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MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(vol. 19, n° 3, 1985, p. 397 a 428)

INTERIOR AND SUPERCONVERGENCE ESTIMATES
FOR MIXED METHODS
FOR SECOND ORDER ELLIPTIC PROBLEMS (*)

J. DoucLas, Jr. () and F. A. MILNER (?)

Résumé. — Nous établissons des estimations a priori a I'intérieur pour I’erreur dans des méthodes
d’éléments finis mixtes pour des équations elliptiques linéaires ou semi-linéaires, I’erreur étant éva-
luée dans des espaces de Sobolev d’indice non positif. Les estimations a priori correspondantes sont
prouvées pour des quotients aux différences finies de I'erreur quand I’espace des éléments finis est
associé avec un réseau invariant par translation dans un sous-domaine intérieur. Dans ce cas la pro-
cédure de superconvergence de Bramble-Schatz est étendue aux méthodes d’éléments finis mixtes.

Abstract. — Interior estimates for the error in mixed finite element methods for linear and semi-
linear elliptic equations of second order are derived in Sobolev spaces of nonpositive index.
Corresponding estimates are demonstrated for difference quotients of the error when the finite element
space is associated with a translation-invariant grid on an interior subdomain, and the Bramble-
Schatz superconvergence procedure is extended to the mixed method.

0. INTRODUCTION

Let Q be a bounded, planar domain with smooth boundary dQ. We shall
assume that for each pair of functions (f,g) in H™Q) x H™*32(oQ),
— 1 < m < 2k + 2thereexists a unique solution p € H™*2(Q) of the Dirichlet
problem

Np = —div(a(p) VP + b(p)) + c(p) = f inQ,

0.1)
p=—gondQ,

where Vw denotes the gradient of a scalar function w, div v = V. denotes

the divergence of a vector function v, anda: Q x R — R satisfies the require-
ment that a(x, q) = a, > 0.
If the coefficients a, b, and c have the properties thatg—; = 0, b(p) = b(x)p,

and c¢(p) = c(x) p, then the quasilinear problem (0.1) becomes the linear
(*) Received in August 1984.

(*) Department of Mathematics, University of Chicago.
(*) Department of Mathematics, Purdue University.
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398 J. DOUGLAS, JR., F. A. MILNER

Dirichlet problem

Lp=—V.@Vp + bp) +cp=f inQ,
0.2

p=—gondQ,

where we have omitted writing the variable x, as we shall do throughout the
paper.

We shall denote by (,) the natural inner product in L%(Q) or L*(Q)?, and
by ¢, ) the one in L?(0Q). We shall use the same notations to indicate the
dualities between the W"(Q) and W"S(Q)’, and H*(0Q) and H ~5(0Q).

Let

V = Hdiv; Q) = { ve L3(Q)*|divve L*Q) },

normed by
Folg=1ol3+ldivyls,
and
W = L%Q).
If
u=—(ap)Yp +b(p)), a=1/a, B=oab, 0.3

then (u, p) € V x W is a weak solution of (0. 1) in the sense that it satisfies the
equations

(Up) u, ») —(divy,p) + (B(P)v) =g 0.y veV, } ©.9
(div u, w) + (c(p), W) = (fw), we W, '
where v denotes the unit outward normal vector to 0Q.
Let G, be a quasi-uniform polygonalization of Q (by triangles or rectangles)
of characteristic parameter % € (0, 1), where boundary polygons are allowed to
have one curvilinear edge. That is, if we let 7. be the radius of the circle inscribed

in T and R ; the radius of the circle circumscribing T, T € G,, then there exist
positive constants m and M, independent of A, such that

mh<r;<Rr<Mh, TeT,.
Let
Vix W, cV xW
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 399

be the Raviart-Thomas-Nedelec space of index k > 0 associated with G,
[3, 6, 8, 11], which is defined as follows.

For E = R?let P,(E) denote the restrictions of polynomials of total degree k
to the set E and let Q,(E) denote the restriction of P,(R) ® P,(R) to E. Then,
let R(E) = P,(E) if E is a triangle (interior or boundary) and R (E) = Q,(E)
if E is a rectangle (interior or boundary), and let R(E) = R(E)*. For any
EeT, let

V(E) = R(E) ® xR(E),

W(E) = RyE).
Set

Vi=Y(kG)={veV|vlcV(E), EcT,)

={Qe [l v®| Vlg-Vi + L lg-v;=0 on EQEJ}
EeGp

where v, is the outer normal to OE,; also, let

W,=WkT)={weW| w|ge WE), E€TG,}.

Let P, : W — W, be the orthogonal L 2-projection of W into W, defined by

Pow—wy) =0, weW, yeW,, 0.5

which satisfies, for 1 < ¢ < o and for either Gy =« =« G, =« =< Q and &
sufficiently small or G, = G, = Q,

I Pow —Wlogoo < CIwWlige, s 0<s<k+1, if weWs4(G,),
0.6)
I Pow—wl_,¢, <Qllwle ™, 0<rs<k+1, if weHG,),
0.7

where | - | ,.c denotes the usual Sobolev norm in W*%G), with g = 2 being
omitted. Also, since divV, = W,,

divy,w — Pw)y=0,velV,-weW. 0.8)

vol. 19, no 3, 1985



400 J. DOUGLAS, JR., F. A. MILNER
Letn, : ¥V — V, be the Raviart-Thomas projection, [8, 9], which satisfies
divr, = P, div, 0.9)
I — v lloge, < QI lige, o la<s<k+1, if veWHG,)*.
0.10)

The mixed finite element method for (0.1) is the discrete form of (0.4) :
Find (u,, p,) € V, x W, such that

(odpp) wp 2) — (div 2, ) + (B(Py) 2) = (g v D, 2EV,s } ©.11)
(div uy, w) + (c(py), w) = (f; w). weW,. ’

The existence and uniqueness of a solution of (0. 11) and global convergence
rates for the approximation (%, p,) to (%, p) in various Sobolev spaces have
been established in [3] for the linear problem (0.2). Existence, a form of uni-
queness, and the convergence of the corresponding approximate solution
have been demonstrated in [5] for the quasilinear problem.

Let

C=u—u, E=p—p, C=mu—u,, 1=Pp—p,,
0=t—&=Pp—p.
Let

1
E=[I (1 — Do, (p— 1) dr u+f (1 — B, (p — &) dt,

0

1
A= f a,(p — 18) dt, J — e, (p— &) de,

0

for the nonlinear problem, and set x = QandA = p = Ofor thelinear problem.
Also, let

C=aw@u+B,p) 7v=rclp)
for the nonlinear problem and
=B, y=c
for the linear problem.
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 401

If then follows from (0.4) and (0.11) that g and & satisfy the following error
equations (see [3, 5]) :

((p) &, v) — (div v, 8) + (L& v) = (k§ +ALE v) vel,, } 0.12)
(div §, w) + (vE, w) = (p&?, w), weW,. '
Let M : H*(Q) - L*(Q) be the operator given by
Mw = — V.(a(p) Yw + a(p) Lw) + yw,
and let M* be its formal adjoint ; that is,
M*y = — V.(a(p) Vx) + a(P) T.Vx + vx -
Note that M = L and M* = L* in the linear case.
For any open set £ < Q set
Z’
I20 e = sup 22 0.13)

yeH%(E) Iy lse

It follows from [10] that the operator M* is coercive over H}(G) for any
ball G = Q of diameter not greater than some d,. Furthermore, if the coeffi-
cients of (0.1) (or (0.2)) are sufficiently smooth, then, for any fixed s > 0,
M* has a bounded inverse from H*(G) onto H**%(G) n HA(G). All balls
appearing in the remainder of this paper will be assumed to be of diameters less
than d,.

Let

Vi(G)={veV,:suppy = G},
WW(G)={weW,:suppwc=G}.

0.14)

The pair (u,, p,) € V, x W, is said to be an interior solution of the mixed
method equations (0.11) on G = < Q fif it satisfies

((py) uy v) — (div v, p) + (B(P4)s 8) = 0, v eV, (G),
(divu, w) + (c(py), w) = (fw), we W, (G).

Note that the boundary integral from (0.4) is missing in (0.15) as v.v =0
on 0Q if v € V,(G).

The plan of the paper is as follows. In section 1 we derive a local duality
lemma which will be used for both the linear and nonlinear problems. We then
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402 J. DOUGLAS, JR., F. A. MILNER

derive local estimatesin # ~°,0 < s < k + 1, for the linear problem (section 2)
and for the nonlinear (section 3). In section 4 we find rates of convergence for
difference quotients for &, ¢, and div §in H7, 0 < s < k + 1. Finally, in
section 5 we demonstrate local superconvergence in L2 of some particular
local averages of p,, u,, and div u, to p, u, and div u, respectively.

1. THE INTERIOR DUALITY LEMMA

Global error estimates for the linear problem have been derived by Douglas
and Roberts [3] using an analytical approach based strongly on a duality
argument, and an analogous argument has been employed by Milner [5] in
treating the quasilinear problem. Lemma 1.1, which will be fundamental in
obtaining our interior estimates, is a local version of Lemmas 3.1 and 3.2
of Douglas-Roberts [3] and of Lemmas 2.1 and 5.1 of Milner [5]. Let §,,
denote the Kronecker symbol below.

LemMMA 1.1 : Let G’ and G be concentric balls such that G' <« <« G < < Q.
Assume that § e V, f, € LG)?, f, € LX(G), g, € LX(G). Also, let ge L'*%G)?
andn € L1*3(G) for some 8,0 < & < 1. Suppose that z € W, satisfies the equa-
tions

(ag, v) —(divy,z) + Tz v) = (fo + 4, ) +(fdive), ve [/,,(G),} @D
(div §, w) + (2, W) = (go + M, W), weWyG),)

Let s = 0 and | = min (s, k). Then,

lzl-se S KA llog + A 272 1 div g llog
+ 0 N zlloe R {h) follog + I fillog
+ h? o I g HO,G} + | q ”0,1+8,G +1n llo,1+5,c
+ |l g l-s-26 +lzll_s—16 + 1 fo l-s-16
+ 1l A ”—s,G + 1 g0 ”—5—2,6]- 1.2

Proof : 1t will be convenient here and throughout the remainder of the paper
to introduce a finite sequence { G, } of balls concentric with G’ and such that
G' € < G, © < G;,; © < G We shall use a corresponding sequence { ®, }
of functions such that o, e C°(G;,,) and ©; = 1 on G;; normally the index i
will be omitted for o,.

Let Y € Hy(G,) and determine ¢ € H**%(G,) n H}(G,) as the solution of
M* ¢ =y in G, Then, | ¢ 4z, < @I ¥ I, and

v =m wa Ve VG, (= ViG)
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 403

if & is sufficiently small. Hence, we see from (1.1) that

(0z, ) = (0z, M* ¢$)

=(z, = Vi(@0aVd) + C.0a Vé + oyd) + (z Vo.a V)
= (z, — div[n, @a V]) + (Lz, m, wa Vo) + (yz, P, od)
+ Iz, 0a V¢ — m, wa Vo) + (vz, 0p — P, o) + (z, Voo.a Vo)
=@ + o 02¥8) + (f, div [1, 02 V4)) — (x, 7, 0a V)
+ (go + M, Pyd) — (div e, P, o) + Lz 0aVd — m, ®a V)
+ (yz, o9 — P, od) + (z, Vo.a Vo)
= (g 0a¥4) + (g 1, 0a Vo — 0a V) + ( fo, 02 V)
+ (fo M ©a Vo — @a Vo) + (f;, div oa V)
+ (fy, div [r, ®a Vo — wa Vo))
+ (9o @9) + (go P, ¢ — ©9) + (n, 0d) + (M, P, 0d — od)
+(@f + Iz 0aVd — m 0a V) + (divE + vz 0d — P, od)
+ (5 (Yo) ¢) + (2, Yo.a V), (1.3)

since

~ (5 0 Vo) — (div §, ad) = — (@, div({)) = (& (Vo) ¢).

First note that the embedding H**1(G) < L'*U/3(G) implies that

(¢ ©a V) < Kl qllo,1+506, | ©2 Y llo,1+as16,
< K| q ”0,1 +8;G Vo Il 1,62 ° (1.4

and that

M, ©9) < KM lio,1456, | @ llo.1+q/5:6,

< K “ n "0,1+5;G2 ” d) ”s+1,Gz :

(1.5)

Also, by (0.6), (0.10), and the embedding H**1(G) « W¥@+ .1+ (G),

(g, m, wa Vo — 0aV¢) < K| g llo1+50, | m 0aVd— @aVell ¢ ;4 qsy6,
<Kl qlo,1+s6. R 0a Vo llgs+ 1), +(1/8%:62
<

KR D | g o1 +86, | YO s 1.6, 1.6)

vol. 19, n° 3, 1985



404 J. DOUGLAS, JR., F. A. MILNER

and
M, Pyod — 0d) < K 1N llo 1456, | Prod — @b lo1+sy6,
S KM llo1+a6, | 00 lss+1y.1+@mse, 22
S Klnlog+se | ¢ lsti6, e+ 1.7
Next, note that
(for @a V) <Kl foll-s-16, 1 Y0 11,6, - (1.8)
(/i divea Vo) < K| f, 56, | divea Vo ¢, (1.9)
(9o ©0) < K1 go =26, | & lls42.6,- (1.10)

Also, (0.6) and (0.10) imply that

(fo - ag —TCzm,waVd — waVod) <
< K(” Io HO,Gz + | Q IlO,Gz + |z ”0.62) | m, ®a Vo — 0a Vo ”0,62 (1.11)
S KR (I follog, + 1 Elloe, + 112 ll06) 1Y 1,6,
(go — div{ — vz, P, o — o) <
< K(ll go llo,g, + 14V llog, + 12 llo6,) | Prod — od o, (1.12)
< KB 27l go llog, + 1divE o6, + 112 10,6,) | & lisz6,
(fy> div(m, @a V) — div (wa V) = (f;, P, div(wa V) — div(wa Vd))
< K| fi log, | P, div(wa V) — div(wa Vo) [|o, (1.13)
< Kr'| £ llog, | div(@a V4) [i6, -

Finally,
(5 (Y0) &) < K I § 1-ym6o I & s 26,5 (1.14)
(& V0.aV0) < Kzl 16,12V lysyc,- (1.15)

The lemma now follows trivially from the substitution of (1.4)«(1.15) into
(1.3).

We can now derive some preliminary local error estimates from this lemma.

1.2:If h is sufficiently small, 0 <r<k+1,0<s<k, and
p € H(G), then

@D &l g6 < K[ETUEloe + | € llo + Bt 2= | dng lo,c
+ K> ple+ | g2 lo,1+86 + I ¢ lo,1+5:6
+HENkm16 + 1 E I_k—16]s
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 405
() 141 s < KFUENos + 18 loe) +AT1dVE llog

+H Pl + 18 Nose56 + 1EG o456
Sall R PSP A I

(i) 1divgli_se < K[PUE o + 1divEloe) + Il PE® o1 +s6
+ &Nl
Proof : Rewrite (0.12) in the form

(P § v) —([divy, 1) +(I't, ) = (k€ +ALIE + 16, 1), veV,(G), } (
- - 1
(div , w) + (yt,w) = (PEZ + 70, w), we W,(G). 6)
We can now apply Lemma 1.1 to (1.15), by setting g = (x§ + xg) &,
n = p&% fo =16, f; = 0,and g, = y0in(1.2). Thus,
Il e < KA Ellog, + #7272 [ divE o,
+ || (x€ + Kg) § Ho,1+5;62 + || pg? llo,1+8:6,
+ R T8 o6, + A28 | 10 (o6, (1.17)
+h " [ tlloe, +1T0 1 16, + 170 1l_5—20,

+ | g ”-—s—Z.Gz + 7 ”—5—1,02] .

For s = 0,(1.17) gives the estimate

Itloe < K[h| g o, + B2 0o | diVS log, + I (x& + )VQ € llo.1+5:6»
+ |l p&2 lo1+s:6, T AITONo 6, +H>7%% | v0 lo.6,
+h|t ”o,(;2 + | Ee ||—1,(;2 + | Ye u-z,(;z + || g u—z,(;z

+ltloie,]
(1.18)
< K[l G llog, + #2711 divEloe, + | (K6 + 2D E llos+56,

+ 1 PE? los+a6, + RN L0 llg6, + A2 [[¥0 56,
+hlltlog, + A IO _o_y6, + A1 Y01 s,

+ hs/? ” g,”—s—Z,Gz +h° “ T H_—S_I’GZ},

where we have used interpolation between Sobolev spaces, [4].
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406 J. DOUGLAS, JR., F. A. MILNER

If we now substitute (1. 18) recursively into itself we obtain the bound

Htllog < K[AIE llog, +h>7° 1 divElog, + [ (€ + A0 E lo,1+50.

+ 11 PE? llo,1 +5:6m + 1 1 T8 llo g, + A2 7% 118 [l 6,
FH N o6 + AT I IOy 6y + A 1101
S Y BNy Al £ P &

which when substituted into (1.17) gives the estimate

Il < H—S,G' < K[hs“ I 5 I|0,G'| + hST 278 || diy 5 HO,G’l
+ [ (6 + A0 E llo,1 4560 + 1 P8 o1 456
+ BT T8 g6, + A2 || 0 o6 (1.19)
+ T It llog +IT0 N my 6y + 1Y0 15— 264
F I8l sm26 + 1T l-s-16:1

(where G| = G,,) which in turn implies (using (0.6) and (0.7)) that

NEl—se < K[ 1 G llogy + 7270 1 div llo 6

+ 1 €& llo,1 48,6 + |l g? lo,1 +5:64
+HNP gpe, +HTTHE log,

+IE I oz + 1 E Ny 6]

(1.20)

Let us consider the divergence of {. Let ¢ € H(G,). Then, we see from (1.16)
that

(0div §, ¢)

(div &, Py(@)) + (div §, 0¢ — Py (wd))
= — (1§ ) + (div § + v& 0 — Py(0d)) + (pE% Py(wd)),

which implies the bound

hdivEll s < K[IEN_s6, + 21 & llog, + 11div Elog,) + I PE* lo,6,]
(1.21)

for 0 < s < k + 1. This gives (iii) of the lemma.

Finally, let us obtain a bound for { in H "*(G')*. Let y e H §(G,)? and take
b e H (G n H{(G,) as the solution of — V.(a(p) V) = divy in G,.
Set 8 = ¥ + a(p) Vo.. Then,

divd =0 (1.22)
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 407

and

8 ls6, + 1 lss16, <QlV¥lg,, s=0. (1.23)
Also, integrating by parts, we obtain the relation
(0(p) & ¥) = (div §, o) + (§, dVo) + () §, 08).  (1.24)

Using the relation that led to (1.21) with (p&? P,(0¢)) replaced by
(pE2, @) + (p&?, P(0d) — @d), we obtain the estimate

| (div §, 09) + (L, dV0) | = | — (v& 0d) + (div § + 7§ 0 — P(0d)
+ (&% 00) + (p&%, Py(ad) — 0d) + (§, Vo) |
S K[IEN_goy6, + 1 Cllos—16, + I PE® llos 456, .23

+ (& lo,6, + Il div g log)] Il & llss1.6, -
Next, it follows from (0.12) that

((p) &, ©d) = (Up) & 1y @8) + ((p) §, 0§ — m, @)
= (div m, 3, &) — (L&, @) + (p) § + L& 08 — m, ®3) (1.26)
+ (K& + ALl & 0d) + (IKE + AL]E m, 03 — wd).

Now, (0.8), (0.9), and (1.22) imply (using integration by parts) that

(div T, 08, &) = (div [1, 08 — ©d), 7) + (div w8, 1)
= (div @g, 1) (1.27)
=(0.Vo, 1),

sincet = § + 6 € W, ;itnowfollowsfrom(1.26) and(1.27) that

(PG 0d) | < K[lltl_s6, + 1EN_s6, + B(U E log, +1Cllog,)

28)
+ ll (k& + 7»§ ”O,1+8;61] lollg,, 1 <8< k+1.

Using (0.6), (1.23), (1.25), and (1.28) in (1.24) we obtain the bound

IE 1 5o < KNEN g6, +H* NPl 6, + I Ellog, + 11 Ellog,)
+ 1€ lovse, + I E& Mo, + 27 I1divETog, + 11 El-5-16,]
(1.29)
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408 J. DOUGLAS, JR., F. A. MILNER

for 1 < s < k, and since the relation holds trivially for s = 0, using interpo-
lation, [4], we see that it holds for 0 < s < k.
Recursive substitution of (1.20) into (1.29) gives the inequality

1E 1 so < K[PU E oG,y + 1 Ellog,.,) +FT 1divEleg,,,

+ |l &2 lo,1+8:6Gxe: T Il §& o)1 45600, + W p I.6.., (1.30)
F+ 18 o160, T 1 & -kot,60,]-

Now substitute (1.30) recursively into itself to see that

1E 156 < K[EU & loerurs, T 1 & Nocugeery) + 27 1AV E o 60y
+ u gz ”0,1+5;Gk(k+1) + ” SEJ “0,1+5;Gk(k+1) + hr+s HP ||",Gk(k+2)
+ ” g l|—k—1,Gk(k+1) + ” S I|_k"1:Gk(k+l)] ’

which gives part (ii) of this lemma.

We now substitute (ii) into (1.20) (with G; shifted to G,) to obtain the
estimate

1EN_go < K[FTMNE log, + € llog,) + het278 || div § o6,
+ 1€ o1 +5:6, + | EE: lo1+86, + sl p .6,
+1EN-s—16, T g l-x=1.6.]>

which recursively substituted into itself yields (i) of the lemma.

Observe that we have a quadratic error term with no powers of 4 in front
of it (just in the nonlinear case). This will produce eventually bounds with a
quite atypical term in them.

2. THE LOCAL ESTIMATES FOR THE LINEAR CASE

Observe that s = 0in Lemma 1.2 (i) gives the bound

& N0, < K[AN & o6, + I § llog) + A27%x [ div { lly6,
+H 0\ ple, + 18 lo1ss6, + | € llo,1 +5:64 2.1)
+ 1 EN-k-16, + 1 Ell_k16,]>

for2 <r<k+1
Also,x = 0,A = 0,and p = 0 in the linear problem, and the bound

NN xoto+ 1 Gl ki + 1divEll 1o < KlpljoW™* (2.2
for2 < j < k + 3if pe H/(Q) is given in [3].
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INTERIOR AND SUPERCONVERGENCE ESTIMATES 409

Thus, (2.1) can be rewritten in the form

1€ llo, < K[A € o6, + I § llo,g,) + 27211 div § lloq,
+Hple +H T ple], (2.3

2<r<k+1ifpe H¥(Q)n H'(G,). We do not have similar estimates
for { and div {.

We shall need to have error estimates for a local solution of the homoge-
neous equations.

Lemma 2.1 : Let (v, g,) € V,, x W, be a solution of the system
(v, v) —(divy, g) +(Bg, ) =0, vel,0), } 2.4)
(le Ups W) + (cqha W) =0, we Wh(G) s

where G is a ball of sufficiently small diameter. Then, for fixede > 0,anym = 0,
and h sufficiently small,
h_s(“ qy ”o,(;' + | Uy, HO,G') + || div Uy ”o,c' <
< QLA™ vy log + I divy, llog + I g4 lloe) +
+ U vy losmr6® 1w l—pm1.6) A7

Proof : Lemma 1.1 implies directly the bound

I gy llo.c, < K[l g4 o, + Il 2 llog) + h2 % || div p, lo.c, + 2.5
+lagull-16, + 1o ll-26,]-

We should now like to take w = div v, in the second equation of (2.4), but
there is no reason to believe that div v, € W,(G). However, there is y € W,(G,)
such that

“ X — @ le Eh “0 < Qh || dlv Eh IlO,G1 * (26)

Thus, (2.4)«2.6) imply that
I div v, 13 6 < (@ div v,, div v,)
= (o div v, — %, div v, + ¢g,) — (0 div v, cq,)

< Q| div Uy ”0,61 (h ” div Uy ”0,01 + | qp “0,61) (27)
< Q[A(ll g4 llog, + 1l 04 o, + I1div o, llog) + 1 aull—yg,

+ 1 o4 ll-2,6,] Il div g, lo,G, -
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Let us try to estimate || v, Iy ¢,- Again, there are Y € V,(G,) and \ € W (G,)
such that
I Wy, — Z “o < Qh Il Uy ”o,(;1 s
| div @y, — 1) llo < QI div 1, llog, » (2.8)
log, — Vilo < Qhllgloc,-

Then, it follows from (2.4) and (2.8) that

I v, 13,6 < Qo v,)

= Q[(apy, ©y, — %) + (div[} — oyl g,) — (th’z — O
+ (div 0y, g,) — (Bw W]

< QA v, 136, + 1l a4 llog, I div v, llg6,)
+ 1 gn o6, Il nllog, + (@ div v, g,) + (2,-Vo, g,)]

< QLA v, 136, + Il @ llo,g, I div 1, llo.6,)
+ 1 g llo,g, I| vn llo,g, — (@, @) + Oh |l g, llo 6, [l G4 o6,
+ 11 div v, llo,¢,D]

< O[Al v 156, + 1l g4 llo6, I div B, llo.6,)
+ | g ”0,61 (g4 ”0,G1 + | Uy ”0,(;1)] .

Lemma 1.2, (i) and (ii) imply that, for 0 < s < k,

2.9

I gwl—so < QI g llo, + Il By log,) + EF27% || div b, llo6,
+ gl xcre, + 1 onlici6.]s

I onll—se < QAU a4 llog, + 1| 24 llog,) + A7 1 div v, o6,
+ | g, "—k—1,61 + | vy ”—k—l,G,] >

where we have omitted the term /"5 || p ¢, @s it came from the projection
errors. Substitution of these relations into (2. 5) and (2.7) will replace the terms

g ll-16, and | v, ”—2,61 by || g, H—k—l,Gz and || v, |_x-; ¢, respectively,

giving the bounds

I gy llog < K[Al g llo, + | 0, log,) + H27% | div v, llo6,
+ I ap k-1, + 1 04 l-p-1,651 >

I div 9, 126 < KAy log, + 1l 21 log, + Il div 2, llog) +

+ 1 gy l—k—1,65 + I Ox ll—k—1,6,] 1 iV 2, Hlo, -

(2.10)

(2.11)

Recursive substitution of (2.10) into itself (and relabeling the G;’s) will give
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the estimate

I o, < K[A I gy llog, + A1l 0y llog, + H27%x ] div v, lloq,

+ gy lgorg, + 10y loimy6,]1s (2.12)

for any fixed integer ¢ > 0.
Substituting (2.12) into (2.9), we see that

o, 36 < QAN v, 156, + 77 I g llog, I div g, log,
+ | Uy "0,61 | div Un ||0,(;1 + h*~%x | div v, ”(2),01
+ Al gy | —k—16, + I 0s oo 1,6 11 diV 1y llo 6,
+ k| ‘/ “3,01 + | g, ||2—k—1,(;l + Uy ||ik—1,G,]
<SOPT Il g 136, + 1l vy I3, + A1 divy,lI3e,
+ | 4y Hz—k—l,G1 + | Uy ||2—k-1,(;1] s
where T is any fixed positive integer. By repeated substitution of this relation
into itself (and relabeling of the G,’s) we obtain the bound
I o, 36 < QAT gy 136, + Il 04 156) + A2 1 div v, 136,

2.13)
+ g 1216, + 10, 120216,]-

It follows from (2.11), (2.12), and (2.13) that

I div v, 36 < Q[Al 4, 136, + 1| 0, 15,6, + 1l div o, [56)
+ (g lok-re, + 1 vallokoi6) 1 div v, llog,]
< Q[P gy 136, + Il 24 136,) + Al div v, 136, (2.19
+ 0l gy 1216, + 1 2n 1242160 + (g lokmy6,
+ 1 vp lk-1,6) 1 iV 2, lo.6,] -

If we now substitute repeatedly (2. 14) into (2. 13) we see that

I v, ”(2),6’ < Q[hZT(“ an ug,G, + | v, H(Z),G1 + div g, ”(2),01)

2.1
+ 1 g4 “2-k—1,(;l + |l v Hz—k—l,Gl]' @19
Also, (2. 12) implies, using (2. 14) repeatedly and (2. 15), that
I gy 36 < Q[P g 136, + Il 0, 136, + Il div 2, 136, 2.16)

+ 1 g, Ilz—k—1,(;1 + 1l o, Hz—k-l,Gl] >

for any fixed positive integer T.
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Finally, (2. 14) implies, using (2. 15) and (2. 16), that

| div Uy ||3’G < [hZT(” 4 “o G, T I Uy ”(2),61) + A | div v, ”(2),(;,
+ h7¥(|| qn Hz—k-1,61 + |l Uy ||2—k—1,Gl)]

for any fixed € > 0, and this in turn implies, by repeated substitution into
itself, the bound

I div v, 136 < QAT g, 156, + I 24 56, + Il div 1, 136,
+ h——e(” qn ||2—k-1,Gl + ” Un ”2—1(—1,61)] 3

which, with (2.15) and (2. 16), proves the lemma.
We are now ready to derive the local L?-error estimates.

THEOREM 2.1 : If pe HX(Q) n H'(Q,) and h is sufficiently small then

D) NElog SQUPIo, %+ 1plah*], 2<r<k+1+ 38
G) 1 Clloa, < QUIPlo Kt + 1P lol™], 2<r<k+2,
(i) Idiv {lloo, < QLA o, 2+ 1P loh*f], 2<r<k+3,

for any fixede > O and for Qy ¢ =« Q, =« = Q.

Proof : Let (4, p) = (ou, op) where o € C;°(G,) and @ = 1 on G,. There is
no reason to assume that { En G, }; ¢, 1S a quasi- regular polygonallzatlon
of G,, but, if h < dist (G,, G,), we can take G,, G, = G, = G,, such that G,
is a union of polygons in G,. Therefore, it follows from [3] that there exists a
unique (,, g,) € V,(G,) x W,(G,) such that

(@ — v v) —(dive,p —q) + (B — gl 1) =0, veViyG,),

. _ _ }(2.17)
(div @ — T wl + ([P — Gl w) = 0, we W,(G,),

and, furthermore, if p € H'(G,), we have the bounds

17 =G ll-so < QUP I, 6, 7% < QUplg K0,
2<r<k+1+3,
12— o ll-se <QlpleH™", 2< k+2,

r<k+ (2.18)
Idiv@ — 2) -6 < QP I, H**"%, 2<r<k+3,

for0 < s <k

Now, if we restrict (v, w) to the space V,(G,) x W,(G,)in(2.17), then(y, p)
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can be replaced by (u, p); then, using (0.12) with (v, w) e V,(G) x W (G))
we can replace (u, p) by (u,, p,) so that
(luy — ) v) — (div o, p, — q) + (Bl — 44 ) =0, veVy(G)), }
(div [u, — v,], w) +(clp, — g, w) =0, we W,(G)).

Since (u, — Uy, P, — q,) is a local solution of the mixed method equations,
Lemma 2.1 implies (taking v, = #, — U, g, = P, — 4, in (2.4) and using
(2.18)) that
(” Dy — E;. ”o,Gf + | U, — —Eh "o,(;')h—g + ” diV(y;. - Z)h) UO,G’

< Q[hm(” Py — Gy ”0,01 + | U, — _E;, u(),(;l + |l div (%, — En) ”o,c,)
+ A7l p, — Eh “—k—l,G; + | u, — E;, “—kfl,Gl)] 2.19)
<O[P"(I1Ellog, + I Ellog, + IIdivEllse,) -
+hE p g, +ATUE N ko6, + 1 E k1,601
for2 <r<k+3

If we now take s =0in (2.18), r =2, and e + m = k + 1 in (2.19), we see
that
1Eloe <P —yllog + 124 — Gy o6

< O[lp |, g(h" %% + B¥*1)
+ R (e o + 1l Slloe + 1divElloe)
+ H g “—k—l,G + “S H—k—l,(;], 2 <r< k +1+ 5Ok’ (220)
I ¢log < QUIPN, g +R D +A (1 & oo+l Cllog+1divE e+
HIEN -6t Gl k16]s 2<r<k+2, (2.21
ldivglloe <QUIP I, o 2+A 1)+ B (1 & o6 +1 8 o6+ I1div E o 6)
+h oo+ E k1 0], 2<r<k+3. (2.22

If we now use a finite cover of Q, by a collection of G’s such that the cor-

responding (G')’s will cover Q,, we obtain again the bounds (2.20)-(2.22) with

G' replaced by Q, and G by Q,.
Finally, [3] implies that for p € H*(Q),

1E€loq, + 1€ llon + 1divilon <QlPla }
IEN k-r00 + NG k1,0, QP 0,

which completes the proof of the theorem.
We have also obtained (by combining Lemma 1.2, (2.2), and Theorem 2.1)
the following local negative norm error estimates.
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THEOREM 2.2 : If pe HI(Q) n H'(Q,), 2 <j < k + 3, and h is sufficiently
small, then, for 0 < s <k + 1,

O NEN_so < K[IP o ™77 D +lp o k7],
2<r<k+l+(G—k+D)t,

(11) ” S ”—s,ﬂo < K[“p ”'_,ﬂ1 hr+s—1—(s—k)+ +||p ”J',Q hj+k—1] ,
2 r<k+24(s-k*,

Gi) Ndivgl_ o, < K[Ipl o H** 2 +lpll;oht tHmntsr2-a],
2<r<k+3.

Theorem 2.2 for s = 0 restates the results of Theorem 2.1, and (i) is, of
course, what was expected from (2. 3).

3. THE LOCAL ESTIMATES FOR THE NONLINEAR CASE

Let o, € CP(G,,,), ®; = 1 on G, ,, just as before.
Set

(4, p) = (0; 4, ; p),

|

1 1
= f Lo (P + 2€) dt] u, +J Bo(py + 1) de L*(Q)*, (3.1
0 0

<1

=J c,(py + D dte L*@Q).

0

We can now rewrite the error equations (0.12) in the form (see [5])

D)5 1) — @5, + TE D =0, pel,,
- } 3.2

(div &, w) +(EW) =0, weW,,

ﬂlich are the mixed method equations corresponding to the operator
M : H*(Q) —» L*(Q) given by

Mw = — V.(a(p) Vw + a(p)Tw) + yw.

It was shown in [5] that M* has a bounded inverse L%(Q) — H(Q) n HL(Q).
However, it does not follow that (M*)~! maps H%(Q) into H**3(Q) n H}(Q)
boundedly if s > 0. Therefore, the duality argument developed in Section 2 for
the linear problem (more specifically, the use of Lemma 1.1 to prove Lemma
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2.1, and the bounds (2.18)) does not apply to the nonlinear problem. We can
obtain a result analogous to Lemma 2.1 for the equations (3.2) with (g, &)
replaced by a local solution (v,, g;) as in (2.4), which we shall do for the sake
of completeness.

Lemma 3.1 : Let (v, 95) € V), X W, be a local solution of the homogeneous
mixed method equations for the operator M on G ; that is,

(@(p) vy ¥) — (div v, g) + (T, ») =0, veV,(G), } 3.3

(div v,, W) + (yg,, w) = 0, we W,(G).

Let e > 0 andm = 0. Then, if h is sufficiently small,
I qy “o G+” Uy ”0G+|| div Uy HOG K[h 5(” qy ” k-1 Gl+“ Uy Il -k—1,G, )'+‘
+h"(l g llo,6, +1I 2x o6, + 11 div 1, Il 6,)] -

Proof : The existence of a bounded inverse (M *)~ ! : LZ(G)QH 2(G)n H(G)
implies that Lemma 1.1 is valid on (3.3) with s = 0. Thus,

Igs llo,c < K[l vy llo6, +h>72* |1 div o, llog, + Al 4sloc,

(3.9
+ | v, “—z,G, + 1 g, “—1,61]‘

Using again interpolation between Sobolev spaces (see [4]), we obtain from (3.4)
the bound

Il g ”oG K[hE/Zk(” an llo G T I Uy flo (;,) + & | div Up o G T

o2 (3.9
+h (I g, “-k—1,(;1 + | Uy “—k_l,Gl):]’ k>0.
Next, ¥ € L®(G) implies that (2.7) holds again, so that
I div v, 136 < QI div v, llg 6,1l divy, lloe, + Il g4 llos,) 5.6

< Q[ha/z,‘ | div Uy “0 Gy + Bk I qy Ho G,]

Also, f € L*(G)? implies that (2.9) still holds, so that

i v, 126 < QLA g, 136, + Il v, 136, + N divy,lI36)
+ 1 gy o, (I gy llo.g, + I div oy, llo.6)] (3.7
S KR\ divo, 136, + 2l 0,136, + 271 g, 136,1-
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Also, we can obtain from (3.5) the estimate

I g, ”g,(; < K[hE”‘(ll 4y ”g,c1 + |l Up ”5,61) + k| divy, ”(2),61
+ h7%(ll g, Hz—k—l,G; + 1l v, Hz—k—l,Gl)] >

which when recursively substituted into itself will give (after relabeling the
G/s) the bound

laull3 e < K[ 1 gy 13,6, + A% 1 0, 186, + 21 div e, 3, 6.9
+ 27|l gy, llz_k_l,(;, + |l v, uz—k—l,Gl)] s .

where ¢ is any fixed positive number.
Substituting (3.8) into (3.7), we see that
I Uy ”(2),0' < K[hZT I Gn ”(21,61 + 2| Op ”(2),(;1 + A% || div Un “(2),61

+‘h—38/2(” qy ||2—k—1,G1 + v, ”2_"_1'61)] ’

for any fixed T > 0, and recursive substitution of this relation into itself (and
relabeling of the G;’s) will show that

I o436 < K[A* (1 4y 136, + Il 24 5,6 + A7 [ div 1, 13,

3.9

+h 732 g 1216, + 1 0 12k-16)] -

We now substitute (3.9) into (3. 8) to obtain the estimate
I g, 136 < K[A*T(l g, 136, + Il 2, 13.6,) + R | div p, 136, (3.10)

4+ B3| 4, ||2_k_1,G2 + | Uy Hz—k—l,Gz)].

If we now substitute (3.10) into (3.6), and the resulting relation repeatedly
into itself, we see (after relabeling the G;’s) that, for any fixed positive number T,

I div v, 1126 < K[F?T( div v, 126, + Il 5, 136, + | 44 136)

(3.11)
+h7 2N g 12 h-1.6, + 1 24 124-1,6)]-

Substitution of (3.11) into (3.9) and (3.10) finishes the proof of the lemma
when k > 0. The case k = 0 is covered by the proof of Lemma 2.1 starting from
(3.4, (2.7), and (2.9) without making use of Lemma 1.2, which is obviously
unnecessary anyway if k = 0.

This result, though, will not be sufficient to allow us to reproduce the proof
of Theorem 2.1 for the nonlinear problem, since, although the boundedness of
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(M*)™1: LX(Q) - H*Q) n HX(Q) still guarantees the existence and uni-
queness of the solution (v,, g,) of the analogue of (2.17) and also the error
bounds (2. 18) for s = 0 (only), we do not have any estimates to replace (2. 18)
fors = k.

Let now 0 € C3°(G,), ® = 1 on G,, and set (i, p) = (ou, wp). Let
(G k=2j—2—-e=2(G—k-2"

fore >0and2 +e <j<k +3.

THEOREM 3.1: Let Q, c = Q, « = Q be open subdomains of Q. If
pe HI(Q)n H(Q,) andk > 1, then

® 1€ loq, < K[ NP0 + #9Plplelrle+ DI,
2<r<k+1,
(i) 1Ellog, < K[A ™ Pl g + 9P ¢ lpl;ollpllje+ DI,

2<r<k+2—¢,
(i) 1divloe, < K[H21plq +H 9 lpliallrl;e+ D],
2<r<k+3—c¢.

Proof : Throughout this proof, the subindeces will be shifted so that the
smaller ball on any norm bound will be called G, and the larger one G,.
Let(v,, g,) € V, (G,) x W,(G,) satisfy

P [E—-B)lo) - [divep-3) + T -l ») =0, 2eVyG),
(312)
(diviz — 9} w) + (¥l — gl w) =0, weW,(G)).

As it was pointed out earlier, (v,, g,) exists and is unique. Furthermore, if
pe H'(Gy),

17— dulloe<QlpPl 6H, 2<r<sk+1
I —v,lloe<Qlpl, e, 2<r<k+2, (3.13)
Idiv(u — v llog < Qlpl, g % 2<r<k+3

just as in (2. 18) for s = 0, where the constant Q depends on || p ||, ..
It follows from [5] that, if k > s, then

DEN ey + 1 Gl iyt 1AV Gy S CHOP I p g (I N0 + 1), (3.14)
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and also that

I (k& + A0 Ello < K(IEllo + 1 E1o) I1E N0
SCHU9 | pllialple+1).
It now follows from (2.1), (3.14), and (3.15) that

1€ llo,c < K[AI & llo,g, + 1 §llog,) +A* 1divEloe, +

+Hpl,e +Hpliedlpl;e+ D], (3.16)
2<r<k+1.

(3.15)

As in the proof of Theorem 2.1, we can replace (%, p) in (3.12) by (4, p,)
using (3.2). What we have to do next is to take (v,, g,) = (¥, — U, P, — q)
in (3.3) and to change Lemma 3.1 slightly. It follows from (3.13) and (3.16)
that

Il g, llo,c < K[A(l g4 llo,6, + Il v llo6,) + B? | div v, lo.G,
+H Pl +HPIplelple+ D], 2<r<k+1,

so that, by nesting and relabeling the G;’s, we can see that

I gy ”(2) K[hZT I g ”o 6 T R | Uy ”o G, T h* || div Up ”3,61 +
+h¥iplis, + PP plia + 212, (3.17)
2<r<k+1,
where T is any fixed positive number. Next, (3.6) and (3.17) imply that

I div v, 156 < K[A*" Il g 3.6, + 1>~ 1| 0, 136, + A I div 0, I3 6, +
+ B2 | plke, + P p e + 2 1T,
2<r<k+1,
which repeatedly substituted into itself will give (after renaming the G,’s)
the bound
Idiv v, 15,6 < K[A?"(I g4 13,6, + I1div 0, 136,) + A% || 1, 136,

+ R p g+ BHOTH( p |2 + [ p 3], (3.18)
2<r<k+1.

We see from (3.17) and (3.18) that

I, 136 < K[FT(l gy 136, + 1dive, 136) + A1l v, 126,
+h*pl,6, +P9%pIia + 12 1t], (3.19
2<r<k+1.

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



INTERIOR AND SUPERCONVERGENCE ESTIMATES 419
Also, (3.7), (3.18), and (3.19) imply that

I o 36 < K[A*"(I g, 136, + I1div o, 156,) + Al v, 136,
+ R p s, + B2 (I p e + 1P 150)],

2<r<k+1,

and substituting this bound recursively into itself leads to the bound

I o4 13,6 < K[A*"(ll 45 156, + Il 24 13,6, + 1 div 2, 136,)

+ R p s, + B2 (I p e + 1P 1I5)], (3.20)
2<r<k+1.
Substituting (3.20) into (3.18) and (3.19) finally gives
g llog + 1l 4 llog + 11div ey, loe < K[A"(I gy llo.g, + Il 4 llo.6,

. _ . 3.21
F1div o) + F 7 1p lg, + K99 p o ple + D] 2P
for2 < r <k + 1andanyfixed T > 0.
It follows from [5] that
HEN + 1 &N +NdivElly < Kllpllzsen- (3.22)
Now, (3.13),(3.21), and (3.22) imply that
14y lo,6 < KIFT(IF = Gy log, + 1 & o, + 17~ Tullo, + 1 lo,

+ Idiv(z —3,) o, + 1div Ellog) +H NP, 6,
+HP | plaplie+ D]
<K[H Pl g, + 09 Ipl;alplia+ D], 2<r<k+1,
and
o llog + 1div o, lloe < K[AE Pl 6, + #OP 2l pl;aip e+ D],
2<r<k+1.
These estimates together with (3.13) and the finite covering process used in
Theorem 2.1 complete the proof of the theorem.

We have also obtained (by combining Lemma 1.2, (3.14), (3.15), and
Theorem 3. 1) the following local negative norm error estimates.

THEOREM 3.2 : If pe HI( Q) n H'(Q,),2 +e<j<k + 3,k > 0,and h is
sufficiently small, then, for 0 < s <k + 1,
@ 1E 1 _s0, < K[Ipl o B~ D" 4pl;allpl;0+1) H99],
2K r<k+1+@—k+1D",
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(ii) 1 g0 < KLI2 o, #5160 4 [ p L o(l 2 |0+ 1)
ht(j,k)-(t—s)"]’ 2 <r< k+2—£+(s—k)+ ,
@) 1div g o0, < K[Ip o, B 2+12 10l p ;0 + D A7,
2<r<k+3—c¢.

4. CONVERGENCE OF DIFFERENCE QUOTIENTS

Assume a uniform polygonalization in the interior of Q for the remainder
of this paper.
Letp = (uy, B;) € Z?, and let

Th v(x) = v(x + ph).
Set
Oy, j0(x) = h™ (T} — D o(x),
o(x + he;) — v(x)
7 )
Pu = G = 03y Opu.

j=12;

DEFINITION 4.1 : An operator Q, of the form

Quw=7> ¢,y TH 0w,
TRY

where only finitely many c, s are nontrivial, is called a difference operator.
Observe that for some M > 0,

OQuw= Y &GThw.
I8/ <M

DEFINITION 4.2 : We say that the difference operator Q, is of order m if

inf { I,/ & = O(h's) } = — m.
13

We shall make the assumption throughout the rest of the paper that, for any
fixedpand Q, = < Q, = < Q, there exists A, such that, for 4 € (0, 4],

(T v, Thw) eV, (Q) x W, (Q,) if (v,w) eV, (Q) x Wy(Q,),
where T} v = Th(vy, v,) = (T} vy, Thvy).
We shall also make use of the discrete Leibnitz formula :
Bw) = Y <¢’> Y 8% udlo, @.1)
v<o \V
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where <$> = <$1> <¢2>. Note that Q, commutes with any differential
1 2

operator with constant coefficients, as well as with P, and =,.

We wish to obtain, following the ideas developed in [7], estimates for Q, &
and @, div { in H*(Q,), and for @, { in H(Q,)?, withs= —k—1ors=0.
It is clearly sufficient to derive estimates for the case Q, = T} ¢". Moreover,
since

I TEv llog < v lo,

for sufficiently small 4, it suffices to consider Q, = 0.

We need to find equations satisfied by 0'¢, 0'¢ and ¢" div {. We see that
(4.1) and (0.12) imply that, for |v| > 0,

(a(p) %, v) — (div v, 8'€) + (L ¢, v)
= (Up)§, 07 p) — (07¥div v, &) + (L, 9™ V0)

-2 (:) (AT} P 2*C, v) + (T§ &L %, ) }

H<v 4.2)
= (0"[x€* + AL v) — 2 (:) (T} " *au(p)] &
+I[TF 0T 0%, v), veVy(G),
since d""v € V,(G) if v eV, (G,). Also,
(div G, w) + (y 0E, w) = (0[pE?], w) — pgv <:> ([T} 0"~ "y] 0*E, w),
(4.3)

we W,(G).

We are now ready to derive estimates for the linear problem.

THEOREM 4.1 : If pe HI(Q) n H'(Q,), 2 < j < k + 3, the operator M of
(1.1) is linear, and h is sufficiently small, then for0 < s < k + 1,

@) l @, & "—s,ﬂo < K[l p llr,n, prés—G—ktD T om I p “j,n hj+k—1] ,
m+2<r<m+k+1+(6—-k+1*,
(i) 14 §llogoy< K[ Pl H*e 17670 "m 4 j p ||, q W**1],

m+2<r<m+k+2+(6—-k",
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(i) || @, div g I -s0, < K[l p I, Brsm2em 4 p la k= 1+min Us+2-e]

m+2<r<m+k+3,

where m = 0 is the order of Q.

Proof : The proof will proceed by induction. As we pointed out earlier, it
suffices to consider Q, = 0%, with m = |v| The case |v| =0 is just
Theorem 2.2, so that we shall assume that | v| > 1 and that (i), (ii), and (iii)
hold for &%, with |p| < |v| — L -

Let us recall that in the linear problem a(p) =a, T =B, y=¢, x = 0,
A = p = 0. Therefore, since £ = t — 0, we can rewrite 4.2) and (4.3) as
follows :

(@0"E, v) — (div v, 0"1) + (B 0'1, v) = (B "6, v)

e (:) (T} & 7ra] & + [T} "Bl PG 1), 2 V)@,

n<v

4.4

(div 0"E, w) + (c O'E, w) = (c 0"6, w) — > <:) ([T} 0~ ¥c] O¥E, w),

p<v

we W,(G).

Since equations (4.4) are of the form (1.1), it is clear that the same argument
that led from Lemma 1.1 to Theorems 2.1 and 2.2 shows that, for0<s<k+1
and 0<r<k+1+4+(s—k+1)",

pu<v

" avg ”—s,G < Kl: H avp \|F,Gth+s—(s—k+1)+ + hs+1<z ” aué ”0,61

by ||0,Gl) EY (10 ey + 1 0% n_k_l_lp.)}

u<v uSsv

S K[ pll, g HHe7C7 DM 4 p ;o W 4.5)
Sl R3PS N Y
S K[Ipl,g Ars-C7 DM 4 | p || o WHE71],
fvi+2<r<|v|+k+1+@GE—-—k+ 1",
10°C -6 < K[ Pl K717 "M 4 pl o W*1],  (4.6)
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Ivi+2<r<|v|+k+2+E6-k",
10 dive g6 < K[Ip g A2 M+ I p| pqhi ™ 1], 4.7

Ilvl+2<r<|v]+k+3,
since

108 llo,c = Il Py(@p) — &P llog < KNPl sju6, s O0<r<k+1,
and

100 k-y—pe S KNON iy, <KIplg, #*,  0<r<k+1.

Finally, the finite covering process used in the previous sections, together with
(4.5), (4.6), and (4.7), finishes the proof of the theorem.
Note that, in particular, we have shown that

10,8 I|-k—1,go + | th “—k—l,ﬂo + | Q;, dlvg ”—k—l,ﬂo 4.8)
< KR**2(|plissa + 1P lissama) -

We can also derive the estimates for the nonlinear problem. Let m < k + 1
be the order of Q,, and let

IGk=20-1)+s—m—e—-2(—k—-2)"
so that I(j, k) = t«(j, k) if s > m.
=

THEOREM 4.2 : Assumek > 1,pe HI(Q) n H'(Q,),2 + € < j < k + 3, the
operator M of (1.1) is nonlinear, and h is sufficiently small ; then, for 0 <s<k +1,

) 1Q&l-ga, S K[lpll,q HrHe-t7kxbom
+lplelplie+ 1) AH9¥],
m+2<r<m+k+1+@G-—k+ D",

@) 10 E I-sgy < K[IP l0 #*1 70707 +
+lrlelele+ 1) eR-E=9"],
m+2<r<m+k+2+@GE—-k*—¢,

(i) [ Qydiv§ -0, <

<K[lipl, o H*2""
+lplialpl;e+ DHGDZEIF],
m+2<r<m+k+3—c¢.
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Proof: Let us rewrite (4.2) and (4. 3) in the form
((p) 0°E, v) — (div v, &*1) + ([ 01, v) = (L "6, v)

+ (0"[x8> + AEL) v) — ¥ (:) (T} 0" Pa(p)] G

+ [T} M'T] 6%, v), veV, (G,

(div 0", w) + (v 8, w) = (y 88, w) + (9"[pE’), w)

-2 <:> ([T} 0"~ "] 0%, w),

r<v

4.9)

we W, (G).

Just as in the linear case (Theorem 4.1) it suffices to consider Q, = ¢* and
to proceed by induction. Again, | v| = 0 is just Theorem 3.2, and so, we
assume that | v | > 0 and that (i), (ii), and (iii) are valid for m < |v| — 1. The
proof will be the same as in Theorem 4. 1, but before we can apply Lemma 1.1
to (4.9) we need estimates for | 0"(k&% + AEL) [ 6, and || 8'[pE?] ||o., Note
that, by definition, -

Ow = h"MTe — D (Te — D w,

which implies that

16"w llog, < A M I wllog, -

Therefore, this estimate and (3. 15) imply that

| 2*(xE* + AED) o.0o< @AM || KEX + AEL [0,

o (4.10)
SOHUOM Y plZaUlp g+ 1), IvI<k+1.

Similarly,

10 (pE) o0, < QRO MY p I20(lp ;0 + 1), |VI<Kk+1. (4.11)

We can now apply Lemma 1.1, then the same argument that led to
Theorems 4.1 and 4.2 will show (in view of (3. 14), (4.10), and (4. 11)) that
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” avg ”—s,G S KI:” avp ”F,Gl hF+s—(s—k+1)+ . hs+1<z “ av& ”0,61

u<v

£ Y10 log, + | O +AED o, + | ED) ||O,G,)

p<v

+ Z (g S PRI S (7 O NP |

u<v

+ || (&) + AEQ H—k—l—lv| + || 0(pE? “—k—l—M] 4.12)

S K[ pll,g KD =M 4 pligllp ;o + 1) A'OM
FHEN_gmy + 18 1ok—y]
S K[ plg B DM 4 iplioUlp e + D AE],
[vi+2<r<|v|+k+1+@G—-k+ 1",
10C 1 e < K[ Pl o K17 "M 4 pliaUple+D
x ROR=E" v +2<r<|v+k+2+(—k" —¢
10 divglloe < K[plg K >™M+lplialple+1)
x HOR=E"] vy 2 < r<|v|+k+3—¢.

(4.13)

4.14)

We now finish the proof using (4.12), (4.13), and (4.14) with the finite
covering process described before.

Note that, in particular, Theorem 4.2 shows that (4.8) holds also for the
nonlinear problem, with the exponent 2 k + 2 replacedby2k + 2 — &,

5. THE SUPERCONVERGENCE ESTIMATES

We shall introduce in this section a kernel K, as defined in [1, 2], which will
produce by convolution with u, and p, a new approximation to (u, p) in
V x W, the convergence of which will be (for sufficiently smooth p) twice as
fast as that of (uy Py) to (1, p). Recall that [3] and [5] show that if p € H**3(Q),
then

1€ log, + I § oo + 11divE llon, <N &N + Il §llo + 1divE o

5.1
< C”P“k+3 Bt -1

vol. 19, n° 3, 1985



426 J. DOUGLAS, JR., F. A. MILNER
We shall obtain in a moment the following estimates :
I — Ky Py logy + I # — Ky % 4, llo.0 +ldiv e — Ky #div 2, log,
S AP laksa-ca, + 1P lessa) BP5275, (5.2
if pe H**3(Q) n H**475Q,),

where the exponent — € does not appear in the linear case. Comparing (5.1)
and (5.2) we see that we have indeed doubled the rate of convergence.
Let

I, |t <
x(8) =
0, |t]>

b

N = N =

b

and for [ a positive integer set

YP(£) = g *x * - *y, convolution/ — 1 times.

Letc;, 0 < i < k, be determined as the unique solution of the linear system of
algebraic equations (see [2])

k
2z, Cij VEP0) (v + )*"dy = 8,,,, for 0<m<k,
i= R

and define K, by

2 k
K,(x0) = K216 = ] (2 Rt GO x,, i)), xeR?, (5.3)
m=1

i=—k

where the constants c; are given by ¢_; = ¢; = ¢,/2,1 < i <k, and ¢; = c,.
It follows from [2] that

| Kyxw—wloq < Clwl,q#t, f weH(Q;), 0<r<2k+2, (5.4
| DY(K,, = w) HS,QO SClowlsq,, f weH(Q,). (5.5)
Also, it is easily shown by induction (see [2] for a detailed proof) that

I wlog, C Y IDWl_,q,, s€Z, s=0, if weL*Q). (5.6)

v|<s
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Next, note that

%_Kh*’;‘h=(’£“Kh*’;‘)+Kh*g’ 5.7
p—K,xp,=(p—K,xp) + K, *&, (5.8
divy — K, +divy, = (divy — K, xdivy) + K, xdiv §. (5.9

We are now ready to demonstrate the superconvergence estimates announced
in (5.2).

THEOREM 5.1 : Assume the operator N is linear (i.e, N = L), pe H/(Q) n
HQ,), 2<j<k+3 and k+1<r <2k + 4; then, for sufficiently
small h,

@ 17— K,*pllog, < CLIP o, B 70" +lpljoh ™ 1],
) 1= Ky x iy oy < CLIP I, 2027000 4 | p g 7],

(iii) | divu — K, * divu, o0,
< C[” Y4 ”':91 h'_z + " P ”j,ﬂ hj+k—1—(j—k—3+5)+] )

THEOREM 5.2 : Assume the operator N is nonlinear, k = 1, pe H/(Q) n
HQ) 2+e<j<k+3 andk +1<r<2k+4—¢; then for suffi-
ciently small h,

@ Ilp — Ky *py lloa
< CLIP oy #7411 p I + 1 RGN,
() lu ~ K, *u, llog,
S Cllplg 172780 L plelpl;e + 1) AHIP],
(i) I div — K, * div u, [lo.0,

S CUP o, #2 + 1P 0 (1P ;0 + 1) BUM],
Where t(]’k)zz(l—l)—E—Z(]—k—Z)*‘

Proof of Theorems 5.1 and 5.2. Use the triangle inequality on (5.7), (5.8),

and(5.9), and apply then (5.4),(5.6),(5.5), and Theorems 4.1 and 4.2, respec-
tively.
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