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A TECHNIQUE OF UPSTREAM TYPE APPLIED
TO A LINEAR NONCONFORMING FINITE ELEMENT
APPROXIMATION OF CONVECTIVE
DIFFUSION EQUATIONS (*)

by Katsush1 OnMoRi (1) and Teruo UsHuMA ()

Summary — We present a techmique of upstream type mn a linear nonconforming finite element
approximation of convective diffusion equations It is then shown that this scheme satisfies the discrete
maximum principle and leads to an O(h) error estimate m H*-norm Some numerical examples are
given for the model problem

Résume — On presente une techmque de décentrage dans I'approximation par un élément fim
de degre un non conforme des equations de diffusion-convection Ensuite, il est montré que ce schéma
satisfait au principe du maximum discret et condwuite 4 Pestimation O(h) d’erreur dans H(Q) Quel-
ques exemples numériques sont donnés pour le probléme modéle

INTRODUCTION

In this note a technique of upstream type is introduced in a linear non-
conforming finite element approximation of convective diffusion equations.
The nonconforming element under consideration here 1s so-called a piecewise
linear element using Loof connections, which were thoroughly investigated
by Crouzeix and Raviart [7] and Temam [16] from the theoretical interest
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310 K. OHMORI, T. USHIJIMA

occured in studying the approximations of incompressible flow problems. For
practical computations, see also the recent book by Thomasset [17].

On the other hand, several techniques of upstream type to the usual piece-
wise linear element were developed in recent years in Japan (Baba and Taba-
ta [1], Ikeda [10], Kanayama [11], Kikuchi and Ushijima [13]). Our present
method is an extension of one of such techniques to the considered non-
conforming element. which is obtained along the way of the modification of
the bilinear form corresponding to the convective term, mentioned in Kikuchi
and Ushijima [13]. Then we introduce barycentric domains corresponding to
mid-points of sides of all triangles belonging to the triangulation T, in order
to define the lumped regions. Recently, Dervieux and Thomasset [8] also
proposed the barycentric domain associated with the linear nonconforming
finite element in order to derive an upwind scheme to the convective term.
However, their scheme is different from our scheme.

An outline of the paper is as follows. In Section 1, notation and the model
problem are presented. Section 2 is devoted to the construction of a lumping
method based on the considered nonconforming element. In Section 3, our
technique of upstream type is proposed. Then we show the discrete maximum
principle for our scheme in Section 4, and an O(h) H' error estimate in Sec-
tion 5. In Section 6, we give some numerical examples.

The authors would like to express their sincere thanks to the referee of this
paper for his valuable comments and constructive recommendations which
are most helpful to improve an earlier version of the paper. Following his
idea Lemma 3 is obtained, which clarifies a feature of our technique of upstream
type.

1. NOTATION AND PRELIMINARIES

Let Q be a polygonal bounded connected domain of R? with the bound-
ary I'. For a non-negative integer m, let H™(Q) be the usual mth order Sobolev
space equipped with the norm and the semi-norm

1/2
il v “m,ﬂ = ( Z ” D*v ||(2),Q) 2 (1 . 1)

lal <m

1/2
l v |m.ﬂ = ( Z ” Dd v "(2),Q> b} (1 2)

|!1|=m

where | . ||y is the norm of L*(Q). The scalar product in L*() is given by
(., .). We set as usual

HYQ) = {ve H'@;:vl =0}, (1.3)

R.AILR.O. Analyse numérique/Numerical Analysis



APPROXIMATION OF CONVECTIVE DIFFUSION EQUATIONS 311
We consider the following stationary convective diffusion equation

—vAu+ bVu=f inQ, (1.4)
() { u=u, onl, (1.5)

where v is a positive constant, b = b(x) € C'(@Q)?, f € L*(Q) and u, € H'(Q).
Let a(u, v) and b(u, v) be two bilinear forms on H'(Q) x H*'(Q) defined by

a(u, v) = J Vu.Vvdx, 1.6)
Q
b(u, v) = J (b.Vu) vdx. 1.7
Q
Furthermore, we set
t(u, v) = va(u, v) + b(u, v). (1.8)

We consider the variational formulation (IT) for (E) :

Find u € H'(Q) such that
Im < twv) =(f,v) forall veHy(Q), (1.9)
u — uye H}(Q). (1.10)

This problem has a unique solution under the condition that there exists a
positive constant o, such that

vy, — 1/2.divb > o, >0 inQ, 1.1

where a, > 0 is less than or equal to the minimum eigenvalue of — A with
Dirichlet boundary condition.

It is well known that the maximum principle holds for the solution of (IT)
in the following form (¢f. Courant and Hilbert [6]) :

Assume that the solution u of (I1) is continuous on Q and twice continuously
differentiable in Q. Then it holds that

max u(x) < max uy(x) when f<0 nQ. (1.12)

xeQ xel

2. NONCONFORMING FINITE ELEMENT AND LUMPING OPERATOR

In this section we shall consider an approximation of upstream type for
the convective term using the linear nonconforming finite element.

vol. 18, n° 3, 1984



312 K. OHMORI, T. USHIJIMA

Let { T, } be a family of triangulation of Q made of open triangles K, that is

Q= U K, @.1
KeTh
where any two triangles are either disjoint or share at most one side or one

vertex. Let Ay be the maximum side length of K € T, and py be the diameter

of the inscribed circle in K. Moreover, we set & = max h.
KeTy

In what follows, we assume that { T, } is regular. That is, when 4 tends to 0,
there exists a constant ¢ > 0, independent of # and K, such that

Ox = hyfpx <o forall KeT,. 2.2)

Let us recall the linear nonconforming finite element studied by Crouzeix
and Raviart [7]. Let B;, 1 < i < N, be the mid-points of sides lying in the
interior of Q and B;, N + 1 < i < N + M, be the mid-points of sides lying
on I'. Let V, be the linear nonconforming finite element approximate space of
H'(Q) defined by

V, = {v,e L*Q) : v, is linear on K € T, and is continuous at B,,
I1<iISN+M}. (2.3)

Furthermore, we define
Voh={v,€Vy;0,=0 atB, N+ 1<i< N+ M}. 2.4

Observe that V, ¢ H'(Q) and V,, ¢ Hi(Q).
Tet w, 1 <i< N4+ M, be the elements of V, such that

wa(B) =8; for 1<ij<N+ M, 2.5)

where 6,; is the Kronecker delta. Then the sets of functions { w;,; 1 SiSN+ M },
and { wy,; 1 < i < N}, form bases of V,, and V,, respectively. This element,
however, satisfies the following compatibility conditions

(N1) For any K,, K, € T}, it holds that

J (Onlk, — vnlx,)dy =0 forall v,eV,, 2.6)
[2 BP

where oI',, = 0K, n 0K,.
(N2) For any K € T}, it holds that

J v,lxdy =0 forall v,eV,,. 2.7)
KnT

R.A.LR.O. Analyse numérique/Numerical Analysis



APPROXIMATION OF CONVECTIVE DIFFUSION EQUATIONS 313

We provide the space V, with the following norm and semi-norm :

1/2
I v, Hl,h = < Z Il vy ”%K) s (2.8)

KeTh

1)2
lowllw = < EN f,x) - 2.9

KET;.

The above conditions (N1) and (N2) imply that || . ||, is a norm over the
space V.

Next, we define the barycentric domain associated with the linear non-
conforming finite element. For any K € T, with vertices P, x, 1 < i < 3, let
B, x be the mid-point of the side K, opposite to P, x, 1 < i < 3, and Gy be
the barycenter of K. Consider the triangle S, , 1 < i,j < 3, i # j, with vertices
Gy, B, x and P, g, where k # i, j. We say that S, is a barycentric fragment
of K. Then, with each B, x, 1 < i < 3, we associate a barycentric subdomain S X
as follows :

sk=uUs,. (2.10)

J¥F1

If K, and K, are adjacent elements having B, as its common mid-point, we
say that Q = SX* U SX2 is the barycentric domain with respect to B,. If B, e T,
we set Q = SX. Furthermore, with each B, 1 < i < N + M, we associate
the index set

A ={j#i;
B, is the mid-point of the side of a triangle having B, as another one } .
2.11)
For any jeA,, 1 < i< N, we set as follows :
IS=asknask. (2.12)

If B, is the mid-point of the side lying in the interior of Q, we have
Q,=UTS. (2.13)

JEA,
In our linear nonconforming finite element approximation, this barycentric
domain plays the role of the lumping region in the usual conforming finite
element approximation (see Kikuchi and Ushijima [13]).
Let w,, be the characteristic function of @, and ¥, be the linear space spanned
by the functions w,,, 1 < j < N + M. Let L, be the lumping operator from

vol 18, n° 3, 1984



314 K OHMORI T USHUIMA

P2,k
K
5
Barycentric domain 91.
Fig. 1. — Lumping region.
V, onto V, defined by
N+M NtM
Visvy= 3 V,wpo Ly, =5,= ) V,w,eV,. (.14
=1 J=1

It 1s easily seen that the lumping operator L, satisfies the following prop-
erties :

I owlloo =1 Luvylloo for all v,eV,, (2.15)
lon— Lyvyloa < klovll, forall v,eV,. (2.16)

R AIR O. Analyse numérique/Numerical Analysis



APPROXIMATION OF CONVECTIVE DIFFUSION EQUATIONS 315

3. UPSTREAM-LIKE SCHEME OF THE NONCONFORMING TYPE

We define the following approximate bilinear forms on ¥V, x V, :

au, v) = 2. J Vu,.Vv, dx , 3.1
KeTy K

byt v) = T J (b.Vu,) v, dx . 3.2)
KeTy K

Then we set for any w,, v eV,
Uy, v,) = va(uy, v,) + by(u,, vy) . 3.3)
In [14] we have considered the following approximate problem of Galerkin
type :
Find u, € V), such that
I 9 tw,v) = (fiv,) forall v,eV,,,

U, — U € Vo,

(3.4)
3.5)

where ug, € V), is chosen so that uy,(B) = uy(B), N+ | < i< N+ M.

Now, we shall consider the modification of b,(u,, v,) by using the lumping
process with the barycentric domain, following the procedure stated in Kikuchi
and Ushijima [13] for the case of conforming piecewise linear approximation.
In the first time, we rewrite b,(u,, v,) as follows :

by(up, vy) = b;(uh’ v, + bﬁ(uhz ), (3.6)
where
biuy, v) = Z J (div u, b) v, dx, 3.7
KeTy, K
and
bf(uh, vy = — Z J (div b) u, v, dx . (3.8)
KeTh K

Then we modify b; (1, v,) by b, (u,, L, v,). According to the patch-wise appli-
cation of the Gauss divergence formula, it can be easily verified that

N+M
by(uy, Ly vy) = Z Z J (b.n)) u, dy vh(Bj)
Jj=1 keA, r)sk

N+M

+ ) j (b.n) u, dy v,(B), (3.9)
o, nT

Jj=N+1

vol. 18, n° 3, 1984



316 K. OHMORI, T. USHIJIMA

where n; is the unit outer normal vector along 9Q;. Taking account of (3.9)
we define the modified form b} (u,, v,) as follows :

N+M

E}}(uh, vy) = Z Z (b'nj) u;{k dy Uh(Bj)

Jj=1 keA;j r:'?k
N+M

+ ¥ j (b.n)) dy u,(B) v,(B). (3.10)
;T

i=N+1
where
u;{k = xjk u,(B j) + (1 - )‘jk) u(B,) ,
Mg =1 =20, 3.11)
|Axl < A (A is a constant independent of j, k and h).

Furthermore, bZ(u,, v,) is modified by b?(L, u,, L, v,) which is denoted by
b%(uy, v,). Then we have

- N+M
bi(uy. vy) = — _Zl kz;\ J (b.n)) dy u,(B)) v\(B))
i= A Jri
N+M
- Z J (b.ny) @&y u,(B) v(B). (3.12)
J=N+1 Jan;nT

Thus we can define the modified form b,(u,, v,) as follows :
by, v,) = by (uy, v,) + By, vy)

N+M

= Z Z . (b.n) (f* — uh(Bj)) dyv(B). (3.13)

J=1 keA; T;

Remark 1 : If we take A, as follows, then (3.13) yields the upstream scheme
for the convective term :

I (n f (b...,.m;o),
Ay = { r (3.14)

0 (otherwise) .

Finally, we define our modified form of ¢,(u,, v,) :

T v) = va,(uy, v,) + by, v,) . (3.15)

R.A.LR.O. Analyse numérique/Numerical Analysis
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Hence, our approximate problem is written as follows :
Find &, € V,, such that
Iy { 4@, v) = (fivy) forall v,eV,,,

u,, - uOhE VOh'

(3.16)
(3.17)

4. DISCRETE MAXIMUM PRINCIPLE

This section is devoted to the study of the discrete maximum principle for
the upstream-like scheme (f1,). From now on, we assume that the triangula-
tion T, is of acute type, that is, it holds that

<0 forall KeT,, 4.1
where

v = max { cos (i, Vi )a: } @.2)
t¥J
and p,, 1 € i < 3, are barycentric coordinates of x € K with respect to the
mid-points B, x, 1 < i < 3, of the sides of K.

Remark 2 : We note that the above definition of the acuteness is equivalent
to the usual one (¢f. Fujii [9]). Hence (4.1) implies that all the angles of the
triangles of T, are less than or equal to =/2.

Let
Ejk = Eh(w,‘h, wj,,) fOI' 1 S_]s k < N + Ms (4‘3)

then we have

LeEMMA 1 : It holds that

by=-% J (I = ;) (b.n) dy, 4.4
keA; rJSk
~ 1 — A, .n; i A),
by = Jrfk( 2 Gn)dy (Ekeh) @4.5)
0 Gf k¢A),
and
N+M o
Y b,=0 for 1<j<N+M. 4.6)
k=1

Proof : By the definition of b,(., .) we have
- N+M
b_ik = lZl 8;‘! Z J (b.n) (A = Ay,) O — i) v,
= Cim

me A

vol. 18, n° 3, 1984



318 K. OHMORI, T USHIJIMA

where 8, is the Kronecker delta. Hence, (4.4) and (4.5) hold. On the other
hand, it holds that

Then (4.6) follows from (4.4) and (4.5).

If we take A, as in (3.14), then we have from Lemma 1,

b, <0 for 1<jk<N+M, j#k. @.7

We set
a, = a(Wi,wy) for 1<j<N, 1<k<N+ M. 4.8)

By an analogous discussion to Kikuchi [12] we have

N+M

k; a, =0 for 1<j<N, @.9)

a, <0 for 1<;<N, 1<ks<N+M, j#k.

The proof of (4.9) can be found in [14].
Now let us return to the scheme (I1,). Observe that (I1,) is equivalent to
the following linear system :

TU+ T,V =F,) {4.10)
V-G,} 4.11)
where
T=(,)=(a,+b,) for 1<1,j<N,
T,=(,) for 1<i<N, N+1<J<N+M,
U=(U)=(@B)) for 1<;j<N, @.12)
V=@U) for N+1<);<N+ M,
= (F)) = (f(B)).mes (supp (w,))/3) for 1<;<N,
G=(G)=wyB)) for N+1<j<N+ M.
We define the matrix
To=(,) for 1<i<N, 1<j<N+M. (4.13)

Then we have the following Lemma from (4.6), (4.7) and (4.9).

R.AIR.O. Analyse numérique/Numerical Analysis
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LEMMA 2 : If we take A, as in (3.14), then the matrix T, is of non-negative
type, that is

;<0 for i#j, 1<i<N, 1<j<SN+ M,

NiM @.14)
Y ;20 for 1<i<N

j=t

THEOREM 1 : Assume that the triangulation T, is of acute type and that the
matrix T is invertible. If we take A i as in (3.14), then we have

max U-Smax(O, max GN+J.> if max F;<0. 4.15)

J
1<jsM 1<j<N

Proof : This fact comes from general considerations due to Ciarlet [3].
For the sake of completeness we, however, give a direct proof as follows.
First we prove (4.15) in the case of

max F; <0. “4.16)
1<j<N
Let U; = max U; When U, < 0, then the assertion is trivial. Then we
1<j<N
let U; > 0. Assume that U; > max Uy, ; Since
1<j<M

N M
ZIUU.I+ Z[I,N+1UN+1=F1 fOI' lsisN,
j=1

we have

N M -
;U = Z, (—tpU; + Z, (= tin+) Unsj + F;
= =t
N+M
<-U ) i+ F, 4.17)
=1

J#i

where we use in the last inequality the fact that the matrix T, is non-negative
type by Lemma 2. Therefore we have

N+M

0>F 22U, ¥ t;>0, (4.18)
ji=1
which is a contradiction. Thus we obtain (4.15).
Next, we prove (4.15) for the case
max F;<0. 4.19)

1<j<N

vol. 18, n° 3, 1984



320 K. OHMORI. T. USHIJIMA

We set a column vector F_ for any € > 0 as follows :

F,=(Fj) =(F;—¢) for 1<j<N. (4.20)

Then we have max F ; < 0. Let U, be the solution of the following equation :
1<j<N

TU+ T,V =F, } 4.21)

V=gG. (4.22)

For the solution U, of (4.21)<(4.22), (4.15) holds by the first half of this proof.
Furthermore, since the matrix T is invertible, we have

U, =T '(F,-T,V) (4.23)
and
U —->U as €-0. (4.24)

Thus our assertion is completely proved.

Remark 3 : In Theorem 1, if the triangulation T, is of strictly acute type,
namely if all the angles of triangles of T, are less than n/2, then the matrix T
is invertible. Another condition to assert the invertibility of T is that divb
is non-positive in €, which will be shown in Theorem 3.

5. ERROR ESTIMATE FOR UPSTREAM-LIKE APPROXIMATION
In the first time, we show that the modified form b,(., .) is admissible in
the sence defined in Kikuchi and Ushijima [13].

THEOREM 2 : Assume that there exists a constant D > 0 independent of j, k
and h such that

h.mes (I'3) < D.mes(S;), ¢.1)

then there exists a constant C > 0 independent of h (0 < h < h) such that

| by(uy, vy) — Eh(uh’ ) I < Chiluyliygnll v, "1,;. (5.2)

for all u,, v, eV,

Proof : We follow the proof of Proposition 2 of [13] with suitable modifica-
tions. We may write for all u, v,eV,

by(uy, vy) — Eh(“ha v) = by (uy, v) — bvl. (up, Ly vy) + bfl. (up, Ly vy)

- Erl.(uh- v) + biuy, v,) — 5,z,(u,,. v .

R.A.LR.O. Analyse numérique/Numerical Analysis



APPROXIMATION OF CONVECTIVE DIFFUSION EQUATIONS 321

Using (2.13) and (2.14), one can easily check that

Ibli(uhs ) — bg(“m L, vy) l < Cih|u, lll,h Il v, Il;,h (5.3)
and
lbizu(uha vy — bﬁ(uh, v,) | <Chlu, "1,h | v, 1, (5.4

with the appropriate constants C;,, 1 < i < 2.
Thus it suffices to estimate b} (u,, L, v,) — b} (u, v,). From (3.7) and (3.8)
we find that

N+M
by(up, Ly 0,) — bh(uy, vy) = Z Z j (b.n)) (u, — ul’) dy v(B))
j=1 Kkeh; Jrs,
N+M
+ 2 f (b.n)) (u, — u(B))dyvi(B) = I, + I,. (5.5)
i=N+1 J inT
Taking into account that I'}, = I'}; and n; = — n,, we have
N+M
I =1)2 z Z J (b'nj){)"jk(uh - uh(Bj))
/=1 ked; Jrs,

+ (1 = X)) (uy — u(BY) } dY(vh(Bj) — v(BY). (5.6)

On the other hand, since y, is linear on §jk it is easy to check that for any
xel}5
Jjk

| up(x) — uh(Bj) | < h mes (Sjk)—llz Il Vo, ”Lz(s,k) 5.7
and
| vh(Bj) — v(By) I < hmes (Sjk)_”2 Il Vo, ||L2(s,-k) . (5.8)

Then from the properties of A;, (5.7), (5.8) and the assumption (5.1), we
find that

T < Cohllug llynllonllyn- (5.9)

Next, let us estimate for /,. Here we assume that the mid-points of sides lying
onI, B, N+ 1<i< N + M, are located consecutively on the boundary
in anti-clockwise orientation such that

B; = mid-point of PP,,, for N+ 1<j<N+ M, (5.10)

where P, N + 1 < j < N + M, are boundary vertices with Py, p,4; = Py ;.

vol. 18, n° 3, 1984



322 K. OHMORI. T. USHIIMA

Then we may write

N+M P+
I, = _:;H J (b(B)).n)) (), — u,(B))) dy v,(B)

N+M P41
+ 2 J (b — b(B)).n)) (wy, — u(B) dy vi(B)) . (5.11)

J=N+1 P,

Since u, islinearon P;P,, ,N + 1 < j < N + M, thefirst term of 1, vanishes.
Since the second term of 7, is equal to

N+M B,
AL -y - wE)a
j=N+1 P,

+ f (®— b(Bj))'nj) (wy, — uh(B,)) dy } vh(Bj) s

B,
using (5.1), (5.7) and the following fact
| — b(B)).n,| < Cyh for xePB, (resp.BP,,,),
we conclude that there exists a constant C4 such that
| L1 < Co il tty o I 00 i (5.12)
Combining (5.3), (5.4), (5.9) and (5.12), we obtain (5.2).

Remark 4 : Since from Proposition 4.13 of Temam [16] the following
discrete Poincaré inequality holds

| vpllon < CQ) [l v, ll, forall wv,eVy, (5.13)

with a constant C(Q) > 0 independent of 4 e (0, A], || - li,and || .|, are
equivalent norms on V. a
Hence we find a constant C > 0 independent of /4 € (0, 4] such that

I b(uy, v)) — Eh(uha vy) ‘ < Chlully vyl forall w,v,eVy,. (5.14)

In what follows, we shall restrict our attention to the homogeneous Dirichlet
problem for simplicity, which is denoted by (E°). Thus we consider the following
problem :

Find &, € V, such that

INh(ﬁha u) = (fiv) forall v,eVy,.

@ |

R.A.LR.O. Analyse numérique/Numerical Analysis
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LEMMA 3 : It holds that for any v, eV,

~ 1.
blll(vha ty) + 2 brll(vhs Up)

N+M
=Y [ 30 e - amp (-5)er 619
J= €Ay Jr

Proof : Let v, be an arbitrary element in V,,. From (3.10) and (3.12) we
have

- 1 - N+M 1
by (0, vy) + ibf Owo = Y ) f (b.n) (U;’.k — 5 0B ,)) v(B,) dy
J=1 keA, Jrs,
Since I}, = I}, and n, = — n,, we obtamn by using (3.11)

~ 1 ~
b;{(vha v + Ebf(vha )

N+M r

=Y ¥ | 30n) { (v#— 3 vh(B,)> vh(BJ)—<v’;f— 2 vh(Bk)) 0B } o

J=1 keA, Jrfk

N+M "

=Y ¥ | 3m) (X,k— %) { 0(B)? 2 0(B) v(BY+0, (B’ } dy

=1 keA, dl'fk
N+M r 1

=) X %(b-n,) (04(B)) — vi(BY)’ (M— 5) dv .

J=1 keA, drfk

THEOREM 3 : Assume that there exists a constant o > 0 such that
VC(Q)_Z—%'dIVb>d'>O in Q, .17

where C(Q)) is the constant in the discrete Poincaré inequality (5.13). If we
take A, as in (3.14), then the problem ({1°) has a unique solution ii, €V,

Proof : 1t is sufficient to show the V,-coercivity of 7,(., .). From the defi-
nition of 7,(., .) and Lemma 3, we have for all v, e V,

- ~ | |
1w V4) = Vay(vy, 1) + by 1)) + 3 b (v, 1)) + 5 b2 (vy, vy)

=vimli+ 2 2 J 3 (ban) (0(B) — (B’ (M— %)dv

1N+M
2 2, J (b.n) dy v,(B)*. (5.18)
] r
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By virtue of the choice of A ,. we find that

N+M
z kZA J %(b-n,) (©4(B)) — v(BY)° (X,k - %)dy >0. (5.19)

Then we have

N+M
W >vinli -5 % 5 [ Gndusy

S
Ik

J=1 keA,

1 N+M
=viioli - 3 { ) J (b.n) dy v,(B,)?
s
N+M
+ J (b.n) dy vy(B)’ }
0, nT

J=N+1

where in the last equality we used the fact that v(B)=0for N+1 <j < N+ M.
According to the patch-wise application of the Gauss divergence formula,
it holds that

1 NIM .
0w 0) 2 V || vy i =3 Z j divb) | L, v, dx.  (5.20)

e}
Then for any constant ¢ satisfying 0 < € < min { 1, &’ C(Q)*/v } we have
LUy V) = VE | 0, |2 forall v,eV,,. (5.21)

‘LHEOREM 4 : Assume the hypotheses of 1 heorem 3. I hen t,(., .) IS coercive
on Vg, for any sufficiently small h.

Proof . For all v,e V, we have
10, U = Ty 0) + b0y, 0) — By(vy, 1)) - (5.22)
Therefore, from Theorem 3 and Remark 4 it holds that
t (0 1) = (v&e — Ch) || v, || forall v,eVy,, (5.23)

where C is the positive constant independent of 4 in (5.14).
Thus, we find that there is a constant 4, > 0 such that it holds for some
constant o* > 0

(O v = 0% | v, |7 forall v,eV,,, (5.24)
provided that A < A,
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Now, let us derive a bound for the error || %, — u, ||,, where #, is the solution
of (f1°) with A i« as in (3.14) and u, is the solution of (ITY) which is the Galerkin
approximation of (E°).

THEOREM 5 : Assume the hypotheses of Theorem 3. Then we have

I — uplls < Chlfllog (5.25)
Jor some constant C > Q.
Proof : Since
4T v) = (f. v) = t,(uy, vy) forall v,eV,, (5.26)

we may write
Gty ) — Lty 0) + By, v) = G, v,) forall v,eV,,. (5.27)
Hence we have
0@, — uy, 0) = 1y, ) — 1, )
= by(up, vy) — by(uy, vy) . (5.28)
According to Remark 4, it holds that
| ity — w0 | < Ch |ty Wy 1l 04 - (5.29)
Taking v, = @, — u, in (5.29) we obtain from the coercivity of 7,(., .)
ve || ity — uy Nl < Chlluy Iy || @ — w1y -
Hence we have

Il — up lln < C Ay Nl (5.30)

On the other hand, from the coercivity of 7,(., .) we can show that

I lln < 1/o* |l flloq- (5.31)
Then, from (5.30) and (5.31) the assertion follows.

Remark 5 : In order to obtain the error estimate for ¥ — u, in the norm
Il . |l,» we can apply the primal hybrid finite element method introduced by
Raviart-Thomas [15], since the linear nonconforming finite element is one
of the hybrid elements. Then we have the following result :
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THEOREM 6 : In addition to the hypotheses of Theorem 3, suppose that { T, }
is regular. If ue H*(Q) n H(Q), then we have

o —ully < Chlulyg. (5.32)

Using Theorems 5 and 6, we can derive an error estimate for the upstream-
like approximation with the linear nonconforming finite element.

THEOREM 7 : Assume the hypotheses of Theorem 6. Then we have

o —a,ln< Ch(lulyq + 1 fllon)- (5.33)

6. NUMERICAL EXAMPLES

As an illustration, here we adopt one of the problems treated in Kikuchi
and Ushijima [13]. Namely, our model problem is :

—VAu+ ®d.V)u=1 in Q=(O,1)x(0,l),} ©.1)

u=0 onT,

where b = (1, 0). In [13], the following initial boundary value problem (6.2)
is taken as an approximation of (6.1) for sufficiently small v in the region
far from x, = 1.

ou Pu nQ. ]

u(0,x,) =0 for 0 <x, <1, j ©.2)
u(x;,0) = u(x,;,1) =0 for 0 <x, <1.

Examples of employed meshes are pictured in figure 2, where N denotes a
number of elements along the side x, = 0(or x; = 0)of the domain Q. Figures 3,
4, 5 and 6 show the distributions of the numerical solutions u, and #, along the
line x; = 1/2 of the square domain ., where u, is the linear nonconforming
finite element approximation and &, is the linear nonconforming finite element
approximation of upstream type. In these figures, continuous curves are the
profiles of numerical solutions of the problem (6.2), which are denoted by
PEA. Among these results, the Galerkin method gives a strongly oscilating
solution for the coarse meshes and the small values of v, but gives an improved
one for sufficiently fine meshes. On the other hand. our method gives a non-
oscilating and reasonable solution.
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The authors are grateful to Professor Sotoshi Shinbo of Toyama Prefectural
Coliege of Technology, who gave us the opportunity to use HITAC M 150
of his college. Besides this computer, we used for the computations in this
paper HITAC 8350/M 180 of The University of Electro-Communications and
OKITAC 4500 C of Toyama Mercantile Marine College.

Fig. 2. — Finite element meshes for NV = 5.
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Fig. 3. — Distributions of u,(0.5, x,) and &,(0.5, x,) with v = 0.01 and N = 5.
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Fig. 4. — Distributions of #,(0.5, x,) and #,0.5, x,) with v = 0.01 and NV = 10.

vol. 18, n" 3, 1984



330 K. OHMORI, T. USHIJIMA
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Fig. 5. — Distributions of #,(0.5, x,) and #,(0.5, x,) with v = 0.001 and V = 10.
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Fig. 6. — Distributions of 2,(0.5, x,) and #,0.5, x,) with v = 0.001 and N = 20.
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