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A DISSIPATIVE GALERKIN METHOD APPLIED TO
SOME QUASILINEAR HYPERBOLIC EQUATIONS
par Lars B. WAHLBIN (1)

Communiqué par Jim DoucLAs Jr.

Abstract. — A nonstandard continuous-in-time Galerkin method, based on piecewise
polynomial spaces, is applied to the periodic initial value problem for the equation

us = a(x, t, Wuz + f(x, t, w.

Under the condition that a(x, t, u) => ao > O for the solution, optimal order L2 error
estimates are derived.

1. INTRODUCTION

Consider the periodic initial value problem for u = u(x, t),
{ u, = a(x, t, wu, + f(x, t, u) , t>0,x€R,
L U(x, 0) = vo(x).

(1.1)

Here a(-, t, u), f(, t, u), u(-, t) and vy() are periodic of period 1. It is assumed
that a sufficiently smooth solution exists, see Theorem 1.1, and furthermore
that with a positive constant a,,

(1.2) a(x, t,u(x,t)) = a, > 0

for this solution.

For the numerical treatment of the problem (1.1) we use certain piecewise
polynomial spaces. Let ¢ and k be integers, . — 1 > k > 0, and let {i-h },
i=0,..,n=h"'€Z be a uniform partition of I = [0, 1] depending on the
parameter A. Let (supressing k and % in the notation).

(1) University of Chicago.
Regu le 8 février 1974.
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110 L. B. WAHLBIN
S* = { x(x), x € I : the periodic extension of y lies in CX(R) and x | s, i+ 1y
is a polynomial of degree < p.—1, i=0,...,A7 ' —1}

Given T > 0 we define a continuous-in-time Galerkin approximation
U(x, t) to the solution of (1.1) as a differentiable map

U : [0, T]— S*
such that
1.3) (U x— hy) = (alx, t, O)U, + flx, t, U), x — hy), x €S* , t>0,
U(0) given in S

Here (5,,2,) = 51900 0.

For a and f continuously differentiable with respect to all arguments,
U is well defined in a neighborhood of ¢ = 0, and it will be established in
Section 3 that given any compact subset [0, 7] of the lifespan of the solution
to (1.1) where the solution is sufficiently smooth, U is defined on [0, T for A
sufficiently small.

The result of this paper is the following asymptotic error estimate, where
the notation will be defined in Section 2.

Theorem 1.1.
Assume that
1.4) a€C'(R®, feC(R®, v,€H"

Let T > 0 be given and assume that a solution u(x, ¢) to (1.1) exists for
t € [0, T such that

(1.5) u, € L0, T; HY)
and
1.2) a(x, t,u(x,t)) > a, > 0, x €R, t€[0, T).

Assume furthermore that U(0) is given such that

Then there exists a constant C, independent of C; and A, such that for A
sufficiently small,

”U——u" L=o,r;2h < CH(Cy + 1).

We note that the conditions v, € H* and (1.5) imply that u € L™ (0, T'; H").
Since . > 2 it is also easy to see that the conditions (1.4) and (1.5) guarantee
that the solution to (1.1) is unique.
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A DISSIPATIVE GALERKIN METHOD 111

For the actual numerical solution of (1.1) a discretization of the time variable
has to be made in (1.3); this is left to the reader. One point of the method (1.3)
is that « dissipation » is introduced already at the level of the continuous-in-
time method. The terminology « dissipation » here is connected with the
usual sense of the word in finite difference theory in the following way, see
Wahlbin [10] for details : When applying the method (1.3), or the ordinary
Galerkin method, to the simple equation u#, = u, and with S* the space of
smoothest splines of order w(k = @ — 2), then both methods can be inter-
preted, cf. Thomée [9], as semidiscrete finite difference methods involving the
values of the approximate solution at certain meshpoints. For the ordinary
Galerkin method the corresponding finite difference operator has order of
accuracy 2p and no dissipation, whereas the method (1.3) leads to a finite
difference operator which is accurate of order 2u — 1 and dissipative of
order 2p.. We note that the result for the method (1.3) corresponds to the
Kreiss stability condition, see Richtmyer and Morton [8, Section 5.4]. The
results that the order of accuracy is 2u, resp. 2u — 1, imply superconvergence
at meshpoints.

Theorem 1.1 shows that the method (1.3) leads to L?-optimal error for all the
spaces S* under the condition (1.6) on initial data. For the ordinary Galerkin
method, L?-optimality can be expected e.g. when S* is a space of smoothest
splines, see Fix and Nassif [6], whereas, as was shown in Dupont [4], if one
employs the space of Hermite cubics (w = 4, k = 1) the error is not optimal
in L? but one loses one power of A in accuracy. Dendy [2] has introduced a
method similar to ours-his method gives L2 optimal error estimates if
|U©) — Wo|lmr < C,h*, where W, is the elliptic projection of v, into S*.

The idea employed in this paper of comparing the Galerkin solution to a
certain projection into S* of the solution to (1.1) was originated in Wheeler [11]
for parabolic problems, and has been used for hyperbolic problems in e.g.
Dendy [2] and Dupont [5]. A slightly new twist is required here in that the
projection depends on the mesh parameter 4. For this reason we give the
details of Section 2.

The author thanks T. Dupont for pointing out simplifications in the
analysis.

2. PRELIMINARIES

We first introduce some notation. The functions considered are real valued,
and C will denote a generic constant. For J an interval, let

1/2
loll 2y = (J;vz(x) dx) ,

r 2 1/2-
e = (5] 2] %)
i=0 L)

and for r an integer let

a
dxt
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112 L. B. WAHLBIN

Let I = [0, 1]. When no confusion can arise, we write ||v|| for [|o|| .2, and
loll, for |[o]| e

Let H{,.(R) denote the set of functions such that [| -
compact J. Since we shall always consider functions that are 1-periodic in x,

we shall say that a function belongs to H" if it belongs to H{,.(R).
Let C'(R) denote the set of functions with r continuous derivatives, and

set
d
ol = 3 sup | L2 |.
i= OxER dx
Note that
@1 oo < 2 o] 5.

For a function v(x, t) and B = L*(I), H'(I) or C'(R), we let

loll 20,738 = [[12€5 )] ]| 220, 7>-

We say that a function v(x, ¢) which is one-periodic in x liesin L?(0, T'; B)
if v(-, t) € B a.e. in ¢ and the relevant norm is finite.

The following special notation will be employed :
(2.2) v=0v— ho,.
Our first lemma summarizes some well known properties of the spaces S* :

Lemma 2.1

(i) There exists a constant C such that given r, 1 < r < p, and v a 1-perio-
dic function in Hj,.(R), there exists y € S* such that

lo—xl| + & [lo—x]s < C# o]
(i) Inverse property. There exists a constant C such that for any y € S*,

lxlle < cr™*|lx].-

(iii) Given y(x) 1-periodic and in C'(R) there exists a constant C, depen-
ding on [|y| ¢, such that for any y € S* there exists ¢ € S* such that

[yx— ¢l + A lyx—9]: < Cr ]

For a proof of (iii) see the proof of Lemma 3.2 in Douglas, Dupont and
Wahlbin [3].

In the remainder of this section we shall consider the projection operator
taking the solution u = u(x, t) of (1.1) into Z(x, t), where Z(x, t) € S* and is
defined for each fixed ¢ by

2.3) {Z=”“z’
Z0—(CEe0=0 , yes
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A DISSIPATIVE GALERKIN METHOD 113

We have the following estimates for z :

Lemma 2.2
For any / = 0, 1, ... there exists a constant C such that for each fixed ¢,
d'z o'z o'z
2.4 — I+ hrl|—=l < Ch*||—]|.
2.4 ot ottt ot lh.

Proof : 1t is sufficient to prove (2.4) for / = 0, since 9'z/d¢’ satisfies

()= ((E).7) o

For any y € S* we have
"2"2 + h ”anz = (Z, Z)— (Zx9 ;) = (2, zZ— X)_ (zxa E— i)'

Now, z—y =u—(Z + y). If we use Lemma 2.1 (i) to choose Z + ,
then

Iz + A lz]* < 3 ]2l” + 3 2 [|2])* + CH** 7 a2
Hence,
2.5 looll < Bl 5 2l < OV o
It remains to use duality, Nitsche [7]. We can solve the periodic equation
Yy + Jx — hyxx =2z
by a Fourier series expansion, and then
(2.6) Iyl + 27l < €.
It follows that for any y € S*,
"2”2 = (27 y) - (zx’ j",) = (Z, y— X)_ (zx’ 5; - i)'
Thus, if x is choosen via Lemma 2.1 (i), then (2.5) and (2.6) imply that
211> < Cch* [julu ][l
This completes the proof of Lemma 2.2.
For the next lemma, assume that the hypotheses of Theorem 1.1 hold.

Lemma 2.3

There exists a constant C = C(?), depending on [a(x, ¢, u (x, H))| ¢, such

that for each fixed 7 and y € S%,
@.7) |@aCx, t, )z, )| < Ch* |Ju, [Ix]-
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114 L. B. WAHLBIN

Proof. Let a denote a(x, ¢, u) and a, the total derivative with respect to x.
By (2.3) we have for any y, ¢ in S,

(azx’ i) = (in ay — hax:) = (zx’ aNX) + h(zm axX)
= @ dx— O + @ §) + hze a2
Using Lemma 2.1 (iii) to chose ¢ we obtain
[aze 0 < llza]l Ch x| + [l (9] + 2 ||z €l
By Lemma 2.2 this implies the desired result (2.7).

3. PROOF OF THE MAIN RESULT

Recall that z = u — Z was defined by (2.3), and let
3.1 VU=U—2Z

Theorem 1.1 will follow from the following lemma. Here [+|| , denotes the
maximum norm without requirements on continuity.

Lemma 3.1
Let the hypotheses of Theorem 1.1 hold, with 7 > 0 given. Assume that

a solution to (1.3) exists and that

(3.2) [V]eo+ [[Vile <1, €0, TI.
Then there exists a constant C depending on

||“|| L%(0,T;H%) > " ”0” w ) U“r" L%0,T; B )

” a(x, t, u(x, t))”L"‘(O,T;CI) s “ SCx, t, ulx, t))“z.‘”(o,T; ch
and a, such that

(3.3) 1Vt < cri(C, + 1), t €0, T].

Before giving the proof of this lemma, we show how Theorem 1.1 follows
from it.

Proof of Theorem 1.1. First note that since . > 2, the hypotheses of the
theorem and (2.1) imply that the constant C in (3.3) is uniformly bounded for
fixed 7. Next note that the additional hypothesis (3.2) holds for a short time
interval, by the hypothesis on initial data and Lemma 2.2. Also, note that
the system (1.3) can be viewed as a system of ordinary differential equations
for the coefficients of U in a basis for S*, Hence, see e.g. Birkhoff and Rota
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A DISSIPATIVE GALERKIN METHOD 115

[1, § 6.11], if the solution U ceases to exist at a point ¢,, then |U||, tends to
infinity as ¢ tends to 7;. Now, by Lemma 2.2 and the inverse property,

G4 |[Z]e + 2o < [ui=o,mic + C* 7> uf Lo o,rim < €
and hence if ¢, € [0, T the condition (3.2) must be violated. Thus existence of

the Galerkin solution U follows if we can establish the a priori inequality (3.2).
Assume now that (3.2) fails for some ¢ € [0, T'] and let

to=inf {z €0, T]: (3.2) fails }.
Then t, > 0. Since the inverse property implies that
V] + 7 Ve < A7 V],
Lemma 3.1 with T replaced by ¢, establishes a contradiction for 4 sufficiently

small.

Hence the Galerkin solution U exists on [0, 7] and the result (3.3) is valid.
Since

1T —ul| = 0,rs2 < [V Lo0,minty + [2] Leco,mizs
the theorem follows from (3.3) and Lemma 2.2.

It remains to prove Lemma 3.1.

Proof of lemma 3.1. We first introduce some abbreviated notation. Let
a(q) = a(@)(x, t) = alx, t, 4(x, 1)), q=u,Uor Z,
f@) =fl@)x 1) =f(x,t,9(x,1)), g =u,UorZ,
b(z) = a(u) — a(2),
b(V) = a(U) — a(2),
8@ = fu) —f(2),
g(V) = f(U) —f(2).

The notation a(g), will mean the total derivative.

For simplicity we do not write out all dependence in the constants occu-
ring, but leave it to the reader to trace it.

By the hypothesis (3.2) and by (3.4) we may assume that a and f are uni-
formly Lipschitz continuous in the variable g. Thus

3.5 6@ < € 2],

and analogous inequalities hold for 5(V), g(z) and g(V). Also, (3.2) and (3.4)
imply that

(3-6) U] < C.
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116 L. B. WAHLBIN

A simple calculation establishes that
(3.7 Ve 1)
= (@)U, — a@)z, + (V) — b@)U, 4 g(V) — () + z,, -
Take y = U in (3.7). The fact that
(a@)V,, V) = — 1 (aw),V, V),
Lemma 2.1 (ii), Lemma 2.2, Lemma 2.3, (3.5) and (3.6) imply that
B8 3 S|V — KU, V) + AV, V)

< C{|V)* + H*(uli + luelD 3

Next take y in (3.7) to be
— CUI
27 o)

where, by Lemma 2.1 (iii), we may assume that
IRl + 2[R < Ch U]
We obtain in the same way as above the inequality

d U,
09 EhGIVI + (5 V) — V0

< C{R|UN* + A [V + 27 O] + 227 ({luf| § + uallD 3
From (3.9) it follows in particular that for # small enough,

+ R,

d -
J0d2 < € f —h 5 102 + [0 + 57 o2

Al + e |
If this result is inserted on the right hand side of (3.9), we get

VU,
m’

< C{RIUL" + A7 |OY* + R ()l + D 3 -
If this relation is multiplied by 4 and added to (3.8), we obtain

(% h + Chz)aqi " CU’.xnz + ( qjt) - (cljxs cU'!)

d
G10) 3= (|| + & + B | VD

+ h [(a(u)cljx’ clyx) + (‘?(_15 ? (.1)") - 2("1);, qyt)]
< C{VNF + B | UL]* + Bl A ) 3 -
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A DISSIPATIVE GALERKIN METHOD 117

Note that the term in square brackets is non negative.

At t =0 the hypothesis (1.6), Lemma 2.2 and the triangle inequality
imply that

[U)20) + (#* + cr®) | U 20) < C[|V]%0) < CH*™(C; + ||vo]|D)-
We obtain
t
V1@ < ChCy -+ ool + 8% [ ul + [l e

from (3.10) and Gronwall’s lemma. This proves the desired result (3.3).
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