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COMPLEMENTARITY SYSTEMS
AND APPROXIMATION
OF VARIATIONAL INEQUALITIES

by U.M0sco and F.Scarping (¥

Communiqué par E. MAGENES.

Abstract. We discuss the numerical approximation of some complementarity systems in
Sobolev spaces, which occur in the variational Dirichlet problem with unilateral constraints.

I — THE UNILATERAL DIRICHLET PROBLEM
AS A COMPLEMENTARITY SYSTEM.

Let © be a bounded open subset of ®”" and Y a given real valued function
defined in  , with Y <o on the boundary 6 Q of Q.

We want to find a function u#, vanishing on § 2 , which is superharmonic and
greater or equal than ¢ in £ and is harmonic in the region of 2 where it does
not ”’touch” the obstacle” ¢, that is, where u > ¢ .

Simple one dimensional examples show that, even if ¥ is very smooth, a func-
tion u with all the properties above will have in general discontinuoussecond order
derivatives at the boundary of the ”contact set” wu =y ,asit can be intuitively
checked on the following figure.:

™) Istituto Matematico, Universita di Roma.
. This paper has been partially supported by GNAFA-CNR.
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84 U. MOSCO, P. SCARPINI

/ \

Thus, if — A is the Laplace operator, we cannot expect —A u to be defined
pointwise in £ 1in the classical sense. However, we can always think of — Au as a
measure u in §2, as we shall see more precisely below.

The problem we have in mind can then be formally stated as follows :
u—yYy>0and u=—Au>=0 in Q,
) u=0 ond 2,
w—-vy,u)=0 ,

where the vanishing of the pairing between the function # —y and the measure u
has been set just to impose that ¥ be harmonic,i.e. ©¢ =0, where u> ¢ .

If ¢ is continuous on £ the problem above can be dealt with in the frame-
work of the classical theory of superharmonic functions, see [30]

Here, however, we shall follow the variational inequality approach, due to
J.L. Lions and G. Stampacchia, [24] , [39] .

The function { and the solution u are now required to have a finite energy
integral and problem (1) is then formulated in a weak sense in the Sobolev space
H' () M, Namely, if we introduce the Dirichlet bilinear form :

1,n

a(uy) = 3 Uy Vg dx
')

1) H (£2) is the space of all functions v € L? (£2), whose distribution derivatives Vx; also
belong to L? (£2), normed by :

n
Wollgr = Al 2 + 50 Mgl [2)
i=1

1/2

The closure of C& (%) in H' () is the Sobolev space H.; Q).
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COMPLEMENTARY SYSTEMS AND VARIATIONAL INEQUALITIES 85

and define K to be the convex cone
K = {vEHo‘ () / v=y aem Q},

then our problem becomes
2 ue K a(u v-u)=> 0, VveK

The existence and uniqueness of the solution u of such a vanational mnequality
1s by now a well known result, see ref [24] , [39] , quoted above

We may wonder, however, in which sense the solution u of (2) 1s the solution
of our original problem (1) Let us also note that (1) (as (1’) below) may be regarded
as a contimnuous analogue of so called complementarity systems that will play a
basic role in the numerical approximation we shall later discuss Therefore, 1t 1s
perhaps convenient to describe the equivalence between (1) and (2) with some
more details @

If ¢ 1tself vanishes on 02, then 1t 1s not difficult, at the same time, to give a
precise meaning to the conditions (1) and show that they actually characterize
the solution # of (2) Indeed, by assuming ¢ € Hy (§2) 1t can be easily proved
that a function u € H} (§) 1s a solution of (2) if andonlyif u and u=—Au
are solution of (1) Here u = —Au 1s well defined as an element of the dual
space H~'(Q) of H} (L), hence the paring between u — ¥ and u, appearing
1n (1), has the natural meaning of that duality

When the obstacle does not vamish on 9£2, some attention must be paid to the
precise meaning of this pairing

If we assume that _
YEC(YNH' () , ¥ <O0ond

then 1t 1s easy to show that the measure  has a compact support 1n This
clearly gives a well defined meaning to the pawng (u — , &) even if now the func-
tion ¥ — ¢y dos not vanish on the boundary of &2 Again 1t can be easily
proved that u € H} () 1s a solution of (2) if and only if the pair u€ H} (),
LE H '(Q), u with a compact support, 1s a solution of (1)

When ¢ < 0 on £, then the support of u may well reach the boundary of
© In this case, some regularity of u 1s needed in order to well detine the pairing

(u_llla#)

(2) The relation between vanational inequalities and complementarity systems has been studied
1n a more general setting[ {34] and widely investigatea in {11} , 18] , {19}

(3) Indeed, for any v € H! () we may define (v,) as (aw,u),, where & 1s some smooth
function, with a compact support in £, which1s =1 on the support of u

n° avril 1975, R 1



86 U. MOSCO, F. SCARPINI

Let us recall at this point the following well known regularity result for problem
(2), see [3]1 ,[22]: fy€C (D) N H2(R), Yy< 0 onasmooth 3, then
uEH) () N H () and

(3 Hull, o <C W,

If we assume that :
VECE) N H* () , ¥<0 onaQ ,
then in consequence of the above result,both 4 — ¢ and u=—Au are” L? func-
tions in £ and the pairing (¥ — ¥ , u) has an abvious meaning. Again it can be
shown, in this case, that (1) and (2) are equivalent, in the sense that a function
u € HE () N H*() is the solution of (2) if and only if u and u=—Au€ L% ()
are solutions of (1) @ :
Let us finally remark that by introducing the function
U=u-y
problem (1) can be also written as :
U0, uy=—AU+ v>0 inQ
1) U=- on 08
W, n =0 ,
where v = -0 VY

2 — A QUALITATIVE IDEA OF AN ALGORITHM

FOR SOLVING PROBLEM (2).
Let us suppose that ¢ € C(2) N H'(Q) ¢ <0 ond, and that
. v=—AY
is d (signed) measure in Q2. Then H. Lewy and G. Stampacchia [23] have proved
that the measure u = — Au, solution of (1) satisfies :
4) 0 <u(F) <vt (F) V Borel set F C Q
where v is the positive part of v, see also [36]. This result is stronger than the

estimate (3), which clearly follows from (4) and the classical regularity results
for the Dirichlet problem once we know that ¢ € H* (£2).

Let us now compare the solution u with the given obstacle ¥, by taking the
estimate (4) into account. We see that in the regions of £ where the function { is
subharmonic (i.e., where vt =0), there the function u is harmonic (i.e., u = 0),
while in the remaining region, where ¥ and u are both superharmonic, the posi-
tive measure u is majorized by » = vt.

(4) We can replace y by ¢ —£ , £ >0, use the preceding result and then let £¢— 0.
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COMPLEMENTARY SYSTEMS AND VARIATIONAL INEQUALITIES 87

Let us now try to devise a ptocedure yielding the solution u by means of
progressive modifications of the obstacle itself. By the remark above, we are
induced to set out an algorithm that gradually reduces the negative part of v to
zero, while releasing” at the same time vt just to reach the solution u. Such a
reduction of v to u, whichisto say,of ¥ to u, could be conceivably achieved
by an iterative process that, starting with an initial configuration u, = ¥ brings to

successive configurations WY sUy seennns , obtained at each step by moving from
agiven u, ,, harmonic in aregion @, ,, subharmonic in a larger region Q, and

actually strictly subharmonic somewhere in £, = Q, — Q,,_;, to a new configu-

ration u, harmonic in the whole region, Q, . To be more definite, let us suppose

that Y = O on 882 and let us define initially :
u, = y , e , M=V

If u, > 0, then u = u, is the solution. Let us suppose, instead that u, is
strictly subharmonic on a subset of on open region P, ie., u,<0 on P; with
u, (F) <O for some borel subset FC P;. Let us also suppose that P; hasa
smooth boundary. We can then solve the Dirichlet problem :

(5) —Au;, =0 in Q=P , uy =y in & -0,
If Uy, as a function defined on the whole of £2, is such that :
;11=—Au1 >0 in Q,

then u = Uy, U=y is the solution we looked for [indeed, we have u - v>0
in by maximum principle ; uy = 0 by our hypothesis ; while (u1 - w,ul) =0,
for supp u,, (4, =—Au1), is contained-by (5)— in the region where u, =y,
supp u; =V, denoting the support of &, ] .

Otherwise, let Q,=0Q,UP, be asmoothly bounded open region in Q such that
uy <0 ong,, ul(F) < 0 forsome FC P2

Then we replace u; with the solution u, of the Dirichlet problem :
and so on, solving at the nh step a Dirichlet problem like :
—Au, =0 inQ,=0, (YP, , u, = yin Q-0Q,
with Q,,= @, 1Y P, asmoothly bounded open region in £, such that :
Mp1=—"ADu, ;<0 on@Q, , u,;(F)<O0 forsomeborel FCP,.

The functions u,,_; —u, and u, —u, u being the solution of (1), are both
subharmonic in Q, ; moreover, 4, ; —u, =y -y =0 and u, —u = Yy-u<0
in Q —Q,,, for alln=1,2,... . By the maximum principle, we then find :

(6) V<u,;<u, <u in Q for every n
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88 U. MOSCO, F. SCARPINI
If u,, >0, then u=u,, u =u, is the solution of (1).

If the algorithm above actually produces a sequence u,, we can then consider
the function :

v = limu,

Clearly, ¥ <u. If =—Au >0 in Q ,then u =%, u=x is the solution
of (1), as it follows from the characterization of the solution u, see [22] : u is
the smallest superharmonic function in §, vanishing on 3£, whichis > Y n Q.

It should be remarked at this point that the limit function % may depend
on the choice of the region Q,, which is done at each step.

However, we shall not further discuss how these regions might be chosen in
order to end up with a limit % such that ¥ = — A% >0 in Q .Indeed, before
working out the algorithm just described, we shall first approximate problem (1) by
replacing it with a suitable discrete problem with a finite number of degrees of
freedom. Applied to the discrete problem, the algorithm will come to an end after
a finite number of steps.

3 — A DISCRETIZATION OF THE UNILATERAL
DIRICHLET PROBLEM

We shall sketch here an internal approximation of problem 2 by means of

triangular affine elements. For sake of simplicity, we shall suppose that & is a

bounded convex open subset of IR?, with a smooth boundary 2S2.

Given h, 0 <h < 1, we first inscribe a polygon &, in {2, whose vertices belong
to 982 and whose sides have a length which does not exceed 4. We then decompose
§2, into triangles in such a way that :

@) 0<I<mI'/I"<C, , 0<C,<a<n/2
where C1 and Cz, C2 < 7/2, are given positive costants, I, I’, {” are lenghts
of arbitrary sides of the triangulation, a an arbitrary angle of our triangles.

We shall denote by I the set of all indices g associated with the internal nodes x
of the triangulation (x  is an internal node if the union of all triangles which have
X, as a vertex is contained in §2). We shall denote by oI the set of all indices ¢
associated with the boundary nodes of the triangulation (x is a boundary node if
it is a vertex of some of the triangles that decompose 2, and X4 is not internal).

For each g € I U 01, we shall consider the function :
qu (x), xe2,

Revue Frangaise d’Automatique, Informatique et Recherche Opérationnelle



COMPLEMENTARY SYSTEMS AND VARIATIONAL INEQUALITIES 89

which is affine in each triangular element of the decomposition is=1 at x q and
=0in allxp #xq , pelUOL

We shall now consider the piecewise affine functions v, (x) defined by :

v, (x)= z yh ok x) x €82,
gel q q
®
vh(x)=0 xeQ -8,
and the cone :

K, = { v,x) [ v, (x)givenby(S),v: = w(xq)Vq € I}
The approximate problem is obtained by replacing K with K, in problem (2):

) u,eK, 1a(u,,v,-u,)>0Vy ek,

It can be shown, see [14 Jand [2 3}, that the solution u, (x) of (9) converges to the
solution u of problem (2) of order / in the energy norm as 2 - 0 :if ¢ € H? (2),
the following estimate is indeed obtained in the papers quoted above :

bu—u, 1 1<Ch Iy 1,2

We refer to [14] and [35] for more details on this estimate. Let us also notice,
incidentally, that special results on the approximation of the “contact set” u = ¥
have been given in [2]. For a general discussion of the convergence of approximate
solutions of variational inequalities such as (2) see also [32] , [33].

Let us now write the discrete problem obtained by replacing the expression (8)
ofu, (x), that is :

_ h h . Cain O
(10) uh(x)_qzejluqapq(x),xeﬂh,uh(x)_OmQ Q,

into (9) and by choosing, for every g € I, v, (x) =u, (x) + J’ (x) with ¢h x)=0
. . q q
in 2 — Q. We find the system :

h_yh >
uq qu 0

uZ?O

h E h
11 = a
(11) My o1

() — vy ug =0, qel;

n® avril 1975, R-1.
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where

w;’ = \p(xq) foreveryq el
and
(12) ah =ale} oM . pgel

The last condition in (11) is obtained by putting, for each node x q where
u, (xq) = uz > yh, v, (x)=u, (x)—¢ ¢ (x) into (9), with € > 0 small enough so

that v, € K, : this gives “}:I < 0, hence “}:1 = 0 by the second inequality in (11).

It is easy to check, in turn, that if we take the coefficients u;' of the function

(10) to be the solution of (11) then u, (x) is the solution of (9). So the approxi-
mate problem (9) can be replaced by the equivalent discrete system (11).

If we introduce the vectors :
h_ h 4 h
Uq— U, qu ,qel
and

h_ ) ok yh
vg_pel B d/p,qel

then system (11) can be also written as :

h >

us =0

h_ hophy s
(13) #q—pEIapq Up+Vq/0

U"; #g=o , qel

Let us remark that we could have also obtained the systems (11) and (13) by
directly discretizing the continuous problems (1) and (1°) respectively (and by

putting U Z = -y ;’ for every g € 0 I in order to eliminate the inhomogeneous
condition in (17)).

The equivalence of (11) or (13) with (9) is indeed the discrete analogue of the
equivalence of (1) or (1°) with (2) discussed in section 1.

A system of inequalities such as (13) above is known in the literature as a
complementary system and several algorithms are known for its solution, see for

instance [9], [20].
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COMPLEMENTARY SYSTEMS AND VARIATIONAL INEQUALITIES 91

We shall now sketch an algorithm for solving system (13), which is directly
modelled on the procedure described in section 2. In the following section we shall
give a more detailed description of this algorithm and we shall see that it essentially
reduces to an algorithm introduced by Chandrasekaran [4] to solve complementarity
systems involving matrices with non positive off diagonal entries.

We shall omit the superscript # and we shall write instead U°, U',... to denote
the vectors (Uq") ger (Uq‘) q € 1 - - Yielded by the algorithm. Similarly, ~we

shall write u®, ', ... and so on.
At the initial step we define U°, u° by :

Uq—O u =V, ,qel

If Yy =0 Vg, then the pair :

is the solution of (13).
Let us suppose, instead, that there is a set P, of indices such that :
¢#P C {qgel/pu)<0}

Then we define Uql to be the solution of the system :

DY 14y =
My ot 8y, Uptv,=0,q9¢€0Q, (0, = P)

Uq‘=0 qgel—-Q,
If z

“‘;-:pel - U‘+v =0,Vqel-0 ,
then the pair :

U=0u', u=u

is the solution of (13).
If this is not the case, we choose a set P2 of indices such that :
¢#P,C {qel /uq<0}

and we define the vector U;, q €1, by solving the system :

Y 24, = uP,
Mg = pﬂqup v =0,9€0,=0,

n° avril 1975, R-1.



92 U. MOSCO , F. SCARPINI
q ’ q € I - Q2
The algorithm ends if

2 2 2 -
Mg pelqup+v =20 Vgel Q2

and then

is the solution of (13).
Otherwise, we go on by choosing a new set of indices :
P, C {qu/u;<0}
and putting @, = Q,uUPr,.

In the following section we shall prove that the algorithm comes to an end
after a finite number of steps, at most N if N is the number of the internal nodes.
The proof exploits the special properties of the matrix a__ which are inherited
from the continuous boundary value problem of which systems (13) is the discrete
analogue. Indeed, the matrix (12) is positive definite, in particular, all principal
minors have positive determinants, and in consequence of condition (7), it is easy
to see thatapq <0Vp+#q.

4. — THE DISCRETE COMPLEMENTARITY SYSTEM

Let A = (ap q) bq €1 be an NxN matrix with the following properties : (i) A

belongs to the class (P),which is to say, all principal minors A
QC 1, have a positive determinant ;

(ii) 4 belongs to the class (2), that is, L.

Let us notice that we need not assume 4 to be symmetric.

= p,q)p.q €0

< 0 Vp#q.

Letv = (vq) el be a given NV vector. The complementarity system we are dealing

with can be written, with standard notation, as follows (5) .

(5 Ifx=x =(x )qeI,wewritex?Oifxq>0quI.

Moreover, x.y = Z Xg Vg
q €l q

Revue Frangaise d’Automatique, Informatique et Recherche Opérationnelle



COMPLEMENTARY SYSTEMS AND VARIATIONAL INEQUALITIES 93

Uz0, u=0, U+u=0

Algorithm I

At each step of the algorithm we choose a family @ C I of indices. The system
in (14) can be accordingly partitioned as follows :

U +A U,+V

490 Up o' TV

(15)
""Q’=AQ’Q UQ +AQ’Q’ UQ,+VQ,;

where

Q'=1-09 .
At this point the following conditions are imposed :
(16) UQ,=0 ,/.(Q=0
and then UQ is determined by solving the system :

17 A U +v

20 "Q @

Let us notice that there is a unique solution of this system, since det 4 00 >0
by assumption (i).

(14)

= 0.

u=AU+v;
WheI'CU:(U)qqu’“:(“)qqe[

This step is the final one, and the solution of (14) is given by :
(18) U,=-A4,

0 QQ Yo Q

provided the following positivity test is satisfied :

(20) U, +v,,>0

o =Ag:0 Up Ty
In the opposite case, i.e. Ho ;F 0, we choose aset :

(21) PC {qu’/uq<0}

(6) In the following, for any set @ C I we shall always put Q"' =1 — Q.

n° avril 1975, R-1.



94 U. MOSCO, F. SCARPINI

and take a
(22) newQ=o0ldQUP .

In the initial step we simply take Q = ¢, which is to say, we put U= U; = 0 and
the positivity test (19) becomes :

My = vy =0.
Thus, if the given v is > 0, then system (14) is trivially solved by the pair :
U=0,u=v.
Ifv ;5 0, then we choose :
PC {qel/vq <0}

and take
Q=P

and go on as above.

We shall now prove that going from the (n — 1)th step to the nth step, thus
replacing @, | with

Qn =Qn—l UPn

where Pn has been so chosen as to be :

P,C {qeQ, Iy <0},

we find :
< n—1< n
(23) 0<UMI<UIKU, , Vgel
< n< n—-l< " ’.
(29) O<up <" <u, , VgeQ;
while uZ:O , quQn

These relations are clearly the discrete analogue of the monotonicity relations
(6), which were obtained in section 2 as a consequence of the maximum principle.
The role of the maximum principle is now taken by the following lemma :

LEMMA 1. LetA=A;€(P)N(Z)andx = x, satisfy
AQ1x1<0 , xQ.<0
for some Q C 1. Then, x < 0.

Revue Frangaise d’Automatique, Informatique et Recherche Opérationnelle
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Proof. We have :

Agg*g tAggrXg: <O

xQ,<0

Since 4 €(P) N (Z), then A > > 0 (see [15]). Therefore

20>
0+ 450400 %0 <

Since A 00’ < 0, this implies :

COROLLARY. o<suU"I<unku

Proof. We have U® = 0, U"~! satisfies (16) and (17) with Q =

Qn—l’ v

95

Q.E.D.

n

satisfies (16) and (17) with Q = Q0,=Q,_ {YP,and P C Q] , issuchthat:

-1 n—-1 7
u =A U +v, <0OY7 .,
P Pn Qn—l Qn—l Pn
Therefore, the vector :
x=u"-l_yn

satisfies the hypothesis of Lemma 1 withQ = Q " In fact, we have :

— n—1 _ n - — +
AQn—llxI = AQn—ll UI AQn_1I UI in_l 1%
A, . x., =4 vl 4, UM < —v, +v, =

P 171 P,1 Y1 P, 171 p,"'P,

and since UQ =0, Ua 1 =0, we also have :
n—1

XA =Un;_1“Un: =0
Qn Qn Qn

(7 Ix=x isavector,wewritex>0ifxq >0 Vq €l

n° avril 1975, R-1.



96 U. MOSCO, F. SCARPINI
Hence, by Lemma 1, x <0, thatis :
Un—l < Un

To show that U” < U we apply Lemma 1 to the vector x = U" — U, again with
0=0,.QED.

Algorithm I, as we already said, essentially reproduces the algorithm given in
[4]. It may be summarized in the following cyclical scheme, where A0 = A?I and
b0 = b(l) denote the initial data

STEP 0
Puth, =bY,0=0¢.
Go to STEP 1.

STEP 1
Put v, =(bQ,0),/J.I = (0, bQ,).
Ibe, =0, stop : ¥ =, u =y, are the solutions of (14).
If by, 30, choose PC {qE€Q"/b, <0}
Go to STEP 2.

STEP 2
PutQ=QUP

0 0 _
Solve AQQ X0 + bQ =0

= 0 0
Putby = (xp, AJ.o%p +59).

Go to STEP 1.

Since at each intermediate cycle Q increases at least of one more index, the
algorithm stops after at most V cycles have been done, N being the size of I.

Let us point out that a choice must be made at each step : the choice of the set
PCQ :PC{qeQ’/ b, <0} .Let us remark in this respect that the matrix (12)

Revue Frangaise d’Automatique, Informatique et Recherche Opérationnelle
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is sparse, due to the fact that the support of each apz is localized around the vertex x 7

This is indeed a typical feature of any finite element method. There are, therefore,
quite efficient methods for solving a system like (17), even if the order of Q is
very large. For instance, iterative methods may work very well, see e.g. [42]. Thus,
it seems the natural choice, in this case, to take P maximal, which to say :

P= {q€Q'/p, <0}
However, the apposite minimal choice, consisting in taking at each step :
P= g} , <0,

may be the natural one if we want to solve system (14) by pivotal methods of
Gauss-Seidel type as we shall describe in the following Algorithm II.

Algorithm II

Let us firts remark that in the Algorithm I, once we have chosen the set of
indices Q as in (22) and partitioned the linear system, appearing in (14), in the
form (15), we essentially make two further steps : first, we impose (16), that is the
vanishing of UQ. and Mg ; then we evaluate UQ by solving the system (17) and use

it to make the positivity test (20) on Ko

In the algorithm we shall now describe, these two steps are essentially taken in
reverse order : first we evaluate Up by making a pivot transform on App, and
replace it in the remaining equations, in particular in the expression of Ko (recall
that new Q = old Q U P) : then we impose the vanishing of UQ, and Ko and verify
the positivity of Hgr

More precisely, let initially be :

o=>r
with
PC {qEI/Vq<O}-
We carry out a principal pivot transform (p.p.t.) TQ in the system (15) with

block-pivot on 4 00" We thus replace system (15) with :

Up =Agg kg T4gg Up +7g s
(25)

Hog =Agg g TAgg Ug *vp:;

n® avril 1975, R-1.



98 U. MOSCO, F. SCARPINI

where :
e — a—1 T _ -1
Ago =Agg Apg =40 4pp-
e - -1 T _ -1
Agg =4gg4gg Agrgr=Agg—Agp Agp Ago’
and
- -1 - -1
vQ—-—-AQQ VQ vQ,—vQ.—AQ,QAQQ VQ .

Note that, since we had VQ < 0, now we have FQ = 0. We now impose the va-

nishing of UQ, and o and we obtain from system (25) :

Ug=vg » Ky

= _V—Ql
The positivity test (20) now becomes :
(26) 7y >0
If (26) is satisfied, then clearly :
U=Gp.0  u=00,7)

is the solution of (14). If not, we choose, as in Algorithm I, a new set of indices :

aind vsra Ao her manalring a hi
U WU BU Vil Uy ludanilig a vl

At each intermediate n step of the algorithm we are then in presence of a
system like this :

Uo =Bog Mo * Bop Up + By newg)’ Unewg)® T b
27 Mp=Bpy g+ Bpp Up + Bpipowo) Yinewo) * Op

Hinewg)” = Binewo)’ oMo + Brnewg)’ PUp +
*Browg)’ (new@)’ Vinewo) ™t Pinewg)”

newQ = Q U P, which has been obtained by carrying out successive p.p.t., indexed
by P, P,, .., P,_; on the initial system (15). Thus, at the nth step we have :
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Q=o0ldQ=P UP,...... UP
while P C @’ is a chosen set of indices such that :
bp<0 .

The following lemma describes what happens to system (27) above when we
carry out a p.p.t. Tp with block pivot Bpp. Let the transformed system be :

Ug =Bog tg * Bop Hp + By tnewg) Unewo) + bg

Up=Bpgy kg * Bpplp ¥ Bpipewo)* Usnewg)* + O
(28)

Finew)' = Binew)’ oMo * Binewg) pHp +

*Blnewg) new)’ Yinewo) T Ppmewg)’
Thus :

o - —1
Boo =Bpg —Bop Bpp Bpg

n = -1
BQP - BQP BPP

n — -1
By (newa)’ = Bonewg)' ~ Bop Bep Brinewg)’

R = -1
Bpy =~ B} By,

n =p-1
BPP_BPP

Y -1
Bpinewg)’ =~ Bep Bpnewo)’

=y _ -1
Blrewo)’ 0 = Binewo)’ 0 ~ Binewo)’ p Brp Brg

= _ -1
Blrew0) P =Binewo)’ p Brp

n _ -1
B(neWQ)’ (newQ)' ~ B(ner)’ (newQ)’ B(ner)’ P BPP BP(ner)'
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while
by =by—BypBppbp
bp=—Bpbp
Binew0)” = binewo)” = Bnewo)® p Bop b -
We have :

LEMMA 2. Let B = Bj; €(P) and Q C I'such that :

' >
(29) BQI>O’BQ’I:E(Z) bq 0.
Let P C Q’ be such that :
bp<0
and put
new @Q=QUP .

Then, if a principal pivot transform, with block pivot Bpp, is carried out in
system (27), the transformed system (28) is such that B € (P) and

'] > R > 2

\"Q) B('ner/'I =0, B('ner/' 1 € (Z) 4 b(ner/' = b(’ner} =
Moreover,

(31 bP>0andb(ner)’<b(ner}'

__ Proof. it is well known that p.p.t. leave the class (P) invariant, see [41}, hence
B € (P). Moreover, as we have already noticed, since Bpp € (P) N (Z), then

-1
(32) Bzl>0.

Therefore, properties (30) of Bandb can be directly checked on their expressions
listed above, by taking (32) and (29) into account. In addition, since we know that

det (B;},) # 0 and bp < 0, then EP = - BI_’Il’ bp = 0. Finally, since B(ner}'P

—1 — % -1
BPP bP>0, we have b(ner),— b(ner), - B(ner}’PBPP bP <b(ner), Q.ED.
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The monotonicity conditions in (30), (31) are clearly the analogous of relations
(23), (24). The new algorithm ends up when, putting UQ, =y = 0 in system (27)
the positivity test :

Binewg)*= O
(ie. Ko 2 0 in older notation) is satisfied.

Let us summarize Algorithm II by a cyclical scheme. We have :

STEP 0
Put Ay =A%, by =b°,0=0¢
Go to STEP 1.

STEP 1

Puty, = (bQ, 0), = (0, bQ )
If bQ. 20,stop:v = Y, M= iy are solutions.

Ibe,qao,choosePc {qcQ'/b,<0}.

Go to STEP 2.
STEP 2

Make a p.p.t. with block pivot A, in the system

y=Ax+b
Put(4,0)=T,(A4,5),0=QUP.

Go to STEP 1.

Ciearly, by LEMMA 2, the algorithm stops after at most NV cycles, if V is the
size of 1. Finally, let us notice that here too a choice of P must be made at each
step. As we already remarked, the minimal choice, that is, to take P consisting of a
single index g such that b p < 0, has the advantage that all the p.p.t. that must be

carried out, are elementary pivot transformations and there is no problem
of evaluating the inverse matrix A;Pl.

In the case we are interested in, however, we know that the initial matrix (12)
is sparse and thus special 'ad hoc’ techniques could perhaps conveniently used in
doing the block p.p.t. on App. It should be also noticed that as successive p.n.t.are

carried out, the matrix involved becomes less and less sparse.
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The numerical approximation of problem (1) by means of the algorithms
described above has been investigated in more details n [21].

Let us also mention 1n this regard that numerical approximations of problem (1),
based on different methods, have already been considered by various authors, see
for instance [2], [5], [6], [12], [13], [16], [17], [31], [37], [38], [40]. In particular,
the approximation method based on Algonithm I is similar to the “conditioned
harmonization™ described in [12], [31].

However, it yields non-decreasing approximations of the solution of the
discrete problem, whereas 1n [12], [31] non-increasing approximations are obtained.

We refer to [21] for further comments on all methods quoted above.
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