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ADDENDUM TO THE PAPER « FINITE ELEMENT SOLUTION
OF QUASISTATIONARY NONLINEAR MAGNETIC FIELD » (*)

by Milo§ ZLAMAL (%)

Communicated by P. G. CIARLET

Résumé. — Une version corrigée et étendue du Théoréme 2 du papier ci-dessus (ce journal, vol. 16
(1982), pp. 161-191) est établie.

Abstract. — A corrected and extended version of Theorem 2 of the above mentioned paper (this
Jjournal, vol. 16 (1982), pp. 161-191) is given.

In the above mentioned paper (this journal, vol. 16 (1982), pp. 161-191;
in what follows it is denoted by [Z]) we proved Theorem 2 on a weak as well
as on a strong convergence of a fully discrete approximate solution U® to
the exact solution u of the problem P’. The assertion || ug — U§ llcqo.r3: 1) = ©
is not correct because the approximate solution U® is not continuously extended
on the interval [0, T]. Here, we correct it in two ways and prove it even without
any regularity requirement on u. Before doing it we remark that (1.1),(1.2), ...,
(2.1), (2.2), etc. mean equations from [Z]. The equations in this addendum
are denoted by (1), (2), etc. Further, we extend the discrete values U 0%
defined by (3.24) continuously on [0, T]. We define a new approximate
solution %% e C([0, T]; V) by

. t—t_ .
% =U' in {0,1,], 0215=U'“1+———t’—1AU‘ in (t_.,t), (1)

A
i<r, r=TAt"}

AU = U — U™Y).

2

IA

(*) Received in September 1982.
(*) Technical University, tfida Obranct miru 21, 602 00 Brno, Czechoslovakia.

R.A.LR.O. Analyse numérique/Numerical Analysis, 0399-0516/1983/407/8 5.00
© AFCET-Bordas-Dunod



408 M. ZLAMAL

THEOREM : Let the assumptions (1)-(5) of [Z] be fulfilled, let

fMel?©0,T;Vy), M=R S, 1<p<oo, —+—==1 and uy,eHy.

L
pl

=

Then there exists a unique function
ue We={uluelPO,T;V);upe L¥(0, T;Vy)}

satisfying (3.17) and (3.18). Further, the approximate solutions U® and %U°
defined by (3.24) and by (3.25) and (1), respectively, exist, are unique and for
d=(h,At)-0

Ud—>u in LP0,T;V) weakly, @)

sup |ug(t) — UR(®) g =0,  llug — %} lcqorrme = 0. )

0<tgT
If, in addition,

a(u, u—v)—al, u—v) = ylu—v]® Vu,veV, vy=const >0 (4
where [.] is a seminorm with property

[Vl + Moglg 2 Bllv] YveV, A, B = const > 0 %)
then

[ u— Ut “LP(O,T;V) -0, u— w® an(o,T;V) - 0. (6)

Remark 1 : Let H be a Hilbert space which is dense and continuously
imbedded in a separable reflexive Banach space V, let u, € H, fe L” (0, T; V")
and let A(u) be a nonlinear operator from V in V'. We consider the problem

w + Aw) =f, u0) =y, ™)

and we assume that

i) A(u) is hemicontinuous and monotone, | A(u) |, < C|lul|""* and
CA@),u) = oulP VYueV, a = const > 0 ([.] satisfies

L] + Ao =B vl YoeV, A, B = const > 0).
Then
U>u in L*(0,T;V) weakly,
0B lu®) = U°(t) | =0, llu—2lceorym—0-
<t<

R.A.LR.O. Analyse numérique/Numerical Analysis



QUASISTATIONARY NONLINEAR MAGNETIC FIELD 409

If, in addition,

i) ( A(u), u—v>—C(AW®), u—v > = y[u—v]? Vu,veV, y=const > 0
then
[ u — Ua”Lumnv)_’Oa ||u——%a”L”mnV)—*0.

These assertions follow from the Theorem (Hy = H, Hg = ).
Remark 2 : We consider the problem (7) with a linear operator A(u) from V
in V’. We assume that
i) (Aw),ud = au]> VYueV, a =const>0.
Then
| u— %GHC([O,T];H) -0, |l u— u® ”L2(O,T;V) - 0.
From i) it follows

(AW), u—v>—< A@), u—v Y= A(u—v),u—v > = afu—v]> VYu,veV.

Hence A(u) is monotone and satisfies ii) of Remark 1 with p = 2. From
monotonicity and linearity it follows that A(u) is continuous. Evidently, the
assumptions i), i) of Remark 1 are fulfilled.

Remark 3 : Theorem 3 of [Z] is true without assuming u € C([0, T]; H(Q))
if we correct (4.8) as follows :

sup | u(t) — U®(t) ||L2<R) -0, lw— 2° leqo.r; L2ry = 0>
0<t=ST
5
lu—-U ”LZ(o,T; Hy) — 0, | u — £A° ||L2(o,T;H},(Q)) - 0.

Remark 4 : We consider a set of, in general, nonuniform partitions of the
interval [0, T] : 0 =¢t, <t <..<t = T. We denote At = max Ag,

lgigr

At, = t; — t,_,, and we assume that the set of partitions has the following
properties : 1) At — 0, 2) 1min At; 2 o, At for all partitions where G, is

Ligr
a positive constant which does not depend on the chosen partition (nor on h).
Let the approximate solution be defined by means of the Euler backward
scheme, ie. by

(Ur = Ug Y zpe + A4 aU' 2) = Ay (flz) Yze VP, UR =y,
N O
where now f* = AL f(z) dr. Then all results of the paper [Z] as well as

' ti-y

of this addendum are true for the extended approximate solutions U?® and %°.
The changes in the proofs are very small.

vol. 17, n°® 4, 1983



410 M. ZLAMAL

Proof of the Theorem : We have to prove (3) and (6). The other assertions
are proved in [Z].

Asuge{®|@eLP(0,T;Vy);w eL”(0, T; V%) } ug belongs to C([0, T;
Hp) (see lemma 1 in [Z]). To prove the first part of (3) we use a discrete version
of an idea which is used in [4] (see references in [Z]) in the proof of Theorem 1.2,

pp. 209-210. We derive an estimate for max | Uy — vk | where v 1s an arbi-
15:5

trary function from C'([0, T]; V*). Then we take for v an approximation of .

Let v° = v(0) and let v,, denote the function v,, = v* = v(t,) in (¢,_,, t,,
1 =1,..,r. First, we consider {U'},_, defined by (3.29). Using (3.23),
(3.9) and (3.10) we get

1 J
| U} — vk lz — IUO—UR §Z (A(Ug — vg), Up — tR)g =

N =

J

% (AU Uk = vide = 3 (8t U = o)y =

i=1

— At Z a(U, U — v') + At i CfLU =0
=1

1=1

J ty 1y
- 21 (J v'dt, U§ — (vAt)R>R = - f a(U?, U® — V) A2
= t, -1

0

+

t, 3]
J A U® — Upe 0 dt — J (U;(, Ulal - (UAx)R)R dt =
0

0

- J‘J [a(U® U® — u) — a(u, U® — u)] dt
0

t; t;
+ J La(u, u — vy,) — a(U% u — v,,)] dt + J (ug — Vg UR — (vp)r DR dE -
0 0

From (3.37) and (3.13) it follows that the second integral is bounded from
above by

IIA

C{ lu—owv ”LP(O,T,V) + v — vy, ”LP(O,T,V) }

C{lu—-vly, +At]v lergo,mvy 3 -

Clu— v, “LP(O,T;V)

tA

Here || ullw, = Il 4 loo,rvy) + Il Uk o077 @nd C is a generic constant
not necessarily the same at any two places. C as well as C, (i = 0, ..., 3) intro-
duced later do not depend on & = (h, At) and on the functions v, z (C depends

R AIR.O Analyse numérique/Numerical Analysis



QUASISTATIONARY NONLINEAR MAGNETIC FIELD 411
on u)..The third integral is bounded from above by

s ‘
| ug — v "LP’(O,T;Vh) ” Ur — (0adr “LP(O.T;VR) =
SCllu—-wvw ”WR | U —v+v— U ”LP(O,T;V)

sCllu-v ”WR { C+ v ”LP(O,T;V) + v — Upe HLP(O,T;V)}
< C{ lu—ov ”WR + At v ”Cl([O,T];V)}

if we assume that

lu—vip, 1. @)

The result of all these estimates can be written in this way :

3]
(UL~ ok 2 + j [a(U%, U* — u) — a(w, U® — u)] dt <
0

SIUR -l +C{lu—-v lwe + A1 llcio, vy 3.

As (see lemma 1 in [Z])
|UR — 1Rl = |u(0)n — v(0)g |R <l ur = vg lleqo, rimm) §_C lu—vlw,
and
| “11.1 - U1jz g = | ug — vg ”C([O,T];HR) + | Uii - U{z R
it easily follows that

Y? £ G, { lu—v “WR +At|v ”cl([o,T];V)} ©)
where

T
Y® = max |ug — U} 2 +J [a(U? U® — u) — a(u, U® — u)] dt.
0

1<isr

By means of (9) we prove that
Y® > 0. (10)
To this end we remark that C'([0, T]; V) is dense in W (the proof is the same
asincase Hy = H, Hg = (J; see, e.g., [4), p. 144) and that U c([o, T]; V™)

is dense in C ([0, T]; V) if h; > O (the proof is the same as the proof of lem-
ma 1.5 in [4], p. 209). We also remark that

lzlwe = Cill 2o, v Vze CY([0, T]; V).

vol. 17, n° 4, 1983



412 M. ZLAMAL
If (10) is not true there exists an g, > 0 and a sequence
{8,318, = (h, At) > 0,
with the property Y* = g, for n = 1. Let we C*([0, T]; V) be such that

1
Ilu—Wlle<4—(Z€o

and n, be so large that

%o Il -1 >
Atn < 2—C—O(H W licyo,TEV) + 1) s nz=ng.

Lol

As CY([0, T]; V*)is dense in C ([0, T]; V) there exists v € C ([0, T]; V")

n=no

with n; = ng such that

1
Iw —vlcqomm <7 C, C, fo-

We may assume thate, < min (2 Cy, 4 C, C,). Then

Tu—vigg S llu—wip, + 11w -0y, < +

.

4C, 0
1

+Cilw—v ”cl([o,T];V) < _Z—C—o gp < 1.

Therefore we may use (9) with this v and we get

8n
Y 1 < Co[z C 80 + Atlu || v Hcl([o TL V)] < 80

which is in contradiction with Y* > ¢, forn = 1.

Now we show that (10) is true in case that { U’ }I_, is defined by (3.59).
To this end we remark that (3.61) is true if we replace Uj by any ok € Hy
such that oy = wg'. Estimating the term — (@}, @) )z from below by

; 1 .
— |0k z — 710k 3 we get

1, 1 J 1 .,
— ok |3 — 2 < o — 20k + 5o 2,m‘> =
4! RlR 2 = ;( R 2 R R R

j .
Z < Awl — %Amf{l, m;) . (11
i= R

R.ALR.O. Analyse numérique/Numerical Analysis



QUASISTATIONARY NONLINEAR MAGNETIC FIELD 413

We choose o = Ui — vk (as before, v' = v(t), i = 0, ..., r; in addition,
we define v~ ! = v° so that Av® = 0) and we extend uj by zero outside (0, T)
keeping the same notation uj for this extension. Similarly as before we obtain

1 J | P
Uk —vklz 51 U8~ g;(vrzv EU;H,UR—vR)R—

i=1

Jo/3 . 1. . . J o .
-y <§Av;{—-2—Av{1, U,‘(——v;{> = — At Y a(U%, U' — v)
i=1 R

+ At i LU= _% i q vR(2), UR — (vA,)R>
i=1 i= . R
+ % i (J V(t — At), Uf; — (vAt)R> = — J‘J [a(U% U® — u)
i=2 tio1 R o

— a(u, U® — w)]dt + jl [a(w u — vy,) — a(U°® u — vy,)] dt
0

+ J Cuplt), U — Gae r i~ 5 j COR(t), UE — (a0 D
0

0

17,
#5 | Conte = 0, U~ @unar
ty

The first two integrals on the right-hand side are the same as before. The last
three are equal to

%J C ug(t) — vglt) UIB( — (Vp)r PR At —
0

-3 Culp(t — At) — vgt — At), UE — (vp)r Dr dt

tj
3] {uplt) —up(t — At), Ug — (65)r Dr dt .
The first two terms can be estimated as before. The last is bounded by
CAAD (L + At [0 lesgo,rw) s HAL) = || ult) = uelt — AL) | oo 7y
Y? is bounded from above by
YPSCo{lu—vly, + Al vlcqorn } + Cs a(At). (12)
As uj € L7 (0, T ; V%) it holds a(At) — 0, hence Y® — 0.

vol. 17, n° 4, 1983



414 M. ZLAMAL

Let M(8) = max |up — Ug |z, m(At) = max | ug(t,) — ug(t;) |, T4 T €10, T),

1Zisr

|, — 1, | < At. Then

M@®) -0, m(At) -0 if 3 -0.

We have | ug(t) — Ua(t) |z < m(At) + M(3) — 0 which proves the first part

of (3). Now, let || ug — % llcqo.rimm = | #r(To) — % (To) |g- 110 € [0, £,] then
| ug(to) — %g(to) |r < | ur(to) — ug [ + [ ur — Ug [g < m(At) + M(3).
Iftoe(t;_y, t), i = 2 then

|“R(To) - %15('50) sR < luR(tO) - “i{ IR + |“iz - Uiiz lr + l Ug('fo) - %Rs(to) |R <

L= Topys

< m(A) + M@) + |-

< m(At) + M) + |AUL g -
R

As| AUk I < | Uk — ullg + 1 By lg + |1 — UL g < m(A1) + 2 M)

we see that || ug — % llcqo.rpme = 2 m(AL) + 3 M(8) — 0.
T

If a(u, v) satisfies (4) it follows from (9) and (10) that J [u— U®Pdt - 0.

o]
Further,

T r ti
[ tue - vkt = 5[ - v s
0 i=1 ti -1

i

= Z j [l ug(t) — uf |g + | ug — Uglg]? dt
i=1

ti-1
< T[m(At) + M)} - 0.
Consequently, | u — U® || 10,1,y — O owing to (5).

T

Finally, from J | u(t) — U3t) |7dt > 0 it follows
0

j || u(t — Ay — Uz — Ar) ||Pdt - 0

0

(here u and U are extended by zero outside (0, T)). As

H u(t) — u(t — At) ”LP(O,T;V) -0

R.AILR.O. Analyse numérique/Numerical Analysis
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T
we get j | Ut) — U3t — At) ||? dt - 0. On the other hand
]

T r
J | U0 - U~ 80) P de= A {1 UM + X I AUS I}

0

thus At ), | AU* |? > 0. We have

i=2
T T T
j lu— %% |Pdt < 2v‘l{j | u— U||Pdt +f \U® — u® H”dt}
0 0 0
and
T t. — t i |p r
J | U® — @ |Pdt = Z ‘At AU | dt <At Y |AU P >0
0 t_1 i=2

which proves the last assertion of the Theorem.
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