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ON A CONSERVATIVE UPWIND FINITE ELEMENT SCHEME
FOR CONVECTIVE DIFFUSION EQUATIONS (%)

by Kmnji BaBA (*) and Masahisa TABATA (?)

Communicated by P G CIARLET

Abstract — The purpose of this paper 1s to present a new class of upwind finite element schemes
for convectwe diffusion equations and to giwe error analysis These schemes based on an integral
formula have the following advantages

() They are effectwve particularly i the case when the convection 1s dominated ,

() Solutions obtained by them satisfy a discrete conservation law ,

(m1) Solutions obtained by a scheme with a particular choice satisfy a discrete maximum principle
(under suitable conditions)

W e show that the finite element solutions converge to the exact one with rate 0(h) in L*(0, T , H(Q))
and L*(0, T, L*(Q))

Resume — Le but de cet article est de présenter une classe nouvelle de schémas d’éléments fims
conservatifs et décentres pour des equations de diffusion avec convection, et de donner des estima-
tions d’erreur Les schémas, qui sont basés sur une formule intégrale, ont les avantages suivants

(1) Ils sont effectifs surtout dans le cas ou la convection est dominante ,

(1) Des solutions obtenues par eux satisfont a une lor de conservation discréte,

(1) Des solutions obtenues par un schéma particuher satisfont au principe du maximum discret
(sous des conditions convenables)

On montre que les solutions obtenues par éléments finis convergent vers la solution exacte en O(h)
dans L*(0, T, H{Q)) et L=(0, T, L*(Q))

INTRODUCTION

Consider the convective diffusion equation

S=dAu—V.buw+f in QxOT), ©.1)
(*) Regu le 16 novembre 1979

(*) Technical system center, Mitsubishi Heavy Industry, Ltd, Kobe, Japan
(3) Department of Mathematics, Kyoto University, Kyoto, Japan

R ATR O Analyse numérique/Numerical Analysis, 0399-0516/1981/3/$ 5 00
© Bordas-Dunod



4 K. BABA, M. TABATA

where Q is a bounded domain in R". The solution u(x, t) of (0.1) subject to
the free boundary condition

ou
dgv—b.vu=0 on 0Q x (0, T)

satisfies the mass-conservation law
t
f u(x, t) dx = J u°(x) dx + J dtj f(x, t) dx, 0.2)
Q Q 0 Q

where ©° is an initial value. Furthermore, if the initial value 4° and the source
term f are non-negative, so is u. The purpose of this paper is to present an
upwind finite element scheme for (0.1) whose solution satisfies a discrete
mass-conservation law. Namely, this scheme is effective even in the case when
the convection is dominated

0<d<|b] 0.3)

and it gives a non-negative and discrete mass-conservative solution when the
initial value and the source term are non-negative.

The two properties of the exact solution discussed above, the mass-conser-
vation law and the non-negativity, are important from a physical point of
view. Since the solution u stands for the density of a substance in the diffusion
process, it must be non-negative and the total mass is unchangeable without
any source. In the case where the convection is not dominated, it is not diffi-
cult to obtain the numerical solution satisfying these two properties. In case
(0.3), however, the conventional finite element method is not effective for
obtaining non-negative solutions (cf. {11, 12]). To obtain an effective scheme
in the case (0.3) it is required to consider a suitable approximation for the
drift term V.(bu), something like the upwind finite differencing. One of the
authors [12] considered an upwind finite element scheme, whose key point
was to choose an «upwind element » according to the direction of the flow
for approximating the drift term. This scheme is effective in the case (0.3)
and has a good feature (see Concluding Remarks), but it is not sufficient for
our purpose since it does not satisfy the discrete mass conservation law.

Our scheme is based on an integral formula of the drift term on the « bary-
centric domain”. After applying the Green formula to the integral on the
barycentric domain, we approximate the drift term by considering the upwind
nodal point. For other techniques to handle the case (0.3) by the finite element
method, we refer to [1, 7, 8, 9, 10, 11, 13]. For finite difference methods sharing
the discrete conservation law and the non-negativity of the solution in n = 1
we refer to [6].

R.A.LLR.O. Analyse numérique/Numerical Analysis



CONVECTIVE DIFFUSION EQUATIONS 5

The present paper is composed of five sections. In § 1 we present a conser-
vative upwind finite element scheme and give two theorems (theorems 1.1
and 1.2). Theorem 1.1 states that the finite element solutions of our scheme
share the two properties (a discrete mass conservation law and the non-nega-
tivity). This theorem is proved in § 2. Theorem 1.2 is concerned with L 2-
convergence of the finite element solutions. In § 3 after showing the fundamental
properties of our approximation (lemma 3.2), we prove theorem 1.2. In § 4
we consider the case whendivb = 0 and b.v |5, = 0. Furthermore, if f = 0,
the solution of (0.1) satisfies the maximum principle. We show that our
scheme with a special choice also share this principle (theorem 4.1). We also
discuss L °-convergence of the finite element solutions. In § 5 we give some
concluding remarks.

In this paper we use the following function spaces. For 1 < p < + o and
a non-negative integer m,

i/p
lulppo = 3 Hln,‘:umx} ,
|Bl=m Q

m
H u ”m,p,ﬂ = ‘ZO | u |j-1’:9 ’
j=

Wi(Q) = { u; uis measurable in Q, || u ||, ,0 < + ©},
H"Q) = W2(Q).

For 0 < a < 1 and a non-negative integer m,

D8 u(x) — DPu
[ Deubd = DD\ gy _ s yeql,
[x —yl

sup { | DPu(x); |l =mxeQ},

| u |m+a,ao,9 = Sup {

l u lm,oo,Q
m

” u "m,oo,ﬂ = Z ‘u Ij,oc,Q,

ji=0
” u ||m+a,oo,ﬂ = “ u “m,oo,n + Iu |m+a,oc,Q’
C™Q) = { u; u is continuously differentiable up to order min Q } ,

Cm@Q) = {u;u€ C"@), | 4 lnsawi < + 0}
Let X be a Banach space with norm || . ||.

C™0, T; X) = { u; u is continuously differentiable up to order m
as a function from [0, 7] into X },

I e = 3, max (1 D7u(®) 3 1€ [0, 71},

vol. 15, n° 1, 1981



6 K. BABA, M. TABATA
C™%0, T;X)={u;ueC™0, T;X), D" u(t) is Holder continuous
with exponent « as a function from [0, 7] into X },

I D" u(t) — D" uls) llx .
T ,t,se[O,T]}.

I % llems=go,m50 = I tllemeo, 3y + sup{
Let X;,i = 1, ..., m, be Banach spaces. The norm of Banach space Z = N X;
is given by =1

hullz = 3 el

We use ¢ as a generic positive constant independent of h, and we denote
by c(A,, .., 4,) a positive constant dependent on A4, i = 1,.., m.

§ 1. RESULTS IN THE GENERAL CASE

Let Q be a simply connected bounded domain in R" with a C3-class boun-
dary I or a polyhedral domain in R", and T be a fixed positive number. Consider
the convective-diffusion problem,

%:dM—V@m+fm Q=Qx(0T), (1.1a)
g—l:’—(b.v)u=0 on X=Tx(0,T7), (1.1b)
u=u’ in Qatt=0, (1.10)

where d > 0 is a given diffusion constant, v is the unit outer normal to T,
b = (b,(x), by(%), ..., b(x)) € C°**(Q) is a given flow, fe C(0, T; L*{Y)) is a
given source function, u® = u%x) € L*(Q) is a given initial function and

A=Y 8%oxt, V =(0/oxy, ... 0/0x,).
i=1

As was mentioned in the introduction, the solution u of (1.1) satisfies the
mass conservation law (0.2) and u is non-negative if so are f and u°. Our
aim is to present a finite element scheme, effective also in the case (0.3), whose
solution is discrete mass conservative and non-negative (if so are f and u°).

We first triangulate Q and obtain a set of closed n-simplices { T ;i }YE, and
a set of nodal points { P; }z, satisfying the following conditions :

(i) the interiors of T; and T}, i # j, are disjoint,
(i) any one of the sides of T; is a side of another n-simplex T; or a portion

Ng
of the boundary of the polyhedronU T,
j=1

J

R.A.I.R.O. Analyse numérique/Numerical Analysis



CONVECTIVE DIFFUSION EQUATIONS 7

(iii) every nodal point P; is a vertex of an n-simplex,
NE
(iv) all the nodal points lying on the boundary of the polyhedron U 7;
j=1
exist on T

Define (T), p(T;), h, x and Q, :

h(T;) = the diameter of the smallest ball containing T;,
p(T;) = the diameter of the largest ball contained in T';,
h =max { KT,;);j=1,.,Ng},

k = the minimum perpendicular length of all the simplices,
Ng
Q, = the interior of the polyhedron U T;.
j=1

J

Denoting by 7 ,(= { T; }/%,) a triangulation of Q satisfying the above
conditions (N; and N, may, of course, vary depending on a triangulation),
we consider a family of triangulation { 7, }, h | 0.

DEerINITION 1.1 : (i) We say that { 7, } is y-regular if there exists a constant
v(> 1) such that

WT) < vp(Ty) forany T, eT,e{T,}.
(i) We say that { 7, } is of acute type if
olT)<0 forany T, e7,e{7,},
where
o(T,) = max { cos (VA, VA,);0<i<j<n},

and A, i = 0, ..., n, are the barycentric coordinates with respect to the vertices
of the n-simplex T,.

Remark 1.1 : (i) Obviously it holds that x < h.

(ii) In the case when Q is a polyhedral domain, we can take

Q,=Q.

(i) In n = 2, a family of triangulation { Z,} is y-regular and of acute
type if and only if every angle 8 of any triangle T; € 7, satisfies that

0, <0 <72,
where 0, is a positive angle independent of h.

vol. 15, n° 1, 1981



8 K. BABA, M. TABATA

With each nodal point P,, i = 1, ..., N, we associate functions ¢, € H Q)
and ¢,, € L*(Q,) such that :

(i) ¢,, is linear on each triangle and ¢,,(P) =9, for i,y = 1,2,.., N,
(ii) ¢, is the characteristic function of the barycentric domain D, asso-
ciated with P, ie,

D, = U {D¥; T e T, such that P, is a vertex of T, },
k

where

Df = N {x;xeTyand A, (x) < A(x) } 1.2
=1
and A, A, , .., A, are the barycentric coordinates with respect to P, P, , ..., P, ,
the vertices of T,.
Let V, be the linear span of ¢, = 1,2, ..., N,, and let - be a lumping ope-
rator from V, into L*(Q,) defined by
Np _
Up o 0 = Zi U(P,) bu -
We now define three bilinear forms (., .),, a,(., .) and b,(., .) from V, x V,
into R!. The first two are defined by

(4 ), = f T30 T,) dx,

<O,
n ou ov
aimo) = 3 [ 202 ax.
t— 1 J Qh - i

To define b,, we prepare the following. Let P, and P, be adjoining nodal
pomnts. Let T, be the intersection of the boundaries 6D, and 8D, and let

Y, = mes T, (the measure of I',).

Let B,, be an approximation of j b(x").v,(x) dx’, where v,, 1s the unit outer

Ty
normal vector to I',, considered as the boundary of D,. (Therefore, v,, = — v,,.)
Suppose that B,, satisfy
Bl]+le=0’ (13)
l BU I S ” b ”O,ao,ﬂ ylj ’ (14)

<clb ”o+1,oo,n n(T,), (1.5)

f bx).v,(x) dx' — B,
Iy,

R ATR O Analyse numerique/Numerical Analysis



CONVECTIVE DIFFUSION EQUATIONS 9

where T, is an n-simplex containing the side P; P;. Then, b, is defined by

NP
by, vy) = .;1 vu(P;) ZA { BJ u(P;) — BJ uh(Pj)} (1.6)

where B;; = max (B;;, 0), B;; = max (— B, 0) and A, is a set of nodal points
defined by

A;={P;;P,1 <j< N, isadjacent to P; } .

Let T be a time mesh and Nq = [T/t].
Define an operator Q, from L*(Q)into V, by

Np
0= g | i on. .7
i= tJD,

Now, our finite element scheme corresponding to (1.1) is as follows :
Find {u‘; k =0,.., Ny} = V, such that

(D, “‘fp Oy = — dah(u‘;n ) — bh(uﬁa br)

+ J f(x, kt) oy(x) dx forall ¢eV,k=0,..,N —1, (1.8a)
Q

up = Q,u’, (1.8b)

where D, is the forward difference operator defined by

k+1
D, u = “r

k
— uh
t .

T

Remark 1.2 : (i) We give a concrete way to determine B;;. Let { T, } be
a set of n-simplices containing the side P; P;. Let G, be the centroide of T.
Let I'}; be the intersection of I';; and T), and let v}; be the unit outer normal
vector to I'}; (see figure 1 in the case n = 2). We set

Bi; =;b(G,,).v‘;j mes IT'%; . (1.9)

It is not difficult to see that (1.9) satisfies (1.3) ~ (1.5).

(ii) In general, the relation Q, < Q does not hold. Therefore f and «° in
(1.8) should be extended to Q, — Q. But the way of extension is not significant
since we shall show the convergence of rate h and the width of skin Q, — Q
is of order h?. For example, even the extention by zero is available.

vol. 15, n° 1, 1981



10 K. BABA, M. TABATA

Figure 1. T¥% inthecasen =2.

THEOREM 1.1 : (1) Equation (1.8) has a unique solution w,, which satisfies
the discrete mass conservation law,

k-1
(5> Dy =J uWx)dx + 1 Y J&x, jiydx for k=1,.,Nr. (1.10)
On j

i=0 Qn

(i) Suppose that the triangulation is of acute type and that t and « satisfy

the condition

2

K
< 1.11
TS Dd+ o xblowa (1.11)

where ¢, is a positive constant defined by (2.11) (¢, = 4, ¢35 = 6). Then, if
u® and f are non-negative, so is u,.

Remark 1.3 : If u® € C(Q) and fe C(0, T ; C(Q)), we can replace (1.8) by
(D, g, Oy = — da(uy, dy) — byluf, di) + (I, f(kT), Dyl

forall ¢,eV,k=01.,N; —1, (1.12q)

up = I,u°, (1.12b)

where I, is an interpolating operator from C(Q) into V, defined by
NP
Iio=3 oP)by.
ji=1
In this case we have in place of (1.10),
k-1
(uﬁ, 1)h = (Ih uo, l)h + T Z (Ih f(k't), l)h fOI' k - 1., veny NT .
j=0

i=

R.A.LR.O. Analyse numérique/Numerical Analysis



CONVECTIVE DIFFUSION EQUATIONS 11

THEOREM 1.2 : Suppose { 7, } be a y-regular family of triangulation of Q.
Suppose also that t and « satisfy the condition

2
gl — 9 {0} is of acute type.

52 (1.13)
K

_(1 - therwi
ot l)zd( €) otherwise,

where (< 1) is a positive number independent of h. If the solution u of (1.1)
belongs to

Z, =CH%30, T; L*(Q)nCHO, T; H'(Q)n C(0, T; HQ), m > n/2,

we have
‘ NT—1 | h+1 gk |12 1/2
max{\‘e;‘.“o,z,nh§k=0a ---,NT},{T Z —h——z—h }
k=0 1,2,04

<dvdeQnmiblorreahllulz, (1.14)

where & = uf — I, u(kt) and uf is a solution of (1.8).

§ 2. PROOF OF THEOREM 1.1

In this section, we prove theorem 1.1. We first transform (1.8) into the
following form (2.1). Substituting each base function ¢,, into the test func-
tion ¢, of (1.8) and dividing both sides by m, = (1, ¢,,), = mes D,, we obtain

et I(Pz) _ uk(P,) Np dal + br 1
OB % S Bp) ok [ s k)
J= 1 L JO,

for i=1,.,Nyk=0,..,Nr —1, (2.1a)

13

up(P,) = mi f u®(x) dx, (2.1b)

1

where
a, = ah(d’ﬂn b s bq = bh(¢ﬂu o) - (2.2)

LEMMA 2.1 : Let x, be the minimum perpendicular length of all the n-simplices
containing a vertex P,.
(i) We have, for i, j=1,..,N,,

2
N

NP
_Zlal,= b, =0, 2.3)

]
-

13

vol 15, n° 1, 1981



12 K. BABA, M. TABATA
s . by ¢,
b; <0 ifi#jand 0<E<E”b“0,m,ﬂ9 (2.4)
where c, is a positive constant defined by (2.11) (c, = 4, ¢; = 6).
(ii) Suppose the triangulation is of acute type. Then,
n+1

2
i

<0 ifi#jand 0<Zig

m; K

a;;

2.5)

Proof : The assertions concerning a;; are now well-known (cf. [4], [5,
lemma 1]). From (2.2) we have

bii= Z B;’ bij= - Z B;; Sjk (i?éj)- (2-6)

ke A; ke A;

Noting (1.3), we obtain

™Mz
S
.

|

= 2 ,-2‘—2 Y, B 8

i=1 keA, i#jkeA;
= T Bi— 3 B
keA;j ieAj
=0.

The first part of (2.4) is a direct consequence of (2.6).
From (1.4)and (2.6) we have

bi/m; < | blo.0.0 :; Yiilm; - 2.7

FE-FiN

Let T, be an n-simplex containing P,. Let P; be another vertex of 7, and let R;;
be the set of the other n — 1 vertices. We denote T, by T, = Z[P, P;, R,].
Let M;; be the midpoint of side P; P,. Define three (n — 1)-simplices S§;, S},
ng by

Ss; = L[P, Rj), S} =M, R, S3=[P,R;].
Since M;; is the midpoint, we have
mes S§; + mes S5; > 2 mes S};. (2.8)
We set
m, = mes ([;; N Sf;)/mes S§; . (2.9)
Obviously =, is a constant which depends only on n.

R.A.LR.O. Analyse numérique/Numerical Analysis



CONVECTIVE DIFFUSION EQUATIONS 13
Noting that

Ki K k
mes T, > 2—n{mes Soj + mes S3; },

we have by (2.8) and (2.9),

mes (T';; n S§;) = =, mes S§;

T, n
<

mes T, .

13

Since P; is an arbitrary vertex of T except P;, we obtain

2

n
Y. mes ([; N ST) < ,;cn mes T, . (2.10)
J

. Summing up (2. 10) with respect to k, we have

2
Y Vi S T > mes T,
jeh: i T
n, n*(n + 1)
= - )
By setting
¢, = m,n*(n + 1), 2.11)

we get (2.4). Since t, = 1/3, 7, = 1/6, we obtainc, = 4,¢; = 6.
q.ed.

Proof of theorem 1.1 : Multiplying tm; on both sides of (2. 1a) and summing
up over all the nodal points P,, we obtain in virtue of (2. 3),

Ni m; uy* (P — szi“:(Pi) =TJ Jx, k) dx,
i=1 o

i=1
which is equivalent to the formula
@ Dy — @y Dy = TJ S, kt)dx . (2.12)
[ 4

Summing up (2. 12) and noting that

0, 1), = f W) dx,
Qn

we obtain (1. 10).

vol. 15, n° 1, 1981



14 K. BABA, M. TABATA

From (2.1a) we have

da, + b,

)u’,:(m _ey

Jj#1 3

da, + b

hP) = (1 . L (P

+ % foo k)b, dx for i=1,..,Ny —1. (2.13)

1 Qh

By (2.4), (2.5) and (1.11) all the coefficients of # of the right-hand side are
non-negative. Therefore, if u® and f are non-negative, so 15 u;,. g.e.d.

§ 3. PROOF OF THEOREM 1.2

In this section we prove theorem 1.2. It can be proved along similar lines

to [12, theorem 1.2] if some properties of b, are shown. Therefore main efforts
are devoted to show them (lemma 3. 2).

For later reference we begin by stating the following lemma.

LemMmA 3.1 : Let { J,} be a y-regular family of triangulation of Q in R".
Let T, € , be any n-simplex and let h, = h(T ).

(i) For everyv,e V,and1 < p < + oo we have
max { | v,(x) [;xeT,} < ch" | v, llopr, > 3.1
max { | v,(x) — vy % yeT,} <k ™ vl 7. (.2
where ¢ = c(y, p, n).

(ii) Let P be any point in T; and U be the intersection of T, and any hyper-
plane through P. Then we have

j | u(P) — u(x') | dx' < c(y, p, m) B;™"P | u |y p 1, (3.3)
U
forue Wy(T), p>n.

Remark 3.1 :u(R) in (3.3) is meaningful by Sobolev’s imbedding theorem,

l'%lloee < eG)lullype (p>n), (3.4)
where G is a Lipschitz domain in R".

R AIR O Analyse numerique/Numerical Analysis



CONVECTIVE DIFFUSION EQUATIONS 15

Proof of lemma 3.1 : We only prove (3.3) since (3.1) and (3.2) are well-
known results. Let A be a reference n-simplex with vertices A, (0, ..., 0),
A, (1,0,..,0), .., 4,0, .. 1) in Rf and let F; : R - R} be a linear transfor-
mation converting A onto T ;. We denote

uo&) = u(F{€), Po=F;'(P) and U, = Fj'(U).
Let o be any real number and weset u* = u — .
Using (3.4) with G = A, we have
f |u(P) — u(x) | dx' = j | w(P) — u*(x') | dx’
U U

< oy J | ug(Po) — ut(&)) | d&’
Uo
< ch | ug i pa-

Since o is an arbitrary number, we have

J |u(P) — u(x) | dx’ < chi"inf { | u§ |, pa;eR}
U
< Ch;_l | ug |1,p,A
< chf " Jug lyp,1y s
here we have used the fact that the norm of the quotient space W,(A)/R ,
inf{|lv—alpa;aeR},

is equivalent to | v |, 5 (see [2; theorem 1]). q.e.d.
Bilinear form b, satisfies the following fundamental inequalities. Although
the inequality (3.7) is required in § 4, we state it here since it leads to (3.6).

LEMMA 3.2 : Let { 7, } be a y-regular family of triangulation of Q in R".
(i) For every w, and ¢, € V,, we have

| bu(uy, b1) ' <Y, M) b llo,well @i llo2,0.] oy l1,2,0n - (3.5)
(i) For everyue H™Q), m > n/2, and ¢, € V,, we have

bl 1, &) + f (bu). (Vi) dx

Q

Sy, Qmn)h|bly. 1,0,0 | u ”m,Z,Q | b |1,2,nh . (3.6)

vol. 15, n° 1, 1981



16 K. BABA, M. TABATA

(iii) Foreveryue WQ),p > n,and $, € V,, we have

bl s ) + f (bu). (V) dx

Qn

<y, Q p,mhiblo. 1,0,Q | u ||1,p,n | &, h,q,a,. , (3.7
wherel + 1 = 1.
p 4q
Remark 3.2 : In (3.6) and (3.7) u and b are supposed to be extended
smoothly from Q to Q,.

Proof of lemma 3.2 : Let I, be the set consisting of all the internal boun-
daries I';;,

r,={T, Pi,PjEﬁh}‘

j
By using I';, b, can be written as follows,

by(uy, Gn) = Z { du(Py) — ¢h(Pj)} { B:; u,(Py) — Bz; uh(Pj) }-(3.8)

Cije Th
Hence, by (3.2) withp = 2,(1.4)and (3.1) with p = 2, we have

| Bultr, ) | < c b o0 Y b li.2.7 Il 4 02,7,

Iijeln
<clibllowal®nlize il tyloza.-

where T} is an n-simplex containing vertices P; and P;. Thus, (3.5) is obtained.
If (3.7) is verified, we can obtain (3.6) immediately by Sobolev’s lemma
since it holds that

| u “1,p,n <cllu “m,z,g and | ¢, |1,q,n;. <clo, l1,2,00 5

2n _ D
L>n>2 q=ty

by taking p = (< 2). (In the case

n+2-—-2
n + 2 < 2 m, it suffices to take p = n + 1)
For the proof of (3.7) we transform the second term of the left-hand side,

j (). (V) dx = — f
Qn

Qp

V.bw ¢, dx + J‘ (b.v) u¢, dx’

0,

- { _ f V.(ow) $, dx + J (b.v) udy dx'} - f V.(bu) (bn — By dx
(978 Q5 (7%
=1, +1,. 3.9

R.A.LR.O. Analyse numérique/Numerical Analysis



CONVECTIVE DIFFUSION EQUATIONS 17
By the usual way (¢f. [3, theorem 5}), we can estimate I, as follows,
1<t oW BB llosrmall # i p0l dnliga - (3.10)
Applying the Green formula to the first term of I,, we obtain

I, =-5% d)h(Pk)f (b.v)udx + J (b.v) ud,, dx’
k 3Dy F]

Q,,

= Zr { &(P) — &u(P) } j (b.v) uadx’ +J b.v) ud, dx’
L, aQy,

Cyeln
=1, +1,, (3.11)
where
du(x) = bu(x) — 0P if X €D, Q.

Since it holds that

J ux)dx =0,

TN o
we have

I, = Z J\ { (b.v) u(x’) — (b.v) u(Mk)} d;h(x,) dx’
k J 09y, naTx
Schiblos 1,00,9; | u |I1,p,Tk | & |1,q,Tk
<chl|b ”0+1,oo,ﬂ | u “1,p,Q | b “1,q,9,. N

where M, is the centroide of the face 9Q, N 0T, and we have used (3.2) with
p = gand (3.3).
Expressing b,(I, u, ;) like (3.8), we have

byl u, &) + Iy, = Z { &u(P) — Ou(P)) } (ﬁi; - J b.v dx'>
r,

I‘.,el‘;.

x {c* uP)+ o~ U(Pj)}'*' Z {Cbh(P:)_(bh(Pj)} X

I‘,Jel‘;.

j b.v {c*WP) — u(x) + o~ (u(P;) — u(x") } dx’'
rl]
= Iy + 1112, (3.12)
where
ot = sgn B, o’=1-o0".

vol. 15, n° 1, 1981



18 K. BABA, M. TABATA
By (3.2) with p = ¢, (1.5)and (3.4) with G = Q, we have
[Ty < clibllosrmall #llip0 X A" 1 & lign
k

1/p 1/q
<chibloriwalvlipe] Th ] {T100an ] (3.13)
<

P’
chbllos 1,0,0 Iu ”1,,;,91 by |1,q,9,l >

where T is an n-simplex containing side P; P;.
By (3.2) with p = g and (3.3), we have

[ 11121 < ch|b Ho,ao,ﬂzk: | ¢y, |1,q,Tk | u ”1,;;,1k

Schlblowealulypeldnlige- (3.14)

Combining (3.9) ~ (3.14), we obtain (3.7). q.e.d.
Scheme (1. 8) satisfies the following a priori estimate.

LemMMmA 3.3 :Let { T, '} be a y-regular family of triangulation of Q. Suppose
that {w};k=0,..,Nr} <V, satisfies that

(D, Wi, &y = — day(Wh, &) — bW, ) + 8(h) B(ds) Il s I12,0,
for eV, k=0,..,N — 1, (3.15

where 6(h) is a non-negative function of # and 6, k =0, .., N; — 1, are
functionals on V,, such that | 8, | < 1.
Then, under the condition (1.13), we have

_ Nr-1 wk+l +Wk 2 1/2
max{”Wli”'o,z,n,,;k:(),---:NT}, {T Z —h‘—z—h }
k=0 {| 1,2,Qn
_ (3.16)
< c{ 11w lo2.0, + 8 },
where ¢ = c(v,d, &, n, T, | b [y .0)-
L witl + wi
Proof : Substituting ¢, = — into (3.15), we apply (3.5). After

a brief calculation we have

— d — d
{nw::né—%lwm%}—{uw.?u%—%lw,?tf}
d k-1 . . k .
+<Z—e,>r_zolwz ‘+wﬂ,.|%<c1(sl){rzo uwﬂ,.n%+6(h)2},
i= i=

R.A.LLR.O. Analyse numérique/Numerical Analysis
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wheree, > Oisa constant less than d/4. Since it holds that forw, € V,,

2+ 1) _ ) )
\/—(K—)ll wy o if { 7, } is of acute type,
wy |, <
| hll = n+ 1 _ .
- Il Wi llo otherwise ,

(cf- [S, lemma 2]), condition (1.13) and Gronwall’s inequality lead to (3.16).
g.ed.
Scheme (1.8) approximates the weak form of (1.1) in the following way.

LEMMA 3.4 : Let { 7, } be a y-regular family of triangulation of Q. Suppose
that u is a solution of (1. 1) belonging to

Z=C'7"e0,T; L*Q)n C0, T; H'(Q) n C(0, T; H™Q)),
O0<o<1,m>n/2
Then we have

(D, I ulkt), &y)y = — day(I, u(kr), &) — by(I, u(kr), ¢,,)

+ J S, kt) dy(x) dx + o Oh + T°) | Dy 12,0, (3-17)
Qp

where 0, is a number satisfying | 6, | < 1 and

Co = Co(% n,m, | b ”0+l,eo,Q) hullz.

The proof of lemma 3.4 is like that of [12, (3.19)], except that we use (3.6)
for estimating the term b,. So we omit the proof.

Proof of theorem 1.2 : Since u belongs to Z,, (3.17) is satisfied with ¢ = 0.5.
Subtracting (3.17) from (1.8), we observe that {ef;k = 0,.., Ny } satisfies
the assumption of lemma 3.3 with

S(h) = C(Y, d’ &, Qs n, m, H b ”0+1,oo,(2) h ” u ”21

by the fact
2 < cd)x < cd)h.
Noting that
I en lo.2,.0, = 11O u® — ILu® lo,2.0.
Schl| a0,
we obtain (1.14). g.ed.

vol 15, nv I, 1981
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§ 4. THE CASE WHEN DIV b =0
We now consider the case when (1.1) satisfies the additional conditions

divb=0 inQand b.v=0 onT. 4.1

Furthermore, if there is no source

f=0, 4.2
the problem (1.1) is reduced to
ou .
—a—t=dAu—(b.V)u inQ, 4.3a)
ou
v = 0 onxt, (4.3b)
u=u inQatt=0. 4.30)

The solution u of (4. 3) satisfies the maximum principle
min { 1%Q); xeQ} < u(x, t) < max { u°(x);xeQ} for(x,H)eQ.

(4.4)

Let us show that a suitable choice of B;; in the scheme {1.8) enables us to
obtain approximate solutions possessing not only discrete mass conservation
law (1. 10) but also discrete maximum principle (4.7).

For each boundary element T, e 7, ie., a face of T, is a portion of 0Q,,
we correspond an curved element T, with a corresponding portion of T. If
T, is not a boundary element, we set T, = T;.

Thus, we obtain { T} } such that the interiors of T; and T, i # j, are dis-

joint and that

Ng -

UuT,=Q.

k=1
We define D} by replacing T, by T, in (1.2). Likewise we define D;. Then, the
interiors of D; and D, i # j, are disjoint and it holds that

Np —_

Uub =2a. (4.5)

i=1
Defining T';; by
Iy =ab,nab;,

R.A.LR.O. Analyse numérique/Numerical Analysis
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we set

B = Jl b(x"). v;(x) dx’ . 4.6)

Figure 2. 1~",-)- in the case n = 2.

THEOREM 4.1 : Assume the conditions of theorem 1.1 (ii). Then, the solution
u, of (1.8) with (4.6) satisfies the discrete mass conservation law (1.10) and the
maximum principle

min { 1%(x); x € Q} < ¥(x) < max { u%(x);x€Q}

for xeQ,k=0,.,Np. (4.7)
In this case we can show uniform convergence of u, to u.

THEOREM 4.2 : Let { J, } be a y-regular family. Assume the conditions of
theorem 1.1 (ii). If the solution u of (4.3) belongs to

Z, = C'o50, T; CQ) n CH0, T;C**1(Q) n C0, T; C**1(Q),
we have
max { | & lo,w,0,5k = 0,..., Np } < ch | ully,, (4.8)
where
& =u, — Liukt) and ¢ =cv,dQn|blos; wa).

For the proofs of these theorems we prepare the following lemma.
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LEMMA 4.1 : We have

a; =0, 2 b;j=0 fori=1,..,N,. 4.9)
=

1

J

Proof : The first part is trivial. By (2.6), (4. 1) and (4. 6), we have

N
i bij = Z B.: - Z Z Pix 8jk
ji=1 keA, JEFikeA,

= Z Pi

ke A,
= J b(x).v(x") dx’
éb,
= j div b(x) dx
ijl
=0. q.ed.
Proof of theorem 4.1 : Since the coefficients of u} of (2.13) are non-negative
by (1.11), we obtain (4.7) by (4.9). g.e.d.
For the proof of uniform convergence we first consider an elliptic problem :
—dAv+ bVv+pw=f in Q, (4.10a)
ov .
5 =9 on 1, (4.10b)

where p is a real constant. We approximate (4. 10) by the scheme -
Find v, € V,, such that

dayon b3) + Bulow 1) + Wop By = J S dx + j gbu dx’
Q

oon

forany ¢,eV,. (4.11)

PrOPOSITION 4.1 : Let {7, } be a y-regular family. Suppose {7, } is of
acute type. Then, there exists a constant po(y, n, | b o o o) such that for every
u = p, we have

o = 140 llo,0,0, S €Il V5505 4.12)

where
c=c(, Anp | bllos,00,

v, is the solution of (4.11) and v is the solution of (4.10) belonging to W;(Q),
p > n

R.A.LLR.O. Analyse numérique/Numerical Analysis
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The proof of proposition 4. 1 is like that of [13, theorem 3. 1] whose keypoints
were those corresponding to the estimate (3.7) and lemma 4. 1. Therefore we
omit it.

Uniform convergence of finite element solutions of parabolic problems is
proved if the following two conditions are satisfied (cf. [13, 14]) :

(i) Uniform convergence of finite element solutions of the corresponding
elliptic problem.

(ii) Non-negativity of the scheme for the parabolic problem.

Proposition 4.1 ensures (i) and theorem 1.1 (ii) does (ii). Thus theorem 4.2 is
obtained.

Remark 4.1 : To obtain a scheme whose solution satisfies the discrete mass
conservation law (1.10) and the (discrete) maximum principle (4.7), we have
to take B,; determined by (4.6). If we define b, by

N
by, vR) = _f o(P) 3. B (4(P) — u(P)), 4.13)
i=1 jeA;
where B;; satisfy only (1.4) and (1.5), the solutions obtained by this scheme
satisfy the maximum principle (4.7) and converge uniformly to the exact
solution (theorem 4.2).
This result can be shown by using the fact that b;; derived from (4.13)
satisfy (4.9) since it holds that

by = Y B

ke A;

b —B; if jeA;,
v 0  otherwise.

Especially if we take B;; by (4.6), (4.13) is equivalent to (1.6).

§ 5. CONCLUDING REMARKS

We have assumed hitherto that the flow b does not depend on time ¢. Now
we consider the case b = b(x, ). Let { b} }, k = 0, ..., N, be a set of bilinear
forms on ¥V, x V, defined by

N,
bl v = 3. 0P T (B wlP) — B) w(P)}

JeA;
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24 K. BABA, M. TABATA
where BY, k = 0, .., N, satisfy that

:‘j+B§i=09

[B51 < (b1l Yij»

f b, ke)ovi ) dx' — B | < ¢ [ b lloss o0 H(TY,
Tij

where T, is an n-simplex containing nodal points P; and P;.

If we replace b, in (1.8a) by b, theorems 1.1 and 1.2 are valid also in this
case.

A feature of the bilinear form b, is that the difference scheme derived from
this form is not locally consistent in L ®-sense, i.e.,

N

ib

y 1
;;‘ upP) = m by u, &y) —4 V.0u)(P) as h|O,
i=1 "4 i
where u is 2 smooth function. But b,(I, u, ¢,) approximates

- f (bu). (V) dx

in the sense (3.7), which is sufficient for obtaining convergence of the finite
element solutions. On the other hand an upwind finite element scheme proposed
in [12] is locally consistent in L®-sense. So it is easy to applicate it to first order
hyperbolic problems (see [15]).

The rates of convergence given in theorems 1.2 and 4.2 are best possible in
this type of approximations since the upwind bilinear form corresponds to a
one-sided difference approximation.
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