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NORM ESTIMATES FOR A MAXIMAL RIGHT INVERSE OF
THE DIVERGENCE OPERATOR
IN SPACES OF PIECEWISE POLYNOMIALS (*)

by L. R. Scott () and M. VoGeLUs (%)

Abstract. — In this paper we study the divergence operator acting on continuous piecewise poly-
nomials of degree p + 1, p = 3, on triangulations of a plane polygonal domain Q. We give a charac-
terization of the range of the divergence operator and the full details of a combinatorial verification
of this. As the central result we show that for very general families of meshes it is possible to find
a maximal right inverse for the divergence operator with a (L, ; H') norm which is bounded inde-
pendently of the mesh size. The norm of this right inverse grows at most algebraically with p, but
it necessarily blows up as a certain measure of singularity of the meshes approaches 0.

Résumé. — Dans cet article nous étudions I'opérateur de divergence agissant sur des espaces
de fonctions continues, polynémes par morceaux de degré p + 1, p = 3, sur des triangulations d’un
domaine polygonal plan Q. Nous donnons une caractérisation de I'image de I’opérateur divergence
et tous les détails d’une preuve combinatoire de ce résultat. Notre résultat principal est de montrer,
ensuite, que pour des familles trés générales de triangulation, il est possible de trouver un inverse
a droite maximal pour I'opérateur divergence, avec une norme #(L,; H') bornée indépendamment
de la longueur de la maille. La norme de cet inverse a droite croit au plus algébriquement en fonction

de p, mais elle explose nécessairement lorsqu’une certaine mesure de la singularité du maillage tend
vers Q.

1. INTRODUCTION

Incompressibility constraints, such as constraints on the divergence of a
velocity field or a displacement field, occur in many equations of physical
interest, e.g. the Navier-Stokes equations or the equations of elasticity. When
analyzing the stability of finite element approximations to these equations
a central question concerns the behaviour of the divergence operator, or a
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112 L R SCOTT, M VOGELIUS

discrete version thereof, on the corresponding spaces of piecewise polynomials
(see for instance [4, 7, 17, 19]) It 1s well documented that continuous piece-
wise polynomials of low degree applied directly to the velocaity- (or displace-
ment)-formulation are often imadequate, due to the lack of a uniformly bounded
right inverse for the divergence operator This has led various authors to
study non-conforming low order elements in connection with mixed formu-
lations The analysis in this paper points in another direction our results
mply that continuous piecewise polynomials of degree four or higher directly
applied to the velocity- (or displacement)-formulation lead to optimal (uni-
torm) convergence rates (for a discussion of thus, see {12])

The paper [18] contains a characterization of the range of the divergence
operator on spaces of continuous piecewise polynomials of degree p + 1,
p = 3, on an arbitrary triangulation (Theorem 2 1 and Remark 2 1), 1t
also gives a proof of the fact that on a fixed triangulation 1t 1s always possible
to construct a maximal right inverse for the divergence operator, the norm
of which grows at most algebraically with p (Theorem 2 1) These results
were used to prove that the so-called p-version of the finite element method,
when applied directly to the displacement formulation of plane strain elasti-
city, converges at « almost » optimal rate independently of the value of Pois-
son’s ratio ([19])

The analysis presented 1n this paper extends the results of [18] in a rather
surprising way — 1t shows that the aforementioned right mnverse (p > 3)
has a #(L,, H') operator norm which 1s bounded mdependently of the
mesh size of the tiiangulation This uniform bound can only hold provided
a certain measure of singularity of the meshes 1s bounded away from zero
(¢f Exemple 3 1) Available numerical experiments (¢f [16]) and recent theo-
retical results (¢f [12]) show that a similar bound does not exist for p < 3

For reasons of exposition we have chosen to express our main result n
terms of a bound for the norm of a maximal right inverse for the divergence
operator It 1s easy to see (¢f Section 5) that this 1s equivalent to a uniform,
positive lower bound for the expression

inf sup[ VVodx/)| Vig: | &1y,
¢ ¥ Jo

as studied by other authors (here V varies over the space of piecewise poly-
nomials and ¢ varies over the divergence of this space)

The organization of this paper 1s as follows 1n Section 2 we introduce
the necessary notation concerning the triangulations and the polynomual
subspaces It should be emphasized that our triangulations are quite general
and only restricted by the assumption of quasiuniformity Section 3 inde-
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NORM ESTIMATES FOR AN INVERSE OF THE DIVERGENCE OPERATOR 113

pendently characterizes the range of the divergence operator acting on conti-
nuous piecewise polynomials of degree p + 1, p > 3. Combinatorial proofs
are carried out both with and without boundary conditions ; in the latter case
the argument is identical to one found in [18] and depends crucially on the
formula for the dimension of C' piecewise polynomials proven in [10]; in
the first case we have to establish a similar formula for C' piecewise poly-
nomials that vanish to second order on the boundary (this is done in Sec-
tion 6). Sections 4 and 5 contain the proof of the main theorem, the existence
of a uniformly bounded maximal right inverse. The analysis relies heavily

n [18], but an important new element is the localization procedure formu-
lated in Lemmas 4.3, 5.1 and 5.2. The idea behind Lemmas 5.1 and 5.2 is
in many ways similar to that underlying the macro-element technique and
the corresponding local test for stability found in [3] or {14]. Much of the
rest of the proof of the main theorem consists of verifying that the constants
in various of the estimates found in [18] scale appropriately with the mesh
size.

The attention in this paper is restricted to plane domains; it should be
interesting to see if a similar analysis could be carried out in R>.

2. NOTATION

Throughout this paper Q denotes a bounded polygonal domain in R
T, ={T " 0 < h <1, is a family of triangulations of Q, parametrized
by mesh size . To be more precise : the B, 1 < i < N(h), for fixed A, are
disjoint triangles with

diam B! < h
and

N

U & =Q.

i=1

An edge of a triangle of X, is called an internal edge of X, if its interior

lies in Q (not on 69). We assume that no vertex of a triangle of X, falls in the
interior of an internal edge of Z,. This does not prevent boundary edges from
having vertices in their interior (as in fig. 2 and fig. 3). Furthermore we assume
that the family X,, 0 < h < 1, is quasiuniform in the sense that

Po h < p(B) V6eZX,, 0<h<1, 2.1

where p(T) denotes the supremum of diameters of discs contained in G, and
0 < py. In the rest of this section and all of the next we shall, to simplify
notation, omit the subscript /4 when referring to a fixed triangulation.

vol. 19, nv 1, 1985



114 L R SCOTT, M VOGELIUS

If £’ 1s an arbitrary collection of triangles from Z, we then define the cor-
responding polygonal domain (*)

QE) = 1nter1or< U ©n Q>, 22

GeX
with this notation Q(X) = Q For any integer p >0 and 1 =0 or 1
Q[P] T(Z’)

denotes the set of functions in C'(Q(X")) that are given by a polynomual of
degree < p on each of the triangles of X'

An nternal edge of ¥’ 1s an edge whose nterior lies in Q(X') (not on QX))
An 1nternal vertex of £’ 1s a vertex that lies in Q(Z') (not on 0Q(X’)) We shall
say that an internal vertex (of ') 1s singular 1f the edges meeting at this vertex
fall on two straight lines (¢f [10])

Figure 1. — Singular nternal vertex x,.

Following [18] we mtroduce, for p > 0, the space
aplpl ~ 1(2/)

of functions, ¢, which are given by a polynomuial of degree < p on each indi-
vidual triangle (no continuity requirements) and which have the property
that

(*) « nQ» 1n the definition of Q(X ) matters only when interior @ #Qe g when Qs a sht
domain
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NORM ESTIMATES FOR AN INVERSE OF THE DIVERGENCE OPERATOR 115
R.1 : at any singular internal vertex of X', x,,
4 .
2 (= D dilxe) =0

i=1

where ¢,(xo) = ¢ |5, (xo) and Gy, ..., G, are the triangles meeting at x,,
numbered consecutively, as shown in figure 1.

An explanation for the requirement (R . 1) is most easily given by the following
simple observation.

PROPOSITION 2.1 : For any ' < X and any p = O,
V. (@103 x gt 110(3) < 2" 1(%)

The proof of this proposition consists of a straightforward calculation, the
details of which are given in [12]. Special cases of this result have been used
by other authors, e.g. Mercier [9] and Fix et al. [6].

When homogeneous Dirichlet boundary conditions are imposed, a new
set of requirements become important. Let

POy, per4l, r=01

denote the subspace of 2!P"(X') consisting of those functions that vanish

3Q

Figure 2. — Point at the boundary which is considered to be two different boundary vertices.
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116 L. R. SCOTT, M. VOGELIUS

to r + 1st order on 8Q(Z’) ; that is, functions in 2P"(X’) are always zero on
<

JdQ(X"), and in addition, functions in 2"} (X") are required to have a vanish-

ing normal derivative.

Remark 2.1 : In this paper we use the very natural convention, that a point
on JQ(X'), which is a vertex for k different parts of 6Q(X’), be considered &
different boundary vertices. As an example there are two different boundary
vertices at the point P in figure 2. A similar convention is applied to edges
that lie on “ internal ” boundaries. These are considered two different boun-
dary edges if they are common to two different triangles of X'. Note that,
conforming with this convention, our definitions of piecewise polynomial
spaces do not impose any continuity conditions at vertices or edges where
the boundary intersects itself. []

The vertices (of ') that lie on 0Q(X’) are called boundary vertices of X'.
A vertex on 0Q(X') is called a singular boundary vertex of X’ if all the edges
of ¥’ meeting at this vertex fall on two straight lines. There are four possible
configurations for a singular boundary vertex, as shown in figure 3. (The
fourth case in figure 3 differs slightly from that in [18] since it also illustrates
the possibility of a boundary vertex lying in the interior of a boundary edge.)

We let

j)[p],—l(zf) , p=0

denote the subspace of 2P~ 1(X') consisting of functions, ¢, which addi-
tionally satisfy the following two requirements, that

R.2 : At any singular boundary vertex of ¥, x,,
k .
Z (= D' dulxo) = 0,
i=1

where ¢,(xo) = ¢ |5, (X0), and B, ..., G, are the triangles of X’ meeting at x,,
{k can be any number from 1 to 4, and the triangles are numbered consecutively
as shown in figure 3).

R.3 : For any connected component of Q(Z'), ",

J ¢dx =0.

It is a simple exercise to show that the following holds.
PROPOSITION 2.2 : For any ¥' < X and any p = 0,
V(2P 10(5) x P+ 1105 < Pl 1(zy.
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aa(l")

éx
o

IO

aa(l")
k=3 k=4

Figure 3. — The four types of singular boundary vertices of T'.

Our notation for Sobolev spaces is standard : if Q' < Q is a polygonal (sub)
domain and £ is a nonnegative integer then H*(Q)'), denotes the set of functions
w1th denivatives of order < k in L,((Y); the corresponding norm is denoted
- H"(Q) is the closure of C&(Q") in HX(QY).

. \

3. CHARACTERIZING THE RANGE OF THE DIVERGENCE OPERATOR

For the analysis of finite element discretizations of equations with a diver-
gence constraint it is important to have precise information about the range

vol. 19, w1, 1985



118 L. R. SCOTT, M. VOGELIUS

of the divergence operator on the finite dimensional subspaces. In general
a uniform norm estimate of a right inverse is sufficient to guarantee stability,
however, in order to estimate the convergence rate, the algebraic character
of the range of the divergence operator has to be known. In the present situa-
tion it furthermore turns out that the characterization of the range automati-
cally leads to a necessary condition for the existence of a uniformly bounded
right inverse. For ease of notation we omit the subscript /i when referring to
a fixed triangulation. The following result was proven in [18].

ProPOSITION 3.1 : For any ' € X and any p = 3 the divergence operator
maps

y[p+ 1].0(2/) X '@[p+ 1].0(21)
onto
P 1Ty

As shown in [18] this result permits a simple combinatorial proof. We give
the full details of the combinatorial argument below.

Consider first the case that Q(Z') is simply connected. The curl operator

Vo= (0 - o)

0x, ox,
maps 27 *2-1(L) onto the nullspace of the divergence operator

NPTHV) € PPTIOE) x 2T IOE).
In [10] it is shown, that for p > 3

dim (2P *2-1(2) = %(p +3)p+HT -QCp+5E;+3Vy+0,, (3.1)

where T is the number of triangles, E, is the number of internal edges, V is
the number of internal vertices and o, is the number of singular internal ver-
tices, all of the triangulation £’ < Z. Since the nullspace of the curl operator
consists of only the constants, it follows from Grassmann’s dimension formula
that

dim (A4 7*1(V.)) = dim (2P 21(Z)) — 1. (3.2)
If R?(V.) denotes the range of the divergence operator acting on
gplp+ 1].0(21) x Pt 1]-0(2') ,
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then the same dimension formula gives that

dim (R?(V.)) = dim (2P 10(x) x 2P 110(x)) — dim (4 771(V.)). (3.3)

The first term in the right hand side of (3.3) is easily found to be
p—-DpT +2pE+ 2V, (3.4

where T is as before, E denotes the total number of edges and V the total
number of vertices of the triangulation X'. Inserting (3.1), (3.2) and (3.4)
into (3.3) one gets

: 1
dim (R?(V.)) = 5(p? = 9p = 1) T + 2(p + D) (E + Eo) —
—2E+3E,+2V -3V, —0,+ 1

1
=5 +)pT+E-V —co+ 1, (3.5

with the second identity based entirely on the relations V — V= E — E,
and E + E; = 3 T. Euler’s formula states that

T—E+V=1,

and in combination with (3.5) this gives
. 1
dim (R?(V.)) = E(p +2)p+ DT —o0,. (3.6)

The right hand side of (3.6) is exactly the expression for the dimension of
2P}~ 1(%"). This observation together with Proposition 2.1 implies that

RP(V.) = 2P (Z).

If Q(X') is not simply connected then we extend any function in 22~ 1(Z")
by piecewise linear functions onto triangles filling the holes of Q(X’). This
can be done in such a way that the extension is still in 277! and we may
now rely on the previous argument to ensure the existence of a field in
P10 o P10 with the right divergence. (It has here implicitly been
assumed that the holes of Q(X') have boundaries that are not selfintersecting ;
selfintersecting boundaries can be dealt with by a perturbation argument.)

With homogeneous Dirichlet boundary conditions the corresponding
result 1s :

vol. 19, n® 1, 1985



120 L. R. SCOTT, M. VOGELIUS

PrOPOSITION 3.2 : For any X' < X and any p > 3 the divergence operator
maps

é[[)+ 1],0(Zr) x é[p-# 1],0(21)
onto
Pz

The analysis given in [18] verifies this for p sufficiently large by an approxi-
mation argument. At the end of Section 4 we show how the result is obtained
for general X' < X and p > 3. For completeness we briefly outline the key
ingredients of a combinatorial argument. Suppose that Q(Z') is simply con-
nected ; in that case

dim (27 241(Z)) = %p(p )T +Qp—1)E+3Vo+0, (3.7)

where ¢ denotes the total number of singular vertices of the triangulation X',
The formula (3.7) is verified in Section 6 by a method based on [10]. We
furthermore know that

dim (P 10(E) x PPHIEY) = (p — 1) pT + 2pEy + 2V,
(3.8)
dim (P71 () = %(p +D P+ DT -0 —1.

The formulae (3.7) and (3.8) in combination with an argument like the pre-
ceding may now be applied to prove Proposition 3.2 whenever Q(X) is simply
connected. Non-simply connected domains may be treated by a slight varia-
tion of this argument (¢f. Remark 6.1).

Remark 3.1 : Propositions 3.1 and 3.2 remain valid also for p = 2,1 0or 0
on any X’ such that Q(X) is simply connected and the formula (3. 1), respec-
tively (3.7), holds. The formula (3. 1), which was conjectured by Strang [15],
has been verified for certain triangulations X’ (in decreasing generality, as p
decreases) by Morgan and Scott [11]. The formula (3. 7), however, fails on the
most natural triangulations as soon as p < 2. For a more detailed discussion
we refer to [12]. [

The main goal in this paper is to verify the existence of a maximal right
inverse for the divergence operator, the norm of which is bounded uniformly
in the mesh size and grows at most algebrically with p. It turns out that our
proof of this fact does not depend on Propositions 3.1 and 3.2, to the contrary,
it provides independent proofs of these. However, these propositions demons-
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NORM ESTIMATES FOR AN INVERSE OF THE DIVERGENCE OPERATOR 121

trate the necessity of a certain non-degeneracy condition on the triangulations,
if one wants to obtain a uniformly bounded right inverse.

Let x, denote any non-singular vertex of £’ and let 8, 1 < i<k, be the
angles of the triangles G, 1 < i < k, meeting at x, (the triangles are numbered
consecutively as before). If x, is an internal vertex we define

R(xg) =max {|6, + 6, —7m|:1<ij<k and i—j=1modk};

if x, is a boundary vertex, R(x,) is defined in the same way, only deleting
the term mod k; R(x,) thus measures how close x, is to being singular. We
furthermore set

R(Z') = min { R(x,) : X, is a non-singular internal vertex of '} (3.9)
and
IE(Z’) = min { R(x,) : X, is a non-singular vertex of ' } .  (3.10)

Example 3.1 : Let £° be the simple triangulation shown in figure 4, with
R(Z® = &. Let ¢;, & small, be the piecewise constant that is given by

lin B,
Ps(x) = { .
0 otherwise .
/
//
/ ~ s /7
/ N/
/ /
/
/ /
/
Ve
Ty s e
//
7 T
Ty
E
A
Figure 4. — X8,
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122 L. R. SCOTT, M. VOGELIUS

Proposition 3.1 ensures that for § > 0 there exists

Ké 6.0/[4]'0(25) x '@[4],0(25)

with V.Vs= b,

but || ¥; |1 s cannot stay bounded as & — 0. If | V||, os < C, uniformly as
S — 0, then we could extract a weakly convergent subsequence, which would
converge to a field

Vo€ PIOE0 x 2030
satisfying

{ 1in B,
V.V, =
- 0 otherwise .

This is a contradiction, since X, 1s a singular internal vertex for 0 O
The previous example shows that it is in general necessary to have (3.9)

(or (3.10)) bounded from below in order to establish uniform bounds for the

#A(L,; H') norm of a maximal right inverse for the divergence operator.

4. LOCAL CONSTRUCTION OF A RIGHT INVERSE FOR V.

The first in a series of lemmas is an extension of Lemma 2.6 in [18].
LeMMA 4.1 : Assume that
RZ)=86>0,
where R(X,) is the measure of singularity introduced in (3.9), and 8 is inde-

pendent of h. Let X denote any collection of triangles from Z,, and let ¢ be
any element of 2'"~1(Z}). There exists V € ZP0(Z;) x 2P0 such that

¢ — V.V =0 atall vertices of Z,, 4.1a)
and

IV liog < Cl+ DX ¢ 0.0 (4.1b)

with constants C and K that are independent of Z,, h, p and ¢.

Proof : Let G, and B, be two adjacent unit sized triangles, as shown in
figure S.
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NORM ESTIMATES FOR AN INVERSE OF THE DIVERGENCE OPERATOR 123

N

Figure 5. — Two adjacent triangles.

If « is any constant, then it is possible to find a continuous piecewise cubic
field U on G, U G,, satisfying

V.U=a atx,
V.U = 0 at all other vertices, and 4.2)
U=0 on dB,UB,).

From the construction in [18] it follows that

I Ulizos < Clal

where C only depends on the minimal angle of G;, i = 1, 2. If furthermore
8, + 0, # mand ¢, a, are any two constants, then one can find a continuous
piecewise cubic field U’ on G, U TB,, such that

V.U lg(xg) =a, for i=12,
V.U = 0 at all other vertices 4.3)
U =0 on 4T,uUT,)

and
U hzos < Cla | +ay),
where C depends on the minimal angle of G, i = 1, 2, and |6, + 6, — .

Let x, be a non-singular internal vertex with N corresponding triangles
of unit size, and let ¢;, 1 < i < N, be N arbitrary constants. Using (4.2), (4.3)

vol. 19, nv 1, 1985



124 L. R. SCOTT, M. VOGELIUS

and the same argument as in [18] we obtain a continuous piecewise cubic
field W with

V.Wlg(xe) =a for 1<i<N,
V.W = 0 at all other vertices 4.4)

N —
W =0 on 5( Tpl)
i=1

This field can be estimated by
N
Wi <C 2 lal, (4.5)
i=1

where C only depends on the minimal angle of B;, 1 < i < N, and R(x,)

(C blows up when either of these become small). At any singular internal

vertex we may similarly find a continuous piecewise cubic field satisfying
4

(4.4), (4.5) provided Y (— 1)'a; = 0. The constant C here depends only
i=1

on the minimal angle. Since we are not imposing any boundary conditions
(4.4) (with o(u B) replaced by (U B N Q) and (4.5) (with U B, replaced
by U B, n Q) can also be satisfied for any boundary vertex and any set of
constants ag;, with a constant C that only depends on the minimal angle.

By rescaling we see that all these versions of (4.4), (4.5) remain valid with
a constant that is Ch, where £ is the size of the triangles. For each vertex x,
of X, we select a;, 1 < i < N, to be ¢ |¢(x,); the previous construction then
leads to

I K rl.u%f'nﬂ < C(p + I)K | d) Ho,uff‘ng

for K > 2(cf. [18]). Adding the individual W’s we arrive at a field V, satisfying
(4.1a) and (4.1b). The constant C is independent of Z; since both R(X,) and
the minimal angle are bounded away from O (the latter because of the quasiuni-
formity assumption). [

Remark 4.1 : Assume that R(Z,) > 8 > 0 and that ¢ € 277 1(Z;) with
¢ = 0 at the boundary vertices of XZ;. Then it is possible to find

Ke lg}[S]‘O(z;') % '@[3].0(2;,)

such that (4.1a-b) hold. It is crucial that ¢ = O at the vertices on 0Q(X})
provided we want to maintain R(X,) as the measure of singularity. If we make

the alternate assumption that Ii(}:;,) = 8 > 0 then it is possible to find
Ve PBO(5) x 203
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NORM ESTIMATES FOR AN INVERSE OF THE DIVERGENCE OPERATOR 125

satisfying (4. 1a-b)for any ¢ € 2P} ~1(Z;). These slight variations of Lemma 4. 1
follow by a proof very similar to the previous. []
Let B, B be two arbitrary triangles of £,, with a common edge (as in fig. 6).

2
4
\ d
\ /
Ny
\/

v
gl - ™ - — - ’
S~ -

/ AN
/ \
/ - ~ - N\
/ - \
/
4
Figure 6.
Denote by

LX) =o0;x; +B;x, +7,=0, 1<i<4,
the four lines on which the remaining edges lie, and define

1713, xeT
V(x) = { 5 s

cil, xeT,,
where ¢ is chosen such that s is continuous in B¥ U B Let n be a normal
direction to the common edge, and introduce

WX =db(x)n.
Any such W satisfies
j V.Wdx = — J V.Wdx,
sY sh

and by choosing d # 0 appropriately we thus obtain

vol. 19, n° 1, 1985



126 L. R. SCOTT, M. VOGELIUS

LeEMMA 4.2 : Let B and T be two triangles of T, with a common edge. It
is possible to find a continuous field W such that

W is given by polynomials of degree < 4 on each of the triangles G,

and W = 0 on (6" U ), 4.6a)
V.W =0 atall vertices of G, i=1,2, (4.6b)
— J V.Wdx = J V.Widx =1, 4.6¢)
ket o3
| Wi,z < Dh™' where D is independent of G and h. (4.6d)

Note : In the estimate (4.6d) we have used the fact that the triangulation
%, satisfies a minimal angle condition due to the assumption of quasiunifor-
mity.

DEFINITION : A collection of triangles X, = { G"}._, from X, is called con-

l p——
nected if the corresponding polygonal domain QX)) = interior <U BN Q)
i=1

is connected.

Lemma 4.3 : Let D be the same constant as in the previous lemma. For any
connected collection of triangles =, = { GF }!_| < =, and any set of numbers
{ b, }\o,, with

1
Z bi =07
i=1

one can find V € é’l‘”-"(z;,) x 93[41!0(2;,) satisfying

V.V =0 atall vertices of Z,,, 4.7a)
J VVdx =5, 1<i</, (4.7b)
B
and [
(128 FITARS Dih™! Z [ ;1. (4.7¢)
i=1

Proof : For [ = 1 the result follows trivially by choosing V identically zero.

The proof proceeds by induction. Let X;, = { G }\_, be a connected collec-
i

tion of triangles from X, and let { b, }{_, be a set of numbers, with ) b, = 0,
i=1

[ > 1. Select G e X, so that X, = £,\{ B} is connected (it is easy to see

that this is always possible) ; to simplify notation we shall assume that the
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numbering of ¥, is such that © = B} and that G} and G, share a common
edge. We define

5_{1;,, 1<i<g<i-2
‘ b, +b, i=1—-1,

and use the induction hypothesis to construct

Veao(z) x W)

with
V.V =0 atall vertices of X, 4.8a)
J VVdx =5, 1<i<l-1, (4.85)
and
-1
1V ey <DU—=Dh™" 3 15, (4.8¢)
1=1

Let W be the field constructed in Lemma 4.2 corresponding to the triangles
Bi_, and B}, and set

K:

<y

+H W, 4.9)

where V and W are interpreted to be zero outside Z; and Br_, U B respec-
tively. This V clearly satisfies (4.7a) and (4.7b) ; from (4.9), (4.8¢) and (4.6d)
1t follows that

-1 1
IV liagy <SDU—=1DA" Y |b |+ Dh™" |b| <D™ Y |b], (4.10)
=1 1=1

(remember that D at all points in this proof is the same constant as in
Lemma 4.2). This completes the induction argument. []

Remark 4.2 : Based on (4.7¢) we immediately conclude that

1 1/2
1Vl ogy < DP?h! (6, 1?) (4.7¢)
_ O(Zh) ~

it 1s this estimate that shall be used later on. [0

A simple rescaling of Lemma 2.5 in {18] leads to the following.
LEMMA 4.4 : Let B" be a single triangle of Z,, and let $” be a polynomial of
degree < p such that ¢” = O at the three vertices of G" and J ¢”dx = 0.

Th
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There exists a field VP of polynomials of degree < p + 1 satisfying

Vit =0 on 0B 4.11a)
V.yrtt = ¢r 4.11b)
[ VP e S C + DX o @.110

with constants C and K that are independent of G", h, p and §*.

In this lemma we have again used the fact that ¥, satisfies a minimal angle
condition.

Lemmas 4.1 through 4.4 give rise to a local construction of a right inverse
for the divergence operator. We give the details of this construction with
particular boundary conditions; this result shall prove useful in our proof
of Theorem 5.1.

PROPOSITION 4.1 : Assume that
RZ)=86>0,

where R(X,) is the measure of singularity introduced in (3.9), and 8 is inde-
pendent of h. Let &, = { B! }\_, denote any collection of triangles from Z,,
and let & be any element of P~ 1(Z,), p = 3, that vanishes at all boundary
vertices of X,. Assume that

for any connected component Q" of Q(X;). There exists V e@[”+1]'°(2;,) x
PWHIOTYy such that

V.V =¢ in QF), (4.12a)

and
i 14 :i1,§2(>:i,) < CPK 132 I ¢ ”o,n():;,) s (4.12b)

with constants C and K that are independent of Z,, h, p and ¢.

Proof : We shall without loss of generality restrict our attention to the
case that Q(Z}) has only one connected component. Lemma 4.1 in combina-

tion with Remark 4.1 shows how to construct ¥, € 2PM0(Z;) x 2130(x)
with
¢ — V.V, =0 atall vertices of %}, .
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Lemma 4.3 applied with

bl=J @ - V.Vydx, 1<i<l,
s

yields V, € 24°(Z;) x 24-0(Z;) such that
¢ — V.(V; + V,) =0 atall vertices of I},
and

J (@ —-V.(V,+V,)dx =0 forany TeX,.
G

The problem is now completely localized, and applying Lemma 4.4 triangle
by triangle we find V5 € 2P 1O(Z)) x 2P 1IOZ)) satisfying

¢ - V'(Kl + Kz) = V-Ks s
ie, the field
V=V, +V, + Ve 20105y x ple+10(x))

has the desired property (4.12q). It follows directly from Lemmas 4.1 and 4.4
that

[l Z1 ”1,9():;.) < CPK I ¢ “0,9(2;,),
and (4.13)

2
Vs, ;|1,9(>:;,) < CPK<” ¢ Ho,n(zi.) + 21 [ KJ ”1,9(2@))-
)=
Since

|6, | = < CH(|| ¢ loer + I V4 i!l,Tsf‘) )

J & - V.V)) dx
a7

the estimate (4.7¢") shows

I Valoas, < C13/2(“ O lloogy + 1Yy lios) - (4.14)

A combination of (4.13) and (4.14) yields the estimate (4.12b) for V. O

The previous argument, with minor changes, provides proofs of both Pro-
position 3.1 and Proposition 3.2. Note, however, that for the estimate (4. 125b)
to be valid for ¢ € 2" ~1(Z}) and corresponding

Ve POz x ot 10z
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we have to require that 13(2;) > & > 0, independent of X, and A (this latter
is the reason we use Proposition 4.1 and not the corresponding version of
Proposition 3.2 in our proof of Theorem 5.1). If ¥, is taken to be all of Z,,
then / ~ 0(h™?), and the estimate (4.12b) reads

v ||1,Q < CPK h3 I ¢ :!o,n,

1.e., the local construction does not immediately give a bound for a right
inverse which is uniform in /.

5. THE MAIN THEOREM

As announced earlier the main focus of this paper is to estimate the norm
of a right inverse for the divergence operator. Our estimate is the central part
of the following theorem.

THEOREM 5.1 :LetX,, 0 < h < 1, be a quasiuniform family of triangulations
of the polygonal domain Q, and let p be an integer = 3. Assume that

R(Z,) =6 > 0, & independent of h,

where R(X,) is the measure of singularity introduced in (3.9). Then
V.(2r? 1103 x 10T )) = ph-Y(Ty
and there exists a linear operator
L) YT 5 PP U0(R ) x Pl HO(T

such that
V(& 0)=0¢ Ve (T, (5.1a)

If$§¢l|1,n< Cp* & lloq (5.1b)

with constants C and K that are independent of h, p and ¢.

Note : The first part of Theorem 5.1 is simply a restatement of Proposition
3.1. Also note that the assumption R(Z,) = & > 0 does not rule out the
presence of singular vertices, it merely prevents the nonsingular vertices from
becoming too close to singular.

Since

V.(2PF10(3) x 203 o Pplh-i(s,)

it is well known that the statements of Theorem 5.1 are equivalent to the
so-called inf-sup condition (¢ = C™1)
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Vd) € W[P], ! (Zh)

J V.V dx (5-2)
Q

sup————>=cp ¥
Zp I: V | 10 p JI ¢ “O,Q

with the supremum taken over V e[2P*110(Z) x 21T )N\{0}
(¢f. [2]). We shall make use of this fact in the case p = 3 of our proof. The
proof of Theorem 5.1 relies heavily on the analysis of [18], but an added
new element is the localization procedure which has certain similarities to
the macro-element concept found in [3], [14]; however, our triangulations
are quite arbitrary, except for the assumption of quasiuniformity.

LemMa 5.1 : There exists a constant C such that for any given positive
integer k and h sufficiently small (how small depends on k) it is possible to parti-
tion T, into a disjoint union of connected collections ™, 1 < m < M(k, h) with

each collection =™ containing at most Ck triangles (5.3a)

each Q™ = interior( U Bn Q) containing a disc of radius\/kh . (5.3b)

(m)
BCey

Proof : Let _Jg},"", 1 < m < M, h), be those vertices of a uniform lattice,
with sidelength 2(\/k + 1) , that lie in Q and lie at least a distance \/k &
away from 0Q. Let D{™ denote the open disc of radius./k 4, centered at x{™.
All triangles of X, that intersect D{™ will be assigned to the collection Z{™,
thus ensuring that (5.3b) is satisfied. At this point the collections Z{™ are
connected, mutually disjoint and each contains at most Ck triangles. It is
now easy to distribute the remaining triangles of X, among the Z{™, in such
a way that their individual connectivity is preserved, and they still satisfy
(5.3a) (possibly with a larger constant C). [

Remark 5.1 : Based on Lemma 5.1 we may immediately conclude that for A
sufficiently small (how small depends on k) it is possible to partition £, into a
disjoint union of connected collections Z{™, 1 < m < M(k, h) satisfying

each collection (™ contains at most k triangles , (5.4a)

each Q™ = interior ( U ©n Q) contains a disc of radius ¢ /k /1. (5.4b)

Bezi™

The constant ¢ > 0is independent of k and . [
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LeMMA 5.2 : Let k be a sufficiently large positive integer. For h sufficiently
small (how small depends on k), let ™, 1 < m < M(k, h), be the partition
of X, introduced in Remark 5.1. For any 1 < m < M(k, h) and any constant b,

<
one can then find ¢$™e PYOZ™Y such that

J‘ ¢(M) d£ =b

Qim

1 O™ oo < CVER b,

I Iy gem < C/AR) ™ (1 + (V)Y 6],

Proof : From (5.4b) we know that there exists z € Q™ such that
£ h

and

D (c/k h) = Q4

where D_(r) is the open disc of radius r centered at z. Selecting z to be the
origin and dilating by (c./k h)~* we obtain

Dy(1) = Q™

where Q™ is the translated, dilated image of Q™. Let Z* be the triangulation
of Q™ corresponding to Z{™. The triangles of £ all have diameter < (c/k)™*;
if k is sufficiently large, more specifically if (c\/E)”1 < 172, it then follows
that there is a vertex of £™ which lies inside Dy(1/2). Let 0 < ¥ < 1 be a
C!function with ¥ =1 on Dy(1/2) and ¥ = 0 outside Dy(1), and let
Ve 2119(£™) be the function which interpolates ¥ at the vertices of ™.
If we define

V=v/| wa,
| Jaom
then
J = 0 on the boundary of Q™ , (5.5a)
J Jdx = 1, (5.5b)
Qum)
and IV il 0m < C. (5.5¢)

The function
X —z

M(x) = ble/k )72 P ——|.
$™ () = bler/R B w[a/kh}

is an element of 21}:°(Z{™) that satisfies the requirements in this lemma. []
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We are now ready for the

Proof of Theorem 5.1 : Consider the case p = 3; we shall verify that if 4
is sufficiently small then for any ¢ € 13-~ 1(Z,) there exists W e 214+°(L,) x
21403y satisfying

16— 9-W lon <31 ¢l (5.6a)
and

[ Wihe<Cloloa- (5.6b)

It follows immediately from (5.6a-b) that

[ vvoa | vawea

WV Te © Whha
J‘bzdz_J((b—V-K)d)di \ ¢2d?£
_ JQ Q 1 Ja
”K“l,ﬂ 22”2”1’92"“4)”0,9,

i.e., the inequality in (5.2) holds for p = 3. According to the comments made
earlier this proves the theorem, in the case p = 3, for & sufficiently small.
For p = 3 and large / the theorem follows directly from the constructive
proof of Proposition 3.1, discussed at the end of Section 4.

The construction of W proceeds in several steps.

Step 1 : Using Lemma 4.1, with X, =%, and p =3 one finds
V, e PBOE,) x 2BIOL,) such that

¢ — V.V, =0 atall vertices of X, , (5.7a)

[V:ilhe<Cldloe- (5.7b)

Step 2 : Let (for k sufficiently large and / sufficiently small) { ™ }M&R

be the disjoint partition of £, introduced in Remark 5.1. Let $"™ € §>“L°(2§;">)
be the function constructed in Lemma 5.2 corresponding to

b= J ¢ — V.V, dx,
QM
and define
d(x) = d™(x) for xeQ™, 1<m<Mkh.
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It follows from Lemma 5.2 and (5.7a-b) that

¢—V.V,—$=0 atall vertices on the boundariesof Q™ , 1 < m < Mk, h).
(5.8a)

J @ —V.V, —=ddx=0, 1<m<Mkh, (5.8b)

13 loe<Cldloa, and [dl0<Cl+ LR )] dloo-
(5.8¢)

Step 3 : Foreach 1 < m < Mk, h) we apply Proposition 4.1 with Z; =™
to the function ¢ — V.V, — & (this is possible due to (5.8a-b)); by compo-
sition of the individual solutions we get

V, e PW0(E,) x 2199(3,),

satisfying
V.V, =6 -V.V,—¢ mnQ, (5.9a)

and
Vol <CE? 1 dloe- (5.9b)

Step 4 : Finally we shall construct a field Vye 20(%)) x 214-0Z))
such that

1d = VeVslloa < Colh + k) loas (5.100)
and
I\ VSIIQ Cld) 10,Q -+ (5-1017)

In combination with (5.76) and (5.9a-b) this leads to

& = VW loa < Colh + V) ¢ loa, (5.11a)
and
I Wlio<CE? 16 loa, (5.110)
3
where W = Y V,e 2¥0Z,) x 24°(Z,). By choosing k sufficiently large
=1
we may arrange that
Colh + Jk™Y) < 172,

for all /1 sufficiently small, and (5. 11a-b) therefore verifies the existence of a
field W with the properties (5.6a-b).
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The construction of V, is based on an approximation argument. Let ®
be a function satisfying

AD = $ nQ, (5.12)

with
[@,o<C] é llo.@ (5.13a)

and
[®l0<Cldlia, (5.13b)

(note that we do not specify any boundary condition on 0Q, and this is what
makes it possible to obtain (5.13a-b), although 0Q is not smooth).

Let V3 e 2"0(Z,) x 2119(Z,) be an approximation to V® in the sense
that

VO — Vil < Ch|@l;q (5.140)
and
1Vslhhas<Cl@lyq; (5.14b)
(5.12) and the estimates (5.135), (5.14a) then lead to

I 69 - V-Ks Ho,n = ” V.(Vvo — Ks) “0,9
SCh|®@ls0
SChldlha,
so that by virtue of (5.8¢)

i d — V.Villoa < Colh + V™) b log-

The remaining inequality (5.105) follows immediately from (5.8¢), (5.13a)
and (5.14b).

This completes the proof of Theorem 5.1 in the case p = 3.
Let p be an arbitrary integer > 4. Given ¢ € 2727 1(Z,) it is possible on
each triangle B" of Z, to find a quadratic g with

gw» = ¢ at the three vertices of G

j qn»-d§=J 6 dx,
heid Gh

Il gen floen < Chsup | ) | < Cp* [ & llo (5.15)

ze’gh

and

for K'> 2,
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(in (5.15) we have used the Sobolev Imbedding Lemma and a Bernstein-type
inequality, ¢f. [18]). Define

q(x) = ggn(x) for xeT", Tex,,

then ge 22h"1(Z)) < 2B17 (%), since ¢ € 2P 71(Z,). From (5.15) we
conclude that

l'qloe<CP"[oloo- (5.16)
and

I d —alioe<CPXldloa- (5.17)

Due to our method of construction

& — g =0 atall vertices of Z,,
and

j (@ — @9dx = 0 on all triangles of =, .
Gh

We may now apply Lemma 4.4 separately on each triangle, and by piecing
together we get

v, e PPTIOEZ,) x 2 IOE),
with
, VV,=¢-gqg inQ, (5.18a)
and
[Vilia<CPfl ¢ —qlioa
SO b loa- (5.18b)
Since g € P} 71(Z,) we may use this theorem in the case p = 3 (which has
already been verified) to find

V,e PWOE,) x PWOEZy,
such that
V.V,=q inQ (5.19a)
and
I Kz lfx,g <Clg “0.9

<CPX [ loas (5.196)
in the last inequality we used (5.16). Defining
Y=y, +¥,,

the theorem follows directly from (5.18a-b) and (5.19a-b) in the case p > 4.
This concludes our proof. [J
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The proof presented above immediately carries over to the case of homo-
geneous Dirichlet boundary conditions, except for the construction of ®
and V,. We need an additional result concerning the invertibility of the
divergence operator with homogeneous boundary conditions. The following
lemma is proven in [1]; the method of proof relies heavily on the characte-
rization of trace spaces for function spaces on polygonal domains, as found
in [8]. Sobolev spaces H*(Q2), 0 < s, with noninteger indices are defined by
interpolation; | . ||, denotes the norm on H°*(Q).

LemMA 5.3 : Assume that all internal angles at corners of the domain Q are
less than 2. Let O < s < 1 be fixed and suppose that ¢ € H3(Q), with

J ¢dx =0
Q
on all connected components Q' of Q. Then there exists Ue H** 1 (Q) such that
VU=¢ inQ,
U=0 onoQ, AT
and - p ’ﬂ,\‘{‘ =R,
N Ulia<Clol P V)
P Ylstioa S Ll Dlisas a ON £
I Ulho<Clidloas >
2
with C independent of ¢. %

¢
. 3
Let ¢ be as introduced in step 2 of the proof of Theorem 5.1; ¢ (hﬂ,gk“-\“§
lies in H'?(Q), and it has integral zero on each connected component of Q.
Let Uye H¥*(Q) n H 1(Q) be the field, corresponding to ¢, which is defined
by Lemma 5.3.If V5 € /&“]'-O(Zh) X 90’[”'0(2,,) is an approximation to Uj; in
the sense that

| Us = Vilia< Ch'? | Us 520

and
1Vslhia<ClUslia,
then
i <~b - V-Za oo = “ V.(U; - Ks) |€o.n
< l _(_]3 - Ks ”1,9
< Ch'? i gs “3,2,9
SCh' [ $llypa (5.20q)
and
[ Vilha<Cldlon- (5.200)
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Due to (5.20a), (5.8¢) and “ logarithmic convexity ” of the Sobolev norms
it follows that

1 —V.Vsloa< Ch+ k)2 dloqs
from (5.20b) and (5.8¢) it follows that
1Vilha<Cldlog-

By choosing & sufficiently large we thus obtain a field V5 which, for / suffi-
ciently small, has the same properties

'® -~V V5loa<5l¢lon

] e

and
[Vilhia<Clolon

as the field constructed in step 4 of the previous proof. V ; furthermore vanishes
on ¢Q and hence it may be used in a construction of a field with homogeneous
Dirichlet boundary conditions. The rest of the proof proceeds as before,
completing our verification of :

THEOREM 5.2 : Assume that all internal angles at corners of the polygonal
domain Q are less than 2 n. Let X,, 0 < h < 1 be a quasiuniform family of
triangulations of Q, and let p be an integer = 3. Assume that

Ii(Z,,) = 0 >0, 0 independent of h,
where 13(2,,) is the measure of singularity introduced in (3.10). Then
V(P 10(3,) x P00z ) = Fh-i(z)
and there exists a linear operator

Ll PUTNE) o PEHIOE,) x PLTIOE,)
such that
VALid)=¢ VoePW (T (5.31a)

Lo lia< O lo0 (5.31b)

with constants C and K that are independent of h, p and ¢.

Remark 5.3 : Theorem 5.1 and 5.2 may directly be used to show that
minimization of the displacement energy of two dimensional plane strain
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linear elasticity over the space of continuous piecewise polynomials of degree
p + 1, p = 3, is an accurate numerical approach. On a quasiuniform family
of triangulations (with R(Z,) or R (X,) bounded away from 0) it leads to approxi-
mate solutions that converge at optimal rate in 4 and at arbitrarily close to
optimal rate in p, uniformly with respect to Poisson’s ratio (¢f. [12], [19]).
Theorem 5.1 and 5.2 thus disprove a conjecture made by the second author
in Remark 3.2 of [19]; it was conjectured, based on numerical evidence,
that the A-convergence rates would never be optimal, uniformly in Poisson’s
ratio. However, the numerical experiments referred to (¢f. [16]) were all for
polynomials of degree p + 1, p < 3, 1.e., exactly the case the theorems here
do not cover, and they are not characteristic of the behaviour for p = 3. [

6. A BASIS FOR THE DIVERGENCE FREE SPACE

In many applications, it is of interest to work directly with the null-space
of the divergence operator acting on 2Ww*+1.0 x plr*110 (op (P10
plr+ 119)). As observed in Section 3 the curl operator maps 27 *211(X’) (res-
pectively 2P +21.1 (X)) onto this nullspace (provided Q(X') is simply connected).
Thus a basis for the nullspace can be obtained from one for 272! (or
9“””“). A basis for 27*211 was given in [10]. We shall extend slightly

that work here to construct a basis for 27*2+1, Our method of proof is to
verify the dimension formula

dim (P21 () = %p(p ST+ Qp—1E, +3V,+0, (6.1

and in the process exhibit this many linearly independent functions in P21
(these functions form a subset of the basis given in [10]); T here denotes the
number of triangles of X', E,, V, denotes the number of internal edges and
internal vertices of X' respectively and o is the total number of singular ver-
tices of £'. The dimension formula (6. 1) follows directly from Proposition 3.2,
a proof of which has already been given in Section 4. The verification pre-
sented in this section is totally independent of the previous two sections, and
indeed it forms the basis for an alternate proof of Proposition 3.2 (as outlined
in Section 3). The polygonal domain Q(ZX) is assumed to be simply connected.
The operator V. maps the space '

g}[zﬂ 1],0(21) X é[w- 1].0(2r)

into
Py .
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The nullspace of V. 1s 1isomorphic to
prAE),
and 1t thus follows that
dim (P10 x p+110) _ dim (P*21) < dim (PP 1) (6 2)

The first and the last of the dimensions m this mnequality have already been
computed to be (p—1) pT +2 pE,+2 V, and % P+2)(p+1) T—o—1 res-

pectively, 1e, based on (6 2) we get
dim (2P 2 1)) > %p(p — ST +2pEg +2Vy+0—T + 1
Smece T—E+ V=1and V-V, =E — E,, this imples
dim (907’“’”] HZy = %p(p - 55T+ Q2p—-—1DE;+3Vy+0 (63)

The mequality (6 3) proves half of the identity (6 1), and 1t thus remains
to verify that

dm (PP NE) < 5plp~ )T+ Qp - DE+3Vo+ 0 (64)

In [10] 1t 1s shown that

dim (2P *21(x)) = %(p +3) (P +4HT —Q2p+5E; +3V, + o,
6 5)

through the construction of a purely local basis for this space Among the
corresponding nodal values are

(@) the value and x, and x, derivatives at each vertex,

(&) the value at each of p — 3 distinct points i the interior of each edge,

(¢) the (edge) normal derivative at each of p — 2 distinct points in the
mterior of each edge

The remamming nodal values are more complicated to describe, but for
vertices on the boundary of Q(X) they do include

(d) one cross derivative (1 ¢ for each vertex on the boundary, select adjacent
edges e, and e, meeting there and take the e,, e, cross derivative at that vertex),
(e) the second edge derivative for all the edges meeting there
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For functions in 27*2:1($ the nodal values in (4)-(c) corresponding to
vertices and edges on the boundary of X, must vanish; by a simple count
we get that

3V -V + -(2p — 5)(E — E,) (6.6)

nodal values must vanish. The second derivatives along the boundary edges
at vertices on the boundary (¢) must also vanish, and give rise to 2 vanishing
nodal values per vertex. Finally, if we pick e, or e, in (d) to be one of the boun-
dary edges, it is clear that this produces one additional nodal value that must

vanish for functions in 217+ 2)1 (Z). In combination with (6. 6) we get a total of
3V=V)+Q@p=5Y(E—E)+3(V—-Vy)=2p(E—E))+(V -V, (6.7)

vanishing nodal values. Using (6.5), (6.7) and the fact that E + E, =3 T -
and E — E, = V — V,, we thus obtain

dim (P21 (2) <

< %p(p—S) T+Q2p—1D)Eq+3Vy+o+((V—-Vy—(c—0). (6.8)

The right hand side of (6.8) is exactly as desired in (6.4) except for the
additional term (V — V) — (6 — o,); this term is always nonnegative and
it equals the number of nonsingular boundary vertices. In order to verify (6.4)
it therefore suffices to find one nontrivial linear constraint, for the nodal
values corresponding to each nonsingular boundary vertex, which must be
satisfied by functions in Por2n (Z'); a constraint, that is, which is not already
counted m (6.7).

Let x, be a boundary vertex and let the triangles G;, angles 6; and edges e;
meeting at this vertex be numbered consecutively as shown in figure 7.

L TGRS

Figure 7. — Boundary vertex.
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Let 0, denote the directional derivative in the direction parallel to the edge e.
There is a simple relationship among all the cross derivatives of ¢ € 2P+ 211(%),
namely,

sec 0,0, 0, , (b ls) (xo) = —secO,_, 0, _, 0, (dls,_,) (Xo0) +
+ (cot ©; + cot9,_,) 6’3.(4) ls,.) (X0), (6.9)

2 < i < r(see [10] and also [S]). Summation of (6.9) with alternating signs
yields

¥

Azz (— 1) (cot §; + cot 6,_,) 6‘5,(4’ ls,_ ) (Xo) =
= sec O, ael 5e2(¢ |"c,) (Eo) + (= 1)"sec, ae, ee,ﬂ(d) l“e,) (o) -

For ¢ e 27*2-1(Z)) both 9,, 0,,(d |s,) and 4, 0, , (¢ |,) must vanish at
Xo, and we thus arrive at the constraint

;2 (— 1) (cot 0, + cot 8;_,) 82(d |, _,) (xo) = 0. (6.10)

At any nonsingular boundary vertex, r is at least 2and cot 8, + cot6,_; # 0
for some i, so that (6.10) represents a nontrivial linear constraint among
the second edge derivatives, which is not counted in (6.7); this completes
the proof of the identity (6.1). At the nonsingular boundary vertices the
expression

3 (= 1) (cot B, + cot 8_,) E2(d I, ) (xo)
i=2

can be used as a nodal value for 27*2):1 in place of one of the second edge
derivatives (one, for which cot 6, + cot 6,_, # 0). Using these nodal variables
we obtain a basis for 5’“’”1'1(2’) directly from the basis for 27*2-1(%") by
deleting members corresponding to the aforementioned

2p(E — Eo) + 2V = Vo) — (0 — 0p)

vanishing nodal values.

Remark 6.1 : In the case Q is not simply connected, one finds that the
nullspace of V. (for fields that vanish on 0Q) is the curl of the subspace in
2P+ 2L1 consisting of functions that are constant on each component of ¢Q,
and whose normal derivatives vanish on 0Q. This space has a natural basis,
and its dimension exceeds (6.1) exactly by the number of components of Q2.
Using the corresponding Euler’s formula we can thus extend our combinatorial
proof of Proposition 3.2 to domains that are not simply connected. []
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