REVUE FRANCAISE D’ AUTOMATIQUE, INFORMATIQUE,
RECHERCHE OPERATIONNELLE. ANALYSE NUMERIQUE

PH. CLEMENT

Approximation by finite element functions
using local regularization

Revue francaise d’automatique, informatique, recherche opéra-
tionnelle. Analyse numérique, tome 9, n° 2 (1975), p. 77-84.

<http://www.numdam.org/item?id=M2AN_1975__9 2 77 0>

© AFCET, 1975, tous droits réservés.

L’acces aux archives de la revue « Revue francaise d’automatique, in-
formatique, recherche opérationnelle. Analyse numérique » implique 1’ac-
cord avec les conditions générales d’utilisation (http://www.numdam.org/legal.
php). Toute utilisation commerciale ou impression systématique est consti-
tutive d’une infraction pénale. Toute copie ou impression de ce fichier doit
contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=M2AN_1975__9_2_77_0
http://www.numdam.org/legal.php
http://www.numdam.org/legal.php
http://www.numdam.org/
http://www.numdam.org/

RAIRO
(9° année, aoiit 1975, R-2, p 77-84)

APPROXIMATION BY FINITE ELEMENT
FUNCTIONS USING LOCAL REGULARIZATION (*)

par Ph. CLEMENT ()

Communicated by P G CIARLET

Abstract — The aim of this paper is to give an elementary proof of a theorem of approximation
of Sobolev spaces HY(Q) by finite elements without to use classical interpolation The construction
which we give here allows us in some cases to fit boundary conditions

1. INTRODUCTION

The mathematical problem of approximation by finite element functions
has been first studied by Goél ([2]) and Zlamal ([3]). In [4], Bramble and
Zlamal give estimates for the error in terms of Sobolev norms, however their
results are based on the existence and continuity of the interpolate; but the
interpolate may not exist; for example if u € H'(Q) where Qis a two-dimen-
sional domain, by Sobolev’s imbedding theorem, the pointwise values of u
cannot be defined and consequently no interpolation is possible. In [5]
Strang defines an approximation by considering interpolates of regularized
functions.

The purpose of this paper is to give an elementary construction of an
approximation based on « local » regularization; the results are slightly less
restrictive than Strang’s ones. As shown by an example, the construction may
be modified to fit boundary conditions. Most of the basic tools are known
in the literature and their proofs will not be reproduced here; however all
details are contained in [1].

(*) This paper 1s drawn from a thesis presented at the Federal Institute of Technology
Lausanne The author wants to express his gratitude to Prof J Descloux for his suggestions and
helpful assistance

(1) Ecole polytechnique fedérale de Lausanne, Departement de Mathematiques
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78 PH. CLEMENT

2. RESULTS

For the sake of concreteness and simplicity, we shall restrict ourselves
to the case of triangular finite element subspaces described by the following
situation.

A is a closed bounded two-dimensional domain with polygonal boun-
dary I'. One considers a set © of decompositions D = { T}, ..., T, } of A in
closed triangles 7;, T,, ..., T, called « elements» such that: 1) A = T,

j=1
2) two triangles T; and T} € D are either disjoint, or have a vertex in common
or have a side in common, 3) #» depends on D. Toeach D = { T}, ..., T, } €D
is associated a set { ¢, @,, ..., 9,, } of independent real functions defined on A
(m depends on D) and to each ¢; is associated a point Q; € A called « node »;
the Q;’s are not necessarily distinct; let S, ..., S,, be the supports of @,, ..., @,,.

S, is connected to Q, by the relation : S; = |J 7} Furthermore to each ¢,
QieT
is associated a functional y; : C*(A) — R of the form > a D f(Q);
Isl=1
1; is called the « order » of vy,.

V=< ap :ace R} is the finite element space associated to D.
i=1
For specific examples see [2], [3], [4], [5], [6], [7]
Let ® < A; d(®) is the diameter of ®@; pu(®) is the measure of ®; H%(®)
denotes the Sobolev space of square integrable functions on @ possessing

square integrable derivatives of order < g. For u, v € H¥®) and w e C*(A)
we define the scalar product and seminorms :

(1, 9o j w ., Ws= T (DuDw, k<ag
[ ]

Isl=k

W0 = mg)’f sup |D*w(x)| ;

n
for a functionue HY(T}),j = 1,2, .., nwesetjuf, = Y. [uir, k < q.
j=1

In the following ¢ will denote a generic constant independent of D € D.
We introduce the following hypotheses.

HI. For any p € ¥, (polynomials of degree < p), where p is independent
of D € D, one has for each ;e D :

p(x) = Y vipolx) , xeT;

QgeTj
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APPROXIMATION BY FINITE ELEMENT FONCTIONS 79

The functions ¢@; are the basis functions associated with functionals v;.
H2. If fe C®(A), for any @; with /; < p and any T; € D, one has
|Y (f o Ik T, S d(T))“ k(l—" If!h wook < p+1
H3. For any 7, the number of §; = T;is bounded by c.
H4. For any D € D, all the angles of the T's are > ¢ > 0.

Now we define the linear mapping IT : H°(A) —» V by the following
construction. Let u € H°(A); to each S; we associate the polynomial p; € F,
which is the best approximation of u with respect to the norm |-|, s, e,
(w — pi, p)s, = Oforall pe 7, ; we set

Mu = Y v(p)e
i=1
Let h = h(D) = max d(T}). Under the above situation and hypotheses
J=1,2.0m
we shall prove :
Theorem 1
Forue HA), q < p + 1, one has
|u— Tluf, , < ch* *ul,r , k=0,1,...,q; (1)

furthermore if ¢ < p one has also
lim [u — Tul,, = 0. )
As mentionned in the introduction, IT can be modified in order to fit
boundary condition ; we restrict ourselves to the case where the function u to
approximate takes the value 0 on the boundary T of A ie. ueH YHA).
We define I1 : H°(A) » V by
fu = le YiP)o;

where £’ means that we omit in the sum the terms relative to indices i for
which Q; € I' and /; = 0. Then under the above hypotheses we shall prove :

Theorem 2
Forue H'(A) n HYA), ¢ < p + 1 one has
lu — Tuly o < W ul,n , k=0,1,..,9; (3)
furthermore if ¢ < p one has also
}1}33 |u — Tu, , = 0. 4)
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80 PH. CLEMENT

REMARKS

1. TIu will not automatically belong to H Y(A); however if

a) ;e H'(A)i = 1,2, ..., m,

b) for all Q;eI one has [, = 0, then specific examples show that
flue H'(A).

2. For one-dimensional finite elements H4 has to be replaced by :
if T, n T; # § then d(T;)/d(T}) > ¢ > 0; here the T}'s are segments and d(7;)
is the length of T,.

3. The local character of the definition of IT clearly implies the following
property. Let ue H°(A), ® < Q ¢ A where ® is closed and Q open,
ue HY(Q); then for m< p + 1 one has |u — Iuf, o < ch* *|u|, o and
for ¢ < p one has ;l.ins lu — Mu|, o = 0.

4. There is a great number of alternative possibilities of defining IT in the
same spirit.

5. One can without any difficulty give the same results for A = R".

3. PROOFS

In this section we use all the definitions, notations, hypotheses introduced
in section 2.

Lemma 1
Let S be any of the supports S;, S,, ..., S,, ue H(S), g < p + 1,t €7,
such that (u — ¢, p)s = O for all pe §,. Then
|u — ths < c(d(S))“_"|u!q’S » 0<k<g
Lemma 1, which supposes H4, has analogue in the literature, see [3],
[5], [9]; however, we give below a sketch of the proof.

We restrict ourselves to the case where S is formed by two adjacents
triangles ; the other cases are treated similarly. Let us consider first the case
where d(S) = 1. Let A;, A, be triangles in the (§, n) plane with vertices
at (0, 0), (0, 1), (1, 0) and (0, 0), (0, — 1), (1, O) respectively. Let A = A, U A,.
Letin the (x, y)plane S be the domain formed by two triangles 7, and 7, having
a common side. 7; is the image of A, by the application o; :

() = A + b = ()i = 1,2,
@ is the application of A — S such that ¢ | ,, = @,. We consider a set £ of
domains S of this type satisfying the relations :

4] < ¢ and |47 '] < ¢ where ¢ is a generic constant which doesn’t
depend on S e €. Let us show that (u, 1)g = 0 implies |uo s < ¢ |u|, sif ue H'(S).
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APPROXIMATION BY FINITE ELEMENT FUNCTIONS 81

Letv = u o @ : A— R. We verify that v belongs to H*(A)and if we put

(v, 1)a
*= (1’ 1)A,

we get |v — ec|O a < ¢|v]; 4. The hypothesis on the matrices 4, imply that
lu — alor, < clv — aloa, and ||, 5, < clu|, 1, So

lulf s < I“Io s+ loaffs=lu—affs=|u— mIo r +ju— “](2) T,

(v - °‘|0,A1 + |” Io Az = c]v - °‘|o AS |U|1 AS c|u|1 T-

This allows us to prove the lemma for k£ = 0. Indeed, letu € H“(S rg<p+1,
te P, such that (u — ¢, p)s = 0 for all pe P,. Let § the unique polynom1a1
belongmg to P, such that (D*(u — p), l)s = 0for0 < Is| < ¢ — 1; then by
applying the preceeding result to D*(u — p)forls| = ¢ — 1,9 — 2, ..., 0 we
get :|u — plos < clu— pl,s = clul,s; then lulos < Ju — ﬁlo,s? hence we are
done. We obtain the general case from the interpolation formula
s < c(lulo,s + |ul,s) Vu € HY(S) and from the fact that |p|, s < c|plos
Vp € P,. (These relations can be established by returning to the fundamental
domain A by the application ¢). Indeed, for p = ¢ — 1, 0 < k < g we get :
lu - tles < c(lu — tlos + |u — t],5) < clul,s. Forg < p + 1,letfeP,_
such that (u — 7, p)s = 0Vpe P,_ ;then |u — t|, s < |u — T s + [T — tlks,
|u—t\k5<c|u|qsand|t—t|ks<c|t—t|os<c = Fo,s + |“_t|os <clul,s
We obtain the case d(S) # 1 by a dilatation.

Lemma 2
LetTe D,pe?,; then
’plk,oo,T < C(P(T))_%(d(T))_k |P|o,r , k=0,1,2,..
Lemma 2, which supposes H4, is an elementary property based on the
equivalence of all the norms for a finite dimensional space (see [8]).

Lemma 3

a) If T, = §, then d(S;) < cd(T;).

b) The number of elements T, contained in any support S, is < c.
Lemma 3 is a consequence of H3 and H4.

Proof of theorem 1

Let T be a particular element of D, Q,, Q,, ..., O, the nodes belonging
t0 T, @y, «ees Pgs Y1s -o> Yas L1s I35 <o lys P15 ---s Py the corresponding basic func-
tions, functionals, orders and polynomials. Let u € HYA), g < p + 1. One
hason T :

= '21 Ydp)o; = g:l Ydp1)o; + -; Yip; — p1)ois

n® aoiit 1975, R-2.



82 PH. CLEMENT

because of H1, the first sum on the right side is equal to p,; by lemmas 1
and 3, one gets for 0 < k < g :

Mu = ulyy < ch®* fulys, + 3 |vips = po)l loders )

in order to estimate the second term of the right side, one remarks that one
has by lemmas 1 and 3 :

|p; — P1Io,1 < I“ Pilo.r + |4 — pylor < |u— Pilo,s¢ + |u - PIIO.Sx
d(S)Y |uly,s, + cld(S, )“ |u|qs,
< C(d(T (lulg,s, + lulys,)
by lemma 2 and H2, one gets :
i — Pl < (T AT (ulys, + llg.s,)
lipi = POl @il,r < chH(Jul, s, + |ulys,);

introducing this last inequality in (5) one gets by H3 (o < ¢) :
My — ufer < k@™ 3 Julgs,s
i=1

this relation is valid for any 7; € D; using again H3 and lemma 3, one gets by
summing for i = 1, 2, ..., n precisely relation (1). Now suppose ¢ < p; for
any v € H?"!(A) one has by (1) :

|u — Mu|, 5 < |o — Oo|, 5 + |(@ — v) — TI{u — v)|, 4
S chvlgega + Clu — Vjgas

let € > 0; one first chooses v such that ¢ |u — v|, , < &/2; let b, > 0 be such
that chg [v],4, 4 < €/2; then for h < hy,ju — Hu[q A<E Wthh proves rela-
tion (2).

Lemma 4

Let Te D, T aside of T, ue H (T); then

T)uff,. < c{|ul3r + @T)) |ufi,r

Lemma 4 is a consequence of the trace theorem (see [10]); for a detailed
proof, see [1].

Proof of theorem 2

Let ue H'(A) n HYA), 1 < ¢ < p + 1. Using the notations and argu-
ments of the proof of theorem 1, one remarks (see [6]) that for proving (3)
it suffices to show that for T e D one has

M — Fuf, < o200 3 iy, , 0<k<q )
i=1
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Let Q,eland [, =0 for:1=1,2, ..,Band for B<i<a, Q¢TI
orl,>0;if p =0, IIu = ITu on T so that we can suppose § > 0; by H2,
one has

~ B
|nu - Hulk,T = —zl Yl(pl)(pl

< AT WD) 3 ()

kT
let T, = I' be a side of an element G, satisfying the relation Q,et, = G, < §,,

i=1,..,B. Since u e H'(A), |ulo., = 0and |p|o., = |u — p|o.,; fromlem-
mas 4 and 1, one gets :

dG)|p s <c{lu—plds + @S)u-plis}
< c(dS)V |u2s;  (9)

a one-dimensional version of lemma 2 allows to write

PAQ)] < eL@)) # 2o (10)
where L(t) is the length of t; by H4 and lemma 3, (9) and (10) imply :
@(T)" (T (p(Q.)F < c(d(T))” *W(T)(L(z,))Hd(G,) *(d(S))** |ul: s,

< ch? @0 ufls,;
replacing in (8) and using H3 one obtains (7). It remains to prove (4);

let ueﬁ‘(A)nH“(A), q < p; by theorem 1, it suffices to verify that

lim [Ty — Mu|,, = 0;letJ = {j: T, AT # @ } and  be the union of all S,

containing a 7, with je J; by (7) H3, and lemma 3, one has

My — T2, = %, [Mu — Tulgr, < ¢ luffos
JE

since ,1.1_1.% u(6) = 0, one also has '1'1_13 Tu — Iyl , = 0.
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