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TWO MIXED FINITE ELEMENT METHODS
FOR THE SIMPLY SUPPORTED PLATE PROBLEM (*)

by James H. BrRaMBLE (*) and Richard S. FALK (?)

Résumé. — On analyse deux méthodes d’éléments finis mixtes pour I’approximation du modéle
biharmonique du probléme d’une plaque simplement appuyée. On présente ensuite un procédé numé-
rique efficace pour résoudre le systéme d’équations linéaires correspondant.

Abstract. — Two mixed finite element methods are analyzed for the approximation of the bihar-
monic model of the simply supported plate problem. An efficient numerical procedure for solving
the resulting linear system of equations is then presented.

1. INTRODUCTION

In this paper we wish to study two mixed finite element methods for the
approximation of a boundary value problem modeling a simply supported
plate, i.e. we consider the biharmonic equation

Ai=f in 1.1

subject to the boundary conditions

Al — (i, + Kii)) =0 1.2
and

i=0 on T, (1.3)

where Q is a bounded domain in R? with smooth boundary I, f is a given
function, K is the curvature of Q, 1 — t is Poisson’s ratio, and &, and i, denote
the tangential and exterior normal derivatives of # respectively along I'.
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338 J. H. BRAMBLE, R. S. FALK

In the standard variational formulation of (1.1)<(1.3), (1.2) is a natural
boundary condition and so the solution # may be characterized by

Find fie H*(Q) n H}(Q) (1.4
such that

(AL, Av) — t{(i,y, v,) + (G, v, — 2@y, v,,) } = (f V)
forall ve H*(Q) n H}(Q)

(where (., .) denotes the L,(Q) inner product).

If one bases a finite element method on this variational principle, one is
faced with the difficulty of constructing subspaces of H2(Q) n H(). This
requires the use of C' finite elements which must vanish on 8Q.

By using the mixed method technique of introducing new independent
variables (e.g. W = — A#i), we are able to reformulate this problem as a lower
order system of equations. This will allow us to define a conforming finite
element method using only C° finite elements.

The first approximation scheme we will discuss will be based on the following
variational formulation of (1.1)<(1.3). Let <., .)> denote the L) inner
produbt and also the pairing between H*(I') and H ~(I') and let

A(u,v) =(gradu, gradv) + a{u,v ),
where o is chosen sufficiently large so that 2a + K > 0. We will consider :

Problem (P) : Find (#, w, A, 0)e HYQ) x HY(Q) x H¥*(") x H ™ Y*(I)
such that

AW, v) =(f,v) + {o,v> —1{A,v,» forall ve HY(Q), (1.5
A(@,z) =W, z) + (A z) forall ze H'(Q), (1.6)
t<K[}\'_aa]7u>‘—T<as’us>+<wlyp>=0 for all ueH3/2(r), (17)

and
{i,B> =0 forall Be H (). (1.8)

To understand the relation between Problem () and the biharmonic
problem (1.1)1.3), observe first that equation (1.5) is the weak form of the
boundary value problem

—AW=f in Q
ow

-é—’;+ocﬁ=c+t7»ss on I,
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SIMPLY SUPPORTED PLATE PROBLEM 339
and equation (1.6) is the weak form of the boundary value problem
—Aii=Ww in Q
ou

— 4+ oai=A on I.
on

Equations (1.7) and (1.8) give the boundary conditions
T[K(L —ait) + ] +Ww=0 on I
and

i=0 on T.

Suppose now that for # a smooth solution of (1.1)-(1.3) we set

W= — Ail, (1.9)
v =y aq (1.10)
and
. 0 . - ~ ~
o = — E;I'Au“i‘aAu"}'T(unss-i_auss) . (111)

Then from (1.1), — AW = f and by (1.9)-(1.11)

C=—Ww+ oW — 1A
an SS

which implies that (&, W, A, o) satisfies (1.5). Now from (1.9) and (1.10), it
easily follows that (&, W, A, o) satisfies (1.6). Using (1.2), (1.9), and (1.10)
we get that w + t[éi, + K(A — ai))] =0 on T and so (1.7) is satisfied.
Finally, (1.3) implies (1.8) so that (&Z, W, A, ©), with W, A, o defined by (1.9)-
(1.11) is a solution of Problem (P).

When the curvature K of Q is strictly positive we are able to give a much
simpler variational formulation of (1.1)<1.3).

2
W,

Problem (P*) : Find (i, w, 6) e H'(Q) x H(Q) x H ~Y*(I") such that

AW, v) =(f,v) + (o,v) forall ve H'(Q), (1.12)
A (@, 2) =(u7,z)—<%,z> forall ze H'Q),  (1.13)

and
CaB>=0 YBeH YI). (1.14)

vol. 17, n° 4, 1983



340 J. H. BRAMBLE, R. S. FALK

To understand the relation between Problem (P*) and the biharmonic
problem (1.1)1.3) observe first that equation (1.12) is the weak form of the
boundary value problem

—AW=f in Q

w ~
5, T =0 on r,
n

and equation (1.13) is the weak form of the boundary value problem

—Ai=w in Q
i L w
—6;+cxu— K on I.

Equation (1.14) gives the boundary condition ## = 0 on I’
Suppose now that for # a smooth solution of (1.1)«1.3) we set

W= — Aii (1.15)

and

c=—[gAﬁ+aAﬁ]. (1.16)
on

Then by(1.1), — AW = fand by(1.15+1.16),0 = g—lﬁ + oW which implies

that (&, w, o) satisfies (1.12). Now from (1.3), #, = 0 on I" so that by (1.2)
and (1.15) g—l’;+ ol = — % Hence (1.13) is satisfied. Finally (1.3) implies

(1.14) so that (&, W, o) with W and o defined by (1.15)«1.16) is a solution of
Problem (£*).

It is the purpose of this paper to analyze finite element methods for the
approximation of the biharmonic problem (1.1)«(1.3) based on the two varia-
tional formulations (P) and (P*). Once these approximation schemes are
developed and error estimates derived, we shall then show how the resulting
approximations can be obtained as the limit of a rapidly converging sequence
of functions requiring only the numerical solution of second order problems
with natural boundary conditions. The techniques used to obtain these results
are based on those in Bramble [7], where analogous results are obtained for
the second order Dirichlet problem.

We also note that many of the ideas used in this paper appear previously in
several sources. The use of Lagrange multipliers was first analyzed by Babuska
[3] for the second order Dirichlet problem. An analysis of a mixed finite element
method for the biharmonic model of the clamped plate problem is given by

R.ALR.O. Analyse numérique/Numerical Analysis



SIMPLY SUPPORTED PLATE PROBLEM 341

Ciarlet and Raviart in [8] and the idea of the solution of this problem using an
iteration scheme requiring the solution of second order Dirichlet problems at
each iteration is discussed in Ciarlet and Glowinski [9]. Further ideas in this
direction can be found in Glowinski and Pironneau [11]. In Falk [10] a mixed
finite element method is presented for the biharmonic problem with Dirichlet
type boundary conditions whose solution involves an iteration scheme requir-
ing the solution of two Neumann problems at each iteration.

An outline of the paper is as follows. In Section 2 we introduce the notation
to be used and then state and prove some a priori estimates that will be needed
in the subsequent analysis. Section 3 defines the approximating subspaces
to be used in the finite element method and collects some results on the approxi-
mation properties of these subspaces. In Section 4, we define the approximation
scheme for Problem (P) and prove some additional a priori estimates ana-
logous to those in Section 2. Section 5 then contains the derivation of error
estimates for Problem (P).

In Sections 6, 7, and 8 we analyze a finite element method based on the
variational formulation (P*) for the case where Q has strictly positive cur-
vature. Section 6 has some preliminary results for this case, Section 7 discusses
the finite element approximation scheme, and Section 8 contains the error
estimates. Finally in Section 9 we discuss efficient computational procedures
to solve our approximate problems.

2. NOTATION AND PRELIMINARY RESULTS

For s = 0 let H(Q) and H*I') denote the Sobolev spaces of order s of
functions on Q and I respectively, with associated norms |. ||, and |.|, respec-
tively (¢f. [12]). For s < 0let H5(Q) and H*(I') be the respective duals of H ~%(2)
and H %) with the usual dual norm.

To simplify the exposition of this paper we shall also use the norm .||
defined on H**2(Q) n HI') by

Il! ¢ I”s = |¢ Is + |l ¢ l|s+1/2'

In order to analyze the mixed formulation denoted by Problem () and its
finite element approximation it will be convenient to introduce the following
notation.

Define operators

T : HY(Q) - H**%(Q)
and
G: HT) » H*32(Q)

vol. 17, n° 4, 1983



342 J. H. BRAMBLE, R. S. FALK
by A(Tf,v) =(f,v) forall ve CQ)
and A(Go,v) =(o,v) forall ve CQ),

1e. Tf is the weak solution of the boundary value problem
—ANTf)=f in Q

%(Tf) +oTf) =0 on T

and Go is the weak solution of the boundary value problem
— AGo) =0 in Q

0
a(Gc) +a(Go) =0 on TI.

We remark that it is well known (cf. [13]) that T and G satisfy the estimates

| Tf I < C N f 2.1a)
and

I Go lls+32 < Clol, (2.1b)

for all real s, where C is a constant independent of ¢ and f.
Using (2.1) we can also prove :

LemMa 2.1 : There exists a constant C independent of ¢ and f such that for
all real s
I Tf liyjp-s < CH S -1 (2.20)
and
|G°'|1/2—s< C|°’]—1/z—s- (2.2b)

Proof : For s < 1/2 (2.2) follows from (2.1) by standard trace theorems.
For s = 1/2 we use the definitions of T and G to write :

KTLBY = ALGB Tf) = (L GB) < | f -1 1 GB [l1+s

and
{Go,B> =A,Go,GB) =<0,GB> < |0 |_15-51GBli)2+s-

Hence from (2.1) we get

T,
| Tf lij2-s = sup |<_13|{——Bl/i

ﬁEH"" 1/2

IS H=i—s GBIy 4

<
BeHs—1/2 | B ls—-l/2

S C” f“—l—s

R.AIR.O. Analyse numérique/Numerical Analysis



SIMPLY SUPPORTED PLATE PROBLEM 343

and since 1/2 + s > 0, we can use (2.2b) to get

1Go ooy = sup ST%P2

BeHs—1/2 | B |s—1/2

< sup |0'|—1/2—s|GB [1/2+s
~
BeHs— 112 [Bls-1/2

< Clo|_yp—s-

Using these definitions we see from (1.5) that

W =Tf + Glo + 1Ag] 2.3
and from (1.6) that
i=TWw+ G\ =T?f + TG[o + trA,] + GA. (2.9
Let us now define
w(, 6) = Glo + 1A ] 2.5
and ’
u(A, 6) = TG[o + A ] + GA. 2.6
Then w=Tf + w(\, 0)
and % =T*f + u(\, 0)

so that Problem (P) can be restated in the form :

Problem (P) : Find (A, c) e H¥*(') x H~'*) such that

K[ — au(h, 0)] + 1 (A, ©) + w(k, 6) = tKaT? f — «(T? f), — Tf
2.7
and
uph, o) = — T* f. 2.9)

It will be from this point of view that we will approximate i, i.e. we will
approximate G, T, o, and A to obtain an approximation to #.

The analysis of the finite element method for the approximation of the mixed
formulation of the biharmonic problem given in Problem (P) will depend
heavily on the study of the function

u(h, ) = TG[o + A, ] + GA.

vol. 17, n° 4, 1983



344 J. H. BRAMBLE, R. S. FALK

From the definitions of T and G it easily follows that u(A, o) is the solution
of the biharmonic problem :

Problem (Q) : Given (A, 6) € H>*(") x H ™ Y*(T), find u € H*(Q) satisfying

Au=0 in Q 2.9
ou
a—n—f-cxu:?» on I (2.10)
0
—%Au—ocAu—T[u,,ss+cxuss]=c on I. (2.1

In this section we wish to prove several a priori estimates for the solution
of Problem (Q). To do so we first state some Green’s formulas and standard
a priori estimates for solutions of the biharmonic equation A%z = 0.

For u, v e H*(Q) define a bilinear form E(u, v) by

E(u, v) = (Au, Av) — t{(Uyy, Vyy) + Uy, ) — 20, v} (2.12)

We then have the following Green’s formula (see e.g, [14]).

E(u, v) = (A%u, v) — <a—a’;Au +1 a%(“sn — Ku), v> +

+ <Au — t(uy, + Kun),%>. 2.13)

Defining
M) = Au — t(u, + Ku,) (2.14)

and
P(u) =—Au+‘r——(u —Ku) (2 15)
on os " § ’

and observing the symmetry of E(u, v) we obtain for all u, v satisfying
A’u = A*v = 0 that

— (V@ vy + <M(u),g—:> = (V@u> + <M(v),g—;‘>. (.16

Setting v = u in (2. 12) we also easily obtain that for all u € H*(Q)
E(u, u) = (Au, Au) — 2 t(u,,, u,,) + 2 T(thyy, Uyy)
= (1 - T) (Au’ Au) + T{(uxx’ uxx) + (uyy9 uyy) + 2(uxy’ uxy)} ‘

R.AILR.O. Analyse numérique/Numerical Analysis



SIMPLY SUPPORTED PLATE PROBLEM 345

Hence for0 <t < 1,

1
Yo D“uH(z)S;E(u,u). 2.17)

fel =2

A second standard Green’s formula for solutions of the biharmonic equa-
tion A%u = 0 is given by

(Au, Av) = (A%u, v) — <%Au,v> <Au,g > (2.18)

It easily follows from (2.18) that

(A, Av) = (A%, v) — <%Au + chu,u> <Au,g cxv>.

Using the symmetry of the form (AL, Av) we then get for all u, v satisfying
A’u = A’v = 0 that

- iAu+0cAu,v + Au,a—v+0w =
on on
= — iAU+OLAvu Av, — Ou + ow (2.19
N on ’ > on ’ ’

In the course of our analysis we shall also need to make use of an additional
Green’s identity, which we now derive.

LeMMA 2.2 : If ue H?*(Q) is the solution of Problem (Q), then

Ewu) =<{c,ud+ (Mw,A>+ ot {MKu)—o?t{Kuu) —
—t{[2a + K]u,u, ).

Proof : Since A%y = 0 we have from (2.13) that
E(u,u) = — EA +‘r£( — Ku), u
LU= T T s e i

+ ( Au — t(u, + Ku,), g—:>

0

+ o Au + T[auss + %(Kus)}a u >

=~

= — <iAu + aAu + T[unss + auss]’u>

vol. 17, n° 4, 1983



346 J. H. BRAMBLE, R. S. FALK

+ <Au —‘r(uss+Ku,,),€—u+ozu>
on
— {aAu — at(u,, + Ku,), u )
={o,uy + { M), 2>
+20n:(‘uss,u>——r<§§(Kus),u>+oz‘c(Ku,,,u>

={o,uy +{ Mu),Ar>
—1{[2a+ Klugu, >+ ot { A Ku) — o> t{Ku,u).

We shall also require the following a priori estimates satisfied by solutions
of the biharmonic equation (¢f. [13]).

LeMMA 2.3 : Let v be a solution of the biharmonic equation A*v = 0 in Q.
Then there exists a constant C (independent of v) such that v satisfies the fol-
lowing a priori estimates for all real s :

[oll34s < CU M) |1/2+s + v |5/2+s] (2.20)

}. (2.21)
3/2+s

Using these results we now establish a series of a priori estimates for solutions
of the biharmonic equation A%y = 0.

and

ov
— + ov

+6n

—1/2+s

0
loll34s < CH&AU + o Av

LEMMA 2.4 : If u is a solution of A*u = 0, then there exists a constant C
independent of u such that for all s = 0

ou

on + | V(u) |—5/2—s < C[| u |1/2—s + | M(w) |—3/2—s]'

—-1/2—5s

Proof : To estimate | — , we use the Green’s formula (2.16) and

On |_ 12—
define v to be the solution of ‘t/tie biharmonic problem
A’ =0 in Q
v=0 on I
M@ =¥ on TI.

R.AILR.O. Analyse numérique/Numerical Analysis



SIMPLY SUPPORTED PLATE PROBLEM 347

From (2.16) we have that

(%) = (M2 )+ Vo

v
< |M(“)|—3/2—s n + l V(U)|—1/2+s‘u|1/2—s'
3/2+s
From (2.15),
VO |-y = | 2 B0 + T2 (0, — K

on Js —1/2+s
0 0

< |=Av + 1| = (v, — Ko,
on —1/2+s as( ) —1/2+s

Since Av is a harmonic function, we have the estimate

0

-a—nAU

SClAvi+s S Clollsae,-
—1/2+s

By standard trace theorems,

v

on <C||U||3+s

3/2+s

and

0
g(vsn - Kvs) s C[l vn I3/2+s + IU |3/2+s] < C “ v ”3+s‘

—1/2+s

Combining terms and applying (2.20) we get

<g%"l! > < Cl M@ |—32-5 + 1 |1/2—s] I oll34s

S CUMW) |-35- + lulypo] 1V y/24s-

Finally,
ou
~ <6—3\p>
o A ] + lulyay]
A = su < Wl . u -]
o |-1j2ms  yemiteom [Wliyzes 312 172

vol. 17, n® 4, 1983



348 J. H. BRAMBLE, R. S. FALK

To estimate | ¥(u) |_s,,_, we again use the Green’s formula (2.16) and
define v to be the solution of the biharmonic problem
A’ =0 in Q
M) =0 on T
v=yY on TI.

From (2.16) we have that

Vavy = (M2 )+ Vo)

ov
—

< | M(u) |—3/2—s n |30

+ | V(v) ‘—1/2+s | u ‘1/2—5‘
s

Estimating terms as before and again applying (2. 20) we get

V@), ¥ > < CHUM®W) |_35-5 + |u |1/2—s] v lls4s
< C[| M(u) ,-3/2—5 +lu |1/2—s] N’ !5/2+s‘

Finally,

l V() |—5/z—s = \j,eHSSl/lBS(I‘) %M < C[| M(w) |_sps + 1 ly2-s].
/2+s

LEMMA 2.5 : If u is a solution of A*u = 0, then there exists a constant C
independent of u such that for all s = 0
-1/2 —s:l .

Proof : To estimate | u |;, _; we use the Green’s formula (2.19) and define v
to be the solution of the biharmonic problem

8
R L
n

-5/2-s

0
Iull/z—s + |Au |-3/2—s < C[l%Au + o Au

A*v =0 in Q
0
%Av+aAv =¥ on I

@+ow=0 on TI.
on

R.A.LR.O. Analyse numérique/Numerical Analysis
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From (2.19) we have that

0 d
<u,\l/>=<Av,£+au>+<§Au+aAu,v>

Ou
=— + ou

S\ |AU|1/2+s + |U|5/2+s-

—.a—Au + o Au
on

—1/2-5 —S/Z‘S

Applying standard trace theorems and the a priori estimate (2.21) we get

} olls4s
—-5/2-s

:||‘l/ |—1/2+s'
—5/2—s

ou
=— + ou

+ gAu + o Au
on on

<u,w><c[

-1/2-s

< C['a—lf+ ou
on

+ 'iAu+aAu
on

—1/2-s

Finally.
u,
| u |1/2_s = sup Té_|_‘l_,>_
WEH‘1/Z+S(F) —1/2+s
0
sc[—”+au + |2 Au+ 0 A .
on —1/2-s on -5/2—s

To estimate | Au |_ 3, _, we again use the Green’s formula (2. 19) and define v
to be the solution of the biharmonic problem

A% =0 in Q

iAu+o¢Av=0 on T
on

ov
%+ab=\l/ on I'.

From (2.19) we have that

Ou 0
(Au,\|l>—<Av,$+au>+<5’;Au+aAu,v>

ou
= + ou

-a—Au + o Au
on

< |A011;2+s on

+ v ls;245
—-1/2-s

—=5/2—s

vol. 17, n° 4, 1983



350 J. H. BRAMBLE, R. S. FALK

Estimating terms as before and again applying (2.21) we get

Ou 0

Au, S Cll= +ou + | == Au + aAu U ll34s

CAu > [ = T | _S/Z_J ™
ou 0

< Cl|5x +ou + | = Au + aAu s-
|: on —1/2-s ( on —5/2—s:| Wl
Finally

| Au |_3;,2_s = sup SM_)

verszesqy | U la24s
Ou
< c[

n + o
Using these results we can now prove the following.

+ ‘iAu + o Au
on

—5/2—s].

THEOREM 2.1 : There exist positive constants C, and C, independent of ¢
and A such that for all s = 0

C1[| A |—1/z—s +|o |—5/‘2—s] < | u(\, o) |1/2—s + lMO‘a o) |—3/2—s

S GIA-yp-s+ 1o |—5/2-—s]

—-1/2—-s

where u(\, o) (= TG[o + Th,) + GA) is the solution of Problem (Q) and
M\, o) = Mu(), o).

Proof : To simplify notation we will simply denote u(A, ) by u for the
remainder of this proof.
To derive the lower inequality, we use (2.10) and Lemma 2.4 to obtain
“ + o u

[Ayj2-s = o s < C[ = s + |u |1/2—s:|
< Cllulyp-s + I M@)|_5,-,]-

N
o

Now from (2.11),(2.14), and (2.15)

-~

0
6 = — =—Au — 2 Au — tfu,, + ouy)

on

14 0 0
- [—(%Au + Ty — taKus] —aAu — I&Kus — o

— V(W) — af[Au — W(u, + Ku,)] — 20tu, — 1 -a—i Ku, — atKu,

-

= — V(@) — aM@) — 2 atu, — té\%Kus — atKu, .

R.A.LR.O. Analyse numérique/Numerical Analysis



SIMPLY SUPPORTED PLATE PROBLEM 351

Hence
|6t 52y S CUV@) |_sppos + I M@ |30 + 1 lyjpos + Tty |y2-4]-
Applying Lemma 2.4 we get
|G |_s2-s < Cllu l12-s + | M) |—3/2—s] .

To derive the upper inequality we use (2. 10) and Lemma 2.5 to obtain

o
lulypos + AUl 3, < C|: EA“ + o Au

+ IA' |—1/2—s:|'

-5/2—s
But by (2.10) and (2.11)

a
4

6nAu+ocAu = —0 — tu,, +ou]=—0— TAg,.

Hence
lulypms + AUl 3 S Cll O | spos + M ]y0-4]- (2.22)
To complete the proof of the Lemma we observe from (2.10) and (2.14) that
M) = Au — t(u,, + Ku,) = Au — t(u, + KA — aKu).
Hence
| M) |32 < CLAU| 35 + lulyp o+ 1M1 ]

The upper inequality now follows directly from (2.22).

3. APPROXIMATING SPACES ON Q@ AND I

For 0 < h <1, let {S,} be a family of finite dimensional subspaces of
H(Q). Let r > 2 be an integer. We shall assume that for ¢ € H'(Q) with
1 < [ < rthere is a constant C such that

inf o —xl;<CH 7, j<1. (3.1

xX€Sh

We now define the operators G, : H~Y*(') —» S,and T, : H *(Q) — S, by

Au(Ghe9x)=<eax>s VXeSh
and

Aa(Th.ﬂ X) = (f; X) > VX € Sh .
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These are just the standard Ritz-Galerkin approximations to G and T.
It follows from the approximations assumptions and standard duality
arguments that we have the following well known results (cf. [2], [4]).

LEMMA 3.1 : There exists a constant C independent of o, f and h such that
[(G-Gyoli_y+ (G -GYo|;<CH | Gol,
and
(T = TS o1 + 1 (T = Tf|; < CHI I TS,
for2 —r<j<1<iI<roceH **{)andfec H *Q).

Note that the restriction to Q of continuous piecewise polynomials of
degree r — 1 on a quasi-uniform triangulation of R? or a rectangular mesh
of “ width ” A are examples of spaces S, satisfying Lemma 3.1.

In the analysis in the subsequent sections we shall require additional esti-
mates for the approximation of the operators T and G by T, and G,. These are
contained in the following two theorems.

THEOREM 3.1 : Suppose 0 < s <r — 1 and that fe H"(Q) with

—l<m<max@r—4,s—1)
and Be H() with — 1/2<I<max(r — 7/2,s — 1/2). Then for r > 2

[[T? = TAS ly2=s + | [T? = T3S [1-g < Chrtstmnemir=a £y,
and
[[TG — TG B |yj2-s + | [TG = T, G B |, <
s Chl+3+min(s—1/2,r— 7/2) | B ‘l

where C is a constant independent of h and f.
Proof : To simplify the exposition, let us use the notation

Mol =11+ Il

By the triangle inequality we have

NT> = TASMuz-s < W TIT — TS |lyj2-s +

+ m [T, - T|[T — Th]f|"1/2~s + m [T -1, Tfmlfz—s
and

m [TG - Th Gh] B mI/Z—s < ”I T[G - Gh] ﬁ ml/Z—s +
+ [Ty — THG — G B lij2-s + | TIG — GAB [ly2-s-
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Using(2.1),(2.2),andLemma3.1wegetfor0 < s<r—-1,—- 1 <m<r-2
and — 1/2 </ < r — 3/2 that

ITIT = T ey < CHIT = TS o
CHm+2+min(st1,r-2) I TS Ml 2

Chm+4+min(s~1,r—4) ”_f”
m >

AN

I TIG = G B [lyja-s < C|1G — GIB |1,
Chl+3/2+min(s+ 1,r—2) ” GB ”‘+3/2

< Chl+3+min(s—1/2,r—7/2) | B |1
2

A

WT, — TIT — T)flyj2-s < CH* || TIT — T))f |
Ch* | [T = TJf o < CEF™ 2| I,

Chm+4+min(s— 1,r—4) ” f ”

N

and

T, = TG — G B [lyj2-s < CH* | TIG — GIB |,
Chtl ” [G . Gh] B ”0 < Chs+l+5/2 | B |1
Chl+3+min(s—1/2,r—7/2) I B ll 3

N

N

Nowfor0<s< 1,1 <r+4<randl <7+ 7/2<r we also have that

T = T Tf |ly2=s < CET T4 T f 00 < CHET2 £
and

WIT = T GB l1jpes < CHET1FFT2 | TGB figyqy < CHTTHS2 B L.

We now apply these results in two cases. When 0 < s < r — 3, we get choosing
t=mand¢ =1 that for —1<m<r—4=max(s— 1,r — 4

"HT Th] Tfl”l/z < h.s+m+3 ”]“ < Chm+4+mm(s 1,r—4) ”me
andfor — 12 </<r—7/2 =max(s — 1/2,r — 7/2)
I“ [T _ Th] GB |||1/2_s < Chs+l+5/2 | B |l < Chl+3+min(s—l/2,r—7/2) | ﬁ Il .

Whens >r —3wechooset=m+r—s—3andt=1+r—s— 3and
get for —1<m<s—1=max(s— 1, r — 4)that

WIT = T T sy < CH™" 1 f s
< Chm+r ” f “ < Chm+4+min(s—l,r—4) “.f”m

m =
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andfor — 1/2 < /< s — 1/2 =max (s — 1/2,r — 7/2) that
T — T GB|1j2-s < CH* 12| Blisyosms

< Chl+r—1/2 | B Il < Chl+3+min(s—1/2,r—7/2) I B I[ .

The theorem follows by combining these results.
There are two special cases in which we shall use this theorem.

COROLLARY 3.1 : Suppose 0 < s <r — 3, fe H'(Q) with -1 < m < r—4
and B e H'() with — 1/2 < I < r — 7/2. Then

[(T? = Tl flaes + T2 = TS f1os S CHP 2 1
and
| [TG — T, G B |ijz-5 + [ [TG — T, G, B |-y < CH***372 | B,.

Proof : Observethats — 1 <r —4ands — 12 <r — 7/2

COROLLARY 3.2 : Suppose 0 < s <r— 2, fe H"Qwith— 1 <m<r—-3
and Be H'(T) with — 1/2 < I < r — 5/2. Then

(7% = T2 1 uams + | T2 = T3S ooy < CH75572 | 1 |,
and

| [TG - Th Gh] B |l/2—s + ” [TG - Th Gh]B "1—5 < Chl+s+3/2 | B Il .

Proof : Returning to the proof of Theorem 3.1 we note that for 0 < s < r—2,
min (s — 1, r —4) =2 s — 2 and min (s — 1/2, r — 7/2) = s — 3/2. Hence for
O0<s<r—2,—-1<m<r—2and —1/2<I1<r— 3/2weget:

| TIT — T,] f

12=s + ITw = THT = T S l1j2-s < CH22 f 1,
and
I TIG = G Bl jz—s + [T = TG = GIBlyj2-s < CRTT=T2 (B,
We also note that for0 < s < r — 1
NT = T TS fluo-e < CHT22 0 S,
holds for I < ¢ + 4 < r and that
T = T GB [lp-s < CHTT*2 B
holdsfor 1 <7+ 72 < r.
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Choosing m =t + 1 and I =7+ 1 we get for —2<m<r— 3 and
—3/2< 1< r— 5/2that

T = T Tf lyyams < CHT25" 0 f ey < CHF25™ 0 £ L

and
WIT ~ T,JGB [|,/5—5 < CRF'*32 By < CRHIT32 B,

The result follows by the triangle inequality.

THEOREM 3.2 : Suppose 0 < s < r — 2 and that f € H"(Q) with
- 1< m<r—3andBeH(F)wzth—1/2 I<r— 52
Then forr = 2

o(z)7 - ) |7
s o) - oz
()< - @<>GJB

“[ ( >G G,,( K)Gh}ﬁ

Proof : By the triangle inequality we have

Jletex) - lax)

+
1/2—s

< Ch"™ 2| f

1-s5

+
1/2-s

s Chl+s+3/2 l B |l .

1-s

<
1/2—5

N( )T—nulﬂsll <K> ol
WG @ﬁ—)ﬂ
and 1/2-s
EEIEREICIEY[] e
K h K h Vaes x
1
<[lol)ie - as]],_ + o -a(geyio - cus], -+
o CRECI
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Using(2.1),(2.2),and Lemma3.1wegetfor0 < s<r—2,— 1 <m<r-3
and — 1/2 < I < r — 5/2 that

! G(%)[T — TS

-

12-5s S C | [T -T,]f I—I/Z—s

S CR" P2 TS llpaa < CR™P27 | £

m»

< ClI6 — GB|-yams

1/2-s

< Ch 2 GB l143p < CHETITI2 B,
< Ch*

m (G, — G <%)[T —Tar|l G(%) T-T1/
C*|IT = T,1 f |32 < CH™ 2 1 Tl < CH™2 1 £ 1,

m G, — ]( 1 )[G —G)]B < Ck? ‘G(%> [G - G,]B
1/2-s 1
< Ch’ | [G _ Gh] B |_1/2 < Chs+l+3/2 “ GB I|l+3/2 < Chs+l+312 | B Il ,

Jto-enfex) s () ..

< Chm+s+2 | Tf |m+3/2 < Chm+s+2 “ f “
and

G — G,,]( )GB G(%) GB l'l .

< ChH2 [ GBpyy < CRETHHI2 B
The theorem follows by combining these results.

For 0 <k <1, let {S,} be a family of finite dimensional subspaces of
H"T'), n = 0. Let 7 > 1 be an integer. We shall suppose that for ¢ € H'(I')
with j < n and j < I < r, there is a constant C such that

inf | —xl; <CK|d]. (3.2

%€ Sk

>~

< Chm+s+2

1/2~s

m>

+
< Chs+l 3/2
1/2-s

We further assume that for j < i < »n there is a constant C such that
o1 < CH™ ¢, (3.3)

forall ¢ € S‘k.
The condition (3.2) and (3.3) together imply that for any given j, < n
there is an operator w, : H(') - S, with

6 —mdl; < Cpk' 1o, 3.4
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uniformly in j and / for j < n and j, < j < [ < r. This result can be found
in [6]. Finally we denote by P, the L,(I") orthogonal projection onto S,, i.e.
for ¢ € L(I') = H°(I),

(Pyd,0>=1<(,0)> forall 6eS,.
We now note for future reference the following property satisfied by the

projection operator P,. Using (3.3) for j > 0 and a standard duality argument
for j < 0 we obtain :

LeMMA 3.2:For — ¥ < j < nandmax(— n, j) < [ < ¥ there is a constant C
such that

|- P&, < CkT 1|, for ¢eHT).
Writing Py & = ¢ — (I — Py) ¢ and using Lemma 3.2 we get :

LemMMA 3.3 : Under the hypotheses of Lemma 3.2, we have for‘all $ € H'(I')
that

|Podl; < CLHO L+ K711

4. THE FINITE ELEMENT APPROXIMATION SCHEME FOR PROBLEM (P)

We now turn out attention to the study of a finite element method for the
approximation of the simply supported plate problem, based on the mixed
formulation given in Problem (P). We shall consider the following scheme
under the assumptions that S, « H"(I'), n > 3/2 and that S, and S, satisfy
(3.1) and (3.2)«3.3) respectively for some r > 3and r > 3.

Problem (P¥) : Find (i, W,, A, ) €S, X S, X S, x S, such that

AP 0) = (f0) + (Ot > — Ty @), > forall pv,eS, (4.1)
AHy, z) = Wy, z,) + (N, 2z, » forall z,e§, “4.2)
T Ky — i) e > — T @) 1)y > + Wiy > =0 forall p eS8, (4.3)

and
(i B> =0 forall B.eS,. @4.4)

Using the operators T, and G, we can also rewrite Problem (PF) in a form
analogous to Problem (P). From (4. 1) we have that

Wy, =T, f + Glo, + 1) ] “4.5)
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and from (4.2) that
i, = Tyw, + G, A =T} f + T, Glo, + M) ] + G, Ao (4.6)

We now define for A, o € H>*I') x H™ Y*()

wi(A, 0) = G,lo + TAy] 4.7
and '
u(h, 6) = T, Gylo + Th] + G\ (4.8)
Then w, =T, f + w,(A ©p)
and i, =T f + u(hy, )

so that Problem (PF) can be restated in the form :
Problem (P¥) : Find (,, 5,) € 5, x S, such that

Py { tK[M — cug (A, 0] + (1) (M, 03) + Wiy, 0) }
=Py {KaT; f —«T; )y — T, f} (4.9
and
Py u (M, ©) = — Py Trz. /. 4.10)

Our aim now is to study the function u,(A,, 6,) and prove a result analogous
to that of Theorem 2.1. We first note that from the definitions of T, and G,
it easily follows that { u,(A,, 6,), w,(A,, ©,) } is the solution of :

Problem (Qf) : Given (o, Ay) € S‘k X Sk find (u,, w,) €S, x S, satisfying

AWy, 0) = {0, 1, > — T (AY,, (1)) > forall v, €S,
and

Ay, 21) = Wy, 2) + (N, 2, > forall z,€8,.

To simplify the proof of the main result of this section and also the derivation
of the error estimates in Section §, it will be convenient to have the following
result.

Lemma 4.1 : Let w(, o), u(h, o), w,(A, 0), and u,(\, G) be defined by (2.5),
(2.6), (4.7), and (4.8) respectively. Then if (A, c)e H'*2(I') x H'() we have
Jor —12<I1<r—32and —2<s<r—3 that

| wd, ) — wy(A, ©) |=3/2—5 + || W ©) — WX, 0) |-
< Ch‘”“"“[l ol +|A |,+2] 4.11)
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andforall — 12 <1<r—"72and0 < s <r — 3 that
| u(r, 0) — u, (A, ©) |1 o-s + || u(r, ©) — (A, 0) |, -
S Ch'™P*S[|lo |, + | Misa]. (4.12)

Proof : Using the notation || ¢ [, = | $ |; + || ¢ ll;+1,, and applying (2.5),
(4.7), Lemma 3.1 and (2.15) we have

Il wk, 6) — wy, ©) ||-3/2-5 = || [G — G)) (o + T |||—3/2—s
< GR35 | Glo + ] [1e3e < CHP[o | + | My ,]
From (2.6) and (4.1) we get

uh, ) — (A, 6) = [TG — T, G,](c + o) + [G — G,] L.

Using (2.1), Lemma 3.1, and Corollary 3.1 it follows that

Il uh, @) — i, ©) fly/2-s
< CH'*s*52[[ o | + [Ayy] + CRSTS2 | G |y 0
< Ch'*s*52[| o |, + | |s,].

In order to state the analogue of Theorem 2.1 that we wish to prove we first
define for each (A, 6) € S, x S, a finite dimensional version of the operator
M\, 6) = Mu()\, o) defined by (2. 14). We first note that by (2.9), (2. 10), and
(2.11) the function — Au(A, o) satisfies

— Al— Au(r,0)] =0 in Q
—6% [— Au(r, 0)] + a[— Au(r,0)] =c + 1A on TI.
Hence — Au(), o) = G[o + 1A,] = w(X, o). Thus it follows from (2.10)
and (2.14) that M (A, o) can be written in the form

M, 6) = Mu(:, o) = Au(), o) — t[u (A, o) + Ku,(A, 0)]
= Au(h, ) — 1[u (A, 0) + KA — aKu(A, ©)] 4.13)
= — w(}, 6) — t[u,A, 6)] — 1K[A — au(}, 0)].

We then define an operator M, (A, o) by

M, 6) = — w,, o) — t[uyh, 0], — TK[A — oun (A, 6)]. (4.14)
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With this notation we now prove :

THEOREM 4.1 : For h < ek, with € sufficiently small, there exist positive
constants C and C, independent of o, A, h, and k such that for all

0<s<min(r— 3, r— 3/2
CillMoyps + 10 o5 < | Poty, 0)]12-s
+ | Py My(\, ©) |_32s S C[IM | yjpes + 161 5/2-4]
for all (A, c)eék X ék'

To simplify the proof of this theorem, we first prove the following preli-
minary result.

LemMMmA 4.2 : There exist positive constants C, and C, independent of \, ©,
and k such that for all 0 < s < v — 3/2

CillAZyp—s + 1o ]ospp-s] < | Poud, ©) |yjo—s + | Po M(2, ©) |32
S GlIMyp-s + 10 ]-52-5]

for all (A, o)e.S"k X Sk where u(\, o) is the solution of Problem (Q) and
M\, 6) = Mu(), o).

Proof : To simplify notation we will again simply denote u(A, o) by u for the
remainder of this proof.
Using Theorem 2.1 and the triangle inequality we have

Cl[lM—x/z—s +|o l—S/Z—s] - I(I ~ Po)u |1/2—s - l(l_ Py) M(u) |—3/2—s
S| Poulyy—s + ‘Po M) |—-3/2—s
< Cz[l A ,—1/2—s+| c |—5/2—s]+|(1_P0) u |1/2—s+|(1"Po) M(u) I—3/2—s‘
4.15)

Applying Lemma 3.2 and a standard trace theorem we get for 0<s<r+1/2
that

l(I — Pyu H/z—s < Ck2* 2% [u |:23/2 < Ck2*2s Il u H%
< Ckz”’[ Y D% ully + fu |\f:‘
la|=2

and for 0 < s < 7 — 3/2 that

(T = Po) M(u) |25, < CK**2 | M) 25 .
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To estimate | M(u) |_,,, we define v to be the solution of the biharmonic
problem A%y = 0 in Q, v = 0 and dv/én = { on I. Since A%x = 0 in Q it
follows from (2.12), (2.13), and (2.14) that

(M@, ¥ > =Eu,v) < Clullvl,.
Since || v ||, < C [V |,,, by a standard a priori estimate, we get

| M@) |-y = sup MOV oy,
verizamy | ] li/2

Hence

| (I = Po) M(u) |25, < Ck““[ 22 I D*ullf + |l u \\2}

fal

Now from (2.17) and Lemma 2.2 we have for a sufficiently large (so that
2a + K = 0) that

T Y D ully < E@u) + <2 + Klu, u, )

laf=2
<o ud+ { ML) +at{ AN Ku)—a?t{Kuu).

Since (o, 1) € Sk X §k we may write

© Y I1D%ull3<< 0, Poud+{ Po M), A >+at{ ), Kud—a?1{ Kuu).
la|=2

Applying standard trace theorems and (3.3) we get that

T z ID*ulld<|o|_ 1y2+s| Pott]yyn- s+ | Po M(u) |- 32-s | M3z s

lol=2
+COM g luly+ 1 ulit]
Ck_2_25[|0'|_5/2_x|Pou|1/2_s+IPOM(u)j_3/2_s|k|_1/2_s]
+C[k_s|>\|—1/2—s Il u I+ 1l o “ﬂ
Recalling that u = u(A, 6) = TG[o + TA,] + G\ and applying the a priori
estimates (2.1) and (3.3) we get that
luly <[ TGlo + )|, + | G\,
ClIGlo + ] ll-y + 1Ay
Cllo + thl_sp + |2 ]-y2]
[f c |—5/2 + | A |—1/2]
Ck*[lo |—sj2—s + |2 I—l/Z—s]‘

N

//\ //\ N
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Applying the arithmetic-geometric mean inequality and combining results
we get for arbitrary & > 0 that

max { | (1~Po)u |§/2—s, | — Po) M) |2—3/2—s}
< Cps + kz] [| c |2—5/2—s + |2 |2—1;2—s]

C
+ g[l Pyu l{/l—s + | Py M(u) |2—3/2—s]- (4.16)

Hence for k and 6 chosen sufficiently small we get using (4.15) that
Cr [—12-s T+ |0 |-—5/2—s] < ‘ Py u(2, o) |1/2-s + |P0 M, o) l—3/2—s’
and choosing & sufficiently large in (4.16) we have from (4.15) that
| Py u(n, o) |1/2—s + | Py M(M, 0) |—3/2-s < Cz[l A |—1/2—s +|o ]-5/2—s] .
To prove Theorem 4.1, we must now show that u(A, o) and M(A, c) can be
replaced by u,(A, o) and M,(A, ) respectively.
Proof of Theorem 4.1 : Using Lemma 4.2 and the triangle inequality we
have that for0 < s < r — 3/2
Cx[i A l—1/2—s +|o 1—5/2—s] - ‘ Polu(r, o) — wy(r, o)) t1/2-—s
- | Py[M(A, o) — M, (), 0)] |—3/2—s
< | Py (X, 0) |yj2-s + | Po My}, ©) |—3/2-s
< Gl A l—12-s + lo |—5/2—s] + ‘ Pylu(r, o) — w(A, ©)] |1/2—s
+ 'Po[MO% o) — M,(}, o) i—s/z—y

Hence to prove Theorem 4.1, we need only show that for 0 < s < min(r — 3,
r— 3/2)

| Poluh, ©) = uyM ) | 11— s + | PolM(, 0) = My, )] |35
SO[M_yjp-s + 10 155-4]

where 0 is a constant which is small with € = h/k. Applying the triangle ine-
quality, Lemma 3.2, (4.13), and (4.14) we have for 0 < s < r — 3/2 that

| Polu(r, ©) — u,(X, o)) |1/2—s + | Po[M(A, o) — M,(\, ©)] I—3/2—s
< | u(h, 0) — u, (A, 0) Ix/z—s + | M(A, 0) — M,(\, ©) |—3/2<s
+ Ck* {|u(X, 0) — u,(X, 0) |1/, + | M(X, ) = My(A, 0)|_3, }
< C{lu(r, o) - l{h()\" ©) l1j2—s + Wk, 0) — wy(X, 0) [_3/2
+ K [u(h, 6) — uy(A, 0) |y o + K |w(k, 0) — wy(A, 6) |35 } .
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Now applying Lemma 4.1 with / = — 1/2 and (3.3) we get
| Po[u(r, 0) — (A, ©)] |15 + | Po[M(X, 0) — My(A, O)] |- 35—,
< ClIP* + K] [lo l—12 + 1A l32]

(R [

The result now follows provided 4 < €k and ¢ is sufficiently small.

5. ERROR ESTIMATES FOR THE APPROXIMATION OF PROBLEM P

We begin this section by proving a preliminary lemma.

LEMM)_\ 5.1 K Suppose the hypotheses of Lemma 4.1 are satisfied. Then for all
(1, B) € S, x S, we have

| Wk, 0) =Wy, B) | 325 + | Wk, ©)—wip, B) || -1
S C{AT 2| o+ X 142]
RN =Byt A=p 3l H 1 6=B st A=pl_ypy}
for —12<I<r—-32and —2<s<r—3and
|40 &)= t4(1, B) [y o+ | uh, @) =118, B [,
S C{h*2*| o ||+ X |14,]
RN o—B it A=p 3]+l o—=Bls s+ A—p |y )
for —12<I1<r—T72and0 <s<r—3
Proof : To simplify the exposition, let us use the notation
Mot =1l + 1D lrsy2-
Then by the triangle inequality
W, @) = wiltt, B) - 372 < | W, ©) = ik, ©) -3/

+ ||| wi(A—p, 6 —B)—w(h—p, c—B) "|—3/2—s+”| WA —p, c—B) “I-—3/2—s
and

”| u(r, o) —u, (1, B) I"l/Z—s < "l u(h, o)—u,(A, ©) |"1/2—s
)| tah—, 6 =B —uh—pt, 6= B [0 s+ || 4~ 1 5= B) [ -

vol. 17, n° 4, 1983



364 J. H. BRAMBLE, R. S. FALK
Applying Lemma 4.1 we obtainfor —1/2 < / < r—3/2and —2<s<r—3 that
m w(A, 6)—w,(A, ©) "I—3/2‘s S CHP5[l o i+ |y 2]

and
I” wy(A—p, o—B)—wh —p, o —B) "l—s/z—s < Ch**[lo-B |12+ 7“”'3/2]

andfor — 1/2 <I/<r —7/2and0 < s < r — 3 that
| 4, 6)~ Ay ©) |l1j2—s < CH 2 0 |+ N |142]
and
s~ 0= B) = =, =B) 125 < CH* [0 =B |10+ A=k l52]
Using (2.1),(2.2), (2.5) and (2. 6) we obtain

m W()\-—‘u, O'_B) ”|—3/2——s = I" G[(G_B+T(7“_p)ss] |||——3/2—s

S Cllo=BlospstIA=pl_15-4]
and

Il “ =1 0 =B) [ll1/2-5 < || TGl(o =B+ T =] [l1/2-s+[| C-= kI [[1/2-
S C{IGlc—B)+th—W I -1+ A=y}
S{lo=Blsp-stA—p|_y2-}-

The lemma follows by combining all these results.

THEOREM 5.1 : Suppose f e H™(Q),
O\, o)e HXT) x H(Q) ~n H*AT) x HI(T),

and (A, ©,) € Sk x .S.'k are the respective solutions of Problems (P) and (P)).
Then for h < ek with ¢ sufficiently small, there exists a constant C independent
of h, k, o, A, and f such that if S, « H'(I'),n > 3/2

[A=Agl—1p-sFH|O—0h |_5/2—
S C{hm+3/2—iki+s+3/2 llf “m_+_hl+1-iki+s+3/2 [l o ll+l 7\‘ ll+2]

+ AT ol + [ M il

forall =12 <1< r=7/2, —1)2<i < #—2, =2 < s < min(r— 3,/ —3/2), and
—1 < m < r—4 wherei = max(—n, —3/2—3).
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Proof : Let ;y A and m, o € S‘k be approximations to A and ¢ respectively
which satisfy (3.4). Using the linearity of u,(A, o) and M, (A, o) and Theorem 4.1
we getfor0 < s < min(r — 3,7 — 3/2)

[ M= Ay postlo—m O |os—s
< C{| Poluy(h ) — uy(my, A, 7, ©)] l1/2-s
+ | Po[M,(A, 63)— M (T, A, m, ©)] |—3/z—s 3

Using (2.7), (2.8), (4.9), (4.10), (4. 13), and (4. 14) we obtain
Py u,(\p 6)— Py ty(my A, m, 6) = — Py Tr f— Py uy(m, A, T, ©)
= Py(T* =T} f+ Po[u(r, 0)—uy(m, A, m, 0)]
and
Py M, (A, 0 )— Py My(n, A, T, O) =
=—Po { 1KaT; f—uT} f)y— T, f} — Po My(m, A, 7, ©)
=Py { 1Ko T? = T3]/~ T*~Ti1/)s—[T—T))f }
+ Po(M(\, 0)— M, (n, A, T, ©)).
Combining these results and using Lemma 3.3 and the triangle inequality
we obtain for S, = H'(I'), 0 < s < min(r — 3,7 ~ 3/2) and
i=max(—n, — 32 —3)
that
[ A PP S o P A J PP
< CUIT? =T3S lyao K32 [T = T3 s
+lu, 0) —u(m M1, 6) |y o -+ K 32U, 0) —u(m A, T, 0) |4,
+ [ [T=TW f |32 +k"732 | [T-T) f l
+| MM, 0)— My(m A, 7, 0) |35+ K532 | M, 6) — M(m A, T 0) |, } .

From (4.13) and (4.14) we observe that
M(\, 0)— M (n, A, T, 6)=w (T, A, T, 0)—w(A, O)
+ 1t uy(m, A, ) —u(d, 0) ]+ KM A — A+ atK[u(k, ) — u,(m A, T, 0)] .
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Inserting this result in the previous inequality we obtain :

[ A=A | — g H O =T, O [ _s5n—
SC{IT?* =TS lyja—s+K 2T =TS22
+|u(k, 0) —u (M A, T, 6) |1 o o+ K32 Ju(h, 0) —u (M A, 1, ©) |4
+[T—=TWf |- 32—+ K732 [T~ T)f|;
+ | wym A, 1, ) —wk, 6) |- 55+ K 532wy (n, A, T, 0) — w(k, ©) |;
+|7t,‘7\.—7»|h3’,.2_s+k”s+3=’72 M A=Al }.

To estimate the above we first observe that by (3.4) for — 12 <[ <r-2
|nk>"_>\‘l—3/2—s+ki+s+3ijz | A—A |, < Cki+7'i2+s|)\|i+2 .

Using (2.1), Lemma 3.1, and Corollary 3.1, we have for all fe H"(Q)
with —1 < m < r—4 and all 0 < s < r—3 that

l[T— Th]f‘—3/2—s+ki+s+3/2 l[T_Th]f 'i < Chm+3/2——i ki+s+3/2 “f H

m

and
l [TZ_T;%]fluz—s‘*‘kHﬁ?’/z | [Tz—Ti]fll/Z—s < Chm+3/2—i ki+s+3/2 H,f ”m .

Now from Lemma 5.1 with (u,.B) = (m, A, M, ©) and (3.4) we have for all
—12<I<r—-72, = 1)2<1<r—2,and 0 < s < r—3 that
|u(r, 0) —u (M A, 1, 0) |y - o+ K 52 U, 0) —uy (M A T, ) |14 5
+ | W, 0) —wi(m A, 1, 6) |3/ -+ K32 WA, 0) —wy (M A, T, ©) |,
SC{RTITRT 32 o |+, )
+RZTRTS |6 —m o |y A=y 3]
+|c—nkc|_5,2_5+|k—nkkl_m_s
+k o —mo |y HIA =m0}
SC{RT TR 6 | My ] +K 2 o i+ M o))
(since h < ek, g < 1).

The theorem now follows easily for0 < s < min (r— 3, ¥ — 3/2) by combining

these results and using (3.4) and the triangle inequality, and then for
— 2 < s < 0Ousing (3.3).

Using Lemma 5.1, Corollary 3.1, and Theorem 5.1, we now prove our
main result.

R.AILR.O. Analyse numérique/Numerical Analysis



SIMPLY SUPPORTED PLATE PROBLEM 367

THEOREM 5.2 : Suppose the hypotheses of Theorem 5.1 are satisfied. Then if
(@, W, A, ©) and (ily, Wy, M, G,) are the respective solutions of Problems (P) and
(P¥), we have for i = max(—n, — 3/2 —s) and all —12<1<r~1/2,
—12<i<vr—2and —1<m<r—4 that

| W= W |_apm st | W=y [ o S C{Rm T2 32 f
R (L R P A RS A (TSR
when —2 < s < min (r—3, r—3/2) and
|y |y st ll BTy g < C{A™T3RTEIS32 ) £
HRTTREST o | | Ay KT o | [N o]
when 0 < s < min (r—3,r—3/2).
Proof : From the definitions of #, W, i, and w, we have

W =W, = [T — T,]f + w(k, 6) — w(A, 5)
and
i— i, =[T* =T f + u(\, 6) — u,(Ay, ©p) -

Again denoting | ¢ [, + | ¢ ll54,2 by [l ¢ |ll; we have by the triangle inequality
that

W=y ll-32-5 < ||| [T—Tuf |I|—3/2—s+”| w(k, 6)—wy(h, ©)) ”|—3;’2—s

and
&=, lly2-s < |||[T2— Tf]f”lx/z-s‘*'m u(r, o) —u(hy, ©3) ml/l—s .

It then follows directly from (2.1), Lemmas 3.1, 5.1, and Corollary 3.1 that
forall —1l<m<r—2—-12<I<r—-—32,and —2<s<r—3

MW=y ll—sraee S CLA35 ] f I
SR [ TR D P B [ Sl A PP ey S EYPY
+ o=y [_spostIA=N | 1oos }
and for all —1<m<r—4, —1/2<I/<r-7/2 and 0 <5 < r—3 that
Wiy o < C LA [ f Lt B2 o | [ M 2]
+R2 =0y |yt | A=A sl =0 |_sppo st A=Ay |-y }-
The theorem now follows directly from Theorem 5.1.
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We now consider some applications of the error estimates in Theorem 5.2.
Suppose r < F+3/2, fe H™*Q) and (o, ) e H'(T) x H'~*I). Then if
S, © H**(') and r > 3 we have

V=, ll, < C{W '[|fl,—s+lo -7t 2] —372] +K o -2+ 21}
and if S, = H¥*(T") and r > 4 we have

=, llo < C{RU S oatOlogp Al spl +K 32 0 |+ R )

In particular if we take S, to be continuous piecewise cubics, Hermite
cubics, or cubic splines and S, to be cubic splines defined on I" as a function
of arclength then we are in the case r = 4, r = 4 and S, = H>*(T). Hence if
fe L*Q) and (o, \) e H*(I') n H*I) we obtain

V=, llo < C{AIfllo + 1ol + [ Mlsp] + K2[loly + |11}

To balance these terms we could choose & = k'V/8

small the condition £ < ¢k is automatically satisfied.

In the next three sections of this paper we shall consider the case where Q
has strictly positive curvature K and analyze a finite element method based
on the variational formulation Problem (P*) given in Section 1.

so that for k sufficiently

6. SOME FURTHER PRELIMINARIES
Using the definitions of 7 and G given in Section 2, we see from (1.12) that
w=Tf+ Go 6.1
and from (1.13) that

i = TW—G[% w] — T (4 TGc—G[% Tj}—G[%(— chl. 6.2)

Let us now define

w(o) = Go 6.3)
and
u(oc) = TGo — G[% Gc:l. 6.9
Then
w = Tf + w(o)
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and

<™

=T?f— G[%(- Tf} + u(o)

so that Problem (P*) can be restated in the form :

Problem (P)* : Find 6 € H ~Y?(I') such that

u(c) = — T*f + G[?IIZ Tf]. 6.5)

We now establish some results about the function u(c) which will be needed
'~ in the analysis of the finite element approximation of Problem (P*). From the
definitions of T and G we first observe that u(c) is the solution of the biharmo-
nic problem :

Problem (Q*) : Given o € H ™ Y*(T') find u e H*(Q) satisfying :

A*u=0 in Q (6.6)
—iA —aAu = n T 6.7
an u LAU =0 O .
and
— Au+ K[y, + ou] =0 on T. 6.8)

We then have the following a priori estimate.

THEOREM 6.1 : There exist positive constants C, and C, independent of ©
such that for all s = 0 -

C/lo |—3/2—s < ‘“(0') |1/z—s <Clo |—3/2—s
where u(c) is the solution of Problem (Q*).

Proof : Using (6.4), (2.1), and (2.2) we have

1
| u(o') [1/2_5 < | TGo !1/2_5 + ( G[m GO‘]

1/2—s5

—1/2—5]

S Clo|osp-s+ 10 ]35-] S ClO|_35-

LGcr

< | Il
< C[I, Goll_,_+ K

To prove the first inequality we use the fact (cf. [7]) that
|o |—3/z—s < C|Go |—1/2—s-
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But from (6.6)<(6.8) it follows that Go = — Au = — ©K[u, + au] and so
we get
ol 325 S Cll sy |oyja—s + | u |—1/2—s] .

Applying Lemma 2.4 we get that
|ty |_y2-s < CLltlyp—s + | M) | =324
where M) = Au — 1(u,, + Ku,). Now since u satisfies (6.8),
M@w) = tKou — tug.
Hence | u, |-, < Clul,,_,and so
[0 1-32-s S Cluly—.

To establish our next result, we will need the following lemma.

LEMMA 6.1 : If w is a harmonic function in Q, then

wld < <E’w>'

Proof : Let ze H*(Q) n H(Q) satisfy Az = w. Then
0z 0z
(W> W) - (W,AZ) — <W,%> - (VW:VZ) - < w>%>

(since w is harmonic). Hence

2 _ 1 12 02 1 e oz 2z \'"
||w”o—<Kl/2w,K 5 ) <(gmw K=, =

Now since z = 0 on I', we have the identity (cf. [5], equation (5. 4))
2 0z 0z 2
. + <K%,ﬁ> = | Az 5.
2 1/2
Hence < 0z 0z > < || Az || = || w |l; which easily gives

Ko
1
[ wlo < WY ).

LEMMA 6.2 : There exist positive constants C, and C, independent of & such
that

2 0%z

0x; 0x;

i,j=1 |

Cilolk, <[ uo)o)| < Clol2,.
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Proof : Using (2.1), (2.2), and (6.4) we get
: 1 |
lu(o) |, < |TGo |, + ‘ G[ﬁGc] ‘1

| 1
< C|:|| Go ||y, + i%—IZGG

y

< Cllol,+|lol4]<Clo]|_,.

Hence | (u(c), 6 > | < |u(©) |;|o]_, < Clo |2,

To prove the first inequality, we observe that it follows easily from the
definitions of u(c) and w(o) that (o, u(c), w(o)) satisfy the variational equa-
tions

A,w(o),v) =<o,v) forall ve H'(Q) 6.9
and )
A, (u(o), z) = (w(o), z) — < n;(_;(r)’ z > forall ze HY Q). (6.10)
Hence
(o,u0) > = || wio) Hé—<%,w(c)>. 6.11)

Since w(o) is harmonic we may apply Lemma 6. 1 to obtain
1 w(o) 2
|<o,u(c) )| = - 1 T,w(c) = C|w(o) |§ (6.12)

since0 <1< land K > 0.
Now let v satisfy

—Av=0 in Q
v=VY on TI.

Then a standard a priori estimate gives
NUH3/2 < Cl‘l’ll
and since v is harmonic, we have the estimate

ov

an SCluly,-
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Then
<Ga\|"> =<G,U> :AQ(W(G),U)
=<w(6),%+av><|w(c)lo|:%0+cx|v|0]
S Clw©) oWl .
Hence

a,
lol_y = sup SZY2
vermim 1V

< C|w(o) -

Combining results we get

o2, < C|<ouc))|.

7. THE FINITE ELEMENT APPROXIMATION SCHEME FOR THE CASEK > 0

Based on the variational formulation of the simply supported plate problem
given in Problem (P*) we now consider the following finite element approxi-
mation scheme. The approximating subspaces are those described in Section 3,
except now we only assume that S, « H'"(I'),n > 1/2,r > 2,and r > 2.

Problem (P**) : Find (il,, W, 5,) € S, X S, x S, such that

AW, v) = (f, v,) + { O 1, > forall v,€8§, 7.1
Aty ) = OBy, 2,) — <%% z,,> forall z,eS, (7.2)

and .
(B> =0 forall Bes,. (7.3)

Using the operators T, and G , we can also rewrite Problem (£}*) in a form
analogous to Problem (P*). From (7. 1) we have that

W, =T,/ + G, 0y (7.9
and from (7.2) that

- - | S : | . 1
u, =T, Wh_Gh[ﬁ(’ Wh] =T;f- 1,G, o-k_Ghl:ﬁ Thf:I“Gh[m G, Gk:l .
(7.5)
We now define for 6 € H ™ 3(IN)

wy(oc) =G, o (7.6)
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and

- 1
u(c) =T1,G,0 — Gh[m G, 0'] . (7.7

Then w, = T, f + wy(c))
and

- v |
“h=75f_6h[ﬁ Ihf}“”uh(ck)

so that Problem (Pf*) can be restated in the form :

Problem (P¥*) : Find o, € S, such that

1 .
Py u(cy) = _POlerf+POGh|:H<'Thjj|' (7.8)

Our aim now is to study the function u,(c,) and prove results analogous to
those of Theorem 6.1 and Lemma 6.2. We first note that from the definitions
of T, and G, it easily follows that u,(c,), w,(c,) is the solution of :

Problem (Q*) : Given o, € S, find (4, w,) S, x S, satisfying

Aw,v) = o,v,» forall v,eS,
and

Wy

Au(uha Zh) = (wha Zh) - < ﬁ > Zp > for all Z € Sh .

To simplify the proof of the main result of this section and also the derivation
of the error estimates in Section 8, it will be convenient to have the following
result.

LemMma 7.1 : Let u(c) and u,(c) be defined by (6.4) and (7.7) respectively.
Then if c € H(I') we have for — 1/2 < I <r—52and 0 < s <r — 2 that

|u(c) — (o) |1/2—s + ” u(c) — w(o) “1-—s < Ch*32 o . (7.9

Proof : From (6.4) and (7.7) we have

(o) — u(o) =76 - 7,G,Jo — [G(% G> - G,,(% G,,)] c.
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Hence the result follows directly from Corollary 3.2, Theorem 3.2, and the
triangle inequality.
We are now ready to state the main result of this section.

THEOREM 7.1 : For h < ¢k, with € sufficiently small, there exist positive
constants C, and C, independent of o, h, and k such that for all

O0<s<min(r-—2r+1/2
Cilolap-s < | Po uy(o) \1/z—s < G lol sz forall ces,.

To simplify the proof of this theorem we first prove the following lemma
which is a restatement of the theorem with u,(c) replaced by u(c).

LeEMMA 7.2 : T here exist positive constants C, and C, independent of c and k
such that for all0 < s < ¥ + 1/2

Cilol-32- < |Po u(o) 11;2—3 < G lo 32—
forallc e Sk, where u(c) is the solution of Problem (Q*).
Proof : Using Theorem 6.1 and the triangle inequality we have
Cilolzp-s— | (I = Py) u(o) |1/2—s < | Py u(o) |1/2—s
S Gy l0 |35y + | = Py)u(0) |15 (7.10)

Applying Lemma 3.2 and a standard trace theorem we get for 0 < s < r + 1/2
that

|(1 — Py) u(o) l?,/z—s < Ck¥H! Iu(o‘) H < Ck» ! “ u(c) || g;z-
Now using (6. 10) and elliptic regularity theory we have
“ u(o) ”3/2 < C[ll w(o) 12 + | w(o) o] -
Applying Lemma 6.1 and (6.12) we get

| u(c) |3, < C|w(o) |5 < C|<uo), 0|
and so
|(I = Po)u(o) |3-s < Ck** | u(o), 0 ) |.

Since 6 € Sk, we get using (3. 3) that

I<“(0')7°'>l= |<P0u(0),0'>|< |P0u(0')|1/2|0]_1/2
< Ck= 7! |P0 u(c) |1/2—s | o |—3/2—s'
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Hence [(1 — Py) u(c) |:f/2—s < IPo u(o) |l;"2—s |o I—-3;’2—s'
Combining this result with (7.10) and using the arithmetic-geometric
mean inequality establishes the lemma.

Proof of Theorem 7.1 : Using Lemma 7.2 and the triangle inequality we
have for 0 < s < 7 + 1/2 that

Cilo |——3/2—s - lPo[u(G) - u,(0)] '1/2—s < |Po u, (o) 11/2—5

<C,|o |—3/2*s + IPo[u(o’) — u,(o) l1/2—s'

Hence to prove Theorem 7.1 we need only show that for

0<s<min(r— 2,7+ 1/2)

\Po[u(c) — u,(0)] |1/2—s <9d|o \—3,/2—s

where 6 is a constant which is small with € = A/k.
Applying the triangle inequality, Lemmas 3.2 and 7.1 and 3.3 we get

!Po[u(O‘) - uh(c)”uz—s < | u(o) — u,(c) !1/2—;-
+ | (I = Po) [u(0) — u,(0)} |y/2—s

< I u(c) — u,(o) |1/2—s + Ck* I u(c) — u,(c) 11,/2

C s+1 kS < ﬁs+1 ﬁ : -
< [h +h ]IGI—I/Z\C k +k |G|—~3/2—S'

The result now follows for # < €k with ¢ sufficiently small.

In the discussion of the solution of the linear system of equations arising
from Problem (P} *), we shall need to make use of the following result, which
is a discrete version of Lemma 6. 2.

LeMMA 7.3 : Forh < ek, with ¢ sufficiently small, there exist positive constants
C, and C, independent of G, h, and k such that

Cilol2, < |{Poufo)od|<Cylol2, jorall ceS,.

Proof : Applying Lemma 6.2 and the triangle inequality, we have for all
o € §, that

Cilol2y = |<u(c) — u(o), 0| < | Pyulo), o) |
<SG lol2, + |[<uo) — u(o)od|.
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Now using Lemma 7.1 and (3. 3) we get

‘ u(o) — ulo), o) ‘ < ‘u(c) — u,(0) |1/2 |o |—1/2
Ch
< Ch|0'|2_112 STlclzﬂ.

The result follows for # < €k and ¢ sufficiently small.

8. ERROR ESTIMATES FOR THE APPROXIMATION OF PROBLEM (F*)

We begin this section by proving a preliminary lemma.

LemMMA 8.1 : Suppose the hypotheses of Lemma 1.1 are satisfied. Then for
all B € S, we have

u(o) — uy(B) |15 + || u(0) — u,(B) |, -
SC{H=" ol + I o =Bl +10—Bl sz}
Jor —12<I1<r—-52and0 <s<r— 2
Proof : Applying the triangle inequality we have
1 49) = 4®) [lya- < || @) = @) fl2-
+ (e = B) = uc = B) flyz-s + o = B 2
From Lemma 7.1 we get

d Il «(c) — u(S) ||1/2-s < CH*732 | 5|,
an

| unls — B) — o = B)[l12-s < CHH o = Blypa-
Using (2.1),(2.2), and (6.4),

e = Bllas < B 76 = s + ] 6 | 0=

1/2~-s
SCUGe =B l-1-s+ 1606 = B)l-y2-]
< C[|0'—B|—5/2—s+|0'—B|—3/2—s < CIU_Bl—s/z—s]-
The lemma follows by combining these results.
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THEOREM 8.1 : Suppose fe H™Q) and o € H(I') n H(T) and o, € S, are
the respective solutions of Problems (P*) and (P}*). Then for h < ek with ¢
sufficiently small, there exists a constant C independent of h, k, o, and f such that if

S, « H'('),n = 1/2, then

IG - o, |—3/2_s <C { hm+5/2—i ki+s—l/2 ”f”m

+ pit2oigits=12 o], + ki+s+3/2 lo|, }

for all —12<1<r—"52 —12<i<# —1<s<min@F—-27+1/2),
and — 1 < m<r— 3, where i = max (— n, 1/2 — s).

Proof : Let m, 0 € S,‘ be an approximation to ¢ satisfying (3.4). By the
linearity of u(c) and Theorem 7.1 we get for 0 < s < min(r — 2,7 + 1/2)

|oy —m o |—3/2—s <C | Pylu (o)) — w(m, ©)] Il/2-—s'
Using (6.5) and (7.8) we have
Py u,(0)— Py u(my ©)

1
= —P, Tff‘}'Po Gh[m Thf:I_Po u, (T, ©)

= P~ 1-Po{ 0(%) TG ) T |+ Plito) -1t 01

Now using Lemma 3.3, Corollary 3.2, Theorem 3.2, and the triangle
inequality, we obtain for S, < H'T), 0 < s < min(r — 2, 7+ 1/2), and
i = max(— n, 1/2 — s) that

[ ox— T O |_32-5 < C{ l [Tz—Tf]f|1/2—s+ki+S_1/2 HTZ_Tf{]f‘i

o) r-eld) ..
ool

+ [ u(c) —u,(m ©) |1/2—s +kitsm12 , u(c)—w,(m, ) li }

+ ki+s—1/2

< C { hm+5;’2*i ki+s*l_,—"2 “f ”m

+ | u(c) —u(m ©) Il/z—s'*‘ki“_l/2 | u(c)—u(m o) |; } -
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Applying Lemma 8.1 with § = n, cand(3.4)wehavefor — 112 < /< r-5/2
and — 1/2 < I < 7 that

| u(0) — w(m, o) ,l/Z—s + k712 u(o) — wm o) l
S C{H?? kT2 o)+ P KT 6 —mo|_y,
+ |0 - Mol 35 + KT 0o —mol_,}

< C { hl+2—1 k1+s—1/‘2 | c ll + k3;’2+s+l ‘ o |l}

(since h < €k, e < 1).
The theorem follows for 0 < s < min (r—2,7+1/2) by combining these
results and (3.4) and for — 1 < 5 < 0 using (3.3).

THEOREM 8.2 : Suppose the hypotheses of Theorem 8.1 are satisfied. Then if
(&L, W, o) and (&i,, w,, ©,) are the respective solutions of Problem (P*) and (13,’,‘ *),
we have for i = max(— n,1/2 —5), and all — 1)2<1<r — 5/2,

—12<i<%, and—1<m<r— 3 that

i — ity gy + 18—l
< C { hm+5/2—x k1+s—1/2 “.f“m
+ hl+2—z k|+s—1/2 | c Il + ki+s+3/2 | o ‘l}
for0< s <min( — 2,7 + 1/2)

and
[W = Wy loypms + LW — W, |l

S C { hm+5/2—z k1+s—1/2 “f”m
+ hl+2——z k|+s—1/2 | c |l + ki+s+3/2 | c |l}

for — 1 <s<min(r — 2,7 + 1/2).

Proof : Using the definitions of #Z and #, and the triangle inequality we get for
0<s<min( — 2 r+ 1/2) that

e — iy llyz-s < | (T2 = T3S Yj2-s

[o) el
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From Lemma §.1 with B = o, we have
Il (©) = (@ 172 -5 <
SC{N"="3 o +F* |o—0)|_1p+|0—0k | 3, }-
The estimate for ||| &# — i, |l;,, - , now follows immediately from Corollary 3.2,

Theorem 3.2, and Theorem §8.1.
Using the definitions of #w and W, we get

W = W lll-s2-s < "I [T- Th]f"|—1/2~s+|” Go—G,, oy lil-1/2-
< T = TS N-12-s G =Gl O |- 12
+| [G—G)l(c—0)) l||—1,’2—s+|” G(o—o)) "|—1/’2—s .

Applying Lemma 3.1 and estimates (2. 15) and (2.2b) we get for
—1<s<min(r—2r+1/2)
" =& llyjp—s < CLA 2N S Ny + BT o,

+ o - 0'k|—1/2 + o — Gk|—3/2—s}‘

The result follows immediately from Theorem 8. 1.

We now consider some applications of the error estimates in Theorem 8. 2.
Suppose r < 7 + 5/2,fe H3(Q), and o e H (). Then if S, = HY*I)
we have for r > 2 that

ha = aylly < C{P 'S llos + 10 sl + K72 o }
and for r > 3 that
17— iy llo < C{HU S o3 + |0 5] + K52 o | }.

In particular if we use continuous piecewise cubics for S, and continuous
piecewise linear functions for S,, then r = 4, r = 2 and we obtain the estimate

Ha =i llo < C{R SN + |0 l32] + K2 [0y}

To balance these terms we could choose & = k°/8 so that for k sufficiently small
the condition ~ < €k is automatically satisfied.
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9. EFFICIENT SOLUTION OF PROBLEMS (P}) and (P}*)

In this section we show how some ideas developed in [7] can be used to
develop methods for the efficient solution of the linear systems of equations
arising from Problems (P}) and (P}*). To describe these ideas we first define
a discrete boundary Laplacian

l,‘:.S"k—nék
by (L85 =<¢,8),

where

<¢99>1 =<¢79>+<¢s’es>

Now [, is positive definite and symmetric and hence /§ may be defined in the
usual way by taking powers of its eigenvalues.

The methods presented in this action depend heavily on the following
property of the operator .

Lemma 9.1 : (cf. [7]). Let Sk_c H'(8Q). Thenfor|s | < 1, there are constants
C, and C, such that for ¢ € S,

CHOR<IEPOlR<Clo1.

We now show that this result is also valid for a larger range of values of s.

Lemma 9.2 : Let Sk = H'(0Q). Then for — i < s < 1, there are constants
C, and C, such that for ¢ € S,

ClOR<IFPOIE<CIo[F. 6.1

Proof : The proof is by induction. By Lemma 9.1 the result is true for
— 1 < s < 1. We now show that assuming (9.1) holds for a value s < 1,
it also holds for the value s — 2 (provided s — 2 > — 7). Since

ClI ol <|dl-,<C 7 (fors< 1),
we have by the triangle inequality that
Cli oL = C U =Ko <1 i-s
SGIET L+ G =K.
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By standard estimates analogous to those of Lemma (3.1) we have for
2 — 7 < s < 1that

7' =B < 275 .
Using the induction hypothesis we have that
Coll' L <IEP ol < Gl b
so that after combining results we obtain

CilEP P ol <1 lmy + CK2 5 b o
and
| li-2 S CIEP " oo+ CE25 | O o

The lower inequality now follows directly from (3.3).
To get the upper inequality we note that it was proved in [7], Lemma 7.1
that

[dlo < CKTH L2 b o
It therefore follows easily by induction and then interpolation that for s < 1
ldlo < Ck*72 5271 b o

The upper inequality follows directly from this result.

We now consider the implications of this inequality for the solution of
Problem (P} *).

Combining Lemmas 7.3 and 9.2 we see that

Cili ol < |{Poufo)o)|<C I al3.
Setting o = [;/> 0 we further obtain
CLO < [ Poulli?0), 520> <Cr 1005,

Using the definition (7.7) of u,(c) we have

C, 10 < <1,1/2 PO[T,, G, — G,,(%) G,,:l & e,e> <G, 0.

This inequality means that the system with matrix induced by

0oy 7,6, - G ) 6 17
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has bounded condition number and hence we can obtain a solution 0 to the
equation

1 1
B PO[T,, Go— G,,(m) G,] B2 e = 1,1/2[- PoT2 S + Py G,,<R> , f]

to within accuracy /" by the conjugate gradient method (on some other itera-
tive method) in O(In 1/A) iterations. To apply such a method we need for each
iteration to compute P, g for g € H'*(I') and [T,, G, — G,,(%) Gh] o and
[,oforce S‘k (¢f [1]). All of these operations can be done by solving sparse
systems of linear equations and will involve only back substitution at each
iteration since the matrices do not change and hence require only an initial
factorization.

We now turn our attention to the study of Problem (P}). From Theorem 4.1
and Lemma 9.2 it easily follows that for 0 < s < min(r — 3, ¥ — 3/2).

Gl 2AR + 154 o |5]
< | BA2 Pou (M, 0) 3+ | 1774752 Py My(A, ©) |3
S GUEMTPAG + 1K o 5]

Letting
A =[R2 3x and o = [M4FS2 o*
we get
CilIM* I3 + 1 0* 5] < | L1752 Pouy (147572 W*, [314 4512 o) 3
4 | BT3RS P M2 AR 1342 6%) |2 < G B + [ o 2]
9.2

Using the definitions of M, (A, o) and w(A, o) and the fact that P, G,
P, T, G,, and [; are self adjoint operators on §,, it is possible to find operators
D,,,D,, D,, (= D§,), and D,, so that (9.2) can be rewritten in the form :

CilIM G + [ 0% 6] < {Dyy M0 ) + {Dy 6% 4% )
+ ( Dy M, 0% ) + ( Dy, 0%, 0% > < G|V 3 + | o* 2]

This inequality means that the matrix induced by the operator

D D
[ 1 12 1 has bounded
D,;, Dy,
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condition number. Hence if instead of solving the system (4.9), (4. 10) we solve
the well conditioned system :

o oe] )= [5) 0
D,, D,, c* F, '

F .
where [Fl] is chosen so that (4.9)-(4.10) and (9.3) are equivalent, then the

2
conjugate gradient method can be used to obtain the solution in O(ln 1/A4)
iterations.

One finds after calculation of the operators D,; that if the conjugate gradient
method is applied to this system in the untransformed variables (A, 6) and
s = 1/2, we need only compute the action of the operators T}, G,, P,, 6%/0s?,
and integer powers of /,. From the definitions of these quantities it follows that
all these computations are quite easy.
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