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AN ELASTO-PLASTIC CONTACT PROBLEM (*) (%)

by Claes JOHNSON (2?)

Communiqué par P. G. Ciarlet

Abstract. — We study the problem of finding the stresses and the displacements in an elasto-
plastic body & in frictionless contact with a rigid body which is pressed against &. We prove
existence of a solution and then we consider finite element methods for finding approximate
solutions of the problem.

INTRODUCTION

Duvaut [1] has studied the problem of finding the stresses in an elasto-
plastic body & in frictionsless contact with a rigid body # which is pressed
against €. In this note we extend the study of Duvaut by looking also for
the displacements of & and %. We shall consider a stationary case corres-
ponding to Henky’s law. For simplicity we shall assume that & is isotropic.

In Section 1 we prove existence of a solution to the contact problem assuming
that & is elastic-perfectly plastic. In this case the displacements of & may be
discontinuous (and even non-unique) and we have to use a formulation
requiring little regularity of the displacements. One way of obtaining more
regular displacements is to assume a suitable hardening of the elasto-plastic
material. Such a case is studied in Section 2. Then in Sections 3 and 4 we
consider finite element methods for finding approximate solutions of the
contact problem.

1. ELASTIC-PERFECTLY PLASTIC MATERIAL-

< +h initsnll
Suppose that initially the elasto-plastic body & occupies the bound

region Q = R*® with boundary I" and that " contains an open set I', in t
plane { x = (x;, x,, x;) € R®: x; = 0 }. Moreover, suppose that initially t
rigid body # occupies the region

(
38 A

]

B= {xeR3 : _x3 g (P(xl’ xz), (xli xz)Efo },

where I, is an open set compactly contained in I'; with smooth boundary
and ¢ : I'; — R is smooth, nonnegative and ¢ (x) = 0 for some X € ', (see Fig.).

(*) Regu avril 1977, révisé aofit 1977.
(*) Texte d’une conférence présentée aux Journées « Eléments Finis », Rennes, 4-6 mai 1977

s (21 Chalmers University of Technology, Department of Computer Sciences, Goteborg,
weden,
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60 C. JOHNSON

Let the boundary of & be fixed on the portion I'; = I'\I'; and free on I';.
Let # be acted upon by the vertical force F(F > 0) and suppose that # is
free to move vertically, whereas rotation and horisontal displacement are
prevented. We want to find the vertical displacement U of 4, the stress
oc={o0;},ij=123,in &, and the displacement u = {u; }, i =1, 2, 3,
of &, where u, is the displacement in the x-direction. The reference configu-
ration is the one in figure. We shall assume that the displacements are small;
in particular this means that the relation u; = U—¢ can be used to describe
the compatibility of the displacements of # and &.

We shall use the following notation: For m a positive integerand 1 < p < oo,

let || . ||m,, denote the norm in the usual Sobolev space [W% (Q)]" with n
a positive integer. If m = 0 we omit this index and write || . ||, instead
of ||. |lo,,- Let (.,.) and ||.|| denote the scalar product and norm

in [L?(Q)]". Furter we define

H= {T = {Ti.i}e [LZ(Q)]Q : Tij=Tjiaiaj = 1’ 2’ 3’ }5

W =[W] W={weW;(): w=0onT,},
K={(u, U)e# xR: u3+¢—U =0 on f‘o},

and the deformation & (1) = {¢; (u) } associated with ue# by
1 .,
sij(u) = E(ui,j+uj,i)’ Ll= 13 29 3:
where w ; = 0w/0x;. We recall Green’s formula:
(1, e(v) =J Tinju;ds—(div, v), (1.1)
r
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AN ELASTO-PLASTIC CONTACT PROBLEM 61

where n = (n,, n,, n;) is the outward unit normal to I" and
divt=((divt)), =123,

(diV't),- = tij,j‘

Here and below we use the summation convention: repeated indices indicate
summation from 1 to 3.

Let D = R® be a given closed convex set with 0 € D and define the set
of plastically admissible stresses

P={teH: t(x)eDa.e. in Q},
where

1
v=1—_tr(1)9,
3 ()

ll'(’t) =Tkk’
. . 1 if i=j,
5= {3} b"’:{o i i)

The tensor ¢ is the so called stress deviatoric associated to 1. If o (x) e
(interior of D), then & is in an elastic state at the point x € Q and then we
have the linear strain-stress relation

e(u) = Ao,
(Ao); = }"tr(o)aij'l'vo-idj,

where A and v are positive constants. For notational simplicity we shall assume
below that v = 1. We define the bilinear form

#ee,—e#}[ﬁwmmw
and we note that

a(r,v)2aft||>, rteH, (1.2
where a = min (1, 9 A).
A natural formulation of the contact problem is now the following: Find
(o, (u, V')) € Px K such that

a(c,t—o0)—(e(u), 7—0) =0, VieP, (1.3a)
(o, e(v—u)) = F(V=-0), Y(v, V)ek, (1.3b)

or, equivalently, find a saddle point (o, (4, ¥))e Px K for the functional
L : PxK— R defined by

L(t,( V) = %Hrllf—(r,- W) +FY,
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62 C. JOHNSON

where || . ||? = a (., .). However, the regularity of the displacement u needed
in this formulation is in general not possible to achieve in the perfectly-
plastic case. Therefore, we shall instead consider a formulation requiring
less regularity of u (¢f. [3]). To be more precise, we shall seek u in the
space Y,,, where for 1 £ p £ oo,

Y,=[L,( @]

To motivate this formulation we first note that be Green’s formula (1.1),
it follows that (1.3 b) is formally equivalent to the following relations:

dive =0 in Q. (1.4)
"‘J‘ 033ds=F, (1.5)

To
013=023=0,03350 on Ty, (1.6)
633 = 0 on rl\ro, (1.7)
033(x)=0 if (u3+(P_'U)(x)>0, xero, (1.8)

which is the intuitive way of formulating the statical relationship in the
contact problem.
We shall seek the stress o in the space 3 = P n3# 5, where for 2 < g < oo,

#H,={teH: divteY, and 7 satisfies (1.6) and (1.7)}.

Here (1.6) and (1.7) are to be understood in the following sense:

J‘ Tl3wds=J T23st=o, weW, (1.9)
r r
f133wds§0, wewW, w=0, (1.10)
r
J Tyzwds =0 for we# such that w=0 on T,. (1.11)
r

Note that if T € H and divt € Y,, then (see [2]) t;;n,€ H = (') so that
(1.9)-(1.11) are meaningful. Now, taking t€ 2, in (1.3 4) using Green’s
formula and (1.6), we find with y € #" satisfying ¢ = 1 on I'y, that

0<a(c,t—0)—(c(u), T—0)

=a(c, 1—0)+(u, divr—divc)+f U3(T33—033)ds
r

=a(c, 1—0)+(u, divr—divc)+f (U3 +VY(@—U))(133~033)ds
r

+fr¢(U“¢) (t33—033)ds,
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AN BLASTO-PLASTIC CONTACT PROBLEM 63
so that

a(oc, 1—0)+(u, divr—divc)+j Y(U—-0¢)(135—033)ds =0, (1.12)
r
since by (1.7)-(1.8),

Jr(u3 +¥(¢—U))o;33ds =0,

and by (1.10) and (1.11) assuming that (4, U) € K|

L(ua+\lf(q>—U))rasds <0.

We are thus led to the following formulation of the contact problem:
Find (o, 4, U)e 2 x Yx R such that

a(c, T—0o)+(u, divt—divo)

+J Y(U—-9)(t33—033)ds 20, 1€, (1.13a)
r
(v, dive) =0, vey, (1.13b)
'J‘ Yo33ds=F, (1.13¢)
r

where # = 23 and Y = Y;,.

Remark: Note that the condition u3+¢— U = 0 on I'y does not appear
explicitety in this formulation, which is natural since the trace of ue Yon I"
may not be defined.

To prove existence of a solution of (1.13) we shall need the following
«safe load hypothesis”’:

There exists 8§ >0 and XEPNE
such that-dist-(3x{(x), D) >6—forx€Q; 114
where 0D denotes the boundary of D and

E={'reH: divt=0 in Q, —f Y133 = ‘}.
r

Note that with = 0, this is a necessary condition for existence of a solution.

THEOREM 1: If (1.14) holds then there exists (6, u, U) e P x Y x R, satisfy-
ing (1.13). Moreover o is uniquely determined.

Proof: The proof will be divided into three parts: First we prove existence
of a solution of a regularized problem depending on a parameter p > 0,
Then we establish some a priori estimates for the solution of this problem
and finally we obtain a solution of the original problem by passing to the
limit as p tends to zero. The uniqueness of ¢ is easy to prove.
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64 €. JOHNSON

(a) The regularized problem
For p > 0 we consider the following problem: Find a saddle point
(0,5 (u,, U)) e Hx K for the regularized Lagrangian L, : Hx K — R defined
by
1
Ly @ V) =_[[lla + 7,0 = (5 s @)+ F,
where
) 1
J,(v)=—||t—nz|]?
w@ = s
and = is the orthogonal projection in R® onto D. In other words, we seek
(o, (u,, U)) € Hx K satistying
a(o,, D+J,(c), D—(t, e(u,) =0, teH, (1.15a)
(o, e(v—uy)) 2 F(V-U)), (v, V)eK, (1.15b)

where J' (1) = (1/p) (v—mnr). Existence of a saddle point (o, (u,, Uy,) will
follow easily if we can show that the problem

sup g,(v, V), (1.16)
w,V)ek
where
gu(v, V) = inf L,(z, (v, V)), (1.17)
1eH

has a solution. The infimum in (1.17) is attained for T = 7 satisfying

ge()—Ar= }G—ﬁ),
n

() -1 = 1(?’—1:?‘), (1.18)
1

tr(e(v))—=Atr(zx) = 0,

since by the definition of D, tr (t—=nt) = 0 for 1€ H. But (1.18) implies
that nt¢ = 7g (v)¢ and thus

itr (e(@)+ T%p. e(v)'+ —l%p e (v)%,

T=

R.A.LR.O. Analyse numérique/Numerical Analysis



AN ELASTO-PLASTIC CONTACT PROBLEM 65

which gives after a simple computation

g, (v, V)=

_ a2 _ d||2
sl =m0 P oo

—%||tr(e(v))”2+FV.

Since g, : #" xR — R is concave (being the infimum of a set of linear
functions) and continuous and K is closed and convex in #” X R, to prove
existence of a solution of the problem (1.16) it remains only to prove that &,
is coercive, i.e.,

g0, M) >—o as ||, V)||lwxx— 0, (v, V)e# xK.
But this follows easily from Korn’s inequality (see [2]),

lollw =Clle@|,  vew,
the trace inequality,
loslle oy S Cllolly,  ver,
and the fact that
V<v3+¢ on I,

if (v, V)e K. Thus the problem (1.16) has a solution (u,, U,) € K.
The extremality relation can be written

(o, e(v—u) = F(V-U), (v, V)ek,
with

ltr(s(u“))+—+— e(u )d+ 1—:_—;111:8(%)"

>>

Thus (1.15 b) holds and it is easy to check that also (1.15 @) is satisfied
and therefore (n-", (up; U”))@ Hx K is a saddle point for _I,p

(b) A priori estimates

By varying (v, V') € X in (1.15 b) one concludes that o, satisfies the rela-
tions (1.9)-(1.11) and

dive,=0 in Q, (1.19)
_j Vo, 33ds =0, (1.20)
T
f (uy, 3tV (@—UY)o,, 33ds=0. (1.21)
Ty
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66 C. JOHNSON

Thus, replacing t in (1.15a) by 1—o, where 1€ 2 and applying Green’s
formula, paralleling the proof of (1.12) we find that

a(o,, 1—0o,)+(J,(c,), T—0))

+(uy, divi—dive )+ | V(U,—9)(133—033,,)ds =0. (1.22)
r

If we now take T = y, where ¥ is given by assumption (1.14) and use the
fact o, as well as y satisfies (1.19) and (1.20), we get

lloulle+Wi(o), 0=
éfr¢¢(X33_°33,p)ds+a(Up, x)- (1.23)
But, as is easily seen, (1.14) implies that
[EACHAEREACRR )
Using also the estimate (see [2]):

| ella-t o = C(] <] +]] dive])), (1.24)
and (1.19), we now conclude from (1.23) that

loull = cUl¥o|lae o +lx2ID S €, (1.25)
|RACA] e (1.26)
with C independent of p. Using the equation (1.15 @), it then follows that
lle@)]l: =cC, (1.27)

so that
[|uul]s2 £ C, (1.28)

by using the estimate
ollsz 2 Clle®]];,  vew.

A proof of this result in the case I', = ¥ can be found in [3]. The proof
can easily be modified to cover also the present case.
Further, to bound U, we note that by the easy to prove trace inequality

j lw|ds < Cljw, ol we W,
To
and (1.27), we have

f |u,s|ds < C.
To

R.A.LR.O. Analyse numérique/Numerical Analysis



AN ELASTO-PLASTIC CONTACT PROBLEM 67

Since U, £ u,3+¢ onT', we thus find that U, < C. Moreover, takingt = o,

in (1.154a) and (v, ¥) = 0 in (1.15 b) and adding we see that
lloullz + U0, o) < FU,

But since J/, is monotone and J}, (0) = 0, (J;, (5,), 6,) = 0 and thus U, =2 0

so that
Ul =cC. (1.29)

(c) Passage to the limit

From (1.19), (1.24)-(1.27), (1.28) and (1.29) it follows that there exists

(o, (u, U)e?x YxR with dive = 0 and a sequence p tending to zero
such that

c,—+c weakly in H,

G33,,—> O35 weakly in H™'*(T),

_ (1.30)
u,—>u weakly in Y, \

U,-»U.
Passing to the limit in the relation

a(o,,t—0,)+(u,, divt—divo,)
+jr¢(U"—¢)(Ts3_033’")ds_2'0’ te?,

which follows from (1.22) using the monotonicity of J;;, we now obtain (1.13 a)
without any difficulty recalling that dive, = dive = 0. Finally, (1.13¢)
follows from (1.30) by passing to the limit in (1.20). This completes the proof.

I PICY

2. HARDENING MATERIAL

To describe the hardening of the elasto-plastic material (¢f. [4]) we shall
use a hardening parameter £ = {€,}, i =1, ..., m, where m is a positive
integer. We shall use the notation

I§={6'=(c, &): oeH, Ee[L* @]},
[6,%] =a(o, D+y(E M), o=(c,8),t=(r, eH,
el =[5 2]Y%  ieH,

where y is a positive constant. Let now D be a closed convex set in R® *m
the set of admissible combinations of stress deviatorics and hardening, such
that 0 e D and define

P= {%eﬁ: (%, n)(x)eﬁa.e. in Q}.

vol. 12, n° 1, 1978



68 C. JOHNSON
The elasto-plastic conta::t problem can now be formulated in the following
way: Find (G, (4, U)) e Px X such that
[6, t—6]—(e(u), t~0) 20, VieP, .1a)
(o, e(v—u)) = F(V-U), V(v, V)eK, (2.1b)

or, equivalently, find a saddle point (6, (¢, U)) for the functional L:PxK—R
defined by

i(%, (v, V) =§1[|f||f—-('r, e(w)+FV.

To prove existence of a solution of (2.1) we shall use the same method
as that used in Section 1 for the regularized problem (1.15). Thus, we consider

the problem

sup g(v, V), 2.2)
(v,V)ekK
where
g(v, V)= inf L(%, (v, V))
Tef
1)~ ~n s 1 2
=§“8(U)—1t8(U)H —5”8(0)” +FV,

with

8(v) = (e (v),0)eH,

and © being the projection in H onto P. Since g (v, V) is clearly concave
and continuous on # x R, existence of a solution of (2.2) will follow if g

is coercive on K, i. e., if

g(v, V)= — if ”(v, V)H.”,—>oo, (v, V)eKk. (2.3)
A solution (u, U) € K of (2.2) is characterized by the variational inequality
(ne(w), Ew—u)) = F(V-U), (v, V)eK. (2.9

Thus, having a solution (%, U) of (2.2) we obtain (G, (v, U)) € PxK satisfy-
ing (2.1) by setting & = @& (u). We therefore have the following result:

THEOREM 2: If (2.3) holds, then there exists (&, U)) € PxX satisfying (2.1).
Moreover, & is uniquely determined.

Remark. It is easy to verify that (2.3) holds in the following two cases
important in applications (for definiteness we use here the von Mises yield

criterion, cf. [4]).
(i) Isotropic hardening: In this case m = 1 and

B= {(t, MeR’xR: |t*|S1+yn}.

R.A.LLR.O. Analyse numérique/Numerical Analysis



AN EBLASTO-PLASTIC CONTACT PROBLEM 69

(ii) Kinematic hardening: In this case m =9 and
B={(t,mM)eR°xR%:|1'—n| = 1}.

It is easy to see that also (u,U) is uniquely determined in these two cases:

3. FINITE ELEMENT METHODS: HARDENING MATERIAL

We shall only briefly discuss the case of a hardening material assuming
that the coercivity condition (2.3) holds. In this case we simply take a finite
dimensional subspace #7, of #°, define K, =#,n K and seek a solu-
tion (u,, U,) of the problem

sup g(v, V),

(v, V)eKn
or, equivalently, we seek (u,, U,) € K, satisfying
RE (), E@—u) ZF(V=Up, (v, V)eK, 3.1

Since g is coercive it follows that such a (u,, U,) exists.
It is also easy to obtain an estimate for || € (#) —%€ (u,) || in the following

way: Using the fact that since P is convex,
|| 7€ @) —7E n) > = (m& () — 7€ (), €)= (wp)),

and adding (2.4) and (3.1) with (v, V') = (&,, U,) in (2.4), we obtain for
all (v, V)eKk,,
|| 7 (u)—mE (uy) ||* < (RE(uy), v—w)+F (U — V).

Having an a priori estimate of the form

|| ne@y]|| < C, (3.2)

this will then give an estimate for || 7€ () — né () |. In the particular cases
discussed in Section 2, (3.2) is easily seen to hold and in these cases we
also have

lle@—ey)|| < C|| e @) — e () |-
4. FINITE ELEMENT METHODS: PERFECTLY PLASTIC MATERIAL

We shall now consider a finite element method based on the formula-
tion (1.13). We shall restrict ourselves to a two-dimensional problem (plane
stress or plane strain) and we shall then use the notation of Section 1 with
the obvious change from three to two dimensions. The x,-axis will now
correspond to the xj;-axis in the three-dimensional case. For simplicity we
shall assume that I'; and I';, are line segments (cf. Fig.). In the two-dimensional
case Theorem 1 holds with # = 2, and Y = Y,.

vol. 12, n° 1, 1978



70 C. JOHNSON
The finite element method will be the following: Given finite dimensional
spaces #, <= P, and Y, c Y,, find (o4, u,, U)) e P, x Y, xR such that

a(o,, 1—06,)+(u,, divi—dive,)
+JrW(Uh-¢)(Tzz‘Gzz,h)ds 20, T€Py 4.1a)
(v, divo,) =0, ve Y, 4.1b)

_J Y 0,, ,ds =0. (4.10)
r

We shall now consider a particular choice of the space &, and Y,. For
simplicity we shall assume that Q is polygonal. Let {4, }, 0 <k < 1, be
a regular family of triangulations of

Q= |J K,
Kefeh

indexed by the parameter 4 denoting as usual the maximum of the diameters
of the triangles K € ¥,. We assume that nodes are placed at the endpoints
of I'y and I';. We shall construct a finite dimensional space #, < 3, and
then define 2, = #, N P. The finite element method will be an equilibrium
method, i. e., the spaces #, and Y, will satisfy:

If tes#, and (divt, v) =0 for ve Y, then divti=0in Q. (4.2

Methods of this type including the present one have been studied in [5]
in the case of linear elasticity. To define #, each triangle K is divided into
three subtriangles T}, k = 1, 2, 3, by connecting the center of gravity with
the three nodes of K. For each K e %, we introduce the finite dimensional
space H, defined by

Hy={t={7;}: 7;=r1 is linear on T;,
k=1,2,3,i,j=1,2, and divte[ L*(K)]*}.

One can prove (see [5]) that an element te Hy is uniquely determined
by the following 15 degrees of freedom:

the value of t-n at two points of each side of K, “4.3)

f tdx,  ij=1,2 (4.4)
K

where t.n = (1, 0, +7,, Ny, Tyy Ny +7T3, 1) and n = (ny, n,) is the outward
unit normal to the boundary of K. The space 5, can now be defined:

#)y={1:1|xeHg, K€%, and divie Y,}.

R.A.LR.O. Analyse numérique/Numerical Analysis



AN ELASTO-PLASTIC CONTACT PROBLEM 71

If ©|xe Hy, Ke%,, then divte Y, if and only if 7. is continuous at
the interelement boundaries, i. ., if for any side .S common to the triangles K
and KXK',

1lx‘n=r|K1‘n on S,
where nis a normal to S. Therefore the degrees of freedom for an element t € H,

can be chosen as follows: the value of t.n at two points at each side of ¥,
and the values given by (4.4) for K € %,

Finally, defining

Y,={ve Y, :v is linear on K, Ke%,},

the particular case of the finite element method (4.1) we want to consider
has been fully described.

In addition to (4.2) the spaces #, and Y, have the following property
(see [5]) important for the analysis: There is an interpolation operator
wy, . H 5 — H, such that

(divm,t, v) = (divt, v), ve Y, 4.5)
and

lt—m]l < CA?|ix]lz, 2

Given t e #,, sufficiently regular e.g. t e [, (Q)]%, the interpolant =, ©
is defined to be the unique element in H, satisfying for any side S of €, with
normal n,

J ((x—m,7)-n)-vds =0 for v linear,
K

and for any Ke %,,

J‘;({Tf—(ﬂh T)ij) dS =937 .’ j= s

We observe that if divt = 0 in Q then by (4.2) also divz,t =0 in Q.
Existence of a solution of the finite element problem can be proved under
the following «discrete safe load hypothesis«:
There exists 6 > 0 and y,e%, N E such that
dist (x,(x), 0D) = 8, xeQ, 4.6)
Il = ¢,

where C and 8 are independent of 4. We note that if the y in the safe load
hypothesis (1.14) for the continuous problem is sufficiently smooth (e. g. if %,
is continuous), then (4.6) will be true for 4 sufficiently small of we choose
Xn = T X-
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72 C. JOHNSON

Let us now consider the convergence of the finite element method (4.1).
We have the following result on weak convergence:

THeoreM 3: If (4.6) holds, then for any p, 1 < p <2, there exists
(o, u, U)e Z,x Y, xR satisfying (1.13) with # = P, and Y = Y,, where
A/q)+(1/p) = 1, and a sequence { h;} tending to zero, such that

o,—oc weakly in H as h-0,
u, —u weak star in Y,
Uhi - U.

Proof: The theorem follows easily from the following a priori estimates:

llowll = C, 4.7
llmli=c, (4.8)
ARy (4.9)

The estimate (4.7) follows directly by taking t = g, in (4.1 a), where y,
is given by (4.6).

Next, (4.9) follows by choosing t = %, +7, X in (4.1 ), where y e C* (Q) n H
satisfies

divy=0 in Q,
j X22ds # 0,
ry

1zl <

NI O

Such a ¥ can easily be constructed by solving a suitable linear elastic problem.
Finally, (4.8) will follow by choosing tT = y, +m, ¥ in (4.1 a), where ¥ € 3,
satisfies

divy =g,

where g ranges over the ball {ge Y,:|lg llg S m }, with p > 0 sufficiently
small. For instance one can choose ¥ = € (%), where % satisfies

dive(@) =g in Q
e(m)-n=0 on 6’5_2,

and Q is a domain with smooth boundary such that Q ¢ Q, I'; = dQ and g
is suitably extended outside Q. To see that T = y, +7x, x € £, for u sufficiently
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small, we note that by elliptic regularity (see [6]) one has

”iul,qé C”g”q’

which by Sobolev’s imbedding theorem implies that ¥ is continuous and

1zl = Clliglle-

Now, (4.1 a) and (4.5) together with the previously obtained estimates (4. 7).
and (4.9) show that

(uy, 8) = (uy, divy) = (u,, div “hi) <G,

if ||g ”q < p, which proves (4.8). This completes the proof.
Finally, we shall obtain an estimate for c—o, in terms of the quantity

o=inf{B:37,e #,NE such that (1—P)1,€P and Ho-—r,,” <B}

If o is sufficiently regular then by choosing t, = n, o we see that . — 0
as h—0.

THEOREM 4: If (4.6) holds then there exists a constant C independant of h
such that for a < 1,

lo—oul| < CV/a

Proof: Choosing ©t =(1-2a)1, in (4.14a) where t,€3#, 0 E satisfies
[|[o—1|| £ 20, and © = o, in (1.13 @) and adding, we easily find that

%”c—c,,”z <||lo—o|lZ £ a(o,,(1-20)1,—0).

 +2aU,I 'FJ; (mzz-“—“tz[j)ds?—‘?tzﬁ Ty, 5ds. — —
) Y 1

Thus, using the estimates (4.7), (4.9) and (1.24) we obtain the desired
estimate.
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