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APPROXIMATION OF BURGERS’' EQUATION
BY PSEUDO-SPECTRAL METHODS (*) (**)

by Y. Mapay (') and A. QuarTerONI (%)

Communicated by P G CIARLET

Résume — On applique des méthodes pseudo-spectrales de collocation basées sur des développe-
ments polynomiaux de Chebyshev et de Legendre d I’équation de Burgers stationnaire monodimen-
swonnelle L’analyse numérique est construite a partir de théorémes abstraits concernant I’approxi-
mation en dimension finie d’une classe de problémes non lineaires.

Abstract — Pseudo-spectral (collocation) methods for the stationary one dimensional Burgers
equation based on Chebyshev and Legendre polynomial expansions are considered The numerical
analysis 1s developed by means of some abstract theorems concermng finite dimensional approxima-
tions of a class of nonhnear problems.

INTRODUCTION.

The advection-diffusion equation :
—u, + Muu, — f) =0, rLeR" 0.1)

known as steady-state Burgers’ equation, is commonly used in many appli-
cations, since it describes numerous transport phenomena of interest to
engineers and scientists. Even, (0.1) is an elliptic regularization of the hyper-
bolic Burgers’ equation relative to nonlinear evolution transport.

In recent years a considerable number of numerical finite difference and
finite element methods have been proposed in this field, particularly when A
is large and advection is dominating. We refer for instance to the *“ upwind ”
finite differences, first considered by Courant, Isaacson and Rees in 1952, and to
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(!) Analyse Numénque, Tour 55-65, Université P et M Curie, 4, place Jussieu, 75230 Paris
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376 Y. MADAY, A. QUARTERONI

the extension of the upwinding technique to finite elements first used by
Zienkiewicz and his school in 1977. Spectral and pseudo-spectral methods for
the linearized Burgers’ equation were proposed by Gottlieb and Orszag [8],
Kreiss and Oliger [9] and by other authors more recently. In [13] Nickell,
Gartling and Strang analyze a spectral decomposition coupled with finite
element methods to solve numerically (0. 1).

In [11] the analysis of an approximation to (0.1) by spectral methods based
on Legendre and Chebyshev polynomials is given by the authors. Homoge-
neous boundary conditions on the interval I = (— 1, 1) are taken into account.
For the same problem, in this paper we analyze pseudo-spectral methods using
the same orthogonal polynomials. Stability and convergence analysis is more
complicate than in [11] since the effects of the errors arising from numerical
integrations have to be considered here. However, pseudo-spectral numerical
schemes are more convenient for their computational aspects (indeed, the FFT
algorithm can be successfully used in general). Furthermore, as Gottlieb and
Orszag emphasized in [8], Chebyshev polynomials have high resolution power
for thin boundary layers (which may occur when A is large).

Problem (0. 1) may be written equivalently in the abstract form :

(MuleR* x V, u+ TG(,u) =0, (0.2)

where V and W are two Banach spaces with W < V', G is a differentiable
mapping from R x Vinto W, T e Z(V’; V)and T is compact from Winto V

In Section 1 we present some general stability and convergence results
relative to the approximation of problem (0.2) by discrete problems which
may be written as follows

{Muy}eR™ x Vi, uy + TyGy(r,uy) =0. 0.3)

In (0.3) V yis a finite dimensional subspace of V for any N € N, while Ty and G
are some approximations of the operators T and G. The formulation (0.3)
looks to be particularly adapted to describe approximations of problems like
(0.2) by pseudo-spectral methods (in [12], for instance, the authors carry out
the analysis of a pseudo-spectral method to approximate the three dimensional,
periodic, Navier-Stokes equations). Also, (0.3) is the typical form of finite
element approximations to (0.2) which make use of numerical integration.
Due to this generality, it is an authors’ opinion that Section 1 has an interest
in itself, independently of its application to problem (0. 1) which is developed
in next Sections. Results of Section 1 generalize those by Brezzi, Rappaz and
Raviart [4] which are confined to the case G = G. Relatively to the nonsingular
solutions of (0.2) we provide abstract bounds for the error norms || u — uy |,
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APPROXIMATION OF BURGERS  EQUATION 377

and || u — uy ||y, for any Hilbert space H which contains algebraically and
topologically V. In addition we state sufficient conditions to have quadratic
convergence of a Newton iterative method to solve (0. 3).

In Section 2 the Burgers problem (0. 1) is written in the form (0. 2).

Let A be any compact subset of R* and assume that the mapping

heA —-ulye HI(I)
is continuous for some ¢ > 1 (w is equal to 1 for the Legendre approximation,
and o(x) = (1 — x2)~!/? for the Chebyshev approximation). In Section 3 we

establish the following error estimate between u and its pseudo-spectral
approximation uy :

Ve A | uy() — ud) [ g + NP7 | uy(r) — u() ”Lj,m = 0(N17°) (0.4)

where e(w) = 0 for the Chebyshev weight and e(w) = 1/2 for the Legendre
weight.
The estimate (0.4) is established using the abstract results of Section 1.
Throughout this paper C will denote a generic positive constant, independent
of the discretization parameter N, not necessarily the same in different contexts.
An outline of the paper is a follows :

1. ABSTRACT RESULTS : APPROXIMATIONS OF BRANCHES OF
NON SINGULAR SOLUTIONS.

1.1. Approximation in the energy norm.
1.2. Error estimates in lower order norms.
1.3. The Newton method to solve the discrete problem.

2. THE BURGERS’ EQUATION : PRELIMINARIES.

3. APPROXIMATION BY PSEUDO-SPECTRAL METHODS : STA-
BILITY AND CONVERGENCE.

1. ABSTRACT RESULTS : APPROXIMATIONS OF BRANCHES OF NON SINGULAR
SOLUTIONS.

1.1. Approximation in the energy norm.

Let A be a compact interval of the real line, V and W be two Banach spaces,
and assume that W is contained into V' (dual space of V) with continuous
imbedding. Let T € (V' ; V) and assume that T is compact from W into V ;
finally,let G : A x V — W be a C! mapping. We set

V{ihu}eAxV FMhu=u+ TGA, u), (1.1)
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378 Y MADAY, A QUARTERONI
and we consider the problem find (A, u)e A x V such that
FAu)=0 12

Throughout this section we make the following assumption

there exasts a branch { (A, #(R)), A € A} of non singular solutions

of (1 2), m the sense that there exists a constant & > 0 such that (H1)

VAeA, WoeV, ||(d +TD, G u) v, > al v,

The symbol D, G[Ay, ug) (resp D, G[A,, u,]) denotes the Frechet derivative,
with respect to u(resp to A) of G(A, u), computed at the point (L, uy) Id 1s
the identity operator

Let N be a parameter which will tend to infimty in the applications In order
to approximate the branch { (A, u(A)), A € A } we introduce a famly { V' },
of finite dimensional subspaces of V, and a family { Ty } of operators belong-
mgto L(V', V) I not otherwise specified, for any N the space V' 1s equipped
by the norm of V

Let us now introduce the mappimng Fy A x V — Vdefined by

FV()\’: u) =u + T\r G(A” U) ] (l z)
and consider the approximate problem find {2, uy } c A x V¥, such that
Fy(,uy) =0 (4

The following result 1s due to Brezzi, Rappaz and Raviart (see [4, theorem 6]
and replace suitably h by N)

THEORFM 1 1 Let m = 1 be an wnteger , assume that G 1s a C™"! mapping
from A x V nto W, and that D™** G 1s bounded over any bounded subset of
A x V Letlly V — Vy becontinuous operator satisfying

YVveV lm |[IIyv—vl, =0, (15)
N—= o

moreover assume that

Iélm [Ty =T lew vy =0 (1 6)

Then there exist a neighborhood 9 of the origin in V and, for N > N, large
enough, a umique C™** mapping k. € A — uy(L) € V, such that

VieA, Fy(h,uy}) =0, uy(r) —u(r)e a7

R AIR O Analyse numerique/Numerical Analysis



APPROXIMATION OF BURGERS’ EQUATION 379

Furthermore, there exist some positive constants K; (0 < | < m) independent
of A and N such that the following estimates hold

VeA, V=0, ,m | uP®) — uOQ) ]|, <

!
<K Y {1u®@) — Oy u®) |, (18)
k=0 \
+ 1 (Ty = T) GO0, um), ,u Q) |y} O
In the estimates (I 8) we use the notation ¢® = ¢ for any function ¢

Moreover, denoting by £ (X, Y) the space of all continuous k-linear map-
ping of X* nto Y, the operators

GO AXV xZA,V)x xZLA,V)> LA, V)

are defined by the recurrence formula
G(k)(l, , u(k)) = Dx G(k_l)(K, , u(k-l)) + D G(k_l)(X, , u(k—l)) uV +

k—1
+ Z Dum G(k—l)(}\" , u(k—l)) u(1+ 1)
J=1

Let us now define a more general class of problems which approximate
(1 2) To this end, let Z be a Banach space such that Vy < Z < V, the later
mmbedding being continuous We assume that there exists a real number
r = 0 such that

WweVy [vll; <CN"[vly 19

For any N let Gy R x V- V' be a mapping, which will “ approximate ”
G 1n the applications, and define F§¥ A x V, - V, by

FEO, uy) = uy + Ty Gy(A, uy) (1 10

For the approximate problem find uy € V such that

Fi,uy) =0, (1 11)

the following theorem holds

THEOREM 1| 2 Assume that the hypotheses of Theorem 1 1 hold Moreover
assume that for any he A, u(A) belong to Z Let Gy A x Vy— V' bea C"™!
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380 Y. MADAY, A. QUARTERONI

mapping, and assume that there exists a positive increasing functionK : R* — R*
such that

“ D! Gy[, v] Ig,(mxzy LRk vy S (l/"l + v zlz) I<lsm+1). (%

(1.12)

Furthermore we assume that :
1\1,1_{1.}0 %up | D, G[A, Ty u(A)] — D, GylA, Oy uM)] gy vy = 0 (1.13)
hll:ru]o §:111\) N™ | Fx(\, Oy u) ||, =0, (1.14)
131330 %up [ u(h) — Ty u(r) |, =0. (1.15)

Then, for N = N large enough and for any A € A there exist a positive constant
K independent of N and \ and a unique C™ ' mapping he A - uy(A)e Vy,
such that

F¥ uyQ) =0, || uy) — Iy u(d) |y < KN, (1.16)
Moreover there exists a positive constant K , independent of N and \ such that

| un@®) — u) [y < Ko { | u@) — Ty u@) lly + 1 (Ty — T) GO, u@) |l +
+ 1 Ty(Gy — G) O Oy u@) Iy . (1.17)

If, in addition, we assume that

lim Sup | u®(A) — Ty u®Q) |, =0, (1 <I<m) (1.18)

N—=w AeA

lim Sup || u™* Q) — Ty u™* D) |, = 0 (1.19)

N—oow AeA

then for any ) € A there exist some positive constants K, 1 < | < m, independent
of N and A, such that

1 40) — u®0) |y < Ki 3 N9 { | u®0) — Ty u®Q) [, +

+ [ (Ty = ) GO, u), ..., Q) |1y
+ I TV(G® = G) (A, Ty u(h), ..., Ty u® (M) [y } . (1.20)

(*) IfA,, ., A, Barel + 1 Banach spaces, %(4,, A,, , A,, B)denote the set of all continuous
mappings from A, x  x A, mto B which are linear in each variable

R A 1R O Analyse numérique/Numerical Analysis



APPROXIMATION OF BURGERS’ EQUATION 381

Proof : Under the hypotheses of Theorem 1.1 the implicit function theorem
allows to state that A — u(}) is a C' mapping. Moreover, thanks to (1.5)
the operator Il is uniformely bounded in N, so we get

VipeA | Ty@®) — u@) |y < 1A — . (1.21)

To complete the proof we need the following two lemmas.

Lemma 1.1 : If (1.12), ...,(1.15) and the hypotheses of Theorem 1.1 hold,
then for N = N large enough D, F¥[A, Iy u(r)] is an isomorphism of V
which satisfies

|(d + Ty D, Gy Ty u) v [y = SN0l VeV, (1.22)

(o is the constant defined by the assumption (H 1)).

Proof : Since A is compact, using (H 1) and the continuity of the operators
D,G:AxV->ZWV;W)and T : W — V, we get that there exists n, > 0
such that for any w e ¥ which verifies | w — u(d) |, < n, it follows

| (d + TD, G[A, wh v ||y, Z%HUHV YoeV . (1.23)

Moreover, using the continuity of A — u(A) we have that there exists My > 0
such that for any N > M, and any A € A we have

| My u@) = u@) [y < M- (1.24)
We use the inequality
| (Id + Ty D, Gy[A, Ty uMD v ||y = || Ad + TD, G[A, Ty u(M)D v ||, —

— | (T = Ty) (D, Gy[A, Ty u(M)] v) ||y —
— | T(DLG — Gy) I\ Ty u(M)] v) || . (1.25)

Thanks to (1.23) and (1.24) we get

| d + TD, GIA, Ty uM)) v ||y > -3—49 loll, VN>M,. (1.26)

On the other hand, using (1.6), (1.12) for I = 1, and (1.15) it follows that
there exists M, > 0 such that for any N > M, and any A € A we have

| (T = T (0, Gulh Ty u] o) [y < T ol 5 (1.27)
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382 Y. MADAY, A. QUARTERONI

finally, using (1.13) and the continuity of T we get that there exists M, > 0
such that for any N > M, and any A € A we have

| T(D(G — Gy) A, Ty uM)] v) ||y < %!I vy - (1.28)

Now we obtain (1.22) from (1.25), ... (1 28). Now the proof is complete
since V 1s finite dimensional. O

LemMa 1.2 : If (1.12),...,(1.15) and the hypotheses of theorem 1.1 hold,
we get

gl;lg | D, FX[A, Iy u())] J|Z(IR><VN,VN)< C (1.29)

(Vy is equipped with the norm of V'). Moreover, there exists an ncreasing func-
tion K, : RY — R™ such that, if
{moYeA x Vy and N(A—p|+ | Tyut) —vly) <&, (1.30)

then

| DGyIX, Ty uM)] — DGyl 0] | omeymy < Ky E) (M — 1| +
+ | Ty uh) —vl,). (1.31)

) are satis u ihere exists an lncreasmg

Furtheymore, if (1.18) a satisfie
function K, : RT —» R™ such hat 1.30) holds, we get

i
(173

o~
o

an

I| D! Gy, Ty u(r)] — D! Gylm, v] ”,Y;((IRXZ)"‘,RXV,W) <
SKE@0A —pl+ 1 Hyud) —vly) @<i<m. (1.32)

Proof : Using (1 15),(1.6) and (1.12) with / = 1 we get immediately (1 29)
Next from (1.12) it follows that

ViwvieA x Vy “ D? Gylm, v] ||.2’7(sz RxV, W) N (|H| + v “z) (1.33)

Since

Ed;(DGN[?» + t(n — ), Ty ud) + t — Ty u))]) (t0) =

= D, DGy[(1 — to) A + top, (1 — to) My u(r) + tov]-(u — A) +
+ D, DGy[(1 — to) M + tou, (1 — to) Uy u(d) + tyv]-(v — My u))),
Vi, e R.

R AIR O Analyse numérique/Numerical Analysis



APPROXIMATION OF BURGERS’ EQUATION 383

Applying the mean value theorem to
DGy [A + t(p — X)), IDyu@) + tv — Oy u(h)],
and using (1 9), (1 30) and (1 33) we have

| DGy[A, Ty u(M)] — DGyl 0] | ey w) <
SK(IM + [Hyu)llz + &) IA — pl + | Oyuh) — o, (1 34)
Therefore (1 31) holds taking K,(§) = K(|A| + || Ty ud) ||, + &)

Finally, arguing in a similar way and using (1 12) with [ =3, ,m + 1
the property (1 32) can be proved O

Let us go back to the proof of Theorem 1 2 Due to (1 21), (1 22), (1 29)
and (1 31), we can apply Theorem 1 of [4] to the mapping F ¥ in the following
situation

the space X of the theorem 1s R provided with the norm N" | A |,
the space Y, Z of the theorem are V provided with the norm N" | v |,
finally y(A) becomes ITy u()

We note that for all mapping Ay e Z(R x Vy, Vy), we have
I| AN “Y(XXY zy = ” AN ”g(RxVN V)

Then by the above mentioned result, for N > N, large enough there
exists a constant K > 0, independent of N, and a umque C! mapping
heA - uy(h)e Vy such that (1 16) holds, together with the mequality

| uy(r) — Ty u(d) ly < C| F¥A Ty u) |y, VAeA (1 35)
Using (1 1), (1 2) and (1 10), we have

| FO, Ty u) |y = || FEQ, Iy u)) — FOh, u(h) ||y <
< | Oy u@) —u@) [y + | (Ty = T) GG, u) |y +
+ || Ta(Gy — GY W Ty u@)) [y + | Tu(G(, TTy u(h)) — G, u) v
1 36)

using (1 6), (1 5) and the differentiability of G we obtain

| Th(GO Tl uM) — GO, u) [y < € | GO Ty uh)) — Gh, uh)) i <
< Cl Oyu) —u@) |y, (1 37)

Now (1 17) 1s a consequence of (1 35), (1 36) and (1 37)
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384 Y. MADAY, A. QUARTERONI

In order to prove (1 20) we apply the theorem 2 of [4] to F¥, indeed, from
(1 9) we have

VAN € gl(R X VN; VN) H AN ;igl(XxY,Z) < C .! AN H,([,((RXZ)I—l,RxV,W)s
and

Yoe Vy v ”y((x,y) =|v %:.%(X,Z) < CNO-r v ”V .

Due to (1 18) and (1 19), using the above mentioned theorem we get the
nequality

| u@ ) —u® )|, <C i NE=Rr | FE L Ty u(h), .., Ty u® (M) |y
k=0

(1.38)

for I = 1,...,m and for any A € A. Finally we can obtain (1.20) from (1.38),
using (1.6), (1.15), (1.18), (1.19), the hypotheses that G is a C™** mapping,
and the identities

F® O uh), .., u® () =0 for k=0,..,m. [

e e
(3

<
SLILALT>

(4

T T
1l.&. DATIUL

Let Y, H, K be three Banach spaces, equipped with the norms || . ||y, || - g
and || . || respectively, such that the following imbeddings hold

KoV cH Y.

Moreover, assume that T can be extended to a compact operator from Y
into H, and that D, G[A, v] can be extended to D, G[A,v]e L (H; Y).

THEOREM 1.3 : Let the hypotheses of Theorem 1.2 hold, and let uy be the
solution of (1.11). Assume that for any X in A :

the mapping ve K — D, G[A,v] e ZL(H; Y) is continuous ;  (1.39)

the mapping D, F [\, u(X)] is an 1somorphism of H ; (1.40)
z\lzim | T — Ty ilZ(Y,H) =0 (1.41)

u(h) and uy(A) belong to K and | uy(\) — u(X) | tends to zero with 1)N .
(1.42)
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APPROXIMATION OF BURGERS’ EQUATION 385
Then, for N large enough the following estimate holds
YieA ” u(h) — up(d) HH < C{| Fy(uh)) llg +
+ | Ty(G — Gy) (A, uy(D)) ”H} (1.43)

Remark 1.1 : From (1.43) we derive also that
VieA [[ud) — uyQ) ||z < C{I(Ty — T) GO, u) g +
+ G =Gy Muy@) Iy} O
Proof : Since F¥(A, uy(A)) = 0, we have

Fy(, u()) = Fy(h, ud)) — FE(, uy())
= D, F[A, uM)] (u() — uy()) +
+ (Ty = T) D, G[A, uM)] () — uy)) + Ty(G (2, u(r))
= G\, uy)) — D, G, u(M)] (u(r) — uy(r))
+ Tn(G(, uy@)) — Gy(k, uy())) - (1.44)

Let us examine each term of the right hand side.
First, using (1.40) we deduce that there exists a positive constant B such
that

| D, FIA, u@)] @) — uy@)) [ = B | uh) — uy) [l (1.45)

Next, thanks to (1.39) and (1.41) we get

| (Ty — T)(D, G[A, uM)) (k) — uy)) || < &(N) || u(h) — uyA) ||
(1.46)

where g(N) tends to 0 with 1/N.
On the other hand, setting uy(A) = Buy(X) + (1 — 0) u(r), for any 6 € [0, 1],
and for any A € A, we have

G u@) — G(h, uyA)) — D, G[A, u()] () — uy()) =

= J (D G[%, ug(M)] — D, GIM, ug(M)]) dB(u(h) — uy(r)) .

0

vol. 16, n° 4, 1982



386 Y MADAY, A QUARTERONI

Then by (1 39) and (1 41) 1t follows

| Tn { GO u(h) — G uy(A)) — D, GIA, u(M)]) (uh) — uy(M) } [ <

< Ce(N) 1} ud) — uy(d) ﬂ,, (1 47)
where

g(N) = '[ J (D, G\, us(A)] — D, G[X, u]) d6 |
0

| 2@ v)

tends to zero with 1/N due to (1 39) and to (1 42) Finally (1 43) holds from
(1 44), (1 47)taking C = (B — e(N) —g(N)™' O

CoROLLARY 1 1 Assume that (1 39), (1 41), (1 42) hold, together with the
hvpotheses of Theorem 1 2 and with the following regularity assumption

if ve H verifies v + TD, G[M, u(M)]Jv = 0 then veV (1 48)

Then (1 43) holds

Proof To check that (1 40) holds let us note that D, F[A, u(A)] 1s a compact
operator of #(H, H) Then by the Fredholm alternative we only need to
check that

if D,F[Au(d)]v=0 then ¢+ =0 (1 49)

Besides that (1 49) follows easily from (1 48) and hypothesis (H 1) 0

1.3. The Newton method to solve the approximate problem

In this section A 1s considered to be fixed
We assume that Gy, A x Vy — V 1s a C? mapping, and that there exists
a positive constant § independent of N such that for any A e A

“ TN Du2 GN[)" uh(}\')] }‘,lyz(v;\. V~) < 6 3 (1 50)

There exists a mapping ¢ R* — R¥ such that g(x)/x vanishes when x tends
to zero, and for any A € A, for any v € V  the following estimates hold

| Ta(D, Gy[A, ©] — D, Gk, ux(M)] — D2 Gk, uy(W)] 0 — uy)) | 2 vy <
<ello—uyd)ly), (151)

| Ty(Gy(, v) — Gy(h, uy(N)) — D, Gy[h, uy(M)] (0 — uy(A)) —
— D} Gy[h, uy v — uy@)?) ||y < &l v — uy@) 12) (1 52)

R AIR O Analyse numenque/Numerical Analysis



APPROXIMATION OF BURGERS’ EQUATION 387

Arguing as 1n the proof of Lemma 1 1 we can establish the following result
LeEMMA 1 3 Assume that the hypotheses (1 12), ,(1 15), (1 48) and those
of Theorem 1 1 hold Let o be the constant defined by the property (H1) There
exists a constant ) > 0 such that for N = N, large enough, and for any ve Vy

which satisfies || v — Iy u(A) ||, < n, the mappimg D, Fy[\, v] 1s an 1somor-
phism of Vy, thus

| D, Fylh, o] w ||y = % lwl, YweVy (1 53)

Moreover it follows that

g(x)/x <1 Vx <n O (1 54)

Let v° €V, be given and consider the followng Newton scheme find
"l eVy (n = 0) by solving

D, Fy[h, v"] 0"t 1 = D, Fy[h, v") 0" — Fy(h, v") (1 55)

THEOREM 1 4  Assume that the hypotheses of the previous lemma hold
Moreover, assume that if N = N,

| uy) — My ud) [y < m/2 1 56)

Then, there exists p > 0 such that, if v° satisfies

| v° = uy) |y < p, 1 57)

the Newton iterates (V") are umvocally defined by (1 55) and converge quadra-
tically to the solution uy(A) of (1 11)

Proof As A 1s fixed we shall drop any dependence on 1t along this proof
Dcnoting by p the minimum between n/2 and «/(4(8 + 2)), from (1 56) and
(1 57) 1t follows that || v — My ul, < 7

Then by Lemma 1 3 the first iterate v' of (1 55) 1s univocally defined
By induction on n we shall prove that for any n | v""! —uy ||, < p As
a matter of fact, assume that | v" — uy |, < p By (1 56) we get that
| TIyu —v" |, <n Taking v = v" and w = v"*! — uy m (1 53) gives

1 d + Ty D, Gy[o") 0" — uy) |y = 2ot —uy |y (1 58)

&
a
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On the other hand, from (1.55), (1.11), (1.51), (1.52) and (1.54) we get
H (Id + Ty D, Gy[v"]) """ — uy) I\V = “ Ty, Gy[v"] v") —
— Ty Gy(") — D, F[v"  uy “V <

< H Ty Duz Gyluy] 0" — uN)2 HV + 200" — uy Hff
Fmally, by (1.50) and (1.58) 1t follows that

46 +2)
jo

n+1

0" " —uylly < o™ = uy IV (1.59)

and therefore || v*"* — uy ||, < p. Then all the Newton iterates are univo-
cally defined by (1.55), and, due to (1.59), they converge quadratically to
Upy. O

2. THE BURGERS’ EQUATION : PRELIMINARIES

We denote by I the interval (— 1, 1) and by x the current variable of I.
We consider two weight functions : w(x) = 1 (Legendre weight), and

o(x) = (1 — x?)" 12

(Chebyshev weight). We make use in this paper of the weighted Sobolev spaces
H;(I). They are defined as follows : for s = 0 we set

HXI)=LiI)= {¢ :I > R| ¢ is measurable and (¢, ¢p), < + o } (2.1)

where (¢, V), = J d(x) Y(x) o(x) dx denotes the inner product of L2(I).
I
For any integer s > 0, we set
H(I) = {beLiI)|D"deLil), 0<k<s}, 2.2)

where D = d/dx; H;(I) is equipped with the following norm
o1, = kZoj (D* ¢)? (x) o(x) dx .
=PI

For any real, non integral s, the space H}(I) is defined by the complex
interpolation method (see e.g. [3, Ch. 4]). For any integer s > 0 we denote
by Hg (1) the closure of Z(I) into H3(I); finally for non integer s > 0 we
define Hg () by interpolation. If w = | the spaces H;(/) and Hj ,(I) coin-
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cide with the classical Sobolev spaces H*(I) and H([) respectively, provided
s¢N +% (see eg [3, 10]). For w(x) = (1 — x?)~'? some properties of

spaces H;(I) have been given 1 [11], we shall constantly refer to them along
this paper The same results for the weight @ = 1 are well known, and we
still refer to [1, 10] for the proofs

Let € be a positive real number, and f be a given function of L2(I).

We consider the following problem : find u € Hj ,(I) solution of

—eu, +uu, =f ml. (2.3)
Correspondingly to Legendre’s and Chebyshev’s weight @ we set
V =H{ (I), W = dual space of H}/4(I), (2.4)

and we itroduce the bilinear form ¢ : ¥V x ¥V — R defined by
c(u, v) = j u (vw), dx . 295
I

LeEMMA 2 1 : There exist three positive constants o, B, y such that for any
ue HY(I) and ve V we have

lolloe < allvgllo, (Poincaré's inequality) (2 6)
ce V= Bloli, 2.7
[ )| <y luloylivloy. O 2.8)

If ® = 1 the above results are well known : note that c(., .) 1s the classical
H} mner product. For (x) = (1 — x?)"%2,(2.6), (2 7) and (2 8) have been
proved 1n [5] Thanks to this lemma, the norm defined by c(v, v)Y/2, Vo e V,
1s equivalent to || v ||; , (we note that if ® 1s not constant ¢(., .) 1s not an inner
product since 1t 15 not symmetric).

Let us define the linear operator T : V' — V by

«(Tg, ¢) =<9, 0> VoeV 2.9)
we recall that (see [11, Remark 1.2 and Theorem 2 4]) for all se[— 1,0[
T 1s continuous from Hy (1) mto V n H 27(1). (2.10)

We define also the mapping G : R x V - W by

G, u) = Muu, = f) ; (2 11)
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we note that G is a C* mapping, and for any ke N, D* G is bounded over
any bounded subset of R x V. Moreover, since W is obtained by interpo-
lation between V' and L2(I), it contains topologically L2(I), so we have

| GOw) w < [ GO ) fo,6-

then, since V < L*(I) (see [11, Theorem 2.2]) we get
GO u) | <IN Jute — S llog < Crl Mt lpeopny L 1,6 + 1 fllo,0) <

SCIMTulte+ 1flow . (2.12)
In addition we get that

T is a compact operator from W into V . (2.13)

This property follows easily from (2.10); indeed, T maps continuously W
into H*(I) n V, which in turn is compactly imbedded into V' (see [11, Theo-
rem 2.1]) so (2.13) holds.

Letusset F:R x V -V,

Fhu)=u+ TG, u); (2.14)

the problem (2.3) can be equivalently written as follows : find u € V such
that

F(hu) =0, 2.15)

where A = 1/e.

It can be easily seen that problem (2.3) admits a unique solution. Thus
for any compact subset A of R™ the branch { { A, u(\) }, A € A } is non singu-
lar, i.e. it satisfies condition (H1). So in this paper A will denote a generic
compact interval of R*.

3. APPROXIMATIONS BY PSEUDO-SPECTRAL METHODS : STABILITY AND

CONVERGENCE

Let us denote by { p, },~~, the family of polynomials which are orthogonal
with respect to the LZ(I) inner product (., .),. It is well known (see e.g. [14])
that if ® = 1 we have p, = A, L,, where A, = (2 n + 1)/2)"/* and L, is the
n-th degree Legendre polynomial. If w(x) = (1 — x?)" 2 then p, =1, T,
with 1, = (1/n)? 1, =/2 15 if n > 1, and T, is the n-th degree Chebyshev
polynomial of the first kind.

We denote by FO§ = {(x;, ®)} |0 <j< N} the Gauss-Lobatto inte-
gration formula relatively to the weight ®, with nodes

—l=xy<x;, < <xy=1
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and weights @, > 0 (see e.g. [7]). Then we have
N
Vg e P,y () J gx) o(x)dx = Y g(x) o, 3.1
I J=0

where P,,(I) denotes the space of polynomials of degree < m over I.
We introduce a bilinear form over C°(I) by setting

@ Vo = 3 60)¥(x) o, (.2)

and an interpolation operator P, : C°(I) —» Py(I) defined by

(Pou)(x) =ulx), 0<j<N. (3.3)
It is easy to check that for any ue C (I, we have

N u,
Pcu _ Z ﬁk pk’ o ( pN)N,u)

= ’ﬁzu, © ng—l. 3.4
k=0 N (pvaN)N,m o= pk)N’ ( )

Using (3.2) and (3.3) we also have that

Vi, e COI) (P u, d)y.o = W Ply.o (3.5)
Vo ePyI), YWePy_i(I) (& Wy = (@ V), (3.6)

Following [6], the triple (I, F gﬁ,, P,) is called a Legendre (or Chebyshev)
spectral interpolation system, according that @ = 1 (or w(x) = (1 — x?)7 /2,
respectively).

To approximate (2. 3) we introduce the following pseudo-spectral problem :
find uy € V such that

Vo e Vy — (i Oy + 5 (Pt Ohvo = ML Oy (B.7)

where Vy = {dePyI) | ¢(- 1) = ¢(1) =0}.

Remark 3.1 : For any j = 1,..., N — 1 let ¢, denote the function of V'
defined by : ¢,(x,) = 8,4, k =0, ..., N. Then from (3.7) we get

() + 5Pl (x) = M(x), 1<j<N -1
{ 3.8)

uy(xo) = upy(xy) = 0.

vol 16, n° 4, 1982



392 Y MADAY, A QUARTERONI

Conversely, multiplying the first equation of (3 8) by ¢(x) w, (¢ € Vy)
and adding over j from 0 up to N we get that u, satisfies (3 7) Hence (3 7)
and (3 8) are equivalent

Since —;—(ufv)x = uy uy_, (3 8) should be a standard collocation method for

(2 3) at the nodes x,, 1 <j < N — 1, 1f (u}), was used mstead of [P, u3],
On the other hand, to interpolate before making derivatives 1s one of the
features of pseudo-spectral methods since 1t 1s quite easy to implement suc-
cessfully this process (see e g [8,9]) Fnally, we note that for defining correctly
(3 7), f must be continuous, and for that 1t 1s enough to require that fe H}(I),

- 1
for some s > 5([11, Theorem 2 2]) For ease of exposition only, we shall

assume that f belongs to H (1) 7

We want to develop the analysis of the pseudo-spectral problem (3 7) in
the abstract framework of Section 1 For that we define the operator
Ty V' > Vyby

VoeVy c(Tyg, ¢)=<g.¢), (39
moreover we define [T, V — V, by
YVoeVy clyv, d) = cl,d) (3 10)
Using (2 9) we get immediately
Ty=IyoT (3 11)

Let us recall the following result which holds for both Legendre and Che-
byshev weights (see [11], Theorems 1 1 and 1 4])

Vue H N V,o21, Jlu—Hyul,, <CN*|ul,, 0<p<l

3 12)
Thanks to (3 12) and using density arguments we can show that
YVoeV Im ||[v — yvi,,=0 3 13)
N-owo
Moreover 1t can be proved that
Im [T — Ty ;|_Z’(W yy =0 (3 14)

N—aw
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From (2.4), (2.10), (3.11) and (3.12) we have

VgeW, [(T ~Ty)glie=]0d =Ty Tg ||, <CN | Tgllsu,<
S CN ™ "iglw,
so that | T — Ty gy < CN™Y* and (3.14) follows. Finally for any

re A we set

VweVy, VoeV (Gy(Rv),¢> =35 (P v’ 0)y — Mf Oy (3.15)

N>

LemMA 3.1 : For any A € R and v e Vy the operator Gy(A, v) belongs to V.
Proof : The linearity is obvious by definition, so let us check the continuity.

(i) We start by proving the following inequality

Vze L2(I), VeV

J 2pw), dx | < Clzlou I &l (3-16)
1

If ® = 1 it is a consequence of the Cauchy-Schwarz inequality. Otherwise

we set w(x) = j‘ z(€) d& ; clearly w e Hl(I) and by (2.8), we have
-1

L z(¢w), dx <Vl wellowl & lly,0

J w (do), dx

and (3.16) holds.

(i1) At this sep we want to evaluate the quantities
E( ¢) = |t Plva — 06 |
for any x, e C °(T). Let us recall the following result : setting
1o lfe = (& P

we have [6]

LRI EY Y EY NS T e (3.17)

Moreover we get (see [6, Theorems 3.1 and 3.2]) for any u € H3(I) with
c > %, and for any p € [0, o]

N2 if ox) = (1 — x?)" 12

N2=e*I2 =1, (.18)

lu—Poull,<Cluls, {
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Let us denote by I1,,y L2(I) —» Py(I) the L2 projection operator upon
PN(I )a 1€

Vo ePy(l) (u — Moy u, §), =0 (3 19)
We have (see [6, Theorems 2 1 and 2 3]) for any ue HJ(I) with 6 > 0
lu —Myyullege, <CN “lul, (3 20)
First we assume that ¢ € Py(Z) Using (3 5) and (3 6) we have

E(X: d)) = |(ch’ ¢)Nn - (HON—1 X.a cb)Nw + (HON—1 X’(b)w - (X, cb)w|
= |((Pc —on- )% PIve + Moy 1 X _Xa¢)m| <
< || (P, _HON—l)X.HNm“ (b“Nm + [ Honoy X — XMool dllo,, (B21)

then using (3 17) we have
V1 e COM), Vo ePy), | (6 Olvo — (1 P | <
SCldlloullx —Pxllog+ lx—Tonoyxlon) (3 22)

If ¢ does not belong to Py(I), arguing as before we get

E(X7¢) = I(ch’Pcd))Nm _(H0N~1 X’ch))Nm +(H0N—1X’Pc¢))w -

— I %P+ Wy ny %9 — (8, I <

SC{IP. —Tony-)x ol Pedlioy +
+ [ ooy XMhould =P dllo, +1x—Toy 1 XMool ®llow)s

using (3 18) and (3 20) we obtain that for any % <p<gl1

VXEH;(I),VQ)EHSQ(I)a I(Xad))Nm_(X’d))wIS
SCNYD Iyl ol dl, 23)

(m) Now we want to show that the difference between G, and G vanishes
when N tends to infinity
For any Ahe R and ve Vy, (2 11) and (3 15) lead to

YoeV (G- G)o)d) =>»{§j 0 — P.o?), bw dx +

£ (L 0)y = (f, by } (3 24)
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Integrating by parts and using (3 16) and (3 18) we get

’ J (v* — P.v?), do dx

:l‘j ©* — P v*) (do), dx | <

SCIv =P ool & lio SCNT 0% [ ul &1y u<
<SCN Y, 101, ¢ 25)

where the last mequality 1s due to the fact that H!(I) 1s an algebra (see [1,
Theorem 5 23] and [11, Theorem 1 2]) Finally, using (3 24), (3 25)and (3 23)
with ¥y = f for any A € R we obtain that

VoeVy, YoeV, |<(G -Gy, d)|<
SCN 20 (lolBBa+ 1/l dlle (3 26)

(1v) Since W 1s topologically imbedded m V , using (2 12) we have that
G(X, v) belongs to V' for any L € R and any v € Vy Hence using (3 26) the
lemma 1s proved O

Let us go back to problem (3 7) Using (3 6) and integrating by parts we
have

VoeVy = (un,, Py o = — (un,,» ) = cluy, 9) (3 27)
Then by the definition (3 15), it follows from (3 7) and (3 27) that

Vd) € VN c(uNa q)) = - < GNO‘) uN)a Cb >

Fmally, setting Fff R x Vy - Vy,
FY(, uy) = uy + Ty Gy(h, uy), (3 28)

we get from (3 9) that the pseudo-spectral problem (3 7) 1s equivalent to
finding uy € V) such that

Fr(,uy) =0 3 29)

In order to apply the abstract Theorem 1 2 to problem (3 29) we need to
prove some further results

LEMMA 3 2 The operator Gy, defined bv (3 15)1sa C* mapping from A x V
mto V. Moreover there exists a positive wncreasing function K R* —» R*
such that

Viz 1 | D'Gyh ol [gqmxvym < K(A + vl ) (3 30)
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Proof : The first assertion is obvious. To prove (3.30) we proceed by steps.

(i) Consider first the derivative with respect to X ; using (3.15) we have for
any pe A

{ Dy Gy[M 0l (1), ¢ ) = %uf (P.v?), b dx — p(f, d)yo- (3.31)

It follows from the Cauchy-Schwarz inequality that

Vo e La(I) lJr (Pcvz)x¢mde<C
: |

On the other hand, integrating by parts and using (3.16) and (3.31) we have

VoeV SC PV Mol dlly,- (3.33)

J (P v?), b dx
1

Finally, by interpolation between (3.32) and (3.33) (see [3, Theorem 4.4.1])
we obtain

T\ 7y 2 ' H | —~ - 2 s -~
) J (P.v*), 00 dx | < C I P 0" a0l ®llajae- (3.34)
1

Using (3.18) and the mequality | v* |, , < C|[ v}, we have that

1,

H Pc v? ||1/4,m < l| v? ||1/4,m + H v — Pc v? “1/4,m <C || v? H1,m <C || v ||2

1,0 7

in addition, since || ¢ ||, ;) < C || & li54.,, (see [11, Theorem 1.2]), we have
Vo e H?)fi(l) I(fa q))N,m | <C|f “L’(l) (RN n S

SCI Sl &lls,0-

Summarizing the previous inequality and using (3.31) and (3.34) we get

| Dy Gulh, 0 [l gy < CU f e + 10 170) - (3.35)

Clearly, higher order derivatives with respect to A vanish identically.
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(1) We consider now D, G, arguing as in (1) we have

| (D, Gl 7] (w>,¢>i=\—x J [P.(ow)], bo dx | <

1

< ClA| { | Peow) 10 I & o, Y & L2(1)
| Peow) oo 10 1.0y VeV

Then by mterpolation 1t follows from (3 18) that
YweV, Voe HYI), [(D,GAv](w),d)|<
SCIM vlellwliygll ¢ ls40
whence
| Du GuIA 0] | wmnviny < CIAL 0l (3 36)

(1) Finally consider the second order derivatives of Gy For any pe R
we have

YweV [{Dy Gylhol((mw} o) |= ' —HJ [P(ow)], do dx |,

then proceeding as mn (1) this term can be bounded by

Inl ol olwlioll & lls40,
so we get
“ Du).. GND\'s U] ”y([RxV]Z,W) <Clv ”1,(,, . 3 37)

Finally

Ywpws €V C Doy Gyl o] (s wy 1), 6 > = — XJ [P.(ws, wy)]. G dx

1

so arguing as usual we obtam
| Duww GulAs 0] [ oz xvizwy < C I (3 38)
Higher order derivatives vanish identically, so (3 30) follows from (3 35), .,
(3 38) O
LemMaA 3 3 : We have

Im sup | D,(G — Gy) [A, Iy u(M)] | gy vy =0 (3 39)

N—>x €A
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Proof Using (3 26), (3 16), (3 18) and setting v = IT, u(A) we have for
anyweV

VoeV [(DUG -Gy v]w)d)|=

A Jv { ow), — [P (ww)], } do dx

<

B )“J [@w) = P(ow)] (¢0), dx

Cinl | vw — Pww) oo Il &1 o
CIMN Y ow|y Il dllys
SCIAMN ol olwlliol i,

NN

Then noting that v, , = | Oyu) |, < C|u)|,, by (3 20), the
property (3 39) follows O

LEMMA 3 4 We have

hm sup | FEQ. Ty u@W) |, o = 0 (3 40)
N—-ow reA

Propf From (2 14) (2 15) and (2 28) we get

- Y - ~ \ /% \ i Aatehatil G ¢4 v oVt

FE(, Ty u@)) = FY(, Oy u@)) — F(A, uV)) = Ty u@) — u() +
+ (Ty — T) G(A, u(d)) + Ty(G(, TIy u(r)) — G, u(L))) +
+ Ty(Gy — G) (L My u(h)) (3 41)

Using (2 14) and (3 11) we have
| (Ty = T) GO u) ||y o = | u(h) — Ty ud) |, , (3 42)

owing to the uniform continuity of Iy 1n V (see (3 20)), to the differentiability
of G, to the continuity of T from W into V and to (1 5) we have

| TG, Ty u(h)) — GO, uW) ||, » < C || TGO, Ty u(r)) —
— G u) || » < C | GO Iy uh) — GO, u)) |y <
< C|Myud) —ud) |, (3 43)
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Finally, using (3.16), (3.21) and (3.26) we have

| Tv(Gy — G)Y (0, Ty uV)) ||, =
= sup <Gy -G)ATIyu) ¢ )| =

¢eVn [9ll1,0=1
1
= su = 2 _ 2
sevn i o1 12 L [([y u(A))?> — P Ty u(M)?], o dx +

+ (L) = (L Oy <

< C{Il Ty u)® — Py u)? oo + 1 f = Pefllow +
+ 0 f=Hon-y fllow} < C{Tu)? — Pou@)? llo,,
+ 1 d = P) @) — My uMN*) oo + 1 f = Pefllo +
+ 1 f=Hon-1Sllow)- (3.44)

Now (3 40) holds thanks to (3.41), ..., (3.44) and to (3.18) and (3.20). O
Finally we have :

THEOREM 3.1 : Let { { A, u(X) }, A € A } be a branch of non singular solutions
of (2.15), and let N be a sufficiently large number. There exist a neighborhood 6
o/ 0 independent of N, and, for any e A, a unique C* mapping h — u\()L)
such that

Fi(h uy(\)) = 0, uy(h) — Iy u(h)€ 0. (3.45)

Moreover, if fe HJ(I)| 6 > -;-), then for any he A u(\)e V. n HZ*2(I),

and the following error estimate holds :
[ uy®) — u) 10 < C{NT D ud) llg42,0 +
+ NN u) 12400 + N7 fllon} (3.46)

where e(®) =0 if w(x) =1 — x?)" Y2, and e(w) =% if =1

Proof : Due to (3.13), (3.14), (2.13) and Lemmas (3.1), (3.2), (3.3) and
(3.4) we can apply Theorem 1.2 with Z = V. Note that the hypothesis
(1.9)1s trivially satisfied with » = 0. Then by (1.16) we immediately get (3.45).
Moreover it follows from (1.17), (3.42) and (3.44) that for any A€ A
| uy@) = u) [|1,o < C {11 (Id — Ty) u() Il;,, +

+ 1 @d ~ P) @) — [Ty u@P) lo + 1| Ad = P u(o)? [, +
+ 1 dd = P) flloe + I (1d = MMon_1)fllow}- (3.47)
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Using the continuity of the operator T from H:(I) mto V ~ HZ*2(I) 1f
s = 0(see[11, Theorem 1 4 and Remark 1 2]), 1t 1s easy to see that1f fe HS(I),
then for any A the solution of (2 3) belongs to HZ*2(I), so u(A) e V.~ HZ**(I)

for any A Using (3 18) and the fact that HS*?(I) 1s an algebra we get
| @d — P) @) o < CNO7270 | 2(1) |, <

< CN*®2 [ u() |24, (3 48)

Moreover, using (3 12) and (3 18) we have

I — P) @) — My u(N?) |, , <
< CNe@O™ U uh) — Ty u@h) || o || ) + My u) | o
< CND727 L u) [lgwn o | #) {1 (3 49)

Finally, using (3 18) and (3 20), (3 46) follows from (3 47), , (3 49) |

We want now to obtain an L2 error estimate that improves the one which
can be trivially deduced from (3 46)

To this and let M > N be an mnteger and define the discrete mner product
(+» v o as 1 (3 2) by formally replacing N with M

Let P denote the interpolation operator with respect to the points x,,
0<v<M Usng (318) we then obtan

5 N (AM279  of olx) — (1 — x2) 12
= — < Clfl
VO' > 2 ”f PcfHOm ~ C l.f“c—Z ® iM(s/z)_c 1f (D(X) = 1
20—1
hence, if M > N°©~2 when o(x) =(1 — x?) 2, and M > N?° 3 when
® = 1, we deduce the inequality
If =P fllow < CUfls 24 N4@° (3 50)

Define now a new pseudo spectral problem as follows find @y € Vy such
that

Fy(h, ity(0) = 0 (3 51)
Here we set, for any Le A, veVy and eV

Gy 0, 6> = 5 (Pev™] 0)y — AL Dl G 52)

and
Fyv) = v + Ty Gy, v)
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We note that problem (3 51) differs from problem (3 29) only for a more
precise integration formula used for the computation of the contributions
of f.

It 1s an easy matter to check that the Theorem 3 1 still holds if uy 1s replaced
by iiy and F3¥ by Fy

THEOREM 3 2. Assume that, for some s > 2, fe HS™*(I) and that the mapping
AeA - u(h)eV n HI(I) 1s continuous.

Then for any Ae A there exists a positive constant C(\) depending on
| () || g, and on || f lg—1,o Such that

| iy ) — uh) o0 < CO) N@=° (3 54)

Proof : To achieve (3 54) 1t 1s sufficient to verify the hypotheses of the
Corollary 1 1

For that weset K = V, H = L}(I)and Y = V".
First, we deduce from (2.11) that

D, G[A, v]w = %(vw)x

If veV and we H, then vwe H, and by (3 16) we get that
(ow), € (HS ) = ¥

This proves (1.39).
Next, 1t 15 an easy consequence of (2 10) that (1 48) holds. Then, (1.41)
1s a simple consequence of (2 10), (3 11) and (3 12)

Fmally, as previously seen, | iy(A) — u(\) |, = O(1/N), hence (1 42)
holds

Then using (1 43) we obtamn for any A € A
[ EyA) = u) [o0 < C [ u) + Ty GG, u(m)) oo +
+ | TV(G = Gy (b, iiy(MV) [0, - (3 59)
Using the equality u(X) + TG, u(k)) = 0, and Ty = [yo T we get

| uh) + Ty GO, uh)) o0 < CN 7 u@) ||y, (3 56)

Next let us estimate the last term of (3.55).
By Lemma 2 1 there exists ¢ € V such that for any ve Vy

e, &) = (v, Ty(G — Gy) (A, @y(L), - 3.57)
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Moreover there exists a positive constant C such that
19110 < C| THG = Gy) (s i) [0
Then, taking v = Tx(G — Gy) (A, fiy(A)) by (3 57) we get
| Tn(G = Gy) O\ i) 5 = (Tw(G — Gy) (b, iy(2), )
Using now (3 9), (3 16) and (3 21) we have
| TV(G = Gy) s W) 5 = [ (G = Gy (h 5 )), & ) | =
= l"{%fl[ﬂd — P) g\, dw dx + (f, d), — (f,d))MmH <
SCIAM{1Ad = PY@E0) o, + 110d = P)Sllo, +
+ 1 dd - Hop-Dflentlielly B39
Using (3 18) we estimate the first term of the right hand side as follows

| ad — P)aR) o, < [ Ad = PYu>(R) oo +
+ [ dd = P) @) — @3 flo o < C{N7[u@0) 2, +
+ NeOT gy A) — u) [l o Il 3y) + u) [, o}

Using the H'-error estimate concerning #y, and (3 50), (3 58) and (3 59)
we then get

| TN(G — Gy) (s Gy ) [lo w < CIMT{ N7 | u() g +

+ N2 y() 2, + NC@7° | [l , .} (3 60)

Finally, from (3 55), (3 56) and (3 60) we conclude that
| av) — ud) | < CIA N L u@)ll,, +

+ N u) 156 + 1 f o=z 0}
So (3 54) holds O

We finish this paper by making some remarks about the practical solution
of the approximate problem As an example let us consider the pseudo-spectral

problem (3 29) Following the Section 1 3, according to (1 55) we can define
a sequence (v") of functions of V by solving

(Id + Ty D, Gy[v")) "+ —v") = — (" + Ty Gy@"), n=0 (3 55)
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(the parameter A 1s taken as fixed, so it does not appear 1n (3 55)) An equi-
valent form of (3 55) 1s as follows find v"*! € V such that

VoeVy c"'¢)+ kj [P(" v"" 1)), dw dx =

I

x J [PW"P], b0 dx + (fd)y, (G 56)

To apply Theorem 1 4 we need only to check that (1 50) holds
Using Lemma 2 1 and (3 9), (3 11), (3 12) 1t follows

Vo,we Vy | Ty DZ Gyluy] (v, w) |2 < B~ o(Ty D2 Gyluy] (v, w),
Ty D2 Gyluy) (v, w)) < B¢ I < D? Gyluy] (v, w),
Ty D? Gyluy] (v, w) > | < CB~ sup  (P(ow),, ),]*
|l¢¢‘|gl‘ 1
Fmally, by (3 16), (3 18) and the mequality [ on ||, , < Cllofly oI Wl
we get

” Ty Duz Gyluy] (v, w) HI% <Clvo ||§ o llw ”% ®

hence (3 50) holds
Then by Theorem 1 4 we can conclude that 1f v° 1s suitably chosen, then the
Newton 1terates (v") converge quadratically to uy(A) for any A € A
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