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LOCAL AH-' GALERKIN
AND ADJOINT LOCAL H-' GALERKIN
PROCEDURES
FOR ELLIPTIC EQUATIONS (*)

by Jim DoucgLas, Jr. (1),
Todd Dupont (), Henry H. RACHFORD, Jr. (3)
and Mary F. WHEELER (%)

Abstract. — Two essentially dual, finite element methods for approximating the solution
of the boundary value problem Lu = V-(@Vu)+ b-Vu-+ cu=fonQ, a rectangle, with
u = 0 on Q are shown to give optimal order convergence. The local H~ method is based
on the inner product (u, L* v) and the adjoint method on (Lu, v). Discontinuous spaces can be
employed for the approximate solution in the local H=' procedure and for the test space in
the adjoint method.

1. INTRODUCTION
Consider the elliptic boundary value boundary problem
(Lw)(p) =V @(p)Vu)+b(p)-Vute(pu=1(p, pe@)
u(p)=0, pedQ, ‘

where Q is the square I/x/J and I = (0, 1). We assume ‘that a, (V a);, b;,

ce C'(Q), that fe L, (Q), and that 0 < ay < a(p) < a,, peQ, where a,
and a, are constants. We further assume that, given ge L, (Q), there exists
a unique function ¢ e H? (Q) satisfying Lo =g in Q and ¢ = 0 on Q.

We shall use the following notation. Let 8 : 0 = xo < x; < ... < xy =1
be a partition of [0, 1]. Set/; = (x;_y, x;), h; = x;—x;_, and 2 = max A;.
15j£N

For E < I let P, (E) denote the functions defined on 7 whose restrictions
to E coincide with polynomials of degree at most r. Let

N
M(=1,r,8)= () P(I)
j=1
and, for k£ a non-negative integer,
Mk, v, )= M(—1,r,8)nC (),
MOk, r, 8) = (k, r,8){v]v(0)=0(1) =0},
e/;"[(k—l, r—1,8)={v': vek’(k, r,3)}.

(*) Regu aoit 1975.
() University of Chicago, Chicago, Illinois 60637, U.S.A.
(® Rice University, Houston, Texas 77001, U.S.A.
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4 J. DOUGLAS, Jr., T. DUPONT, H. H. RACHFORD, M. F. WHEELER

We assume that 8 is quasi-uniform and that r > 1. For brevity, we set
N = MO (k+2,7r+2,8) @ MO (k+2, r+2,8),

2= M k+1, r+1, )@ A(k+1, r+1, ),
and

M=k, 1, )@ MK, T, B).

Note that 2 and .# are the images of /" under the maps given by 9%/dx dy
and 0%/0x? dy?, respectively.

The local H~! Galerkin approximation is defined as the solution Ue.#
of the equations

(U, L*9)=(f,9), o¢eL, (2

where the inner product is the standard L, (Q) one. The adjoint local H ™!
Galerkin approximation is given by We " satisfying

(LW, 9)=(f,0), oeA. 3)

We first show that there exists a unique U and a unique W satisfying (2)
and (3), respectively, for L = A. Optimal L, error estimates are also obtained
for the operator A. We then generalize our results to obtain optimal L, results
for operators of the form given in (1).

Let H*(Q) be the Sobolev space of functions having L, (Q)-derivatives
through order k. Denote the usual norm on H*(Q) by || . ||;; for s =0 -
the subscript will be omitted. We also use the norm

(w, 2)

[|w]l-y= sup - )
ze H1 (Q) ||z”1
+h A : + £ +ha T4qa Aawrs 1 f. 3 o
If the reader wishes to usc any of the rosults derived below for non-integral

indices, then standard interpolation theory [3] should be applied.

2. ERROR ESTIMATES FOR L = A
First note that, since dim .# = dim ", uniqueness implies existence.
LemMMmA 1 : Suppose that Ve M# satisfies

(V, Ap) =0, eoeN.
Then, V = 0.

Proof : Note that there exists a unique Q €4 such that Q... = V. Inte-
grating by parts, we have

(V 0y, V) =0, wel

Since Q,, e 2, we note that Q,,, =0 and Q,,, = 0. Thus, V"= 0.
Since the matrix arising in (3) is the adjoint of that of (2), there exists a
unique W satisfying (3) for L = A.

R.A.LR.O. Analyse numérique/Numerical Analysis
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We now derive L, and negative norm error estimates for U—u« when L = A.
Let Zes satisfy Z,,,, = U. Also let z,,,, = uin Q and z = 0 on Q. We
observe from (1) and (2) with £ = Z—z that

V&, Vw)=0, wel @

THEOREM 1 : Let z and Z be as defined above, and let z,, € H® (Q) for some s
such that 1 £ 5 £ r+2. Then,

|(z=2)s || +h]|(z=2)sy |1 = C|| 2y | 1.
Proof : It follows from (4) that
”V&xv” = ingHV(zxy—?OH- (5)
X€
Let T: H' (I)— # (k+1, r+1, 8) be determined by the relations
1 1
J (g—Tg)’vdx=J‘ (g—Tg)dx =0, ved (k, r, d).
0 0
It is easy to see that (g—7g) (0) = (g—Tg) (1) = O, by taking v = x or 1 —x.
Since (Tg)" is the L, (I)-projection of g’ into 4 (k,r,d),

&= Te) ||,y £ Cll89 o™ 1Ss<r+2.
Let
—¢"==g—-Tg, xel,

¢’ 0)=¢()=0,

1
J edx=0.
V]

Then for ve.# (k, r, 8) appropriately chosen
ligil =@, o' =) £ C[|1U [l | E e s
and
llg—Tell.ay < Cllg° |, B, 1S ssr+2.

Consider (T® T)z, e M (k+1,r+1,8) @ 4 (k+1, r+1,8). It is easy
to see that (T ® T)z,,€ 2 and that

|| 2y = (T® T) 2y ||, £ Cl| zay || ©°7% 25 sZ7r+2, 0=g=1, 6)
since TQT-IQI=(T-1)Q@I+I® (T-1)+(T-1)® (T—-I). Thus,
from (5) and (6),

IVEsll = Clizyllh™!  2=s<r+2.
The inequality

1VEs |l = ClIV 2o [l = Cll 2o |1

x)'l
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is obvious, and the desired result follows:

|VELil = Cllzg s~ I<s=r+2.
Since &,, has average value zero,

&l < Cllzg Lk~ 1Ss<rt2.

To obtain the L, (Q) estimate, first let
—Ao=8&,, (xy)eQ
o9
on

Since (&, 1) = 0, there exists ¢ such that (p,1) = 0 and || ¢
Then,

. (x, y)edQ.

‘iz <C \b Esy |-

€| = (VE,,, Ve—%),  x€2

nd . . |
’ sl = ClIVe, || int ||V (0=}
xel

The function &, can be expanded in a double cosine series:

o0
€y = 2. Cpy COS T PX COS T QY.
p.q=1
Thus,
— 1 v Cpq
0= Y —Z.cosmpxcosTmqy.

n? ra=1 p"+4q

It then follows by approximating each product of cosines in 2 that
inf [[V (o= = Chl|&w I
xE

and the theorem has been proved.
Denote by P the restriction of the projection T to the subclass of H! (I)
consisting of functions having zero average value. Let 2 = P® P.
We wish to obtain a better H' estimate of v = 2 z,,—Z,, than would
follow from (6) and theorem 1. We deduce from (4) that

Vv, V) =(V(Zz,,~z,,), Vw) =1,+1,, we 2. 7
Using the definition of P and integration by parts, we see that, for we 2,
T = (U ® P)(P® )2y —2y)s, )
=(UQ(P—1)zyy,, w,)
=—(IQ(P-Dz,p,, w)

1
+J I[®(P=1)z. (., Y)w(., Mody. ®

1}

R.A.LLR.O. Analyse numérique/Numerical Analysis
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Note that z has the representation

2(x, ) =m:(x—a)<y—ﬁ)u<a, B) der dp
y *1

”‘Ho (1—0)(y—B)u (c B)dodp

—yf r(x—a)a—s)u(a, B) docdp
0 [}

+xyf1jl(1—a)(l—ﬁ)u(a, B)do dp.
0Jo

©)

One can easily verify from (9) that the boundary terms in (8) are zero since

Zeey (0,¥) = 0 and z,., (1,y) = 0. We also observe that

1
J‘ Zxxxy dy = Zyxx (X, 1)_Zxxx (X, 0) = 0’
0

1
since z vanishes on the boundary. Similarly, J Zyyyx

0

vl = Clivl-0
where

It follows that

¥ ]l-1

0%z

‘*l’ = I®(I_P)(zxxxy)+(1—P)® I(nyyy)'
dx3 oy

1 2 1/2

0| H-1(D
! A
o | :
0| axéy

IIA

1@ (I-P) (x, )

I-P)®1 (> »

|

It is easy to show that

WI=P)flla-sn S ClF b

1
j fdx =0,
(4]
by using the auxiliary problem

1
__(pn=g—J‘ g dx, xel,

0

provided that

9’ (0)=0¢ (1)=0,

vol. 11, n° 1, 1977
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where ge H! (I). Thus,
|
¥l

for 0 £ s < r+1l.

THEOREM 2 : Let u be the solution to (1) with L = A, and let U € # satisfy (2).
Let U be the L, projection of u into M. Then,

~ s+1 +1
HU—UHgC{a u Flu
0x® dy dx 0y°
for 0 <s=<r+l.
Proof : Since U satisfies

(U—u,0)=0, ved,

as+1 as+1 u

ox dy°

u
0x* dy

}hs+2 (12)

}hS‘FI (13)

one can easily verify that

~

U =(22z,),,

Thus, (13) follows from (10), (12), and the quasi-uniformity hypothesis on
the partition J.

COROLLARY : The error U—u satisfies the following bounds:

|U—ul| < Cllu]|s», 1<s=Sr+1,
}hs.

as+1 u as+1 u
0x*dy Ox dy*
0s=<r+l.

Proof: The L, (Q)-estimate is a trivial consequence of (13). To obtain the
L (Q)-estimate, note first that (13) and the quasi-uniformity of & imply
that, for 0 £ s £ r+1,

U=t e = c{nunw-; @

~ \ oty &y
U-U = =C K.
10-Olhem 3 l1vlir, = €| 220+ 22
It follows from inequality (28) of [2] or from [1] that
”“—ﬁ”me)écllﬂW&(n)hs’ Oss=r+l.

We now wish to consider the adjoint local H~! Galerkin procedure
for L = A. As noted earlier, there exists a unique We A satisfying

(AW, v)=(f,v), ve . (14)

THEOREM 3: Let u be the solution to (1) with L = A and assume that
un,€ Hs (Q), 1 < s <r+2. Let We N be defined by (14). Then,

NW—u)y, || + R [[(W—u), ||; < Cljug || 7.

R.A.LLR.O. Analyse numérique/Numerical Analysis
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Proof: Just as in (4),
(V(W=u)yy, Vi) =0,  wed’

Since w,, represents an arbitrary element of 2, the theorem follows from the
analysis of (4) given in the proof of theorem 1.

Next, we shall derive an H! (Q)-estimate of the error W—u. Note that
NV(W=w)|> =—(A(W—-u), W—u)
=—(A(W-u), W—u—y), XeEM. (15)
We choose y € # as the local H ~! Galerkin approximation to W—u; i. e.,
(W—=u—y, Ap)=0, peN. (16)
By the corollary to theorem 2,
| W—u—x|| < Cj| W=ul|sh
From (15) and (16), we see that
|V(W=w)||* = —(W—u—y, A(W—u—pj), pe.
Hence,
IV CW=w)if* < Ch|| W—ul], int |lu—g,
pe
<o Woullflullos  OSssrelL

Since the boundary values of u were imposed strongly on the elements of A",
the L, (Q)-norm of the V (W —u) is equivalent to the H* (Q)-norm of W—u;
thus,

| W—ully < C|luflsa k™!, OSs<r+l.

As a result of the quasi-uniformity of &, it follows easily that
|| W=u|l, < C||ul||s+2h°, O=s=<r+l.. (17)
Now, we shall seek an estimate of the error in L, (Q). Consider
Ap= W—u on Q,

0=0 on 0Q.
Then,

|| W—u]|* = (W-u, Ag)
= (¢, A(W—u))
=(o—0* A(W—u)), o*es,

vol. 11, n° 1, 1977
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Thus, choosing an appropriate ¢*, we obtain the inequality
I w=ull* < Cllo|l-H*||a(W-u)]]

< |l w-ull[|ACw-u)||2;
therefore,
|| W—u|| < Cljujls+2h% O0<s<r+l.

Summarizing the above results, we have proved the following theorem.

THEOREM 4: Let u be the solution to (1) with L = A and assume that u e H® (Q),
2 < s Er+3. Then, if W is defined by (14),
| w=ull, s Cllullh™, 0sgs2.

If k=20, then the range on ¢ in theorem 4 can be extended to
0 £ ¢ < min (k+3,s) by repeated use of quasi-uniformity to obtain the
analogue of (17) in H**3 (Q).

3. THE GENERAL CASE

Let Ue # be determined as the solution of (2), and introduce an auxiliary
function U; e .# as the solution of

(U;—u, Av)=0, ve A .
Let £ = U—U,, and let ¥ be given by the Dirichlet problem
L*y=& on Q

=0 on 0L,
Then, if V*e A,

lEil* =& =)
=& L'—¥")+E& LV
= L'W=¥*)+(m, V),
where = u— U,;. We choose y*e M to satisfy
(A —V¥*), v) =0, ve .

Thus, with b and @ indicating the lower order coefficients of L*,

E]l? = @& AW—U*)+(E b-V(I—y*)
+(E, c(U—¥H)+(n, L*V*)
= (a&—x, A=Y+ (& b-V(I—¥™)
+E SOU—YN+(, LV*),  yed.

R.A.LR.O. Analyse numérique/Numerical Analysis
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It is well-known that, since ae C' (Q),

inf [|ag ]| s Cl&ln

re M
Replacing # by ¥ and W by y* in theorem 4, we observe that

=¥l Cll¥|l.n*™,  0sg=2.
Since | ¥ |lo = C||E ]},
Hell* = c{alielP+1inllliel -
Hence, for /4 sufficiently small,
el = clinll
Consequently, we have the following theorem.

THEOREM 5: There exists hy = hy (L) > 0 such that a unique solution Ue HA
of (2) exists for h < hy; moreover, if 1 £ s < r+1 and if ue HS(Q) is the
solution of (1), then

lU=ull < Cull ke

We shall now consider error estimates for the adjoint local H ~! Galerkin
procedure. Note that the ellipticity of L implies a Garding inequality of the
form

Colloll} = —(Lo, )+ C,||0])?

for g € H? (Q) such that ¢ = 0 on dQ, where C, is some positive constant.
Since (1) and (3) imply that (L (W—u), V) = 0 for ye 4,

Col| W=ul|i=Cy|| W—ul|®* £ —(L(W—-u), W—u—1), Ve .

For h sufficiently small, theorem 5 when applied to the operator L* instead
of L implies the existence of Yy e .# such that

(Lo, W—u—Vy)=0, ved,
and
| W-u—vli s Cl W=ull, b
Thus, for any 6e A:
Cofl W=uli=C|| W=u|* £ —(LO-u), W—u—y)
< Cllu=0j,|j w—ul|, k.
By noting that || W—u|> < || W—u|||| W—u||, we see that
” W_u[lléc(|l““s+2hs+l+ll FV—u“), 0Ss<r+1.

vol. 11. n° 1, 1977
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Again by the quasi-uniformity of 3,

|| W=ull. S C(J|ullss2h+r7 || W=ul]), O0=Zs<r+l.

In order to obtain an L, (Q2)-estimate, we now consider the auxiliary Dirichlet
problem given by
L*¢=W-u on Q
¢=0 on 0Q.
Then,
| W—ul|* = (W-u, L*¢)=(L(W~u), 9)
=(L(W—u)s (p'—(p*)a (p*e‘/il‘
Thus, choosing an appropriate ¢*, we obtain the inequality
| W—ul|l> < C|| W—ull|[o]].4*

< Cll Wula || W—ul| 17,
and
| W—ul| s Cl| W=ul],

S C(|u|lss2 B2+ || W—ul|h), O0Ss<r+1
Hence, we have proved the following theorem.

THEOREM 6: There exists hy = hy (L) > 0 such that there exists a unique
solution We N of (3), and if 2 £ s < r+3 and if the solution u of (1) belongs
to H*(Q), then
Il w—ull

scllull,rrt,  0sgs2

The range on g can be extended just as for theorem 4.
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