify that

2
(3.18) ‘ae < Ch'“”[ O w
ot ||L=(? ot? 2@ —72)
ow ow
ot ||par Ed © L 1/2]
and
ow
3.19) |0 <Ch'+1[ w o+ Dl ]
@a.19) ol < 1% s, 1 Iwoll-+2

Similar estimates hold for Z — W. Thus, from (3.16)-(3.19),

" r— P" L™ (L3 (OR))

dw *w
r+1/2 —_—
< Ch [” W" L2(H'+2) + H at le(H'+1/2) at 2 L2(H'—1/2)
ow
—(0 .
+ ”W()"r+2 +{ at( )H’H/z]
Theorem 3.2. Let Z and I be defined by (1.5) and (1.6). Then
aV L“(LZ(aR))
] S L
< Ccht 1/2 Lo+ ot L2 +1/2) ot? |17
ow
+ "W0||r+2 + '67(0) 1' ]
+1/2
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The discretization in time of (1.5) can be carried out in many ways. A very
detailed treatment of a collocation-in-time method has been given in [2] for
the single space variable analogue of (1.5). It is clear that the same approach
is applicable in the present case, and analogous results can be obtained. This
will be left to the reader.
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