RAIRO
ANALYSE NUMERIQUE

MICHAL KRIZEK

Conforming equilibrium finite element methods
for some elliptic plane problems

RAIRO — Analyse numérique, tome 17, n° 1 (1983), p. 35-65.
<http://www.numdam.org/item?id=M2AN_1983__17_1_35_0>

© AFCET, 1983, tous droits réservés.

L’acces aux archives de la revue « RAIRO — Analyse numérique » implique
I’accord avec les conditions générales d’utilisation (http://www.numdam.org/
legal.php). Toute utilisation commerciale ou impression systématique est
constitutive d’une infraction pénale. Toute copie ou impression de ce fi-
chier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=M2AN_1983__17_1_35_0
http://www.numdam.org/legal.php
http://www.numdam.org/legal.php
http://www.numdam.org/
http://www.numdam.org/

R.A.LLR.O. Analyse numérique/Numerical Analysis
(vol. 17, ne 1, 1983, p. 35 &4 65)

CONFORMING EQUILIBRIUM FINITE ELEMENT
METHODS FOR SOME ELLIPTIC PLANE PROBLEMS (*)

by Michal Kiizex ()

Communicated by P. G. CIARLET

Abstract. — An equilibrium finite element method for the Stokes problem and for the dual varia-
tional formulations of the steady-state heat conduction problem, linear elasticity and biharmonic

— problemis described. Using the stream and Airy function, the convergence of such a method is trans-—

formed into the well-known convergence results for finite elements. A number of finite element spaces
of divergence-free functions is constructed and an easy way of generating basis functions with small
supports in these spaces is shown. The approximate solutions of all the above problems can be obtained
by solving a system of linear algebraic equations.

Résumé. — On s’intéresse a une méthode d’éléments finis « équilibre » pour le probléme de Stokes
et pour les formulations variationnelles duales du probléme stationnaire de la chaleur, du probléme
de I’élasticité linéaire et du probléme biharmonique. En utilisant la fonction de courant et la fonction
d’Airy, la convergence de cette méthode se raméne d des résultats connus de la convergence, de la
méthode des éléments finis. On construit un certain nombre d’espaces d’éléments finis de fonctions
a divergence nulle et on donne un moyen facile de construire des fonctions de base avec des petits
supports dans ces espaces. Les solutions approchées des problémes ci-dessus peuvent étre obtenues
par la solution de systémes d’équations algébriquement linéaires.

The aim of this paper is to investigate finite element subspaces of the spaces
of divergence-free functions, which play an important role in some problems
of continuum mechanics and incompressible fluids. We shall deal with standard
elliptic boundary value problems of the second and fourth order, where the
cogradients of the solutions (heat flows, stresses, bending moments) are often
more desired than the solutions (temperatures, displacements, deflections),
One of the most natural ways of obtaining approximations of cogradient is to
use pure equilibrium finite element models based on the principle of comple-
mentary energy. However, these models are not as popular as e.g. compatible

.models, because they require the unpleasant condition div & = 0 to be settled.

(*) Received in December 1981. .
(*) Mathematical Institute of the Czechoslovak Academy of Sciences, Zitna 25, 115 67 Prague 1,
Czechoslovakia.
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36 M. KRIZEK

Moreover, we shall deal with the Stokes problem, where the incompressibility
condition has also this form.

Finite element spaces of functions, whose divergence exists in the sense of
distributions, and various degrees of freedom (parameters) of these spaces are
givenin[6, 7, 15, 17, 24]. However, if we add the equilibrium condition div o« = 0
we get a constraint among the parameters of each element, i.e., the equilibrium
finite element method then consists in minimizing some quadratic functional
with linear constraints. These constraints can be removed e.g. by the method
of Lagrange multipliers or by the elimination of all independent parameters
from the set of dependent parameters etc. — see [6, 7, 10, 16, 22], but this is
certainly more complicated than a mere solving of the system of algebraic
equations in compatible finite element methods. In this paper we show that the
solution of equilibrium finite element models can be obtained also from the
system of linear equations with a matrix of a similar size and structure as for
compatible models. Solving the system, we obtain the coefficients of the linear
combination of basis functions of divergence-free finite element spaces. Let us
still remark that the advantage of conforming equilibrium models (used
simultaneously with conforming compatible models) is the possibility of a
posteriori error estimates and two-sided bounds of energy (7, 11, 20, 21].

1. STREAM AND AIRY FUNCTION
Let Q < R? be a non-empty bounded domain with a Lipschitz boundary dQ,

letQ,, ..., Q, (0 < H < o) be all bounded components of the set R? — Q and
write

a. (.1

Cx

Q, =Qu

i

I

1

ie. 0Q = 0Q, U -+ U 0Qy. The outward unit normal to 0Q is always denoted
by v = (vy, v,)T. Throughout the paper let the symbols L®(Q), L*(Q), L*(3Q),
=), 2©), P, HXQ), |- o Il - gy > Jea for k > 0, HI(), H3),
0,, 0, 0,, &;; have the usual meaning (the same as in [4]). All vectors will be
column vectors. Since there is no danger of ambiguity, the norm, seminorm,
and scalar product of vector or matrix functions, the components of which are
from H*Q), will be denoted equally like in H*(Q) and the subscript Q will be
often omitted, e.g.

n 172
ol = (_Zl I v; ||ﬁ> for v =(vy,...,v)" €(HQ)".
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CONFORMING EQUILIBRIUM FINITE ELEMENT METHODS 37
In the usual way we define the operator grad : H*(Q) — (L*(Q))? by
grad v = (9,0, 9,v)7, ve HY(Q).
Let f € L?(Q) be arbitrary. If
(g, grad v), = (f, v)o Yo e 2(Q) (1.2

holds for some g € (L*(Q))?, then we say that the divergence of the vector
function q exists in the sense of distributions in Q and define

divg=—f in L*Q).

Evidently, if ¢ = (q;, 9,)" € (H'(Q))* thendiv g = 0,q, + 0,4,.
Further, let us remark (see [8], Theorem I.2.2) that the functional
v, 1 g+ g v/0Q defined on (¥ °(Q))? can be extended by continuity to a linear
and continuous mapping, still denoted by v,, from

H(div; Q) = { g e(L*(Q))* | div q € L*(Q) }

into H ~12(6Q), which is the dual space to the space H /*(dQ) of the traces on
0Q of all functions from H!(Q). Now, the Green formula will be of the form

(4, grad v)o + (div g, v)o =< ¥, & Vo ¥ Dsa Vg€ H(div; Q) Voe HY(Q).
(1.3)
Here v, v denotes the trace of v and ( ., . D3¢ is the duality pairing between
H™'2(3Q) and H'*(8Q). Especially, if y, ¢ = q* v/0Q € L*(0Q) then
(yvq,yov>ag=j v vds Yve H'(Q). (1.4
80

Now, for any g € H(div; Q) we can define the functional vy, g € H~1/2(0Q,),
ie{0,..,H}as

YV Yo U s, = (g, grad v)g + (div g, )y, veV,,
where

Vi={veH'Q|Yov=0 on 0Q, Vje{0,..,H} - {i}},

ie., (., . Daq, represents the duality between H ~1/2(0Q;) and H '/*(0Q,).
Next, we define the operator curl : H*(Q) — (L*(Q))* by

curl w = (0,w, — d,w)’, we HY(Q).

vol. 17, n° 1, 1983



38 M. KRIZEK
The following necessary and sufficient condition for the existence of the stream

function of divergence-free vector is proved in [8], Theorem 1.3.1.
THEOREM 1.1 : A4 function q € (L*(Q))* satisfies
divg =0, {v,q 1> =0 for i=0,..,H, (1.9
iff there exists a stream function w in H*(Q) such that

g =curlw,

and this function w is unique apart from an additive constant.

Before establishing an analogical necessary and sufficient condition for the
existence of the Airy function of a divergence-free tensor, we introduce some
further notations. Let

(L Q) = {1 @)*** |t =1"}

sym

2x2

be the subspace of symmetric tensors from (L*(Q)) with the scalar product

2 1/2
® =( T (5, r;,-)é) L nr e (LAQ)P.
i,j=1

Define the operator ¢ : (H*(Q))* - (L*(Q))? ., by

sym

| I
0,0, s 5(0192 + 0,v4)
e(v) = s 0 =(v;,0,)" €(H{Q)*. (1.6)
5(6102 + 0,0,), 0,0,

Further, let fe (L*(Q))* be arbitrary. If

(r, e@)o = (£ )0 Vv e(P(Q) 1.7
holds for some 1 € (L*(Q))Z,., then we say that the divergence of the tensor

function 7 exists in the sense of distributions in Q and define
Divt = — f in (L*(Q))*. (1.8)
Evidently, for a symmetrict = (t;;) € (H'(Q))*** we have
Divt = (0,7, + 0,712 01Ty, + 0,7,,)" .
Now, for T from the space

H(Div; Q) = { t e (L*(Q))% .. | Div t e (L*(Q))* }

sym

R.A.LLR.O. Analyse numérique/Numerical Analysis



CONFORMING EQUILIBRIUM FINITE ELEMENT METHODS 39

we can define the linear functional y, T € (H ~ ?(I'))* by

< Yv T t >r = < Yv qu tl >F + < 'YV q27 t2 >r ’ t = (tl’ tZ)T € (1—11/2(1_‘))2 ’

where ¢' and g? are the columns of the tensor t and T is either 0Q or dQ,; for
some i€ { 0,..., H }. Thus the Green formula will clearly have the form

(1, &)y + Divr,v)y =V, T, Yo ¥ Daa V1 € H(DIv; Q¥ € (H'(Q))? .

(1.9)
We moreover define the operator p : H*(Q) — (L*(Q))5, by
05,2, — 0,2 .
p(z) = , ze H*(Q), (1.10
—0,,2, 0,,2
and the space
P = {ve(@) e = 0). (I

Remark 1.1 : We can ascertain as in [20], Theorem 6.3. 2 that { (1, 0)7, (0, 1)7,

(x5, — x,)" } is the basis of P.

THEOREM 1.2 : A function t e (L*(Q))?,, satisfies

sym
Divt =0, (VT Yo0)gq =0 WweP, i=0,..,H, (1.12
iff there exists the Airy function z in H?*(Q) such that

T =p(2),

and this function z is unique apart from a linear function.

Proof : Lette (LZ(Q))Sym and let (1.12) be satisfied. We extend T to T = ('c ;)
defined on the simply connected domain €, so that Div T = 0in the whole Q,.

Let ie{1,..., H} be arbitrary and consider the following Neumann pro-
blem of linear elasticity in the component €,

Find v' = (v}, v5)7 such that

Dive(®) =0 in (L*Q))%

. (1.13)
e@)vi = — vy, 1 in (H Y3(0Q))?,

where V' is the outward unit normal to 8Q,. It is known [20] tHat this problem
has a weak solution v' in (H'(Q;))* since by (1. 12) the conditions of total equi-
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40 M. KRIZEK

librium (called sometimes also the compatibility conditions) are satisfied.
This solution v* is not unique but &(v') is already uniquely determined. We put

*
T

T in Q,
(1.19

A%

=¢) in Q, i=1..,H.

Using (1.1), (1.14),(1.9), and (1.13), we have that

(5, 6o, = (1 €Woa + 3 (€0, e@oa, = (1T Yo 0 oa +

M

+

i

H H
Ce) Vi, v v >an,- = ZO (YT You >an.- - z (YT Yo U Dag = 0
i= i=1

1

It

for all v € (2(Q,))2. Thus we see by (1.7) that Divt = 0in Q. Let 4! and g2
be the columns of T. Then

divg/ =0 and (v, 1%, =0, j=12.

By Theorem 1 1, there exist w,, w2 eH! (QO) such that q’ = curl w ] =12
Since 1:21 = 112 we have — 0 wl =0 w2 Hence puttmg W = (wl, wz) we
obtain div w = 0in Q, and using (1. 3), we obtain ¢ T w 1 30, = 0. Applying
Theorem 1.1 once again we see that there exists ze H 1(QO) such that curl
7 =win Q,. But Ze HZ(QO) as 0, zZ=— w2 and 622 = w are from the space
HY(Q,). Now, clearly p(z) =Zin Q and we can set z = z/Q

Conversely, let z e H*(Q) and let zeH 2(Q,) be such that z/Q = z (Cal-
deron’s extensmn — see [19], Theorem 2.3. 10) Write © = p(2), T= p(2),
31 = curl (0, z), 32 = curl (— 61;), ie, g' and q are the columns of . By
Theorem 1.1, we see that div §' = div g> = 0. Hence, Div T = 0 in Q, and
using(1.9) foranyQ,,i = 0, ..., H, we arrive at

*
0 =<YvTaYoU>an.- =<YVT,Yov>aQ,- YveP,

thus (1.12) holds.

The Airy function of the divergence-free tensor 7 is unique apart from a linear
function, since if z*, z2 € H*(Q) and p(z') = p(z*) = 1, then p(z! — z?) =0,
which yields z! —z2eP(Q). =

R.A.LLR.O. Analyse numérique/Numerical Analysis



CONFORMING EQUILIBRIUM FINITE ELEMENT METHODS 41

2. CONSTRUCTION OF THE SPACES OF EQUILIBRIUM FINITE ELEMENTS FOR
THE STEADY-STATE HEAT CONDUCTION PROBLEM

Classically, the steady-state heat conduction problem can be formulated as
follows. Find u such that
~div(Agradu) =f in Q,
u=u on I,, 2.1
(Agraduy'v=g on T,,

where ', and I, are disjoint and open in 0Q,
Iryur,url, =0Q,

and I, is a finite set of those and only those points, where one type of the

boundary condition changes into another. Further, 4 € (L*(Q))**?, fe L*(Q),

~ ue HY(Q), g € L*(I",) are given and 4 is supposed to be symmetric and uni-
formly positive definite.

Let us introduce bilinear forms a and b by the formulae

a(v, v') = (A4 grad v, grad v'),, v, v e H'(Q),
o 2.2
b(q9 q) = (A ! qa q')o s qa q, € (LZ(Q))Z ’

where the inverse matrix 4 ~! is also symmetric, uniformly positive definite
and from (L°(Q))**? (see [24], Lemma IV .2.1).

Let us remark that the primal variational formulation of the problem (2.1)
for ', # & consists (see [4, 8, 11]) in minimizing the functional

I_(v)=%a(v,v)+a(v,ﬂ)—(f,u)o—f gv ds (2.3)

I
over the space
V={veH'(®Q)|v=0onT,}. 2.9
For the dual variational formulation let us introduce the set (of statically

admissible heat flows)

Q(f9) = {q € H(div; Q) | (g, grad v)o = (f;v)p + J

T2

gudsVNveV } 2.5

and suppose that the compatibility condition

(Do + <9150 =0

vol. 17, n° 1, 1983



42 M. KRIZEK

holds if I'} = ¢&. It is known [11] that Q(f, g) is a non-empty affine closed
manifold of (L*(Q))? and using (1.2), (1.3), and (1.4), one can easily see that
g€ Q(f, g)iffdivqg = — finQandg" v = g onT,. The dual formulation of the
problem (2.1) consists in minimizing the functional of complementary energy

@ = 3589 ~ <1 Yo %0

over the set Q(f, g). This can be equivalently formulated (see also [11]) as
follows.

Given some p € Q(, g) fixed (for the choice of such p see Remark 2.5), find p
which minimizes the functional

T@) = 5b(a.0) + b@.P) ~ {1, @Yo T0a = 350 d) — @) 2.6

over the space
Q =000,0) ={geHdiv;Q) (g, grad v)g =0Vve V }. 2.7

The vector p + p is considered to be the solution of the dual formulation and
to any p € Q(f, g), there exists exactly one p.

Now, let us come to the construction of the spaces of finite elements. For
simplicity, we shall suppose from now to the very last that the domain Q is
polygonal. Let G, be a set of convex polygons such that the union of all K € G,
is Q and such that two different K, K’ € G, either are mutually disjoint or have
just one common vertex or an entire side in common (/4 is the usual mesh size).
Such a set G, will be called the triangulation of Q and we shall always assume
that G, is consistent with I'; and T',, i.e, that the interior of any side of any
K €76, is disjoint with T,

Remark 2.1 : We can identify any triangulation with a connected planar
graph, for which the well-known Euler’s formula holds (see e.g. [3], Lemma 4.3).
This formula has in our case the form

S+1=N+E+H, 2.9

where N, S, and E are the number of vertices, sides, and elements (convex
polygons) of the triangulation, respectively, and H is the number of the holes
in Qg S=44, N =21, E =24, H =0 for the triangulation in figure 1
in the end of Section 2).

Now, let X, be a finite-dimensional subspace of H(Q) such that for any
K € G, the set

Py ={v/K|veX,}

R.A.LR.O. Analyse numérique/Numerical Analysis



CONFORMING EQUILIBRIUM FINITE ELEMENT METHODS 43

is some space of polynomials and
Py 2 P,(K) 2.9

The conforming primal finite element method consists in minimizing the
functional (2.3) over some finite-dimensional space V, = V, which can be
defined as (see [4])

V,=X,nV. (2.10)

To construct the space of finite elements for the conforming dual (equilibrium)
finite element method, we first introduce an auxiliary space

W,=X,nW, 2.1
where
W={weH' (@@ |w=0o0onT,} 2.12)

and prove an important Theorem 2.1. We shall denote by curl W the space

curl W = { qe(L¥Q)* |Iwe W :q =curl w }.

We shall often use also the symbols curl HZ(Q), p(H*(Q)), £(H*(Q))?) etc.,
which will have an analogical meaning,

Convention : Up to the end of Section 3, let us assume that I and I'; are
connected sets. (The general case will be discussed in Section 6.)

THEOREM 2.1 : It is Q = curl W, where Q and W are defined by (2.7) and
(2.12), respectively.

Proof : Let g € Q. By (1.2) and then by (1.3) we obtain
divg =0, {v,41),q=0. 2.13)

From the above convention we see that Q is either simply connected or doubly
connected (in which case T';, = 0Q,, I, =0Q, or I’} =0Q,, I', = 0Q).
Using (2.13) and the fact that g* v = 0 on I',, we get that (1.5) holds. Thus
there exists a w € H*'(Q) unique apart from an additive constant (this constant
will be chosen later) such that ¢ = curl w. Write s = (v,, — v,)T and let
I', # . By the definitions of grad and curl, and by (2.7), (1.3), and (1.4)
we see that, foranyve V n€=°(Q), it holds

0 = (curl w, grad v), = — (curl v, grad w), =

=—j W(curlv)Tvds=j W(gradU)TSdS=j %)'st=J %Est’
oq o0 oa % r. @
.19

vol. 17, n° 1, 1983



44 M. KRIiZEK

since v = 0 on I',. Therefore, for any line segment ¢ < I',,

J %—‘Is’vowdf =0 YWed(g),
@
1.e., the derivative of the function y, w/@ is zero in the sense of distributions.
Since the trace y, w of the function from H'(Q) cannot have a discontinuity of
the first order and since I, is connected, we conclude that w is a constant on I,
Hence, we choose w to be zero on I',. So, g € curl W.

Conversely,letwe Wandletve V& ©(Q). As in (2. 14) we can obtain that

(curl w, grad v), = J % wds,

I

but the integral vanishes, since w = 0 on I',. From (2.7) and from the density
of Vn €*(Q)in V,wehavecurlwe Q. m
Finally, we can define the space of equilibrium finite elements (of heat flows)

as
g, =curllW,. (2.15)

The finite element approximation of the dual problem consists in finding p,
which minimizes the functional (2.6) over the space Q,. The vector p + p, is
considered to be the solution of this problem. The inclusion Q, = Q desired
for the conformity of the finite element method follows from (2.11), (2.15),
and Theorem 2.1.

It has been proved in [13] that the dual finite element approximation cons-
tructed by the linear triangular elements converges to the solution of the dual
problem without any regularity assumptions. In rather another way we prove
now an analogical result, even when the space Q, contains only piecewise
constant functions or if G, contains e.g. rectangles etc.

THEOREM 2.2:Let { W, } be a system of finite element subspaces of W such
that \J W, is dense in W (with the topology of H'(Q)). Then
h

lp—pillo—0 for h—0.

Proof : By Theorem 2.1 there exists u € W so that p = curl «. Using Cea’s
Lemma ([4], Theorem 2.4.1) and (2. 15), we obtain

1 . .
Z,Ilp—phnos inf |p—gq,llo= inf ||curlu — curlw, |, =

gneQn wneWn

= inf | grad(u —w,) |o < inf Ju—wll;, >0 for h>0,
heWh

W, W;.EW;.

where C > 0isaconstant independentons. m
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CONFORMING EQUILIBRIUM FINITE ELEMENT METHODS 45

Remark 2.2 : A sufficient condition for the density assumption in Theorem
2.2 is (see e.g. [4]) the regularity of the corresponding family { G, } of trian-
gulations, the validity of (2.9) and the existence of one (or a finite number)
reference element to which all elements are affine-equivalent.

Remark 2.3 : Let us assume that we can define, for some integer k = 1 and
forallw e W n H**(Q), an X,-interpolant , w in W, such that

Iw—mwl, <ch|whi, (2.16)

where the constant c is independent of 4 (see [4], Section 3.2). Then for any
q € Q N (HYQ))? we can define the interpolant IT, g € Q, by

I1, g = curl (mw, w), 2.17)

where w corresponds to g by Theorem 2.1, ie. ¢ = curl w and w e H**1(Q)

since d,w, d,w € H*(Q?). When two different w! and w?> correspond to ¢ (it'is
clearly only in the case I', = ¢¥), then the definition of I, g remains correct,
as by (2.16) we have curl (r,(w! — w?)) = 0. Now, let us suppose that
peQ n (HYQ)? and let again p = curly, ue W. Then ue H**'(Q) and
using Cea’s Lemma, (2.16) and (2. 17), we arrive at the following a priori error
estimate

lp—pullo<C inf | p—gyllo<Cllp—-I,plo =

qneQn
=C|curlu — curl(mu) |[o < Clu—mull, < cCh|ul,,
= cCh* |grad u |, = cCH|curl u|, = cCh* |p|,.
Let us further note that the rate of the convergence of the primal and the
corresponding dual approximation need not be always the same, since the

smoothness of the solutions of the primal and dual problem can considerably
differ (e.g. for composite materials).

LeMMA 2.1 : It is dim W, =dim Q, + 1 if ', = J and
dmW,=dmQ, if I,# .

Proof : Obviously, dim W, > dim Q, by (2.15). Let w e W, be in the kernel
of the operator curl, i.e. curl w = 0. Then w must be constant on Q, since
d,w = d,w = 0holdsonany K € G,andwe H'(Q). If T, # & then from the
definition of W, it followsw = 0in Q. m
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46 M. KRIZEK

LEMMA 2.2 : Let { w' }!_, be a basisin W, and let ¢ = curl w', i = 1, ..., n.
Then{ q' }i_,isabasisinQ, ifT, # &. Inthe caseT, = &, leta,, ..., o, € R*
be such that

Yauw =1 in Q. (2.19)
Thenforanyke {1, ..., n } for whicho, # 0, the set
{a" ... d" g} (2.19)

is a basis in Q,.

Proof : The case I', # (J is evident from Lemma 2.1. Consider the case
I', = &. Applying the operator curl to (2. 18), we obtain

Z %q =0
i=1
Thus, for some o, # 0,
1
== e — al U
¢ O i 7k 1

For an arbitrary g € Q, there exist B, ..., B, € R! such that
i k SR P
q=ZBiq+qu=ZBi—Bk&— q-
ik ik k

Therefore, the set (2.19) generates the space Q, and by Lemma 2.1 the number
of its vectors isequal todim Q,. =

Remark 2 .4 : Suppose that we have some basis { ¢' }7, of Q,. Evidently the
approximation of the dual problem is then equivalent to the system of linear
equations

,-‘; g, )y, =gy, i=1.,m,

and, at the same time, p, = Z ¥; q;- Consequently, by Lemma 2.1, by (2.2)

and by the definitions (2. 10), (2.11) of the spaces V}, and W, we see that the flexi-
bility matrix # = (b(q’, ¢°)) has roughly the same order as the stiffness matrix
& = (a(v', v/)) for solving the corresponding approximation of the primal
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CONFORMING EQUILIBRIUM FINITE ELEMENT METHODS 47

problem on V, with the basis { v' }, ie., dim V, = dim Q,. In both extremal
cases there we have dim V, < dim Q, for I, = ¢¥ (Dirichlet problem) and
dim v, > dim @, for I';, = & (Neumann problem). Next, it clearly holds

suppu 2 suppcurlu = suppgradu Vue X,,

where supp denotes a support. Therefore, if we conveniently number the basis
functions in ¥, and W, the matrices ./ and & will have roughly the same width
of the band. Thus, the demands for assembling o and # and solving the
corresponding systems will be roughly the same, too. Even in the case of the
isotropic and homogeneous material of the body (i.e., the matrix A in (2.1)
is the unit one) the majority of the scalar products in &/ and £ are identical,
since

b(q', ¢') = (curl w', curl w’), = (grad w/, grad w’), = a(w', w)

for all wi, w € V, n W,. Let us still emphasize that a simultaneous knowledge ~ ~
of the solutions obtained by the conforming primal and dual finite element

method is advantageous for a posteriori error estimates, for two-sided bounds

of energy and for utilizing the hypercircle method — see [7, 11, 20].

Remark 2.5 : We shall describe a way of finding some p € Q(f, g) (see (2.6))
in practical cases. Let us define

F(xy, x,) = (" lrlf—(é, x,)dg, 0>T , (xy, xz)T eQ,
0

where f = finQand f = 0 in R?2 — Q. Let Q' < Q be an arbitrary domain,
which has a Lipschitz boundary with the outward unit normal v/, such that
I', = Q. Let all the functions occurring below be sufficiently smooth so that the
corresponding symbols have the correct sense. We put

G =curlw in Q,

G=0 in Q-Q,
where w is an arbitrary function with the tangential derivative

(curlw)’v =g —FTv on T,,
(curl w) vV =0 on 0Q — 0Q,
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i.e., wis constant on 6Q — éQ'. Then by (1.3) and (1.4), we get

(F + G, grad v)g o = (F, grad v)g o + (G, grad v) o =(— divF, )0 +

+J vFTvds+j vGTV'ds=(ﬁv)0,Q+J vFT vds
oQ o

I

+f.v(g—FTV)dS=(ﬁv)o,n+j
| )

r

gvds

for all v € V. Thus, with regard to (2.5), wecanput p = F + G.

Numerical example. We have recomputed Example 2 of {7]. On the trian-
gulated domain Q with F = 24 triangles, S = 44 sides and N = 21 vertices
in Fig. 1, the Dirichlet problem for the Laplace equation Au = divgradu =0
is considered (we can put here p = 0). Choosing the space W, of piecewise
linear functions, we get by Lemma 2.1 that dim Q, =dim W, —1=N—1=20,
i.e., the order of the flexibility matrix is 20, while in [7] 44 * degrees of freedom ”
for generating the constant heat flow field have been used. But these degrees
of freedom are dependent with one constraint on any triangle. For the piecewise
linear heat flow field 88 (= 2 S) dependent degrees of freedom have been used,
while dim Q, = S + N — 1 = 64 for W, composed of quadratic elements.

X2

Figure 1.

The Dirichlet boundary condition in [7] was as follows : u = 900(°C)
on the axis x, and % = 1,500 (°C) on the remaining part of 9, i.e. no u € H(Q)
exists with such a trace (it is the case of the non-integrable gradient field).
Nevertheless, we have tried to use the linear equilibrium finite element method
for computing the heat flow field. The values obtained by the integration of
this field from the origin along the axis x, are shown in Table 1.
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TaBLE 1
Temperature on the axis x,

Linear equilibrium finite element model x, =0|x, = % x; =1
The triangulation in figure 1 with P = 24 triangles,
dim Q, = 64 900.0 | 1488.2 | 14999
The triangulation refined by midlines, P = 96,
dim Q, = 224 900.0 | 14929 | 1500.0
Calculation by [7], P = 24 (the values have been measured
from a graph) 900 1395 1 460

3. CONSTRUCTION OF THE SPACES OF EQUILIBRIUM FINITE ELEMENTS FOR THE
LINEAR ELASTICITY PROBLEM

Given 4 = (Aijkl)iz,j,k,l=1 € (Lw(g))lé, where 4, = Ay =Tkh‘j’f€ (L ()
ue(H' Q)% g e (LA,))% find u = (u,, u,)" so that

— Div(A.g(w)) = f in Q,
u=u on I,, 3.
(A.gw)v=g on TI,,

where € and Div are defined by (1.6) and (1.8), respectively, T = A.g is the
symmetric stress tensor with the components T;; = Y A;j; &, and we assume
k,l

that there exists a constant ¢ > 0 such that

Y Ayax)eje, =c) e Ve =e eR?*? (3.2
LJ

i,j,k,1
holds almost everywhere in Q.

The dual variational formulation of this classical linear elasticity problem
consists (see [12, 20]) in minimizing the functional of complementary energy

1 —
J@) =5bt, 1) = (VT Yo U Dsa
over the set (of statically admissible stresses)

T(f9) = {T € HDiv; Q) | (r, ()0 = (f0)o + j

I

gTvdvae“//}
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Here, b is defined by

b(zr,v) = (B.1, 1)y, 1,71 €(LHD)

sym >

where B = A~ is the fourth order tensor from the linear inverse Hook’s law
(for details see [20]) and the bilinear form b is (L*(Q))3,,-¢lliptic with regard to
(3.2). Further,

v =V xV, (3.3)
where V is defined by (2.4), and let the compatibility condition

(i) + g Yo Dpa =0 VveP

hold in the case I'; = &, where P is defined by (1.11).

It is known [5, 20] that T(f, g) is a non-empty affine closed manifold of
(L*(Q))sm> and 1€ T(f, g) iff Divt = — f in Q and tv = g on I',. These
equations of equilibrium can be obtained also by (1.7) and (1.9). As in Section 2
or in [12], the dual formulation of (3.1) can be transformed into the following
problem.

Given o € T(f, g) fixed, find ¢ which minimizes the functional

T = 5 b5,7) + b© 0) ~ <1, % %0 #Don (3.9

over the space
T =T(0,0) ={te HDiv; Q) |(t, &)y =0 Yoe¥ }. (3.5

The stress tensor ¢ + G is considered to be the solution of the dual formulation
of (3.1) and, to any o € T(f, g), there exists exactly one solution ¢. Using the
operator (1.10), we can find some particular solution & of the equations of
equilibrium as in Remark 2.5.

THEOREM 3.1 : It is T = p(Z), where p is defined by (1.10) and

Z={zeHQ)|z=0z=0o0nT,}.

Proof : Let 1 = (1;;) € T. Obviously, its columns denoted by ¢, ¢* are in Q.
Therefore, by Theorem 2.1 there exist w;, w, € W such that curlw; = ¢/,
j = 1,2 Since t,, = 1,,, we obtain — 0,w, = d,w,. Thus w =(w,,w,)" €Q
asw' v = 0 on T',. Applying Theorem 2.1 once again, we see that there exists
z € W such that curl z = w. But this z belongs to Z since 0,z, 0,z € W. Now,
it is easy to show that p(z) = 1 (e.g, 0,,z = — 0,w, = T,,).
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Conversely, let z € Z. Since z = 0,z = 0 on I', we obtain that d,z, 0,z € W.
Thus, by Theorem 2.1,

curl (0,2) = (05,2, — 8,,2)" €Q and — curl(,z) =(— 0,,2,0,,2)" €Q,
ie.p()eT. =

Remark 3.1 : By this theorem and (3.5), we see that for any t € (L%(Q))%
it holds

sym

(,e®), =0 Yve¥ «3zeZ:1=p(2).

Therefore, the well-known orthogonal decomposition (see [20]) of the space of
symmetric stresses into the closed subspaces of equilibrium and compatible
stresses (for the identical tensor B) will be now of the form

(LAD)gm = P(Z) @ (V). (3.6

We shall use this consequence of Theorem 3.1 in Section 4.
Next, let Y, be a finite-dimensional subspace of H*(Q) such that for any
K €T, the set

Py ={v/K|v,eY,}

is the space of piecewise polynomial functions and Py = P,(K). Due to
Theorem 3.1, we can define the subspace of T of equilibrium finite elements of
stresses as

T, = p(Zy), 3.7
where Z, =Y, n Z.

The finite element approximation of the dual formulation of (3. 1) will now
consist in finding a o, which minimizes the functional (3.4) over the space T,,.

THEOREM 3.2 : Let { Z, } be a system of finite element subspaces of Z such
that the set \J Z, is dense in Z (with the topology of H*(Q)). Then
h

lo—oc,llo—=0 for h—0.

Proof : By Theorem 3.1 there exists z € Z such that ¢ = p(z). Using Cea’s
Lemma and (3.7), we obtain

1
E,llc—c,, o < inf o—1,llo= inf | p@—p(zy)|o= inf |Z—z,],—0

theTy zZn€Zp znelZn
for h - 0 and C > 0 is a constant independent of 7. m
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Remark 3.2 : Suppose that for some k > 1 and for all ze Z n H**?(Q),
we can define a Z,-interpolant &, z in Z, so that

lz—-mzll, <ch|zly. (3.9

where ¢ > 0 is a constant independent of 4. Then the following a priori error
estimate can be derived by an analogical procedure as in Remark 2.3 :

lo —o,llo < cCH|c| for ceTn (H(Q)**?, h-0.

LEMMmA 3.1: Itis

dmZz, =dimT, +3 T, = and dmZ, =dm T, f T, # & .

Proof : Clearly, dim Z, > dim T, by (3.7). Let p(z) = 0 for some zeZ,,
i€, 0,,z =0,,z = 0,,z =0 on any K € G,. Hence, z is linear on any K and
since z € H*(Q), we have z € P,(Q). As dim P,(Q) = 3, we get the first part of
the lemma for I';, = . ForI', # & we obtain that z = 0 from the condition
z=0z=0o0onTl,. m

Remark 3.3 : Let { ' } be a basis in Z, and let us put t' =p(z’), i=1, ...,dim Z,.
By Lemma 3.1 it is evident that { t* } isa basis in T, if ', # . Let us further
consider the case I', = . It is an easy exercise in linear algebra to show that,
for instance, if z'(a;) = 8, i,j € { k,l, m}, for some points a,, a,, a,, € Q not
lying in a straight line, then 1’ are basis functions in T, for

ie{l,.,dmZ,} —{kim}.

As in Section 2 we can now transform the problem of finding o, into the
solution of the system of linear equations. The flexibility matrix of the system
will be a band matrix if we select the basis in Z, properly, since

supp z 2 supp p(z) forall zeY, c H*(Q).

Note that the approximation of the primal formulation of (3.1) consists in
minimizing some quadratic functional over the space (V,)* which is in
(X,)* = (H'(Q))>. Therefore, the comparison of the orders of the stiffness and
flexibility matrices of the primal and dual approximation of (3.1) cannot be
correctly performed (like in Section 2). But we shall show an interesting example.

For simplicity, let G, contain only triangles and let the whole space Y, be
generated only by the Hsieh-Clough-Tocher element, which is uniquely
determined (see [4]) by three degrees of freedom of each vertex and by one
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degree of freedom of the mid-point of each side. Thus by (2.8) we get that
dmY, =3N+S=2N+2S—-E-H+1
and by Lemma 3.1 we arrive at
dimp(Y,) =2N+2S—-E—-H-2. 3.9

Since p(Y,) contains piecewise linear stresses, it is reasonable for comparison
to choose the space (X,)* with piecewise quadratic displacements on the same
triangulation G, (see also [1]). For the most common quadratic element which
is uniquely determined by degrees of freedom of each vertex and of the mid-
point of each side, we get

dim(X,)? =2N + 28S. (3.10)

Using (3.9) and (3.10), a simple consideration leads now to the fact that

- dim T,, < dim (V,)? in general. Even it can be showm that-we-can-get-also-the

width of the band of the flexibility matrix less than for the stiffness matrix.
Moreover, the displacements of (V,)? are quadratic on any K € G,, while the
stress tensors of T, are piecewise linear on any K which is composed of three
subtriangles. The conforming methods using this composed element are
presented in [10, 12].

Some non-conforming methods, where the equilibrium equation or the
symmetry of the stress tensor is satisfied only approximately, are described in
[15, 25, 26, 27).

4. CONSTRUCTION OF THE SPACES OF EQUILIBRIUM FINITE ELEMENTS FOR
THE BIHARMONIC PROBLEM

For simplicity, we shall consider the biharmonic problem only with the
Dirichlet boundary condition (the bending problem for a clamped plate).
Given f € L*(Q), find z such that

Az=f in Q,
4.1
z=0,z=0 on 0Q.

The dual variational formulation of this classical problem consists (see [2])
in minimizing the functional

TG =5 s W
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over the set (of statically admissible bending moments)
M(f) = { n e (LX), | (W hes 2)y = (£ 2)y Vze HFQ) },

where hes : H2(Q) — (L*(Q))?,, is defined in the usual way

sym

0,12, 04,2
hesz=< 1 12), ze H*(Q).

0122, 05,2
Let us note that by Green’s theorem we get

0114y + 20,1y, + Oy, = div(Divy) = f
for

p = () e M) » (HHD).

The previous problem can be equivalently formulated as follows.
Given A = (;;) € M(f) fixed (e.g., it is possible to choose A,; = X, =0
in Q and

Xzz(xl,x2>=j f 7o, & dedn, (x,,7,)" €Q,

0 0

where f = finQand f = 0inR? — Q), find A which minimizes the functional

T = 5.6 Wo + G, Do @

over the space
M=M0) = {peL@Ym|(bhesz)y =0 Vze HXQ)}. 4.3)

Further, we define the operator @ : (H'(Q))*> —» (L*(Q)).. by

sym

1
0,0, ) _5(5102 +0,v,)

w (U) = U= (1)1, UZ)TE(HI(Q))l .

1
~ 5010, +00)), 8,0,

THEOREM 4.1 : If Q is simply connected, then
M = o(H' Q).
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Proof : Let p = (i;;) € M be arbitrary and let us put
(e )
— M2, Mg
Then using (4. 3), we get

(L p(2)o = (W hes2), =0 Vze HXQ). (4.4)

By (3.6) we have for a connected I'; = 0Q that
(LAQ),, = p(HEQ) @ e(H'(Q)?) . @.9)
Hence, by (4.4) there exists v e (H'(Q))* so that ﬁ = g(v). Thus p = 0(v)

and p € o((H'(Q)?).
Conversely, let v € (H'(Q))*. Then by (4.5) we obtain

(0(v), hes z), = (e(v), p(2)) =0 Vze HZQ).

Therefore, (4.3) yields o(v) e M. =

Now, for a simply connected domain Q we can introduce the space of an
equilibrium finite elements of bending moments as

M,= o(¥"),

where ¥, is some space of finite elements in (H'(Q))?. Let us emphasize that
if we choose the space ¥, composed of piecewise linear functions, then M,
will contain only piecewise constant functions (see also [14]), while any conform-
ing primal finite element method for the problem (4.1) demands more com-
plicated functions from Z, = HZ(Q).

The finite element approximation of the dual problem will consist in finding
A, which minimizes (4.2) over M, = M.

For any pe M, p, € M, and to them corresponding v € (H'(Q))?, v,€¥,
we have

lp—pllo = H o(v) — o(v,) “0 = “ g — v,) Ho <lo—=ovlly-

Thus by Cea’s Lemma we can get analogous convergence results as in Section 2
and 3, ie, if U, is dense in (H'(Q))?, then A, converge to A without any
h

regularity assumptions on A and there is a constant C independent of 4 such
that

IA =2 llo < CH ||, for AeMn (HYQ)**2, k=1,
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and for ¥, = (H*(Q))* constructed by elements of sufficiently high order
with respect to k.

The next table shows which class of elements [4] is to be used for the con-
forming primal and dual finite element method.

TABLE 2
Classes of elements for conforming methods

Primal method| Dual method

Steady-state heat conduction problem %° %°
Linear elasticity problem [€°)* ¢!
Biharmonic problem %! [%°)?

Let us further remark that due to Theorems 2.1, 3.1 and 4.1, we get for a
simply connected Q the relations

(L2(©))* = curl HY(Q) @ grad H}(Q) = curl H}(Q) ® grad H*(Q),
(LHQ)5m = p(H Q) ® e(H3(Q)?) = p(HF(Q) @ e(H'(Q)?)
= hes H¥(Q) @ o((H(Q)?) = hes H}(Q) ® o(H"(Q))?).

It will be obvious from Section 6 that the above assumption of simple connec-
tivity of Q is necessary.

5. CONSTRUCTION OF THE SPACES OF EQUILIBRIUM FINITE ELEMENTS FOR
THE STOKES PROBLEM

The homogeneous stationary Stokes problem of the motion of an incom-
pressible viscous fluid in Q is classically formulated in the following way
(see e.g. [4, 6, 8,9, 18]).

Given f e (L*(Q))? and a constant n > 0, find the velocity v = (v,, v,)"
and the preasure p such that

—nAv +gradp=f in Q,
divo=0 in Q, (5.1)
v=0 on 0Q,
where Av = (Av,, Av,)".
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We shall not be concerned with the way of finding p (for this see [4, 8, 9]).
The variational solution v of the problem (5.1) can be obtained [6] by mini-
mizing the functional

J@) = %(Grad u, Grad u), — (f, ),

over the space
U ={ue(HQ)? |divu=0},
where the operator Grad : (H*(Q))?> — (L*(Q))**? is defined by

du, 0
Grad u = < v 1"2>, u = (uy, ) € (HYQ)) .

duy , 0ru,

As a simple consequence of Theorem 2.1 we get the following assertion

r10Q3

£ 1 AY
(seealso [18}).

THEOREM 5.1 : If Q is simply connected, then

U = curl HZ(Q).

Proof : Letue U. Since U = Q for ', = 09, there exists z € H;(Q) so that
(0,2, — 8,2)" = u. Thus ze HXQ) as ue (H}(Q)).

Conversely, if z e HZ(Q), then curl z € (H}(Q))* and div curl z =0 in Q,
iecurlzeU. =

Now, for a simply connected Q we can define the space of equilibrium finite
elements of velocities for the Stokes (or Navier-Stokes) problem as

U,=curlZ,,

where Z, is some space of finite elements in HZ(Q), ie., velocities from U,
are continuous and exactly divergence-free (see also [23]). The finite element
approximation of the above variational problem will consist in finding v,
which minimizes J over the space U, = U. Choosing the basis { z' } in Z,,
we see (as in Section 2) that { curl z* } is the basis in U,. Hence, v, can again
be obtained by solving a system of linear algebraic equations.

For any ue U and u, € U, and to them corresponding z € H}(Q) and
z, € Z,, respectively, we have

lu—u i, =llcurlz —curlz, ||, <z —-z,],-

Hence, as in the preceding sections we can get the convergence of v, to the
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solution v € U in the norm ||.||,, if U Z, is dense in HZ(Q) (see [4], Theorem
h

6.1.7). Further we can obtain the a priori error estimate
lo—vlly <CH vy, for veUn (H'Q), k=1,

and for Z, = HZ(Q) generated by elements of sufficiently high order with
respect to k (see (3.8)).

6. APPENDIX

In this last Section, we shall investigate the problem of Section 2 without
any assumption on the connectivity of I'; and I',. Let us recall that the connec-
tivity of I',, I', guaranteed the existence of the stream function of any g € Q
since (1.5) was fulfilled — see the proof of Theorem 2.1. But, in general, we
evidently need not get the existence of the (one-valued !) stream function of
g € Q defined on a multiply connected domain Q. Before proving a theorem
analogical to Theorem 2.1 for the general case, we formulate an auxiliary
lemma.

Let us note [3] that a graph is said to be a tree if it is connected and has no
circuits. Every tree with m vertices has exactly m — 1 edges. Marking with
0, ..., m — 1 the vertices and with 1, ..., m — 1 the edges of a tree in some way,
we can associate this tree with the m x (m — 1) incidence matrix B = (B;))
whose rows and columns correspond to the vertices and edges, respectively,
and whose entry B;; # 0 iff the jth edge is incident with the ith vertex. For the
present, we do not determine the magnitude of B;; # 0, but we only assume that

m—1
S B;=0, j=l.,m—1, 6.1)
i=0

(this sum contains exactly two nonzero entries, as any edge is incident with two
vertices).

LEMMA 6.1 : Let an m x (m — 1) incidence matrix B = (B;;) of a tree
satisfy(6.1) and let b=(b,, ..., b,,_ )" € R™ satisfy the conditionby+ - +b,,_ , =0.
Then the system Bx = b has exactly one solution x = (x,, ..., X,,_ ;)"

Proof - Using the fact [3] that any tree has at least two vertices of degree one
(such a vertex is incident with just one edge), we can easily establish by induc-
tion on m that B has the maximum rank. Thus its columns are basis vectors in
the space { & =(Ep, s E_1) ER™|Eg + -+ E,_;, =0}, =
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THEOREM 6.1 : Let m be the number of all the components 6Q; (i€ { 0,..., H})
of 0Q for which 0Q; " T} # &. Let n be the number of the components of T,.
Then there exist functions o',..,a™ ', B, ..., P" ' e (L,(Q))* —curl W
such that

Q=%ZLcul Wu {a!,...,a™ LB, ...,B" ' }),

where Q and W are defined by (2.7) and (2.12), respectively, and & denotes the
linear hull.

Proof : The inclusion curl W < @ can be proved in the exactly same way as
in the proof of Theorem 2.1. Now we proceed to the construction of the
functions p’. If n > 2, then we put

B/ =curlw/, j=1,..n—-1, 6.2

where W € H'(Q) are arbitrary functions satisfying

wi=8, on Ty, i=0,..,n—1, j=1..n—1. (6.3

Here I'Y, ..., I3~ are the components of I', and by the definition of I, the
distances among these components are positive. As in (2.14), we can obtain
that

(curl W, grad v), = j %W ds YWweVné2Q), j=1,...,n—1.
| 3

Therefore, by (6.2) and (6. 3) we get

(B, grad v), =I%ds=o WeVng€2Q), j=1,...,n— 1,(6.4)

r;

since either I'j is a closed curve, or v = 0 at the end points of T} (v/T", = 0).
From (2.7) and from the density of ¥V n ¢ ®(Q) in V (T 1» I, have a finite
number of components), we get that B/ € Q and (6.3) yields p? ¢ curl W.

If m > 2 we shall define the functions al, ..., o™~ 1, but first of all we shall
construct their supports S, ..., S Let

ey S 1
ounT, # for i=0,....m—1 6.5
(otherwise we change the notation of the components of 0Q). Let G be an

arbitrary tree with m vertices and let us mark with 0, ..., m — 1 its vertices and
with 1,..., m — 1 its edges in some way. Let je{1,...,m — 1} be fixed and
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let the end points of the jth edge be the kth and /th vertex of G. We associate
the support S; with this jth edge in the following way. _

The set S; will be an arbitrary simply connected closed domain in Q with a
Lipschitz boundary such that the sets

08} =0S;n0Q,, 0S} = 3S; n 0Q, 6.6
are connected and contained in T, and
S$;noQ, =g Vie{0,.,H} - {k!}, 6.7
(see fig. 2, 3). Now, let w/ e H'(Q) be an arbitrary function such that

w/ =1 on 88},

w/ =0 on 85}, 6-8)

where 05} and 0S}? are the components of the set 95 {0S; U 057). Let us put,
forje{l,..,m— 1},

o =curlw/ on §;,
(6.9)

of =0 on Q—§;.

Figure 2.

Denoting by v = (v{, vi)" the outward unit normal to S; and setting
s = (v, — v{)T on 0S;, we get by (6.9), (1.3),(1.4),(6.6),(6.7) and (6.8) that
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(o, grad v)g o = (curl W, grad v)o 5, = — (grad W/, curl v) 5, =

= — J wi(curl v)" v ds = J wi(gradv)” s/ ds = j ggds =0
as; 8s; 253 os’

YWweVné2(@Q) (6.10)

as v =0 on I', ndS;. This implies that o’ € Q. Further, since div of =0,
we get by (1.3), (6.7) and (6.9) that

0 =< Yv d'j, 1 >6Q = <Yv aja-l >59.k + <YV aj7 1 >6Ql . (611)

Using (6.8) and (6.9), we can easily ascertain that the absolute value of both
the last terms is equal to 1, while by Theorem 1.1

{Cypeurlw, )0 =0 YweW, i=0,..,H.

Hence, o ¢ curl W.

Conversely, let g € Q be arbitrary and let for a moment m > 2. Using (1.3)
and (6.5), we have

H m—1
0=<qu91>aQ=Z<qus1>aQ,—= Z(qu’l>an,-’ (612)
i=0 i=0

since divqg =0and g’ v =00onT,. By Lemma 6.1, (6.11) and (6.12) we see
that the system

m=—1

(Y od 100, %, =< ¥, 8, 1 D50, i=0,..,m—1, (6.13)
=1

J

has the solution x = (x,, ..., x,,_;)". Let us put
m—1 .
g=q— ) x0, (6.14)
j=1
and suppose the sum to be zero for m < 2. Since diva/ = 0 we get by (6.14)
and (6. 13) that g satisfies
divg =0, {7,410 =0 for i=0,.., H.

Now, by Theorem 1.1 there exists w € H(Q) such that g = curl w. We can
find out by the same manner as in the proof of Theorem 2.1 that w is constant
on any component 'y, i = 0,...,n — 1,0of I',. If ', # (¥, then let w be chosen
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in such a way that w = 0 on I'. For n > 2 there exist, by (6. 3), the coefficients
Viseer Yoy € R and w € W such that

n—1
w=w+ Yy yw
ji=1

and the sum is zero for n < 2. Hence,

n—1
g =curlw + Y y;curlw’
j=1

and by (6.14) and (6.2) we have
m—1 . n—1 .
g=curlw + ) x;a/ + ) y;p/. = (6.15)
j=1 j=1

Remark 6.1 : Since o, B/ are not in curl W and, by (6. 10) and (6.4), they are
perpendicular to grad V, we get

(L>(Q))> =grad V @ curl W @ R,

where R = Q © curl W is non-empty if m > 2 or n = 2. Clearly, the functions
from curl W @ R are divergence-free, while the functions from grad V @ R
are rotation-free (rot ¢ = 0,9, — 0,9, = 0 in the sense of distributions).

Henceforth, let us suppose that the functions W/, w/ from the proof of
Theorem 6.1 will be always in X, (otherwise the following definition would
then be dependent upon the choice of o, B/). We define the space of finite
elements (of heat flows) as

Qh = "g(curl Wh N { ala ceey am—l’ Bl, LEEY ) B"—l }) ’

where W, = X, n W. The definition is independent of a particular choice of
o, B/, since any other &, p/ ({ 6/ } can correspond e.g. to a quite different tree)
can be expressed as in (6.15) by a linear combination of the functions curl w
and o, ..., B"~ !, where w is now in W,, as W/, W € X,,.

LEMMA 6.2 : Let { ¢’ };_, be basis in curl W,. Then { ¢ } 0 {&/ } U { P’ }
is the basis in Q,,

Proof : Let there exist c;, ¢;, ¢; € R" such that

-1

G+ 2
j=1

-

n—1
o+ Y TR =0. (6.16)
j=1

Jj=1
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CONFORMING EQUILIBRIUM FINITE ELEMENT METHODS 63

If m > 2 then by (6.16) and Theorem 1.1 we have

m—1
Z<Yvaj71>aﬂizj=0, i=0,...,m—1,
j=1

since any ¢/, B’ have a stream function. This system has, by Lemma 6. 1, exactly
one solution =0 j=1..m-1
Letn > 2(the assertion of the lemma forn < 2isevident now) and let w'e W

r n—1

be such that ¢/ = curl w’. Then(6.2) and(6.16) imply that > ¢;w’ + 3 ¢, w/
ji=1 j=1

is a constant. This constant is zero, as w = W = 0 on I'}, and by (6.3) we see

that ¢c; = O forj = 1,..,n — 1. Thus also ¢i=0forj=1..,r m

Remark 6.2 : For the numerical realization, it is natural to take o/, B’ so
that their supports are as small as possible — see the shaded parts of the triangu-
lation in fig. 3 (with X, consisting of e.g. bilinear elements). To get a suitable

r
17, ///////// //////////
oY 0
aQ? an=r‘2'
afly
VAZA VA
B/ A A A A/AA
Q ash
VAN AN
G r;

Figure 3.

form of the flexibility matrix, it is moreover necessary to deal with the problems
how to choose the tree corresponding to 9Q),, ..., 0Q,,_ ;, which component of I,
to denote by I', in which sequence to mark with numbers basis functions of Q,,,
etc.
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Remark 6.3 : Let { W, } be a system of finite element spaces such that U W,
h

is dense in W. For simplicity, let Q, be defined by the same functions o, B’ as in
the expression of Q. Then for p, which minimizes (2.6) over Q,, and for

p=curlw + Y ¢o + 3¢ B, weW,
C j
we have by Cea’s Lemma that
1 .
C | p~pullo < inf || p—g,llo =
aneQn
= inf _inf

wheWn aj,EjERl

= inf || grad(w—w,)[o =0 as A—0.
heWn

W

m—1 - 3 n-1 —_ .
curl(w—w,) + Y (@& —d)od + Y (¢; —d) B/
i=1 i=1

o

Remark 6.4 : For the Stokes problem, it can be proved by an analogical
procedure as in the proof of Theorem 6. 1 that

U = Z(curl H(Q) U { B, .... B7 }),

where B/ = curl W, w e H*(Q), 6,/ =0 on dQ and W =3,; on 0Q, for
j=1,..,Hi=0,.. H Thus the supports of p/ can have e.g. a circular shape
around any hole.

For the linear elasticity problem, we can obtain, due to Theorem 1.2, the
results analogical to that of this section. But this is supposed to be the subject
of next paper.

REFERENCES

[1] D. J. ALLMAN, On compatible and equilibrium models with linear stresses for
stretching of elastic plates, in [27).

[2] F. BrEzz1, Non-standard finite elements for fourth order elliptic problems, in [27].

[3] G. R. Busacker and T. L. SaaTy, Finite graphs and network : an introduction
with applications, McGraw-Hill, New York, London, Sydney, 1965.

[4] P. G. CIARLET, The finite element method for elliptic problems, North-Holland
publishing company, Amsterdam, New York, Oxford, 1978.

[5] G. Duvaur and J. L. LIONS, Inequalities in mechanics and physics, Springer-
Verlag, Berlin, Heidelberg, New York, 1976.

[6] M. ForTIN, Approximation des fonctions da divergence nulle par la méthode des
éléments finis, Proceedings of the Third International Conference on Numerical
Methods in Fluid Mechanics, Paris, 1972, vol. 1, 99-103.

R.A.1L.R.O. Analyse numérique/Numerical Analysis



CONFORMING EQUILIBRIUM FINITE ELEMENT METHODS 65

[71 B. M. Fraeus DE VEUBEKE and M. HOGGE, Dual analysis for heat conduction
problems by finite elements, Internat. J. Numer. Methods Energ. 5 (1972), 65-
82.

[8] V. GIRAULT and P. A. RAVIART, Finite element approximation of the Navier-
Stokes equation, Springer-Verlag, Berlin, Heidelberg, New York, 1979.

[91 R. GLowinskI and O. PIRONNEAU, On numerical methods for the Stokes problem,
in [27].

[10] B. J. HArRTZ and V. B. WATWOOD, An equilibrium stress field model for finite

element solution of two-dimensional electrostatic problems, Internat. J. Solids and
Structures 4 (1968), 857-873.

[11] J. HasLINGER and I. HLAVACEK, Convergence of a finite element method based
on the dual variational formulation, Apl. Mat. 21 (1976), 43-65.

[12] 1. HLAVACEK, Convergence of an equilibrium finite element model for plane elasto-
statics, Apl. Mat. 24 (1979), 427-457.

[13] 1. HLAVACEK, The density of solenoidal functions and the convergence of a dual
finite element method, Apl. Mat. 25 (1980), 39-55.

[14] C. JOHNSON, On the convergence of a mixed finite element method for plate bending
problems, Numer. Math. 21 (1973), 43-62.

[15] C. JounsoN and B. MERCIER, Some equilibrium finite element methods for two-
dimensional elasticity problems, Numer- Math. 30 (1978), 103-H6.

[16] D. W. KELLY, Bounds on discretization error by special reduced integration of the
Lagrange family of finite elements, Internat. J. Numer. Methods Energ. 15 (1980),
1489-1506.

[17] M. KRiZEK, An equilibrium finite element method in three-dimensional elasticity,
Apl. Mat. 27 (1982), 46-75.

[18] B. MERCIER, Topics in finite element solution of elliptic problems, Springer-Verlag,
Berlin, Heidelberg, New York, 1979.

[19] J. NecCas, Les méthodes directes en: théorie des équations elliptiques, Academia,
Prague, 1967.

[20] J. NEeCas and 1. HLAVACEK, Mathematical theory of elastic and elasto-plastic
bodies : an introduction, Elsevier Scientific Publishing Company, Amsterdam,
Oxford, New York, 1981.

[21] A. R. S. PONTER, The application of dual minimum theorems to the finite element
solution of potential problems with special reference to seepage, Internat. J. Numer.
Methods Energ. 4 (1972), 85-93.

[22] G. SANDER, Application of the dual analysis principle, Proceedings of the [UTAM
Symposium on High Speed Computing of Elastic Structures, Congrés et Colloques
de I’Université de Liége (1971), 167-207.

[23] R. TEMAM, Navier-Stokes equations, North-Holland publishing company, Amster-
dam, New York, Oxford, 1977.

[24] J. M. THOMAS, Sur l'analyse numérique des méthodes d’éléments finis hybrides
et mixtes, Thesis, Université Paris VI, 1977.

[25] J. M. THOMAS and M. AMARA, Approximation par éléments finis équilibre du systéme
de l'élasticité linéaire, C.R. Acad. Sc. Paris, t. 286 (1978), 1147-1150.

[26] J. M. THOMAS and M. AMARA, Equilibrium finite elements for the linear elastic
problem, Numer. Math. 33 (1979), 367-383.

[27] Energy methods in finite element analysis, John Wiley & Sons Ltd., Chichester,
New York, Brisbane, Toronto, 1979.

vol. 17, n° 1, 1983



