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THREE REMARKS ON THE USE OF CEBYSEV POLYNOMIALS
FOR SOLVING EQUATIONS OF THE SECOND KIND (*)

by Eberhard ScHock (%)

Communicated by R S VARGA

Abstract — Three methods are considered the CebySev-Euler method, the CebySev semi-iter ative
method and a 1efinement of the projection method for the approximation of the quasi inverse for self-

adjoint operators A such that umty does not belong to the spectrum of A

Résumé — On considére tro1s méthodes la méthode de éebys'ev-Euler, la méthode semi-itérative
de Cebysev, et une améhoration de la méthode de projection, apphquées d I’approximation du quast-
mverse pour des opérateurs auto-adjoints A pour lesquels 'unité nappartient pas au spectre de A

In this communication we consider three methods for the approximate
solution of equations of the second kind

x—Ax =y

in a (complex) Hilbert space with a selfadjoint bounded linear operator A.
We only assume that unity does not belong to the spectrum of A.

We give a new proof and an error estimate for the Ceby§eV—Euler method,
we discuss the Cebysev-semi-iterative method (cf. Varga [7]) and we consider
a refinement of the projection method of type Q,, introduced in [6).

1. INTRODUCTION

Let A be a bounded linear selfadjoint operator 1n a complex Hilbert space H.
Let (E,) be its spectral decomposition, ¢ an interval containing the spectrum
o(A) of A. Then

r

A=wa

(*) Regu le 21 avril 1980
(!) Fachbereich Mathematik der Universitat Kaiserslautern, D-6750 Kaiserslautern
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258 E. SCHOCK

and for each continuous function p : o - R
) = | o
and I (4) || = sup | pd) .
Especially, if 1 ¢ o,

|1 —A4)yt —pa)] < sup

l—i—x—p(x)}.

If p is an arbitrary polynomial of degree n, then | (1 — A)™* — p(4) || is mini-
mal, if p is the proximum of r (with HA) = (1 — 2)™!) in the space of all poly-
nomials of degree n on the spectrum of A with respect of the sup-norm.

We call a method for the approximate solution of x — Ax = y polynomial,
if the approximate solution X is of the form % = p(4) y, where p(4) is an
operator polynomial.

2. THE CEBYSEV-EULER METHOD

If 6 = [a, b), b < 1 then the Cebysev-Euler method consists of determining
the proximum p, to r in [a, b] by polynomials degree n. Then

x, = p,(A)) (1)

is the Cebysev-Euler approximation of the solution x of x — Ax = y.
This approximation is easy to calculate : it is known CebySev [3], Bernstein [2],
Meinardus [4], that in the interval [— 1, 1] the proximum of

1

Sm(k) = Y — o

a>1

is given by the polynomials g, of degree n which fulfill

1 O { AY
g — 3} = v, cos (n + J)

(o =/ - 1) oh — 1 )
- o — 1

, A=cCosQ, x 1=cos6.

Yn

Using the éebyéev polynomials ¢, and v, of first resp. second kind, (2) is equi-
valent to

(@ — 2) A = 1 — 7,0h — 1) £,(0) + v, /2> = 1(1 =A%) v,_,(0).
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CEBYSEV POLYNOMIALS FOR EQUATIONS OF THE SECOND KIND 259

The recursion formulas for t, and v, lead to the recursion formula for g,

Gne (W) = 270, (M) — v* q,—, (V) — 2y

A +Ja =1
41(7v)=—07—__—1——-

y=a—Jo* -1, qo(l)zl_az,

A linear transformation of the interval [— 1, 1] onto [a, b] gives the poly-
nomials p, of best approximation of r by

b—a (2L—b—a
pu()\')_'— 2 qn( h— a )

which leads to the recursion formula

2 21
Prea) = = z;—:a['b—_%m — b= @) p,0) = ¥ P,y (M) — 2y]
b—a «
\) =
pO() 2 CXZ—'].
b+a b—-a
A = - — 2 _
P = (2 -5 1)
_2—b—a
T b—a

y=0o—Jo* —1.

The error estimate is

b—a| 1
= max T qn()")l

re[—-1,1} 2

max
rela,b]

1
T~ P

b—a ¥
2 o -1

n

b—a
max | cos (n¢ + ) | gm.y
If we replace A by A4, we obtain the following result :
If 6(A) < [a, b], b < 1, then the best polynomial approximation method of
x — Ax = y is given by the following semi-iterative method.

b—

b—a o 1 b+a b—a />
= . =3 —A — —1
¥o S A 012-—1[ Y+( 2 7 V¢ >y]
a=g—g——ﬁ—;—a, Y=o — /o> -1
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with the error estimate

Ix—=x, 0 =

This method also can be obtained by using methods of summability theory
(¢f. Niethammer [5]).

3. THE CEBYSEV SEMI-ITERATIVE METHOD

Let A be a linear selfadjoint bounded operator with 1 ¢ o(4) and (x,) the
Picard iteration sequence

xn+l=Axn+.Va Xo =Y.

This method calculates a linear combination

such that x — X, has a small norm.
Since for

w,=X,— x = Zyj(xj—x)+ Z("/,—l)x
1=0 =0

W= 2 1, Alxo ~ x) = p(A) (xo — X)
with the condition p(1) = ) v, = 1,s0
Jj=0
3 » Y
W, =pA)(y —(I—-A)y "y = P(’»)—l_—}\dExy

and | W, || is minimal, if p is a polynomial of degree n with p(1) = 1 and

max
Leo(A)

A
— | <
PA) T x‘ < max

A
Uk —y ‘ ;
where g is an arbitrary polynomial of degree n with ¢g(1) = 1. If both 1 and 0

do not belong to the spectrum of A4, then p is up to a constant the same poly-

nomial as the polynomial g with g(1) = 1 and max | g(A) | is minimal.
reo(A)
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CEBYSEV POLYNOMIALS FOR EQUATIONS OF THE SECOND KIND 261

In each case, this minimal polynomial does not lead to an easy semi-iterative
method, so the usual minimization condition is to determine the polynomial p

of degree n with p(1) = 1 and minimal norm.
It is well known that the transformed Cebysev polynomials have this property
that their norm on an interval is minimal. So one has to consider three cases

1° o(d) = [a, b],b < 1
2° 6(A) < [a, bl,a > 1
3° o(4) = [ay, by] L [a,, by).

In the first and second case
. ( 2h —b— a)
" b—a
PV = ———

; 2—b—-a
" b-—a

is the minimal polynomial with

1
I pall = Jmax | M) | = ‘:—2——b——a\ :

- 2—b—a _ _ _ 2—b—-a
Pn+11=2WPnI'Pn—11, Po=1, pll:Ta_
and
2Py 2A—b—a Pn+1
pn+1(7\’) - p" b— a pn()“) - pn—lpn_l(X)

2L —-b—a
o) =1, p,(}) =53 -p -4

This gives after a short calculation, using the recursion formulas and
Wart = X1 — X = p(A) wo

vol. 15, n° 3, 1981



262 E. SCHOCK

the semi-iterative method

ooy = et (e
n+1 — P,.(b _ a) n y 2

and the error estimate

Ix =%, 0 <[ pdA)x— | =lpal Ix =yl

In the third case we assume that there is known a number 1 such that

oAd)=[—p, 1 =n]ull +mn,p].

Since the polynomials

202 — 1 — o?
d2.N) = tn<‘—1‘_az_>

are the polynomials of minimal norm on the intervals [— 1, — o] U [o, 1] of
degree 2 n with g,,(1) = 1 (cf. Achieser [1}, p. 287) a linear transformation of
[—-1, —oJu[o, 1Jonto[—p, 1 —n]U[l+n,p+2] (resp. [2—p, 1 —nJul+1,M]
if more convenient) and the substitution of A by 4 leads to the semi-iterative
method

41

“nt 1

Bl =T+ 1 —

r
A% x, —2Ax, + x, — Ay — y) —
nZ)L(

1
=5 + 1? + le)x,,] AL

n—1

Xo = Y

x -z (A% y — 4») + v

T T a2t T AT

o) — _(P+1)2+n2

n+1 n (p+1)2_n2

_ P+ 1?>+n? _ _

Tn+11=“2mt,.l—‘tn—l1

To =1

T;1=_(p+1)2+n2
(P+1?-n?
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The order of convergence of this method is

% = xl <] pA)(y -] =0z

4. A CEBYSEV PROJECTION METHOD

Let A be again a bounded linear selfadjoint operator in a Hilbert space H with
spectrum in [a, b], b < 1.

Let p, : [a, b] — R be the polynomials from section 2, which are the proxima
of (1 — 1)~ ! of degree n in [q, b]. Then for linear independent elements z, ..., z,
of H we determine

Z =
J

1=

Y1 %

I

1
from the system of linear equations
z—Az—-y+ (1 -A)p(A)yz)>=0
forj=1,2,..,k Then
X, =pf{A)y +z

is an approximation for the solution x of x — Ax = y.
If p, = O, then this method is the usual Ritz-Galerkin method, if

P = Y,

then this method is the projection method of type Q,,, , introduced in [6].

As usual in the theory of the Ritz-Galerkin method, the optimal rate of
convergence for compact A is obtained, if z,, ..., z, are eigenvectors of 4. In
this case we get with

x=p(A)y+ (1 —-A)"' = pfA)y
X, =pfA)y + z

and a simple Hilbert space calculation

k
2= % (125 - )<,

J

1

0 2
HX—X,.H2= Z T_—x_pn(xl) \()’,2,>|2

vol 15, n® 3, 1981
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SO
1 b—a
X=X, £ su - pA)| £ "
I I Sup, ey par)) @ =10
where
_2—-—b—-a o 3
et e N A

as in a section 2. Also as in section 2 is shown p,(A4) y can be calculated by a
semi-iterative method.

5. CONCLUDING REMARKS

Niethammer [5] has shown that the order of convergence of the éebyéev
semi-iterative method tends to the order of convergence of the Cebysev-Euler
method. In [8] M. Wolf has demonstrated that the Cebysev projection method
in general gives quite better approximations than the usual Ritz-Galerkin
method.
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