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EXTERNAL APPROXIMATION OF EIGENVALUE PROBLEMS
IN BANACH SPACES (*)

by Teresa ReGINskA (')

Communicated by Fr. CHATELIN

Abstract. — We are concerned with approximate methods for solving the eigenvalue problem
Tu = Au, u % 0, for the linear bounded operator T in a Banach space X. The problem is approximated
by an appropriate family of eigenvalue problems for operators { T, }. We present a theoretical fra-
mework which allows us to consider in the same way the methods for which T, are defined on subspaces
of X and those which are defined on spaces forming external approximation of X. Particularly, the
paper contains theorems on sufficient conditions for stability and strong stability of { T, }.

Résumé. — On consideére ici une classe de méthodes de résolution approchée du probléme spectral
de la forme Tu = hu, ou T est un opérateur linéaire, borné dans un espace Banach X. Les méthodes
présentées remplacent le probléme original par une famille de problémes spectraux pour des opé-
rateurs T,. Les résultats sont présentés d'une maniére qui permet de considérer a la fois les méthodes
ou les T, sont définis sur des sous-espaces de X et celles ou les espaces de définition de T, forment
une approximation externe de X. L’ouvrage contient certaines conditions suffisantes de stabilité et de
stabilité forte de la famille { T, }.

1. INTRODUCTION

Let X be a Banach space and T € £ (X) be a linear bounded operator on X.
Let us consider the eigenvalue problem Tu = Ay, u # 0. Most methods used
to solve this problem consist in approximation of the initial problem by a
sequence of eigenvalue problems for T, € £(X,), where X, are finite dimen-
sional subspaces of X and T, are certain approximantes of T. This approach
has been used in many papers, among others by J. Decloux, N. Nassif, J. Rappaz
in [5] and by F. Chatelin in [2]. However, there are methods which cannot be
presented within this unifying theoretical framework (e.g. the Aronszajn’s
method, ¢f [1, 12]). Therefore we consider the more general case of approxi-
mation when the operators T, are defined in spaces not contained in X. Strictly
speaking we use an external approximation of X. We present some theorems
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162 T. REGINSKA

concerning the approximation of eigenelements of T by eigenelements of T,
Particularly we formulate new theorems about sufficient conditions for
stability and strong stability of { T, }.

Let us introduce a family of Banach spaces { X, }, ., with the norms || . |,
where # < R* has an accumulation point at 0. We assume that there exist
uniformly bounded linear maps r,, : X —22» X, Let F be a normed space such
that there exist an isomorphism ® : X — F and uniformly bounded linear maps
Py - X, > F. We adopt the following definition :

DEFINITION 1 : An approximation { X, r,, p, } of X is said to be an external
approximation convergent in F if for any ue X

lim | ou — p,r,ullp =0.
h—0

The above definition is weaker than that used customarily (cf. [11, 6]).
Next, let us introduce a family { T, },., of linear operators where
T, e Z£(X,). We will assume that :

Al : The approximation { X,, r,, p, } of X is convergent in F;
A2 :Foranyue X lim || r, Tu — T,r,ul, = 0.
h—0

2. STABILITY OF {T,}

Let p(T) and p(T,) denote, as usually, the resolvent sets of operators T and
T, respectively. We additionally assume that either the operators T, have no
residual spectrum or that the residual spectrum of T, does not contain the
points of p(T) (since not only finite dimensional approximation is considered).
We will use the following definition of stability ¢f. [4, 2] :

DEFINITION 2 : The approximation { T, } is stable at z € p(T) iff 3h(z),
Vh < W(z):zep(T,) and ||(z—T) ' | < M(2) < 0.

Now we are going to formulate some sufficient conditions for stability of
{ T, } in terms of external approximation of T.

Let N(r,) denote the null space of ,. Let us introduce the set of families of
complementary subspaces of N(r,) in X

F={{Vihher Vi c X, V, @ N(r) = X }.
LEMMA 1 : If there exists { V, },.» € & such that

6, =08(V,)= sup |wTv—p,T,nvl—0, 2.1

veVp
ol =1

R.A.LR.O. Analyse numérique/Numerical Analysis



EXTERNAL APPROXIMATION OF EIGENVALUE PROBLEMS 163
g, = &(V,) = DS:I‘P" lwv —p,r,vll >0, 2.2
ol =1
then { T, } is stable at any )\ € p(T).
Proof : Let A € p(T). Hence, there exists ¢ > 0 such that
[ —Du| zclull YueX,

andforé=c¢/| 0™ |, o — Tu|z>clul VueX. Let us take an
arbitrary u, € X,. Then there exists v, € V, such that r, v, = u,. We have
I Uy | = (l/d) | U, ”h and Vx, € Xh [ Xh “h = 1/d [ P Xy ”F’ where

d=max(|p, I, I 7, )

for any A Hence

1
” =Ty u, ”h = ” A —T)r,v, “h >“1” A — T ry v, ||F =
1
=(_1“ o — n”h\"('”)‘(l’h’h—m)vh +(mT_phThrh)vh||F>
1 o
225||u;,||;,(c—|7»|8h—5h)-

Thus, for given A € p(T) there exists A, such that for h < h,

4

n A =Ty, ”h = m” Uy |y

what means, according to Definition 2, that { T, } is stable at A.

Remark 1 : In the case of an internal approximation of X, when F = X,
X, = V, < X and ® and p, are identity maps, and r, are projections of X on
X,, the condition (2.2) is automatically satisfied with g, = 0. In turn, the
condition (2.1) takes the form | (T — T,)| X, | — 0 ie. the assumption of
Lemma 1in [5].

In the general case of an external approximation we have g, # 0. Thus, we
must analyse how g(V,) depends on { V, } € #. To do this we introduce the
following numbers characterizing the subspaces V), :

y(V) = sup [ Q,vl, 2.3)
foll=1

where Q, (h € #) are some given linear and bounded projections of X onto
N(rp). X X
Let V, =(1 — Q) X. In this case y(V,) = 0.

vOL. 18, N0 2, 1984



164 T. REGINSKA
We can state the following result :

LEMMA 2 : Let us assume that a(Vh) —0 as h—> 0. Then &V,) > 0 for
{V,}eZF ifand only if y(V,) - 0.

Proof
eV, = SUP ” 0@, v+ ol —Q)v — Py (1 — Qv ”F =
i
> {” LR [ em}
> L V) — (1 + V) eV,
To T]

The implication “ = ” follows from the above inequality.
It is easy to see that

e(Vy) < sup {Tol.l @l +10-0)vlleWy} <vV)lol+eV,)

l l‘—l

which ends the proof of Lemma 2.

In the case when the X, are infinite dimensional spaces the condition (2.2)
becomes very strong, so another version of Lemma 1 will be more useful in
this special case. Let us introduce the following

DEFINITION 3 : The family {V,}, V, < X is asymptotically equivalent to
{ X, } with respect to {r,} (r,e £(X,X,),r, X =r,V, = X,) if the r, are
uniformly bounded and inf | r,x|, = c > 0,Vhe #.
xeVn
flxff=1

LemMa 3 : If there exist { 7, } and { V, } asymptotically equivalent to { X, }
with respect to { 7, } such that

3(V,) = sup (T =y ly,) * Tyr)v]| -0,
ol =1
then { T, } is stable at any ) € p(T).

Proof : Let us take u, € X,. Letv, € V, besuch that 7, v, = u, :
” (}\' - Th)uh ”h = H ()\‘ - Th) fh Uh ”h = || ?h(?h 'V;,)—l (7\‘ - Th) ?h vh ”h >

=c “ 7"vh - th + (T - (?h |Vh)-1 Th fh) Uy “
Zc| =D, | =87 vl

R.AILR.O. Analyse numérique/Numerical Analysis



EXTERNAL APPROXIMATION OF EIGENVALUE PROBLEMS 165
Since A € p(T), there exists a constant ¢, > Osuchthat|| A —T) v, || = ¢, || v, .

1 .
Moreover, || v, || = T I, Nl Iy = s1ip || 7, Il, then
h

c.ec, &V
”O"—Th)uh”>{ - — ( h)}””h”h,

¢, cy

what proves Lemma 3.

Now, we are going to give a short analysis of the assumptions of the above
lemma. To do this we restrict our considerations to the case of separable
Hilbert spaces.

LeMMA 4 : For an arbitrary separable Hilbert space X and a family of separable
Hilbert spaces X, there exist uniformly bounded mapsr, : X — X, such that the
orthogonal complements of the null spaces of r, form a family asymptotically
equivalent to { X, } with respect to {r, }.

Proof : Let {u,}*, and {4"}* , be orthonormal bases in X and X,
respectively. If X, is k-dimensional, we put «; = 0 for j > k. Transformation
¢©:X — [?and ¢, : X, — I? are defined as follows :

ou = {(@Wwu),(wu,), ...} for ueX,
¢, v ={(@u), @), ..} for veX,.

ThusVue X | ou |, = |ullandV { x, } € I*

o=l {x}]z

o7 (s} 1= | £ 5

If
i

n

Similarly | @, | =1 and ¢, ' : ¢, X, > X,, | 0, ' | = 1. Let P, be the
orthogonal projection from /2 onto @, X,. Let

Th ==(ph_1Ph(p:X——>Xh, 2.5
Vi=0"19,X,. (2.6)
For any ve X | r,v |, < llv| and since @V, = ¢, X,, ryly, = ®, ¢ |y,
and (r,|,,)"' = ¢~ ' @,. Thus || (r,ly,)"" | = 1. Hence { ¥, } is asympto-

tically equivalent to { X, } with respect to {r, }.
Now, let us take arbitrary elements v € ¥, and x € N(r,). For v there exists

u, € X, such that (v, u) = (u,, u?),i = 1,2,... Hence (v, x) = Y (u,, u}) (x, u;).
i=1

voL. 18, N° 2, 1984



166 T. REGINSKA

Since @ox L @, X,, Y. (x, u)) (u,u!) = 0 for any u € X,, so it also holds for
u = u,. Thus (v, x)'='0 for any ve V, and x € N(r,), what means that V, is
orthogonal to N(r,).

Let Q, be orthogonal projection onto N(r,), and V, be complementary
subspace of N(r,) in X. Thus

inf [[r,ol,= inf |[r,Quv+r(l—Q)v|=

veVy veVy

lvil =1 ol =1
. (1_Qh)v . .

= inf [QA-Q)v|*|r,————| > inf 1-Q)vl- inf |7, x|, .
FUE"V:PAI I W "”(I—Q,,)UH u”TV—", lIC W | x!ll]‘v(_rq) B Xy

Using the notation (2.3) we obtain

inf |r,oll,=2(0—vyWV)) inf |r,x]|,.
o121 ey

This leads us to the following remark :

Remark 2 :Let { N(r,)'} be asymptotically equivalent to { X,} with
respect to { 7, }. If dc, > 0 such that VA < hy 1 — y(V,) > ¢, then the family
{ V, } is also asymptotically equivalent to { X, } with respect to { , }.

Remark 3 :If { V, } satisfies the condition (2.2), then { V, } is asympto-
tically equivalent to { X, } with respect to {r, }.
This follows from the inequalities : Yoe V,, |v| =1:

1
Irolly, = Tl [lovly—el,)].

Since || p, || < @ and || oo || > Tm—l_q I v, we have
|

I roll = i[i”—l— - E(Vh):|

o !

foranyveV,and | v| = 1

R.ALR.O. Analyse numérique/Numerical Analysis
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3. APPROXIMATION OF EIGENELEMENTS OF T

In this section the proofs of the theorems are based on the ideas contained
in [5] and [2].

Let I" be a Jordan curve in the resolvent set p(T). If { T, } is stable for all
AeT, thenI' c p(T,) for sufficiently small 2 < h,. Hence, we can define the
spectral projectors £: X — X and E, : X, - X, by

_ b _ -1 _ 1 _Ty-1
E_zm_fr(x - 'a, Eh_zniLO‘ T) ' d.

LeMMA 5 : If the assumption A2 is satisfied and { T, } is stable on T, then
VveXlim | r, Ev — E,r,v|, =0.

h—0

Proof : From the definition of £ and E, and from the identity
A= ' ~A~=-T) r,=0=T) " (T,r,, —r, DL —T)~*
it follows that for given ve X

r _ -
| r,Ev— E,r,v| <|—1—[-sup [A—T) Y (Tyr,—n, DA —T " 1o| =
T

)

T _
=l2—n‘sup | — T N Tyr,—r,Du
uelU

where U = {ueX:u=A—-T)"'v,rel}.
The operators (A — T,)” ! are uniformly bounded for Ae T and 4 < A,
since the stability of { T,, } on I'. Thus, by the assumption 42,

VueX“ A=T) T, r, — rhT)u|| - 0.
Moreover,
[O=T) (Tyr,—r,D| < ” A=T) 'n T+ MA=T) 1 [+l 1,

so the operators (\ — T,)”}(T, r, — r, T) are uniformly bounded for LeT
and h < hy. Thus, since the set U is compact, )

sup [ (A — T Y(Tyr,—r, Dul| - 0.

uelU

voL. 18, N° 2, 1984



168 T. REGINSKA

LEMMA 6 : If Al and A2 are satisfied and { T, } is stable on T', then

Yoe EX inf |ov—p,y,l—0.

Vh € EnXn

Proof : Since

inf [ov—p,yllp<lfov—p,rolle +Ip,ll 7, Ev— E,r,0l,,
Yh € EnXn

the proof follows immediately from Lemma 5.

As usually, o(T) denotes the spectrum of T. Let Q < C be an open domain
with the boundary I' « p(T) which is a Jordan curve. Finally, let

K\, 38):={zeC:|lz—-r|<3d}.

THEOREM 1 : If the assumptions A1 and A2 are satisfied and { T, } is stable

in p(T) then :

1° if Q N o(T) # 0 then o(T,) N Q # 0 for sufficiently small h,

20 if g€ o(T) and 38, > 0 : K(hg, 85) N o(T) = {Ay} then YO < 3 < 3,
0 # o(T,) N K(hg, 8y) = K(Ay, ) for sufficiently small h,

30 ifN,eo(T,)and X, — Ay then Ly e o(T).

Proof : 1t follows from Lemma 5 that Yve EX inf |r,vo— y,[,—0.
Yn € EnXn

If v # 0 then, since A1, r, v # 0 for sufficiently small 4 Thus 1° is proved.
For the proof of 2¢ it is enough to remark, that for

0 <8 < 8y K(A, 8p)\int K(A, 8) = p(T)

and thus, by the stability of { T, }, K(A, 8,)\.int K(}, 8) is contained in
p(T,) for h < h,. Assume now that A, € o(T,) and A, — A, ¢ o(T). Thus there
exists 8 > 0 such that K(A,, 8) < p(T) and from the stability K(r,, 8) = p(T},)
for h < hy, what means that for & < h, A, € p(T)).

The above theorem gives convergence of eigenvalues, but without preser-
vation of the algebraic multiplicities. Namely, we have only

THEOREM 2 : If Al and A2 are satisfied and { T, } is stable on T" then
1° dim EX = oo = dim E, X, > ©
20 dimEX =n =dimp, E, X, > n

Proof : Let { u; }2, be a linearly independent set of elements of £X. From
Lemma 6 it follows that for every finite number

NVedh Vh < h Vi=1,. ,N3IxteE X,: | oy, —p,x" | <e.

R.A.LR.O. Analyse numérique/Numerical Analysis
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Thus VN < oo 3hy Vh < hydimp, E, X, > N, hence 1°.
Let now dim EX = n. By Lemma 6 we have

sup inf || ov — Dn Yy ”F - 0.
HES
ol =

Using the known notation (cf. [7] chap. IV) : for closed subspaces Y, Z of X

8(Y,Z) = sup inf |y —z], @3.1)

yeY zeZ
[Iylf=1

we have 3(wEX, p, E, X,) - 0. It is known that if 8(Y, Z) < 1 then
dim Y < dim Z (¢f. [7] chap. 1V, Corollary 2.6). Thus

n = dim 0EX < dimp, E, X, .

Under additional assumptions we can state the following result :

THEOREM 3 : One supposes A1, A2 and stability of { T, } on I'. Moreover
let || p,u, — f |p— 0, where u, € X,, imply that f belongs to wX, and let the
norms in F and X, be asymptotically equivalent (i.e. ifu, € X, and | p, uy, | = 0
then || u, ||, > 0). Then if x,e E, X, and | p,x, — f llr = 0 then f e oEX.

Proof : If || p, x, — f || = 0 then there exists x, € X such that f = wx,.
It remains to show that Ex, = x,. From the inequality

I OX— Py Xy, HF> H (D(Exo_xo) ” — (DEXO—Ph Eh r,Xo qp_ ||ph Eh(rh xo—xh) “F
we get
I Exo — Xy I < o ! i [” WXy — Py Xy ”F + | (DEXO — Dyt Exo ”F +
+ | Py Il r;.Exo - Ehr;.xo “h + HP;.E;. Il ryXo — Xy "h]

The convergence | p, x, — ©x, || - 0 implies || p,7,x, — p, X%, lr = 0 and
thus, by the additional assumption on p,, ||, X, — X, [, = 0. By Lemma 5
and 41 we have : Ve Ih,Vh < hy | Exy — x, || < &, thus Ex, = x,.

4. STRONG STABILITY OF {7, }

Let Q = C be a domain limited by the Jordan curve I' = p(T). Let E and
E, be the spectral projections associated with the spectrum of T and T, inside I.
We will assume that dim EX < co. With respect to the convergence of eigen-
vectors it is very important to have the same dimensions of E, X, (or p, E, X,)

voL. 18, N0 2, 1984



170 T. REGINSKA

and EX. We will use the notion of strongly stable approximation { T, }
similar to that introduced by F. Chatelin in [4].

DEFINITION 4 : An approximation { T, }, stable on T, is strongly stable on T
ifdim EX = dim p, E, X, for h small enough.

The convergence of external approximation (i.e. 41), the consistency of
{T,} to T (ie. A2) and the stability of { T, } are not sufficient for strong
stability of { T, }, so we need a stronger assumption.

LemMmAa 7 : If { T, } is stable on T and

| (Ture = DO~ T |, =0 for reT -2
then || r, E — E, 1, | ox.x,y = 0.

Proof : Repeating argumentation of the proof of Lemma 5 we get
I, E—E,r,ll < co||(Tyr,—r, TY(A — T)~' || for a some constant c,.

LemMA 8 : If there exists {V, } e & such that Yh < h,

M= inf [[p,r,xlp=>¢g >0

xeVn
[|*ll=1
then

1
8(p, E, X,, oEX) < P | py E, 1, — ®E || .
0

Proof : Let V, be a subspace of V, such that r, ¥, = E, X,. Then

lp,E,r), —@E| = sup inf |p, E, r,x— oyl =
HET R

> sup inf |p,r,x~owy| > inf [p,rx| sup inf [[p,x,—oyl|.
xeVn yeEX xeVy xn€EnXn yeEX
=l =1 fIxll=1 [lprxnl| =1

According to (3.1) the last factor is equal to 3(p, E, X,, ®EX).

THEOREM 4 : If the assumptions A1,(2.1),(2.2), (3.2) are satisfied, then { T, }
is strongly stable on T.

Proof : Tt follows from (2.2) that

. 1

M= inf Jox|p— sup [pryx —oxly > ——=—¢,,
xeVn xeVy ”(D ”
fIxlf=1 ffxl=1

R.ALR.O. Analyse numérique/Numerical Analysis
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thus 1, = ¢, > 0 for sufficiently small 4. Moreover, since dim EX < oo, by
Lemma 7

”PhEhrh_mE“ < | Py Il Ehrh— rhE" + ” (P;,";. _(D)E“ - 0.

Hence, from Lemma 8 we get 6(p, E, X,, »EX) < 1 for 4 small enough and
thus dim p, E, X, < dim wEX. The oposit inequality have been obtained in
Theorem 2, thus dim p, E, X, = dim EX.

The assumption (2.2), which is very strong in the case of infinite dimen-
sional spaces X,, can be ommited as it is shown in the following.

THEOREM 5 : Let Al be satisfied. Moreover, let { V, } be asymptotically
equivalent to { X, } with respectto { r, } and { X, } be asymptotically equivalent
to { p, X, } with respect to { p, }. If

[T =@y ly) " TyrdO =T >0 for el 3.3

then { T, } is strongly stable on I".
Proof : It follows from (3.3) that

3¢ > 0Vh < hyVAeT || (r, 1y,) ' — T A — T)" | > c.
On the other hand

| Cule) 0= T O=D | <IA=Ty | [ Guly) ™ | Il [ =D

Thus, by the uniform boundness of || (r,],,)"" | and || r, || we obtain that
IA—T,Il =¢; >0forh < hyand X eI, what gives the stability of { T, }
onl.

Moreover, (3.3) implies (3.2). Thus, by Lemma 7, | r, E — E,r, || -0,
what implies || p, E, r, — ®F | — 0, since dim EX < co. The assumption on
asymptotic equivalence of { V, }, { X,, } and { p, X, } guaranties the existence
of positive lower bound for n,. Hence, by Lemma 8, 3(p, E, X,, oEX) — 0.
Thus dim p, E, X, < dim wEX what together with Theorem 2 gives :
dim p, E, X, = dim E, X,, = dim EX for sufficiently small /.

The condition (3.3) imposed on the approximation is some modification
of radial convergence introduced in [2, 3] for the case of internal approximation.

voL. 18, N0 2, 1984



172 T. REGINSKA

5. APPLICATION

Let X be a Hilbert space with the scalar product a(,). Let b be a bounded
sesquilinear form defined on X x X. The eigenvalue problem for two forms

b(u, v) = ha(u,v) Vve X 5.1

is considered. This problem is equivalent to the eigenproblem for an operator T
defined by : b(u, v) = a(Tu, v) Vu,ve X. Let V be a dense subspace of X.
We will consider approximate methods of solving the problem (5.1) which
are generated by sequences of sesquilinear forms a, and b, defined on V x V.
It is assumed that @, n = 0, 1, ... are symmetric and positive definite and b,
are bounded with respect to a,, ie. Vu,ve V | b,(u, v) | < ¢, at/*(u, u) a}'*(v, v).

Let X, be the closure of V in the norm al/?, n = 0, 1, ... The n-th approximate
eigenvalue problem has the form

findAe € and 0 # ue X, such that

5.2
b,(u, v) = ha,(u,v) YveV, (5.2

which is equivalent to the eigenproblem for an operator T, defined by a, and
b, :buv)=a(T,uv) YoeV,ue X, Under the assumptions

a, < a, < a, (5.3)

a is quasi-bounded with respect to a,, i.c. there exists a symmetric operator L
in X,, with dense domain V, such that a(y, v) = ao(Lu, v) Yy, ve V (cf [1]),

5.9

the approximation (5.2) can be described in terms of external approximation
(for details see [8]).

From (5.3) and (5.4) it follows that a is quasi-bounded with respect to
a,n=172 . Let I:n be the symmetric operator defined by a(y, v) = a"(ﬁn u, v)
VYu, v e V, and let L, denote its selfadjoint extension in X,. L, is positive definite.
Thus, there is a unique positive definite and self-adjoint square root L}/2 of L,
and the domain D(L,) of L, is dense in D(L}/?). It can be proved (see [8]) that

D(L}?) = X and Vu, v € X a(u, v) = a,(L,}?* u, L}? v). Letus put r, := L2
It is easy to show (see [8]) that |7, lgx.x,, = II ot e, 0 = = 1. We define
p, = r, *. The approximation { X,, r,, p, } is convergent in X due to Defi-
nition 1. The following property can be proved (see [8]) :

R.A.LR.O. Analyse numérique/Numerical Analysis
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LEMMA 9 : Let (5.3) and (5.4) be satisfied and moreover

VueV sup |a,u,v) — a(uv)| -0, (5.5
veV
ol =1

sup | b,(u,v) — b, v) | > 0. (5.6

‘M,U‘EV
llult=liwll =1

Let|u, |, < Mand| v, ||, < Mn=0,1,... for some M.
If a,(u,, w)—a(u,w) Ywe V, and a,(v,, w)— a(v, w) Ywe V imply

b,(u,, v,) = by, v), 5.7

then { T, } is stable at any A € p(T).
Let us remark, that in the considered case the condition (2.1) of Lemma 1
implies 42 and (3.2). Thus we have

COROLLARY 1 : If the assumptions (5.3)(5.7) are satisfied then the method
is convergent in the sense of Theorems 1 to 4.

The class of methods described above has been investigated by R. D. Brown
in [1] by using the another theory. He adopts the theory of discrete convergence
of Banach spaces in the form developed by Stummel [10]. His results are similar
to those obtained above.
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