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SEMIDISCRETE AND SINGLE STEP
FULLY DISCRETE APPROXIMATIONS
FOR SECOND ORDER HYPERBOLIC EQUATIONS (%)

by Garth A. Baker (') and James H. BRAMBLE (%)

Abstract — Finite element approximations are analysed, for witial boundary value problems
Jor second order hyperbolic equations For both senudiscrete and fully discrete schemas, optimal
order rate of convergence estimates m L* are derwed, using L* projections of the witial data as
starting values

A new class of single step fully discrete schemes 1s developed, which are high order accurate
mn time The schemes are constructed from a class of rational approximations to e™?, analytic n
neighbourhoods of the imaginary axis The appr oximations require the solution of 2 s hinear systems at
each time step, with the same real matrix, to yield convergence rate k*, where kis the tume step and s is
an arbitrary posite integer

Résumé — On étudie des approximations par éléments fims de problemes aux himites, avec
conditions imtiales, pour des équations hyperboliques du second ordre utilisant les projections L? des
données mmtiales comme valewrs de départ, on obtient des estimations d’ordre optimal du taux de
convergence, pour les schémas semi-discrétisés et pour les schemas complétement discrétisés

On introduit une nouvelle famille de schémas complétement discrétises & un pas, d’une précision
d’ordre élevée en temps On obtient ces schémas a par tir d’une famille d’approximations rationnelles
de e™*, analytiques dans des voisinages de I’axe imaginaire Ces approximations nécessitent la solution
de 2 s systémes linéaires d chaque pas de temps, correspondant d une méme matrice réelle, et conduisant
a un taux de convergence en k°, ou k est le pas de temps et s un nombre entier positif arbitraire

1. INTRODUCTION

1.1. Notation

We consider approximating the solution of the following initial boundary
value problem. Let Q be a bounded domain in R¥, with smooth boundary éQ
and let 0 < t* < oo be fixed. A function u : (0, t*] > R! is sought which
satisfies

U, + Lu=0 in Q x (0, t¥],
u=0 on 0Q x (0, t¥],
o - (1.1)
u0)=u" in Q,
u(0)=u in Q,

(*) Manuscrit regu le 7 avril 1978

(') Division of Engineering and Apphed Physics, Harvard Umversity, Cambridge, Massa-
chusetts (U S A) and Centre de Mathématiques Appliquées, Ecole Polytechnique, Palaiseau,
France

(3 Mathematics Department, Cornell University, Ithaca, New York, U S A
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76 G. A. BAKER, J. H BRAMBLE

u° and u? are given functions, and .# denotes the second order elliptic operator
N

Pu=— Y aa (au{x) ;“

,)=1 _l

>+ ag(x)u,
with a, = a,eC*Q), i, j=1,2, ..., N; a,e C*(Q) and a5 > 0 on Q.

Z 1s assumed to satisfy the uniform ellipticity condition

N

Y 4 (XEE, = aZ&., 1.2)

,j=1
for all xeQ and for all (§,, ..., Ey)eR", for some constant o > 0.

The following notation will be used throughout. For s > 0, H(Q) will denote
the Sobolev space of order s, of real valued functions on Q. The norm on H%(Q)
we denote by || . ||gsq) In particular, the inner product on L*(Q) = H(Q)
we denote by (., .), and the associated norm by || . ||.

We mtroduce certain subspaces of the Sobolev space H(Q), denoted by
H%Q). In order to define H¥Q), we first note that there exists a sequence
{A, },>1 in non decreasing order of real positive eigenvalues of the operator £,
and a corresponding sequence of eigenfunctions { ¢ 1 11 © C2(Q), satisfying

Lo, =Ao, in Q, (1.3)
¢,=0 on JQ.

The set { ¢, },>, is complete in L*(Q), and may be chosen orthonormal.
Define for s> 0, the space

Q) ={v:]|v]l,= (ZI(U Q) *A)F < o0 }.
Then HYQ) = I*), and it may be shown, [7], that
Q) = {veH(Q) : ¥v=0 on 0Q, j<s/2},

and that on H%Q), the norms || . ||, and || . [lgs are equivalent.
For s < 0, HXQ) is defined as the dual of H~ Q) with respect to L*( Q).
The norm on H™%Q) is given by

ol = (X 16, @) PA), s> 0.
The solution of (1.1) is formally given by
ut) = Y [(u° o) cos At + A, *(uf, ¢ )sin Ait]op,,
=1

R A1R O Analyse numénique/Numerical Analysis



SECOND ORDER HYPERBOLIC EQUATIONS 77

for t > 0, from which 1t follows that for 0 <t < ¥

Nu@ IR+ Nu@12 1= Nu® R+ [|u[f-r,  forall s>0 (1 4)

In Section 2, we derive the estimates for semmdiscrete approximations
sup 11u0) = w@ Il < Wl + [|w0]l], @)

using standard fimite element spaces of piecewise polynomual functions of
degree r — 1, r > 2 The estimates are obtamed with L2 projections of the
mitial data as starting values These estimates were m essence dertved prior
to this work by the first author in [3, 4], using a special manipulation of an
energy formulation Here (1 5) 1s obtamed via a reformulation of (1 1) and
the semudiscrete approximation as appropriate first order systems

We note also that Dupont [9] and Crouzeix [8], have obtained I? estimates,
however the choice of stating valves yield unnaturally higher smoothness
assumptions on the solution

1.2. Summary of the results

In Section 3, we consider single step fully discrete approximations via
rational approximations to e~* The rational functions are required to satisfy

[r@) —e < Clyl"™,  lyl<o, (1 6)

for constants C, < 00, 6 >0 and v>1

In addition such rational functions are divided 1nto two classes, according
to erther
| 7y(xy)

| <
[r@)] <

for some constant o > 0 The functions satisfying (1 7) we designate as Class
—1-1, and thosesatisfymg (1 8)as Class -11

1 for all real y, 17
or 1

for |y|<a, 1 8)

For schemes defined by rational functions of Class 1-I, we obtain estimates
max || W — u(nk) || = C@*) { W16 sy + || ]]]

F R ey + 2]}, @9
where k denotes the discrete time step and WY, the approximation at the
time level t = nk

For Class 1-11 schemes, we obtain the same estimate conditionally That 1s,
provided k< Cah, for a constant C depending on inverse properties of the finite
element space Class 1-I schemes are unconditionally stable and convergent

Again the estimates (1 9) are obtained using I? projections of the initial
data as starting values

vol 13 n°® 2 1979



78 G A BAKER, ] H BRAMBLE

Another development of this paper 1s the construction of a family of rational
functions {rs (2) }:;1 of class i-I, which 1s done in Section 4 Briefly, for each
mteger s > 1, and any given real number x > 0, we establish the existence of
a sequence of polynomials { B } 2., with real coefficients, where B, 1s of degree
at most n, such that

(1 — x222e* = 3 Bz, 1 10)
n=0
for all z
For s=1, 2, , we then define the rational function

rz) = iﬁﬁf’(X)Z"/(l — x?2%),
n=0

1
for |Re (z)| < — r, 1s analytic m a neighbourhood of the imagmnary axis,
x
and has poles at z = + —on the real line r, will satisfy (1 6) with v = 2s,
x
and we show that there exists a real number x* > 0 such that for the choice
x=x9, r, satisfies (1 7)

This famuly of rational functions provides schemes of arbitrary accuracy
m time, 1 € we have (1 9) with v = 2s In analogy with the work of Ngrsett [12],
and Thomée and the present authors mn [5], for parabolic equations, the result-
g scheme for r, requires the solution of 2s linear systems with the same real
matrix at each time level

Other examples of Class i-I rational functions are provided by Pade
approximations, in particular, the diagonal and first two lower codiagonal
entries In general, the use of Padé approximations requires the solution of
complex linear systems, in contrast

A table of the polynomials { B }25, and a convenient choice of the para-
meter x 1s given for s=1, , 5 1n the Appendix

Crouzeix [8] has also analysed high order in time, single step, fully discrete
approximations There, the choice of starting values 1s motivated by [9]

Throughout the paper, C will denote a general constant, not necessarily
the same m any two places

2. SEMIDISCRETE APPROXIMATIONS

We mtroduce the solution operator T of the associated elliptic boundary
value problem T I?*(Q) — L*Q) 1s defined by

a(Tf, v) = (f,v), for all ve HY(Q), for given fel?Q), (21)

R AIR O Analyse numerique/Numerical Analysis



SECOND ORDER HYPERBOLIC EQUATIONS 79

where a(., .) denotes the bilmear form
N oo dv
amm=L{Efﬁ%é}m, for o veHYQ). (2.1.a)

T has a discrete spectrum of real positive eigenvalues {u,},;, where
u, = A, ! with A, given by (1.3). Now let > denote the space L*(Q) x L*(Q)
and define the operator J : 12 - [2 by

=)

We now reformulate (1.1) in terms of the operator J as follows. Let

(o) =)

Then, (1.1) is equivalent to

JU,+U=0, t>0}

U©) = U°. 22

Now, let 0 < h < 1 be a parameter, and { T, }o<,<, @ family of finite dimen-
sional operators approximating the operator T. In particular, let

{ SHQ) }o<hs1 < HI(Q)

9
be a standard finite element space of piecewise polynomial functions of degree
r — 1, with the approximation property

eislé(fm{“m—X”+h”m—XH1}<Chs||(°||usm),

for all ®e HY(Q) n HQ), for some constant C independent of h, 1 < s < r.
The operators T, : [X(Q) — Si(Q) are defined by

aT,f,x)=(f,x), for all xeSyQ), for given feIl*Q). (2.4)

The family { T, }o<»<, has the following properties :
T, is symmetric, positive semidefinite on L*(Q), and positive definite on Si(Q) (2.5)
T = L) N < Ch|| flly—z, forall feH™%Q), I<s<r, (2.6)

for some constant C independent of h.

T, has a discrete spectrum of eigenvalues {0} U { phi, ph, ..., uly }, in non-
increasing order, for some integer M = M (h). Furthermore, there exists an
ho > Osuchthat for h < ho,p < A, for some constant A > 0. 2.7

Proofs of (2.5)~(2.7) may be found in [1] and [6].

vol 13, n° 2, 1979



80 G. A. BAKER, J. H. BRAMBLE

The semidiscrete approximation for the solution u of (1.1) is defined as
the mapping u”[0, t*] — SiQ) satisfying

Tu +u"=0, 0<t<t*,
u"(0) = Pu®, (2.8)
u(0) = Pup,

where P denotes the L*(Q) projection operator onto Si(Q). Using (2.1) it is
easily seen that (2.8) is equivalent to the definition of the standard seémi-
discrete approximation, in variational form, using L*(Q) projections of u°
and «° as starting values, as given for example in [3]. For the subsequent
analysis, we now reformulate (2.8) as a first order system, in analogy with

(2.2). Set .
() _
Ve = (ui‘(z)) >0

then (2.8) is equivalent to

JV+ V=0, 0<t<t*,}
2.9
V(0) = PU°, @.9)
where
0 T,
J, = ( “):[LZ - SI(Q) x IXQ),
-1 0
and P denotes the [ projection operator onto Si(Q) x Si(Q).
We define a form ((.)) on L2 by
(@, ) = ($1, V1) + (1392, V2), (2.10)
for
D= (d)l) and Y = <W1>Eﬂ_2.
P V2
The associated seminorm which we denote by (|| . ||| is given by
el = (@,@)*. 2.11)
We note that
((J,0,9)) =0, del?. 2.12)

The following theorem gives estimates in I*(Q) for the error u(t) — u*(r).

THEOREM 2.1 : Let u be the solution of (1.1) and let u" be the semidiscrete
approximation defined by (2.8), or equivalently (2.9). Suppose that u® € H"*1(Q)
and u? € H'(Q). Then there exists a constant C = C,(t*), such that

sup [1u(®) ~ W@l < CH|[° [l+r + 1] 0]1.]- 2.13)

R ALR.O. Analyse numérique/Numerical Analysis



SECOND ORDER HYPERBOLIC EQUATIONS 81

Proof : Set E = U — V, where U is defined by (2.2) and V by (2.9). Then
J,E, + E=(J, — )HU,, 0<t<t*, (2.14)
E0)= (I — P)U°. (2.15)

Setting p = (J, — J)U, (2.14) gives

(JnE:, E)+((E, E)=(p. E,).
and so, by (2.12),

1d d
57 I1E@ > = 7; (P E©) — ((pde), E@)))-

Integrating this last equation, we get

WE@III* = IHEO) II* + 2((p(2), E(2))) — 2((p(0), E))) — 2J ((p(x), E(0)))dx.

0 (2.16)
From (2.4), it follows that T,P = T, on L*(Q). Hence, from (2.15), and (2.11),
HEQ)I = [[u® — Pu®]|, (2.17)

and
((p(0), E(0))) = ([T, — Tluy(0), u® — Pu®) = — (Tu,(0), u® — Pu)
=@ u® — Pu®) = ||u® — PuC||®>. (2.18)
Using (2.17) and (2.18) in (2.16),

E@ 11* = 2(p(e), E®)) — [|u® = Pu®||* — 2 L ((p(1), E(1)))dr
< 2(p(2), E(®))) — 2 L ((p %), E(v)))dt

t

1 : 1
< INEOUE + 41 p@ I + 4r* j PP de +  sup | E@IIP.

0
Hence

JSup I E@ 111 < C{Osup 1 p®) 1112 +T Illp,(r)lllzdr}- (2.19)
sts* Sest* 0

Now, from (2.2), (2.6), and (1.4),

e I = 11(Ty — Tu ) 1] = |I(T, — T)Lu(t) ||
< Ch ||u@ I, < CH|| ||, + || w |],- ] (2.20)
Similarly (2.2), (2.6) and (1.4) give

t

J Il pd0) 11]%dx =J IH(Th — Tu(x) |Pde =I [T, — T)Lu(x)|Ide

0 0

0
< Ch™ Oiljgttllu,(t)llf < G|l vy + [|w?|l]?. @.21)

vol 13, n° 2, 1979



82 G. A. BAKER, J. H. BRAMBLE

Hence, using (2.20) and (2.21) in (2.19), we obtain

oSup E@ N < CHTI sy + [[uf [L.]-
The result of the theorem now follows.

REMARK : We point out that from the above theorem, it easily follows that
the optimal rate of convergence O(k") in L?*(Q) is obtained using any choice
of starting values of u*(0) and u(0) e Sj(Q) satisfying

[1u® — u*(0)|| = O(h")
and

|l u? — u(0) || = O().

3. SINGLE STEP FULLY DISCRETE APPROXIMATIONS

In this section, we define and analyse fully discrete schemes obtained from
rational approximations to e %.

Let r be a complex valued rational function defined for the complex variable z,
satisfying .
|r@y) — e ?|< Cly|"?, lyl <o, 3.1)

for constants 0 < C < o0, 6 > 0 and v > 0.
DErFINITION 3.1 : 7 satisfying (3.1) is said to be of Class i-I if
7@y | < 1, Jor all real y. (3.2
r satisfying (3.1) is said to be of Class i-I1 if, for some constant a > 0,
[riy)| <1, forallrealy, with|y| < a. (3.3)

Clearly, rational functions fo Class i-I are also of Class i-II. However a
distinction is made since Class i-I functions will yield schemes which are
unconditionaly stable and convergent. The schemes are defined as follows.

The solution of (2.9) is given by

V(t)=e™" PU°, t>0, (3.4

and hence for k > 0, the proposed discrete time step,
V(t+ky=e ™' V(t), t=0. (3.95)
Now let 7(z) = D™ !(z)N(z), where D and N are minimal degree polynomials.

R.A.LLR.O. Analyse numérique/Numerical Analysis



SECOND ORDER HYPERBOLIC EQUATIONS 83

The fully discrete approximation to (1.1), derived from (3.5) we denote by
{W" 50 = SHQ) x Si(Q), and is defined by

wrtt = D YkJ; ON(KJ, YW, n=0,1, ...,
w° = PU°. } (3-6)
We derive estimates for ||u(nk) — W7 || by comparing W" with the semi-
discrete approximation ¥ (nk), n=0, 1, .. .. To this end, we define the function
F(z)y=r(z) —e™ ™, n=20,1,.... 3.7
From (384), (3.6) and (3.7), it follows that
W™ — V(nk) = F(kJ, })PU°. (3.8)

The following simple result will be needed.

LemMA 3.1 : Let r be of Class i-11. Then, there exists a constant C* < oo
such that
| r"(iy) — e™™ | < nC* |y, (3.9
for|yl<aand1<I<v+1l,n=12...,.
Proof Let 6* =min (o, 1). Then (3.1) holds with ¢ replaced by c*. Hence

Iriy) —e | < Clyl', |yl<o*, (3.10)
fori<iI<v+ L

Now,if 6* < a,from(3.3),forc* < |y| < a,andanyinteger1 < I < v + 1,

%\ { 1 14
Ir(iy) — e < 2= 2|y|’(ﬁ) (—) <2yfe) V= cryf, (.11
y (e}

with C* < c0. Hence, from (3.10) and (3.11), we have for some C* < oo,
Iriy) —e” ™| < C*lyl',  [yl<a, (3.12)
forl<i<v+1.
Nowfor an integer n > 1,
riy) — e™™ = (r(iy) — e‘”’)"i1 r(y)e Dy (3.13)
1=0
Hence, using (3.12) and (3.3) in (3.13), we get for | y| < o,
-1

| P(iy) — e™™ | < |r(iy) — e ™[ Y |r(iy) ! < nC*|y|', 1<I<v+1.
=0

It is clear that, by choosing o = 00,(3.9) holds for Class i-1.

Let p%, ..., 1hy, be the set of nonzero eigenvalues of T,, with correspon-
ding eigenfunctions V¥, ..., {},, chosen orthonormal in L*(Q), i. e.

TV = ot

vol 13, n° 2, 1979



84 G. A. BAKER, J. H. BRAMBLE

and
( lh’\l’f)=5u’ i,yj=12,..,M.

Now let S, denote the space S,(Q) x S(Q), furnished with the inner pro-
duct ((. , .)) and norm ||| . {|}-
It is easily shown that the operator J,: S, — S, posseses a corresponding
set of purely imaginary eigenvalues { n, })L _,,, given by
n, = i(”?)é
n_,= — i), j=12..,M,

and corresponding eigenvectors { @, }’L _,/, given by

o L ( v )
T2\ Ay

o_ = 1 ( v ) ji=12 M
. o , 32, .M.
2\ i)y

Since we shall subsequently work with complex valued functions, the pre-
viously defined inner product ((., .)) of (2.10) is naturally extended to

(@,¥)) = (@41, V) + (Tho,, \T/z)a on §,,

where in general § denotes the complex conjugate of ¢. Since { ¥ L, 1s

an orthonormal basis for S;(Q), it is easily seen that { @, })2 _,, forms a complete

orthonormal set in S, with respect to the above inner product ((. , .)).
Hence, for any Ze 12, we have

PZ = f ((Z,0),, (3.14)
and "
M 3
I PZ | =< =};M|((Z,<D,))I") < I Z]l. (3.15)

LEMMA 3.2: Let r be a rational function of Class i-I. Then, there exists
a constant C, such that for Zel? and nk =t < t*

|| Fukdy WLZ ||| < CK= I Z ), (3.16)
1<I<v+ 1.
Proof : From (3.14), it follows that
M
F(kJ,)WWZ = ) Flkn'i((Z, @),

1=-M

R AIR O Analyse numérique/Numerical Analysis
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and so from (3.9) and (3.15), for 1 <I< v+ 1,

(R [ L R T RN CE N

==M

<< y n2c*2k2‘|n,|"”|n,|”|((Z,<b,))|2>” (3.17)

J=—-M
M 5
= nC*k’< Y 1z, 2)) iz) S e*CRTHINZ N,
J=—M
which gives (3.16).

LEMMA 3.3: Let r be a rational function of Class i-II. Suppose that the
operator T}, is such that

Hy=Cyh?, (3.18)
for some constant C,; > 0, independent of h. Then, for k chosen such that

k < aCih, (3.19)
there exists a constant C such that, for Zel?,

| W FukJi WLZ ||| < Ck=H [ 2| (3.20)
for1 <I<v+ 1.
Proof : From (3.18),

-1 _ (b \—% —3p-1
_gmax 1T = () *<Crhl.

Hence, with (3.19) satisfied, we have
klm,|"' <a.
With the above inequality and (3.9),
| F(kn;Y)| < C*nk'|m, |7, (3.21)
for 1 <1< v+ 1. Now using (3.21), the result follows by the same argument
as (3.17).

We remark that a sufficient condition for the assumption (3.18) to hold
is that the spaces Sj(Q) possess an inverse property

Hxlly < Ch7Hlyll, forall  xeSyQ), (3.22)
for some constant C independent of k.

We note also the following stability result for the schemes defined by (3.6).
If r is of Class i-I, then for Z e L2,

l Fulks )z < C ]| Z]

l, n=01,..., (3.23)

vol 13, n° 2, 1979



86 G. A. BAKER, J. H. BRAMBLE
and § o
(W< U (3.234a)

If r is of Class i-II with (3.22) and (3. 19) satisfied, then (3.23 a) holds.

Before proceeding to the derivation of the error estimates, we define the
following auxiliary functions.

Let Q be the smallest integer such that
kA:>1, for j2=0Q.
For given ve L*(Q), we define

0-1
V(k) = Z (U, (p])(pj .
=1
Then V® e C*(Q) and satisfies

VeI, <1vil, (3.249)

and
||V—V“"|l_p < kP VL, for all s=20,p=20. (3.25

Also, for any m > 0,
HVElrm <KV, (3.26)

0(k) u®
Ue® =( o ) (3.27)
t

THEOREM 3.1: Let u be the solution of (1.1), and let r be of Class i-1. Let
{ W"},50 be the sequence of approximations defined by (3.6). Then there
exists a constant C = C(r, v, t*) such that
o U /k]ll Wi —u(mk) || < C{H 1 l,+1 + e I,]
<n<({r%
+k"[“u°”v+1+Hu?Hv]}. (3.28)

Define

Proof : Define the operator A = H*(Q) x L*Q) — 12 by
A= 0 +1I
£ 0
It 1s easily shown that in H"
F(kJyY) = Y FkJy W — JOA™Y + F (kI ) IA . (3.29)
=0
From (3.8) and (3.29),
Vink) — W" = F(kJ7)(U° — UW) + ¥ F (k7 Y4 — J)A1UO®
1=0
+ F(kJy YJ LAY LU0® | (3.30)

R AIR O Analyse numérique/Numerical Analysis
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Thus, from (3. 30),

11V Gik) — Wil < || F (e YU® = US| + Il Fy ki )T — JHAUC® ||
+ B ERIE VIO = SO UOW I+ I E (T3 A TP
(3.31)

Now, from (3.23), (3.24), (3.25) and (3.6),
| Fo(kdy WU = U |2 < ||| U® = UW |2
= C{||u® — u®® |12 + (T, [t —u? ¥], u? —ul )}
= CII® — O + (T, — T — w2®], uf — u2®)
+ (T — w?®™], u? — up®)}
< C{lI® =2+ ||(T, — D[w — || || ~ u?@|
+ || Tlw? — wp®T o] — w®@ -1}
S CLR (W8 +oh0 | {lo- ok ([0 (| + &2 [ |P- 1 }

< C{RTu® [l + [’ L] + B[] |}-2 3 (3.32)
Also, from (3.23) and (2.6),
| Fi(kJy 1)J — JDAUR ||| < CI(T — T)Lu°® || < Ch || u® ], (3.33)

Now, from (3.16) of Lemma 3.2,

T BRI = DA U0 | < C TR — J)A U )

(3.34)
For | + 1 even, we have
l_j‘_{
LY R 0
Al =(=1)2 1+1 (3.35)
0 P 2
and for [ + 1 odd,
1
1—0 =2
AP =(=D* 1., . (3.36)
z? 0
Thus a simple computation using (3.351 and (3.36) yields
+1
T -T)Z * L%, 1+1 even,
U = JDAF U@ || = 1 (3.37)
||(T — T,,)ZZ WO 1+ 1 odd.

Hence, from (3.37), (2.6) and (3.26), for I + 1 even,
(T = JATUP| < Ch || w® ||, 140 < CHETC VW], (3.38)
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and for | + 1 odd,
N = JJATTUP|| < CH 6@,y < CHETC D6 |y . (3239
Also, from (3.16), (3.35), (3.24), (3.26) and (2.6), for v + 1 even
I” Fn(th_ l)J;\:+1'AV+1U0(k) I”Z
v+1 v+1 v+1
< Ck2vI||Av+1U0(k)”|2 — Ck2v{ ”g 2 uO(k)HZ + (Thg 2 u:)(k), g 2 M?(k))}

v+1 v+1 v+1 +1

< CE*{||u®||2, + (T, — TIZ 2 W0, % 2y 00) 4 (T$Tu?‘k), Z\)Tuf’“‘))}

S CR{{[ul|Be g + B[O (o (w09 lrr + [0}

S CRP{{[uC By + PR ||l L[ ||+ ([ 1)

< CLR|u® [Rea + [1u? (K] + B2 ([ u? |7 3 (3.40)
Similarly, from (3.16), (3. 36), (3.24), (3.26) and (2.6), for v + 1 odd,

|||F th—l)Jv+1Av+1U0(k)|H

< Ck2v |H Av+1U0(k) l” —_ Cka” 32 0(k) ||2 Tgl O(k)’ =g%+‘1u0(k))

+1

k2v{||ur0||2 [Th T]ZZ uO(k)’ 32 uO(k))+ (T$%+lu0(k), gf uO(k))}
< I a2+ B [0 ] |00+ 40 )
< O {[Ju [+ W[4 fl 160 s + |00}
<COR [y + 16 2] + b [l 2, ) 6.41)

Combining the inequalities (3.38), (3.39) in (3. 34), we obtain

Y FfkTi Y = TIA OO < CH O [y + |20 (3.42)
=1

Now combining (3.32), (3.33), (3.42), (3.40) and (3. 41) in (3.31), we obtain

N Vnk) — Wrll < C{RTI U sy + [|w|]] + K w [[\]} -
(3.43)

The result of the theorem now follows from (3.43) and (2.13) of Theorem
2.1.

We have thus established the unconditional convergence with optimal
accuracy for schemes defined by Class i-I rational functions. For Class i-I1
functions, the same estimate (3.28) holds however, conditionally.

THEOREM 3.2: Let u be the solution of (1.1), and let r be of Class i-11. Let
{ W"},>0 be the sequence of approximations defined by (3.6). Suppose that
the spaces Si(Q) satisfy an inverse property (3.22) and that k and h are related
by (3.19). Then, the error estimate (3.28) holds.
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Proof : The result is obtained via the same argument used in Theorem 3.1,
with the exception that the results of Lemma 3.3 are used instead of those
of Lemma 3.2. The proof is thus omited.

REMARK : We point out that with the results of the above theorems, the
optimal rate of convergence O(h” + k) is obtained with any starting values
WP, W2 e SyQ) satisfying

| WP = || = 0,
and
[| W3 —u? || = O(h).

4. RATIONAL APPROXIMATIONS OF ¢

In this section, we give examples of rational functions yielding the results
of Section 3. Particularly, we contruct below a family of Class i-I.

4.1. A family of Class i-/

Let s be a positive integer, and y > 0 a real parameter, and consider the
complex valued function g(t) = (1 — 12)%, defined for complex 1. g is ana-
lytic, and so there exist functions o{(y), n = 0, 1, .. ., such that

&'l — ¥ = ) o)y, forallz. 4.1)
n=0

It follows easily that the functions o must satisfy

a(y) =1 4.2
() = o ,(y), n=12..., 4.3)
where

, d
P (y) = N aP(y),

— — — S — JE— [ ——
2(0) = (— 1)"61), n=0,1,..7,5. 4.9)

0, n>s,
a'(Zst)l-Fl(O):O) n:0)15"-'

It is clear from (4.2)-(4.5) that & is a polynomial of degree n, in the real
variable y. The set { o/ }2, also has the following properties.

LeEMMA 4.1: Let s > 1 be an integer. Then, there exists a real number y® > 0
such that for 0 < y < y©

(—D)o$(» =0, n=0,1,...,s, 4.6)
(- )of) <0, n=12..,s, @.7)
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and (~1F o) <1. @.8)

Proof : From (4.4) and (4.3),
(= 1700 = (= 17500+ (= 17 [ oo = () + (= 1 | oz

0 0 (4.9)
1 s)
= E(n ’

(s) — i (s)
y 112:1125 In's

Hence choosing y%¥ > 0 such that

o
J o) ()dp

0

and

the result (4.6) follows.
Also, from (4.3), (4.4) and (4.6),for 0 < y < y9,

y

(= 1Ya8/0) = (— 1Po(0) + (— 1y j 28 (i
(o]

y
= — j (- 1)"—1a(28()n—1)(u)dll <0,
which gives (4.7). ?

For n=sin (4.9), for 0 <y < y¥,
¥y

(= D"ay) =1 + (- 1){ g (wdp < 1,

0
by virtue of (4.7), which gives (4.8).

LEMMA 4.2: Let R(y, 1) be the complex valued function
2s

R(y,7) = Y, oPyy"/(1 — %), (4.10)

n=0

defined for | Ret| < 1. And let y® be chosen as in Lemma 4.1. Then

| R, )| <1, 4.11)
for 0 < y < Y9, for all real E,
Proof : Define the functions R
fo,) = ) ol 4.12)
n=0
d
" F0.8) = (101, — i&). (4.13)
Then, from (4.10), we have
| R, i) |7 = F(y, &)/ + §3)*. 4.14

From (4.1) and (4.12),
fO,7) =01 -7,
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and so, with (4.14),
| RO, iE)|? = 1. @.15)

We now show that (y £) <0for0 < y<y9.

From (4.12) and (4.2) and (4.3),

af 2s 2s
1) = Y 2 ,o)"= 1t} aPON" — AN = 1f(, 7) — ASAyyT
n=1

n=0 (4.16)
Now, from (4.13), (4.16),

OF 0

8= 2Re{‘—,}(y, )10y, - i&)}

= 2Re {[68)/ (3 ) — (2P*1 o8, (] £ . —i8)) 2

= = 2Re (F" o8N, — )} = — 2500Re { (P 3 oG0X- i)

s—1
= 2080y) Y, ofh 1 ()= DM IER T = 206)(y) Z U — g 1)(— 1™
n=0

m=s+1

= 2(— 1y°05)) Z (= D" oo, - (E*™ < 0, (4.17)

m=s+1

for 0<y <y, by virtue of (4.6) and (4. 7). (4. 11) now follows from (4. 14), (4. 15)
and (4.17).

We now define the polynomials

1
B¥(x) = (— 1)"x"oc§,s)(—), n=0,1,..., 4.18)
x
for real x > 0.
1 - .
~ Making the change of variables x = —, z = — ty in (4.1), we obtain
y
e (1 — x?z% = Z B(x)z", 4.19)
n=0

valid for all x >0 and forall z, s =1,2,....
We now define the family of rational functions { r, },5, by

2s

rdz) = ) B2l — x*2), (4.20)

n=0

for | Rez| < 1/x.
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From (4.19) it follows that there exists a constant C(x) such that
le™® —ri&)| < Cx) |E1**1, (4.21)
for all real € with |€] < 1.

Also, from the definition (4.20) and Lemma 4.2, it follows that for given
s > 1, there exists an x > 0 such that

[r @) <1, (“4.22)
for all real &, for the choice x = x©.
The above results we summarize in the following theorem.

THEOREM 4.1: For each integer s > 1, there exists a set of polynomials
{ BY }ns1 with real coefficients, with B having degree at most n,n = 0,1, . . .,
such that

el - X2 = ¥ Y2,
n=0
for all real x, and for all z.

If for x > 0, ry denotes the rational function
2s

r(2) = Y BR(x)z"/(1 — x*2°), (4.20)

n=0
defined for | Rez| < 1/x, then there exists constants x' > 0 and C((x) such
that for x® < x < 0,
|r(i&) — e7*| < Cx)|E1>**Y,  for  |EIST, (4.21)
|r &) < 1, for all real & .

A table of the polynomials B, n =0,1,...,2s, for s=1,...,5 along
with convenient choices of the parameter x'¥ is given in the Appendix.

By virtue of the results (4.21), (4.22) and Theorem 3.1, the fully discrete
schemes defined by (3.1) using the rational functions r; of (4.20) yield the
stability (3.23 a) and the rate of convergence estimates (3.28), with v = 2s.

and

We now examine the computational steps involved in using the rational
functions r,. In this case (3.6) is equivalent to

o Th + x2k2I 0 s(wptl
(=1 21,2 n+1
0 T, + x*k*1)\W3

3 (= 1 RHT [ BOWE — KBS ()W)
J=0

Y (= 1)k T kBOxWE — BS)- 1 ()Wr)
1=0
with B9, =0, 8., =0,and ¥ =B, n=10,1,...,s
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The above equations thus uncouple, into

S

(T + XPRRPWI = Y (= DT [BOOWT — KBS 0W3],  (4.23)

(T, + XACIPWEH = Y (= 1Pk T kB ws — B cowl, (4.24)
=0

It is now easily seen that each of the above equations is equivalent to s
systems of linear algebraic equations. As an example, we outline the computa-
tional steps for the case s = 2. From (4.23) and (4.24), for s = 2, we have

(T, + kP WIt = TBPWE — kBPWS]
— KT,[kBP(OWE — K2p@W3] + Bk WY, (4.25)
(T, + KECIPWE S = TERRWS + KT,[BORW? — kBPoWs]
+ k*BP(x)WE — KPBFx)WT. (4.26)

2)
Set A, = T, + x*k*I,and Z = W}*! — B (x)

Mz =T [(ﬁa’( ) -BE )> - B(z’(x)W":I

W?. Then (4.25) becomes

or

AhTh—lAhZ = Th[(B(Z)( ) —

kB‘f’(X)Wi']
(2)

Now set Y = T, '4,Z. Then Y is obtained as the solution of

(2)
s (")](wl, 2) — kB2 %)

(2)
i

B )>

(Y, %) + x*k*a(Y, %) = [B%Z’( ) —

+ E*BPx)a( W3, x) — [B‘”(x) + 2k
for all y € S,(Q). Z in turn is obtained as the solution of
(Z, %) + x*k*a(Z, ) = (Y,x), xeSUD).

B‘Z’( ) w

x

Finally

n+1 _
Wit =
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W35*! may be solved for similarly, the whole procedure thus requiring
4 linear systems to be solved at each time level.

For the above scheme (s = 2), we thus have the error bounds (3.28) with
v =4,

4.2. Other Class i-I schemes

In [5] and [12] the following rational approximations are discussed. For
any real b > 0, it is shown that

n+1
TP=1— b , 4.27
S . o
for Rez > — 1/2b. Here P,(b) is a polynomial of degree n, given by
b"L{Y(1/b
iy =22 W0 o,
n+1)

where L{" denotes the Laguerre polynomials of order 1, of degree n.
Using (4.27) the rational functions R, are defined by

R(z)=1-— zmm(ljb) ,

Re(z) > — 1/2b, v = 2, where b > 0 will be a parameter chosen to give R,
certain desired properties. In particular, Nersett [12] shows that for v = 2, 3,
b = b,_,, where b,_, denotes the smallest zero of L}, R, satisfies (3.1)
and (3.2). For v = 4, with the choice of b as the next to smallest root of
LY, = L&), R, satisfies (3.1) and (3.2). See [12] for details.
Padé approximations.
The general entry of the Padé table is given by
?5.42) = N, (2)/D, [(2), where, p=0,9g=20,
and .
p+q—)!q!
rd?) = Z 11 ! !
=0+ @!ylg —j)!
L +qg—j!p!
5 (p a4 et
=olp+a)!jl(g —n!
It is known that r, , satisfies (3.1) with v = p + q. (3.2) is satisfied by r, ,

forp>=1and p—-2<q<p Infact |r, (iy)| = 1 for all real y. A partial
table is contained in [13].

(— 1yz,
and
D, q(z) e

Using the rational functions r, (z) in (3.6), we thus have estimates (3.28)
with v=p+gq, p=12,...,p—2<qg<p The estimate (3.28) for
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p = g = 1 was prior to this work derived by the first author [3]. Crouzeix [8]
also derives error estimates for schemes defined by Padé approximations,
using different techniques for starting values.

5. NONSTANDARD METHODS

In this section, we point out that certain nonstandard Galerkin methods
proposed for approximating solutions of the associated Dirichlet problem,
provide discrete solution operators T}, which satisfy the conditions (2.5)-(2.7).
These methods thus fit into the framework of this study. In particular, the
three methods reviewed below have been proposed with the aim of relaxing
the restriction of having the subspaces Sy(Q) satisfy the boundary conditions.

5.1. Nitsche’s method [10]

Spaces Sy(Q) = H'(Q) of continuous piecewise polynomial functions of
degree r — 1, for r > 2 are used. The spaces are required to satisfy
B LV =l + RV = Xl + BV = Ll lizan

+h7”V—X|\|H1(am}<Chs“V”s 5.1

for 2 < s < r, for some constant C.

In addition, the following inverse property is required
oy
on
for all y e S}(Q), for some constant C,.

The nonstandard bilinear form NJ(.,.): H*Q) x S}(Q) — R! is used,

d d
Ni(o, V) = a(o, ¥) — j ((p_\l/ + \ll—a-(g - Yh“w>do, (5.3)
Q n

< Clh__}“XHHl(g), (5.2)

L2(0Q)

on

where a(. , .)is defined by (2.1 a), and ¥ > 0, is a specific constant. Nitsche [10]
shows that with the assumption (5.2) and v chosen sufficiently large with
respect to C,, N} is positive definite on S;. The discrete solutions operator T,
is now defined by

NYTof, ) = (f. %), (5.4
for all y e SQ), for given f e L*Q).

5.2. Nearly zero boundary conditions
A second nonstandard method due to Nitsche [11] uses the spaces Sj(€)
of 5.1, with the additional assumption of « nearly zero » boundary conditions

Hx ||L2(an) < Cohé [l % ”Hl(n) > (5.5)
for all y e S;(Q), for some constant C,.
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The bilinear form N)(y = 0) is used. With (5.2) and (5.5), and C,, C, suffi-
ciently small, N{ is positive definite on S}(Q). The discrete solution operator,
T,, is defined by

Nh(Thf1X)=(f=X), (56)

for all y € Si(Q), for given f e L%(Q).
5.3. A Lagrange multiplier method of Babuska

In [2] Babugka proposes the following method. Subspaces S;(Q) = H}(Q)
are chosen satisfying

inf {1V —xll+hllV = xllae} < CHIIVI,

Xe ST Q)
for all V e H(Q), for some constant C, 1 < s <.

In addition subspaces S, (0Q) = H'(0Q) are employed, satisfying

re isr:(fan) { P«% HA —x ||Hé(an) + H_%” A= ||H—é(a:z)} < G| M‘stn),
3

1
for all A e H%(09Y), for§<s <r —3

Also an inverse property is required,
”XHHl(aQ) < Cl»’-_1 ”X||L2(ama X E Su(0Q).

Babuska shows that for the ratio h/p sufficiently small, the form qf., .)
is positive definite on the subspace

S,,={Ve S;(Q):J VAdo=0, or all Ae S,(09);.
o

The discrete solution operator T, in this case is defined by

a(Thf’ X) = (f: X), (57)
for all y €8, for given f e L%(0Q).
For proofs that the operators T, defined by (5.4), (5.6) and (5.7) satisfy
the properties (2.5)-(2.7) required in this work, see [1] and [6].

APPENDIX

The following is a tabulation of the polynomials { B&(x) }2L o, fors =1, ..., 5.
For each s > 1, a convenient choice of the parameter x is as follows.

Examinating the details of Lemma 4.1, we have merély to consider the
behavior of the polynomials

PEy) = (= 1yo§)»), n=12...s.
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We first note that form (4.2)-(4.5),
1
PPO) =s—2y',  s>1,

and hence P{ always has a real positive zero. In general, for n > 1, if P§)
has a real positive zero, we set Y to be the smallest positive zero otherw1se
we set Y = o0.

We then choose y©® = mm ) and x'9 = [y®]~!. The procedure is

clearly well defined and y1clds x‘s’ with 0 <x® < co.
Now since )
PSNy) = (— 1)"y2"[5(2‘;(—>, n=1,...,s,
y
the above procedure is equivalent to a root finding procedure on the poly-
nomials { B$) }5_, viz. For each n > 1 if BY) has a real positive zero, we set x&
to be the largest positive zero of B$): otherwise we set x¥ = 0. We now choose

x® = max x{9.
1<ns<s

Hence, with an efficient root finding algorithm, the parameters x' are
easily obtained from the polynomials { B$) }5_, .

The tables are constructed simply from the formulae (4.2)-(4.5), and the
relation (4.18).

s=1,v=2

B = 1
B = —

1
P = 5 — =2

s=2,v=4

o =1
b = -

BR(x) = = — 2x?

B(x) = — l + 2x?

1
B(i)(x) — Ei — x2 + x*

L
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s=3,v=6
BPx) = 1
(HOESS!
1
BPLx) = 5 - 37
(3) 1 2
B = — 6 + 3x
B(x) = 1 —x? + 3x*
24 2
B(x) = — L + —x% — 3x*
3 120 2
1 3
BN x) = — — —x2 4+ 2 x* — x6
Fex) =730 "3 2
s=4,v=2_8
B = 1
BP0 = — 1
1
BPx) = 5 — 4
(4) ! 2
B3Ax) = — P + 4x
BE(x) = 1 2x% + 6x*
¢ 24
1 3
(4) = — — 4+ —x? — 6x*
Fs) 120 T2 ¥ T
1 3
($)x) = — — — x2 4 3x* — 4x°
Pt =750 ~g> T3 — 4
BY(x) = — L + —3—x2 — x* + 4x8
? 5040 = 40
B¥(x) = ——— — -l—x2 + 1x4 —2x5 + x®
8 40320 80 4
s=5v=10
BRx) =1
BP0 = — 1
1
PP = 5 — 5%
(5) 1 2
BPx) = — 3 + 5x
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1 5
BP(x) = i Exz + 10x*

BEx) = — %) + %xz — 10x*
B9 = e — x4 5x* — 10x°

720 24
BS(x) = - L + —x? — §x4 + 10x8

5040 24 3

BR(X) = e — ——1—x2 + ix4 — 5x% + 5x®

40320 144 12

1 1 1
e AT R TR S
B = ! 24——1—x“——S'x"«i-~x5+ x® — x1°

3628800 8064 | T2 120 T2

10
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