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m MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol. 21, n° 2, 1987, p. 327-352)

SUPERCONVERGENCE OF MIXED FINITE ELEMENT METHODS
FOR PARABOLIC EQUATIONS (*)

by Maria Cristina J. SQUEFF (%)

Communicated by J. DOUGLAS

Abstract. — An asymptotic expansion of the mixed finite element solution of a linear parabolic
problem is used to derive superconvergence results. Optimal order error estimates in Sobolev
spaces of negative index are also shown.

Résumé. — Un développement asymptotique de la solution par élément fini mixte d’un
probléme parabolique linéaire est utilisé pour obtenir des résultats de superconvergence. On
obtient aussi des estimations d’erreur d’ordre optimal dans les espaces de Sobolev d’exposant
négatif.

1. INTRODUCTION

Let Q be a bounded domain in R? with smooth boundary 4. Consider
the linear parabolic problem

(a) d%?—V.(an+bp)+cp=f, xeQ,tel,

(1.1) (b) p=g, xe€atel,
(0 p=py, X€Q,T=0,

where J = (0, T), and 4, b, ¢ are smooth functions of x alone such that ¢ and
d are bounded below by a positive constant. Assume that the elliptic part of
the operator is invertible.

Denote by (,) the natural inner product in L2%Q) or L*(Q), and by
{,) the one in L*(3Q). Let

V = H(div, Q) = {ge L*(Q):divge L}Q)} ,
with the norm

"qm/ = ||CI||2 + || div ‘1"2 = ||Q|12Lz(g)2 + |ldiVCI||iz(m >

(*) Received in March 1986.
(*) University of Chicago, Chicago, IL 60637, U.S.A.
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328 M.-C. J. SQUEFF

and W = L?*(Q). Form the parabolic mixed method as follows. Set
u=- (@aVp+bp).
Then, if a =a~'and B=a"1b, integration by parts in the relation

(o +Vp +Bp,v)=0, veV,

gives

1.2) (au,v)— (divo,p)+ Bp,v)=— (g, v.v), veV,

where v denotes the unit outward normal vector to 8. The partial
differential equation is represented by the weak form

(1.3) (d%?,w)+(divu,w)+(cp,w)=(f,w), weW.

In order to define the mixed finite element method for (1.1) let
V), x W, denote the Raviart-Thomas-Nedelec space [11, 12, 14] of index
k = 0 associated with a quasi-regular partition J, of Q that is such that

i) if T € J,, T is either a triangle or a rectangle,

il) if T< Q, T has straight edges,

iii) if 7 is a boundary triangle or rectangle, the boundary edge can be
curved,

22N A1l cambner memalan nens i dad
1v) all VUIICA aulgitd aiv vuvuiucu

v) diam (T') = hy, max Ay = h,
T :
vi) rectangles : ratio of edges bounded.

The definition of V;, x W, is as follows. Let P (T) denote the restriction
of the polynomials of total degree k to the set T and let P, ;(T) denote the
restriction of P, (R) ® P;(R) to T. If T is a triangle, let

V(T) = P(T) @ span (xP(T)),
W(T) = P(T),
where x = (x;, x,). Similarly, if T is a rectangle, let
V(T) = Pry1,&(T) x Py i1 (T)
W(T) = P +(T) .
Then, set
Ve=V(k,3,)={veV:v|;eV(T), Ted,},
W,=W(k,3)={(weW:w|,e W(T), Te,} .

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



SUPERCONVERGENCE OF MIXED F.E.M. 329

Note that div V;, = W,, and

V= {ve I1 V(T):vlT‘_ "’i+”|r,"’j=0’°n 7. N T,.} ,

Ted

where v, is the outer normal to 7;. The above definition of V, x W,
coincides with that of Raviart and Thomas [12] for rectangular elements and
is the modification due to Nedelec [11] on triangular elements. Next,
consider the projection

My X Pp:VxWoaV,xW,

defined by Raviart and Thomas for polygonal domains [12] and which
satisfies

(a) P, is the L*(Q)-projection ;

(b) the following diagram commutes :

v div.__ .y
™ l ‘,Ph
div
Vh —p- Wh » 0 ,

e., diV’n‘thhdiV:V.o—mSWh
(c) the following approximation properties hold :
@ flu—mu|| <Qlu|,hr, l=sr=sk+1,
(1.4) (i) |div (u—m, u)||_ss Q|divul||,h"**, O<r,s<k+1,
(iii) |p—Prp|_,<Qlpl, B, O=sr,s=<sk+1.

Arnold-Douglas-Roberts [8] have introduced a modification on the defini-
tion of m, in order to include boundary triangles with curved edges.

The semidiscrete mixed finite element method for (1.1) consists of finding
{up, pp} :J -V, x W, such that, for t € J,

(@) (owy,v)— (divo,py) + Bpp, v)=— (g, v .v), vVEV,,
(1.5)
'Ph .
(b) <d—,w> + (divuy, w) + (cpp,w) = (f,w), weW,.

It is also necessary to specify the initial value for p, (as those for
u;, then follow from (1.5a)). This specification will be done later.

vol. 21, n® 2, 1987



330 M.-C. J. SQUEFF

The main objective of this work is the establishment of superconvergence
of the solution of a semidiscrete mixed finite element method to the solution
of the linear parabolic problem in R2 In a single space variable, knot
superconvergence has been demonstrated for semidiscrete Galerkin ap-
proximation of solutions of linear parabolic problems by Douglas-Dupont-
Wheeler [5]. The basic tool they have used consists of an asymptotic
expansion of the Galerkin solution by means of a sequence of elliptic
projections they have called a quasi-projection. Arnold and Douglas [1]
have carried out the results for quasilinear parabolic equations. Using a
different approach Thomée [15] has also analysed superconvergence
phenomena in Galerkin methods for parabolic problems in R”. In this work,
a quasi-projection for mixed methods for linear parabolic problems is
introduced and then used to produce asymptotic expansions to high order of
the mixed method solution. Superconvergence is then derived by post-
processing. ‘

Note that by using this post-processing procedure the number of
parameters involved in the calculation of u, and p, is much smaller than it
would be in order to obtain the same accuracy by either increasing the index
of V, x W, or by reducing x. Thus, the cost of obtaining a given accuracy is
much reduced by the employment of the post-processing, which is quite
inexpensive in comparison to the evaluation of u, and p,.

A brief outline of this paper is as follows. In sections 2, 3 and 4 the quasi-
projection for parabolic mixed methods for problems in R? with Dirichlet
boundary conditions is defincd and optimal ordcr cstimatcs in Sobolev
spaces of negative index are derived for the approximations to the solution
and its associated flow field. In sections 5 and 6, following Bramble and
Schatz [2,3], an averaging operator is introduced and estimates on
difference quotients of the error are derived. These estimates then imply the
superconvergence error estimates for the post-processed approximations.

2. FORMULATION OF THE MIXED METHOD QUASI-PROJECTION

Let
§=P_Ph and O=U—Uy.
Then
(@) (ao,v)— (divy, L)+ (BL,v) =0, veV,,
2.1

(b) ( g—f,w)+(divo,w)+(c§,w)=0, weW,.

Next, let {ﬁ,,, Pr} :J =V, x W, denote the elliptic mixed method projec-

M? AN Modélisation mathématique et Analyse numérique
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SUPERCONVERGENCE OF MIXED F.E.M. 331
tion of the solution {u,p} into V, x W, : if
2.2) m=p-p, and E=u—g,,
then

(a) (O‘g’ U)— (divv,n)"‘ (Bn9v) =0 » VE Vh >
2.3)
) [diveg,w)+ (em,w) =0, wew,.

Let s be a nonnegative integer and let H*(2) be the usual Sobolev space ;
i.e., the set of all functions in L*(Q) whose distributional derivatives of
order not greater than s are also in L?(Q) ; H*(Q) is normed by

2
Iwlz="% ID*w|*,

la| =5
where o = (a;, @,), o; a nonnegative integer,

g el

lal =a;+ay, D= ——F,
6x116x22

and
2
I217 = el = | 2dx.
o
Consider also the dual space of H*(Q), denoted by H™*(Q2), normed by

lell_, =sup {(o, )/ I¥ll,: ¥ e HQ), |¥]l, =0} .

The object of a quasi-projection is to produce an expansion of { and o that
begins with the pair m, £ and then has terms decreasing in magnitude by a
factor of h® until the limit of the negative norm estimates for the
corresponding elliptic mixed method is reached. Its construction is as
follows. First, let

Mo=Pn—pPr and & =a,—u,.

Subtract (2.3) from (2.1)

(a) (ay, v) — (divo,mg) + (Bmp, v) =0, veV,,
2.9

d
) (dalt",w) + (div &, W) + (cmg, W) = — (d%,w), wew,

vol. 21, n° 2, 1987



332 M.-C. J. SQUEFF
Next, let {§,mn,} :J >V, x W, be defined by

(a) (ag;,v)— (dive,my)+ Bny,v) =0, veV,,
(2.5)

(b) (divé, w)+ (emg, w) = (d%,w), wew,.

Recursively define {§;, m;} :J -V, x W, by

(@) (&, v) — (divo,m) + (Bn;, v) =0, vev,,
(2.6)
: on; _y
(b) (divg;, w)+ (emj,w)=- {d i weW,,
for j =2,3,....
Let
Po=Py, Pj=Pp+mi+---+m;j,
(a) |
i
8 =Po—Pr="0> 9j=Pj—Ph=lei,
i=0
2.7
Uug =y, , uj:ﬂh+§l+...+§i’
LN\
o) _
7
Yo=Ug—Up=8&, Yj=u—u,= 3§,
i=0
so that
i i
(2.8) P-pr=m— Y M+, u—u,=£(—Y &+1;.
i=1 i=1

It follows inductively that

(@) (o, v)— (divo,8;)+ (B8, v) =0, vevV,,
2.9

b) (da—t,w> + (div §;, w) + (c8;, w) = <da—t,w>, weW,.

The expansions p; and u; are called quasi-projections and the terms
0; and ; are the residuals.

The objective now is to carry out negative norm estimates for m, &,
m;, and §;. It will be necessary to consider their time-derivatives as well, but
the independence of the coefficients of the time variable will make this easy.
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SUPERCONVERGENCE OF MIXED F.E.M. 333

The arguments will involve duality and will follow the development by
Douglas and Roberts [8] in obtaining global error estimates for the
correspondent linear elliptic problem. Their argument has been based on
the duality lemma to follow.

LEMMA 2.1: Let s be a nonnegative integer and let the index k of
Vi, x W, be at least one. Assume that Q is (s +2)-regular. Let 1€V,
FeV' and Ge W'. If F has the form

F(@)= (Fy,v)+ (Fy,divy), veV,
and if z € W, satisfies

(@) (am,v)— (divv,z)+ Bz,v)=F(@v), veV,,
(2.10)
(b) divr,w)+ (cz,w)=Gw), weW,,

then
lzfl_, = @ {A™ C+LE+Dlx|| + [|[Fol| ]+ A™ GF+D) Fy|| +
+ A" CE2E DN dive | + |G T+ | Foll_,_, + IF1ll_,+ IGll_,_,} -

The main theorem in Douglas and Roberts [8] of interest here is the
following :

THEOREM 2.2 : Let s be a nonnegative integer and let  and & be given by
(2.2). Then,

@ |Imll_,<Qh™* ™ S *DIp|l  ( riry
for 2—(s—-k+1)Y =sr=<sk+1;
(b) Ilg”_ssQh’+min(s’k+1)“p”r+l+(s—k)+’
for 1—(s—k)Y <sr=sk+1;
(o |dive|l_,<Qh™*||p||,,,, for Osr=<k+1

3. A PRIORI ESTIMATES FOR THE QUASI-PROJECTION

Assume that s is a nonnegative integer throughout this section, that the
index k is odd and satisfies k = 1, and that Q is (s + 2)-regular. Lemma 2.1
implies that,

(3.1) IIanI_ssQ{h‘"i“‘“""*"llﬁfll+

amj_,
at

+ hmin (s+2,k+1)[|ldiv §,|l + “

<15 L)

vol. 21, n° 2, 1987



334 M.-C. J. SQUEFF
for j =1,2,..., and

(32) ||”f}1||_s$ Q{hmin(5+l,k+l)"§1” +

+hm.n(s+zk+1)[||dw§||+H ‘H ” ” }

If the choice s = 0 is made in (3.1) and (3.2), then

o9 1 <aen (ot - 52 )« 52
for j =2,3,..., and
G4l =< nlal +r(fave + 52 ) + [}

Now take w = div §; in (2.70) and w = div &, in (2.5b) :

am;_y .
(il + [ ])) i =23
(3.5) [[div &l < @

(a2l -

Next, choosing the test function v = §; in (2.6a) or v = §; in (2.54) leads
easily to

2 . 2 .
G.6) &7 = e{lldiv g inll + Im;7} , for j=1,2,..,
and it follows from (3.5) that

81]._ 12
_ -t ) i=2,3, ...
at

EISHE

Now, it follows from (3.3), (3.5) and (3.7) that

/
(Il + g

3.7 &l <@

” 12

(Il +

an;_, [871-_1
) | < 0 {n?|| — - =
(3.8) |l Q{ Y] +’; at _2} I=23
Similarly,

< ofw| 2
(3.9) Ilm"\Q{hH ot H ” H}

M? AN Modélisation mathématique et Analyse numérique
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SUPERCONVERGENCE OF MIXED F.E.M. 335
Thus,

am;_, am; _,

at

< H ) s j=2)37"';
(3.10) ||§]|| =0 -2

I R A

The bounds given by (3.5) and (3.10) can be applied to (3.1) and (3.2) to
obtain the inequalities

on; _y
. < hmm(s k+1)| V-4
Il _ <@ — L,
(3.11) +hmin(s+1,k+1)”nl_”+hmin(s+2,k+l) a'T](;'t—l
m;_1 .
, =2,3,...,
+ 1 at —s—Z} !

and

(3‘12) “'711 " < Q{hmm (., k+1)

’ am H +hmm(s+1 k+l)”,,q ” +

— || + ||—= .
ot ” Hat —s—Z}

First consider the estimation of m;. Theorem 2.2 implies that

+hmin(s+2,k+1)

om 8p
3.13 H__ < hr+mm(s,k+1) ,
(3.13) at |i- Q 0t s sr1-i)t

for 2— (s—k+1) sr=<k+1.
Thus,
ap

14 h™+2 , for 2<r=<k+1.
(3.14) Il <= Q ot s 60y

Next, it follows from (3.12), (3.13), and (3.14) that

5

(3.15)  |mll_, < Qh7Hmin (42 k+1) L

r+(s+3-k)* ’
for 2=r=sk+1.

Similarly,

l}
I+1
" p

(3.16) o

< Qhr+min (5+2,k+1)

! 2
r+(s+3-k)*

-5

for 2=sr<sk+1,

vol. 21, n° 2, 1987



336 M.-C. J. SQUEFF

aln~
and [/ a positive integer. Next, consider the estimation of —7]-
at
Assume from now on that jis a positive integer such that 2j <k + 1.

LEMMA 3.1:
I
Ll

{

(3.17) < QR7+min (+2j.k+1)

b
r+(s+2j+1-k)*

for 2=r=<k+1.

-5

Proof : The proof will proceed by induction. The case j = 1 is just (3.16).
So, assume that j = 2 and (3.17) holds for j — 1. First, it follows from (3.11)
and differentiation with respect to time / times that

I I+1 1}
(3.18) 0 T:]' <Q pmin (s, k +1) 9 lnfl—l 4+ pmin (s+1,k+1) d Mj
at' ||-s at'+ _2 at!
I +1 I+1
4 pmin (s+2,k+1) 9Ty |8 +T]j_1
atl+1 | ael+1 ||s-2]
If the choice s = 0 is made in (3.18), then
aM; 3t tin. a'tiq, _
(3.19) SOl oY | ISR | B | el S Y |1
atl atl+l _2 at1+l
so that
611]~ Al gt +i
3.20) || Y || < onr+2i|| 2 , 2<r<k+1.
at a ! |lrv @is1—k)

Next, (3.18), (3.20), and the induction hypothesis imply that

ln. I+]
3‘1‘]] <Q hr+2i+min(s,k+l) 4 +IP
at' ||-s At |lr+ @j+1-k)
i
4 7 H2i4min 41 k+1) atip
at' i |lrv @j+1-ky
i
+hr+2i—2+min(:+2,k+l) 3 +JR
't |+ @i-1-k)
L
+hr+min(s+2i,k+1) d +Jp
arl+i re(s+2j+1-k)*
L
< QR+ min (+2],k+1) o' *p
= _— s
't e s+2j+1-k)

and the lemma is proved.
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SUPERCONVERGENCE OF MIXED F.E.M. 337

In order to estimate [|§;||_, let y € H*(Q)? for some integer s = 1, and let
¢ € H*+*1(Q) satisfy
—-V.@Ve)=V.y, in Q

=0, on 4.
Then,
y=—aVe+d, in Q,
divd =0, in Q,
8.v=y.v+a@, on 4Q.
v

The function (vector) 3 can be represented in the form 8 = grad &, where

Ae =0, in Q,
de o
b = a0
gy Yrvtaég, on
Consequently,
18l < lel,<@{1v. v+ |22 ] V<ol
1 2 1 v |1 1

Also,
13, =<elvl,, g=1.

Now, consider

(agj’ v) = (af;, —aVe) + (a§,-, d).

First,
(Olgj, —aVe)= — (gj’ Vo) = (div & ?)
m;_y
= —(CT]l-+d Y ,‘P)
mj_1 .
+(cn,~+d o +le§j,(p—Ph<p).
Thus,
min (s+1,k+1) anf‘l
(321) | (ok, —aVe)| < Qlell,,, {A™ CH1E D m | 4+ | 2

m;_,
LTIy

—s—l} '
Next, since divd =0 and (div (8 — 7, 3),m;) =0,

(aé,-, 3) = (agj: ™, 8) + (OLEJ-, 8 —m,3)

vol. 21, n° 2, 1987



338 M.-C. J. SQUEFF

Hence

(3:22) | (g, &) < QUBI{A™ CEDLNg ] + Iyl + Imgll_,} -
It follows now from (3.21) and (3.22) that, for s = 1,

m; _4

G295, = Qfm g |+ )+ o) T

[
-s-1 )

at
The estimate for s = 0 is given by (3.10) and, together with (3.23), implies

+ il +

that
. omM;_1 on;_;
3.24 ) < min (s, k+1) . h U _J=2
G24) gl_, Q{h Il + 7| —5; ot |lo) "
Mnj-1 am;_
(+1,k+1) i i
+hmm s+ + } 5 +||'T]]||_s+1 H ‘—s—l}

for s=1 and j = 2,3, .... Similarly,

6239 &l =@ {am e e fmil + a3 |+ 40

+hmm (s+1,k+1)

SINE
2
|2+ s+ H—é; )

Next, (3.10), (3.13), and Lemma 3.1 imply the following lemma :

LEMMA 3.2: For2<r<k+1

b

a) g thr+2j—1 .
o O

r+2j+1-k)* ’
(3.26)

b

(b) "g}” thr+min(s+2j—l,k+1) 4
- at!

b
r+(s+2j-k)*

for s=1.

4. BOUNDS FOR THE RESIDUALS

Recall that
(@) (g, v) — (divv, 8;) + (B6;,v) =0, veV,,
(4.1)

(b) (da—t,w) + (div y;, w) + (c;, w) = <da—t,w), weW,.
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Take v = y; and w = 6, in (4.1) and add :

1d o
12 (0, 0) + (e, b)) + (<03, 8)) = (da—t : e,.> — (B0, %) -

Thus, integration with respect to time leads to

(4'2) ” 9]’ ” L® (LY + ” "l"]' ” Ly LY =Q 7

where

sy 1 (0)||Lz(m} :

T
171 = 12y = L IO de

and

ol L= @y = ol L=, x) = eSS sup e (1)l

O=<t=<T

for an arbitrary normed space X. Next, differentiate (4.1a) with respect to

the time variable and set v = {;. Now, set w = a_tj in (4.1b), add the two

resulting equations and integrate in time. It follows that
20
@3) 10l g+ e+ |

__J
ot
SQ{HW

=
LY LY

2 + 61‘(0)||L2(n) + ”‘1’1(0)”1}(0)} ’

LY
Let

4.4) 2J=k+1.
Then, Lemma 3.1 implies that

a"q] a]-{»l

4.5 — < QnrHk+l| P for 2=<sr=<k+1.
( ) ‘ at LZ(LZ) atJ +1 L?.(Hr+2)
Hence
20,
4.6) 6] eyt I ‘l’f”L“’(Lz) + ‘3_t Lz(Lz)s
<olpren|[2p + 118,0)] 200y + (@] 2
= ot L |2y J L) I L)

for 2 < r < k + 1. Thus, it is desirable that 6;(0) and {;,;(0) be chosen so that
they are 0(k’+**!). Consider the initialization of u, and pj,.
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340 M.-C. J. SQUEFF

Recall that
Oy =Pp+m+--+My—py,
Y=+ &+ + & —uy.

Thus, it would suffice to take

@ Pu(0) =240 + 3, m(0), or 8,0)=0
(4.7) N
®) w(©0) = B0) + F &0), o w,(0)=0

These values can be computed using no more than the data f and
Ppo and the differential operator. To see that, first note that p(() )/ ét! can
be computed from p, and the partial differential equation ; thus 8'5,(0)/ at'
and 8'iz,(0)/dt' can be evaluated from (2.3). Finally, (2.5) and (2.7) can be

used to complete the computation of u,(0) and p,(0). Hence, the following
has been proved.

LEMMA 4.1 : If the mixed finite element method is initialized by (4.7) and J
is defined by (4.4), then

a+1

(4.2) la.ll
\ ’ l

ey + H— ” = Ohr+k+1”

(LY | a7+ {le2ar+
for2=sr=<k+1.
The optimal order negative norm estimates for the error in the mixed

method solution can now be obtained by applying the results of this section
and Theorem 2.2.

THEOREM 4.2 : Ifthe mixed method is initialized by (4.7) and J is given by
(4.4), then

(4.10) ”P “Ph”Lw(H—k—l) + ”u - uh”Lw(H-“—l) =

ap

< Qh2k+2
att

LY H*+?) )

Proof: Write
J
P—Pp=m— 3 m+0,,
i=1

J
u_uhzg_ Z§i+¢1)
i=1
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SUPERCONVERGENCE OF MIXED F.E.M. 341

so that,
J

”P _ph”L“’(H-k—l) = “71|le (H*-1 + Z "ni "Lw(H-"-“Z') + " 6]" LY’
i=1
J
“u - uh"Lm(H—k-l) = ||§NL°°(H-'<-1) + Z ” & "L‘”(H"““z') + " 'J’J”Lw ? "
i=1
The theorem now follows from Lemmas 3.1, 3.2, and 4.1.
If k is even and J is now such that 2J = k + 2, then Theorem 4.2 remains
valid [13].
Optimal order estimates for div (u — u,) have also been derived in [13].

5. CONVERGENCE OF DIFFERENCE QUOTIENTS

Throughout this section and the next let Q be a rectangle in R? and
assume that all coefficients of the partial differential equation in (1.1) as
well as fand p, can be extended periodically to all of [R? while satisfying the
same smoothness conditions as in section 1. Let J, be a uniform grid, and
consider the mixed method for the periodic problem associated with (1.1) ;
i.e., for any t € J, find {u;, p,} € V, x W, satisfying

(a) (auy, v)— (divo, p,) + Bpy,v) =0, veV,,
1) () (d%,w) + AV iy W)+ (P w) = (Frw), weW,,

(¢) {uy> Py} periodic of period Q .

The projection {d,, p,} and the terms {£;,n;} of the quasi-projection
are now to be taken as periodic of period  as are the residuals
{8, ¥}

Next, consider the introduction of forward difference quotients. Let
p = (m, o) have integer components and define the translation operator
Ty by

Tio(x)=v(x +ph).
The forward difference quotient is then defined by
g ju=h" N T/ -Nu, j=1,2,

where ¢; is the unit vector in the direction of x;

;» and I is the identity
operator. For an arbitrary multi-index p set

r_ ah ]
O = 0410y,
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The discrete Leibnitz formula will be used :

(5.2) )= ¥ (:) T 92~ ¥ ol

p=v

(0) = () ()

In this section estimates for difference quotients of the error

where

i
(@ p-pr=m- Y n+6;,
i=1

i
®) u-—u=€- ¥ &+
i=1

i=

will be carried out. These estimates will then be used in the next section to
prove superconvergence. Let v be a multi-index and assume from now on
that |v| =v; + v, <k + 1. First, the estimates for {£ m} follow from
Douglas-Milner [6] for s =0:

(5-3) lo™|l_, < Qn™* ™ &5+ D|p||

r+(s+1-k)y + |v|
for2— (s—k+1) sr<sk+1;

vl < NLT+min (s, k+ 1)y 1
R | Iy 414 (s=k)" + |v]

8 AN
\J.T)

forl— (s—k) sr<k+1.

Next, since the spaces V;, x W, are translation invariant, (2.6) and (5.2)
imply that, for |v| =0 and j =2,3, ...,

(5.5)
(@) (3%, v)~ (divy, 3™;) + (B a™;,v) =

=-2 (:) (T 05 ¥ 0}E; + T 0, *B dfmj, v), veV,,

<V

(b) (div (8;), w) + (c 8™, w) =

- _ (a"(d a"a"l‘l )w) - (;) (Tp o} —*c apn, w), weW,.

p<v

Assume for the time being that j=2, and assume from now on that
s = 0. Lemma 2.1 implies that

.6 Joml_,=@fumnerrse o]+ 5 (oml + 2% )]
p<v
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of 20N -1
(452 )|+ £ 1ol

p<v

+ pmin (s+2,k+l)[ ”le g]” + ‘

+ Z (||a“§;l|_s_1+ ”3%1”_3_1)

p<v

of 291
O

p<v

-+

Note that, since d is assumed to be smooth,

M, _y m; _y
v|d —— = v —=—
(52 |L=e 2 |=(=)
and then,

nsv
68) |l =efrm et ag )+ T (o5 + [om)]

(2]
A%
7))

-

(5.7)

b
-5

o (s+z,k+1>[”div | + ¥

psv

+ ) (|13“§J||_s_1+ "3“"1"_5_1)"' >

p<v p=sv

Next, take w = div (9'¢)) in (5.5b) :

(5.9) wwwzwsghwwn+znwwn+z

p<v p=v

10 o] <e{lon ]+ o] ( ¥

psv

Now, let v = a"g, in (5.54), and use (5.9) to obtain
()
at
+ % (o5l + oD} -
pev
Estimates (5.9) and (5.10), together with (5.8) imply that

(5.11)
v, v, v, 12 a’f] -1 1”2
I e IR PN ERY R R Ca T )
om,
(%)

nsv
(%)
at -5-2

-+ Z ("a"%" + ”6“‘1\]“)] +hmln(s+2,k+1) Z

p<v

+ 2 ol + el D+ X

p<v p=v

vol. 21, n° 2, 1987



344 M.-C. J. SQUEFF

Next, an estimate for || 8%;|__will be derived. Let y € H*(Q )? for some
integer s = 1, and let ¢ € H**1(Q) be the solution of the periodic problem
—V.@Ve)=V.y in Q.

Then, as in the estimate for | _,

y=—aVe+d in Q,
divd =0 in Q,

and
||8||qs Qlvll, for g=1.
Now, consider
(a 37, v)=—(a 3%;,aVe) + (a 9%;,8) .
First, let x € W,. Then
— (a0 3%, a Vo) = — (37, Vo) = (div (37F)), ¢)
= (div (3';), ¢ — x) + (div (8%;), x) »

and it follows from (5.5b) that

. om; _
_(aa"gj,aV(p)z <le (av§])+cavﬂ]+av( %):‘P—X)

om; _
+ (C o'm; — B"(d T:;t ! >,cp>

+ 3 (n) @orreome—x) - § (V) @k oprc otny 0.

p<v p<v

It follows from the equality above and (5.9) that
(5.12) |23, aVe)| < Qlell,,, {R™ T 1E U] o

e 1ol 3 (5]

p<v p=v
am; _1
at

e 2 (homl o+ [

p=v

il

Next, from (5.5a)
(0 0%;,8) = (x 97,8 —m, 8) + (a 8%;, ™, B)
= (a 3%§-+ B a“ﬂp 8——7Th8)
v Y= -
+ Y (”) (TP 9 ~*a 3FE; + T 0} =B afn;, & — m, 8)

h<v

v v— V- v,
-y (M)(T;;a,, P apE; + TP 058 afm;, 8) — (B 9™, 8)

p<v
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since (div (8 —m,3), 8™;) = 0 = div 3. Thus,

(5-13) [ (x 0%, 8) < QI3 {h™ “** D[] + | o™y

+ 3 Aol + Lo+ T o5l ,+ T lomy]}-

p<v p<v psv

The estimate for ||8%;]_ , with s = 1, now follows from (5.12) and (5.13) :
o7&l _, =< Q{hmm(s’k“)[ 1] + [|o™n] + X C(fo*gll + || 9*n;] )]
p<v

. an'—l v
(5.14)  +RTETRERD Y "“(_‘zft )H*Lllamll_m
—s—l}-

p=v

+ ¥ (ol _ + oMl )+ ¥

p<v p=v

" an;_, )
at

The estimate for s = 0 is given by the following inequality that follows from

(5.10) :
(252

+ % (o] + oD} -
p<v
The estimates for j = 1 can be derived in a similar way :

(3))"

(.15 o] sQ{h"llla”ﬂfll +h Y

p=<v

Hav‘h”_ss Q{hmin(s”,kﬂ)["av“l|| + ||<9”7f11||ll2 ( 2 ’
p=sv

(5.16) + ¥ (%] + ||a"n| )] +pmn el ) ’ au( 'aa_? ) “

at —5=-2

Il < o{wm s oo + ol + £ ol + o))

<V

am
(3 )|+ el

a»( o )
at

s Y ol + ol )+ T

Rr<V p=v

(5.17) 4 pmin 6+ 1 k+1) v
p=sv

+ ¥ Ul + o] D+ X

p<v p=v

-
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fors=1;and

(5.18)
o] <o { o]+ 5

9
(S| £ aomi 1D}
Now, if the choice s = 0 is made in (5.16), then

619 o <e{x 42l + o)+
2 [ 2l (3L

and a simple induction argument leads to the following lemma.

LEMMA 5.1: For 2<r=<k+1, and [l a positive integer

FE I+1
S ] e T
at at" T lr+ G-k + v
(5.20) .
3 _a_g_l_ thr+1 al+1p .
at! '+ i Gon) 4 )

LEMMA 5.2: Ifs>1 then for 2<r<k+1

( ) =
/-

't
a”( )

ot
Proof: The proof will proceed by induction. The case v = 0 was treated

in (3.17) and (3.26). So, assume that |v| =1 and that (5.21) holds for
|| = |v| — 1. Then, it follows from (5.16), (5.20), and (5.3) that

ap
at

hr+mm(s+2 k+1)“ H .
s Il 8 P rs s 3-k) + v ’

(5.21)

al+lp

r+min (s+1,k+1)
= Qh PYLES

-5 r+(s+2-k)* + |v|

”av,'h" <Qhr+mm(s+2 k+1) for 2srsk+1.

r+(+3-k)" + |v]

Next, (5.3), (5.17), (5.21a), and the induction hypothesis imply that

o, = @ty 2
- 0t llr+ G-k)* + |v]
min (s+1,k+1) 7 aP r+min (s+1,k+1) 8p
+h h +h he 4
at llr+ vy ot llr+ s+2-K) +|v|

+hr+min (s+1,k+1)

I"_P
ot

r(s+3-k) + [v] —1} )
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Thus,
(5.22) ”a"glll_sthr+m‘m (s+1,k+1)

|5
at

r+(s+2-k) + |v}]

for 2 = r < k + 1. The independence of the coefficients of the time variable
now completes the proof.

LEMMA 53: For 2<sr<k+1

3y +j
(a) av( T:]) Qhr+2] d 1<R ,
at 9"t lr+ @j+1-k) + |v|
(5.23) o'k "
v j r — 7 +
(b) 3 _I]) Qh +2j-1 l P
at A T lrr@j+1-6)" + |y

Proof: Use an induction argument on |v| and j. The cases given by
v=0 for j=1,2,..., and by |v| arbitrary with j = 1 have been treated,
respectively, in section 3 and Lemma 5.2. So, assume |v| =1, j=2, and
that (5.23) holds for || < |v| — 1 and for j — 1. A simple calculation now
completes the proof.

LEMMA 5.4: If s= 1, then

(5.24)
[ .

(a) 3”(6_1]11.) th’+min(s+2j,lc+1) 31+]p-
ot -5 atl+l P (s+2j+1-k) + |v)
I Lo

o [l 25| < onremncei-niin|[ 2 ,
at! —s ol +i re(42j— k) + |v|

for 2<sr=k+1.

Proof: Use an induction argument on |v| and j.

Since the spaces V, x W, are translation invariant, it follows from (2.9)
and (5.2) that

(5.25) (@ d";,v)— (dive, 3%,) + (B3'6;, v) =
_— (:) (TEOy Faofb, + TEoy ™ B oo, v),

p<v

veV, Also,

(5.26) (da“(—’ , )+(diva"¢]-,w)+(ca"6]-,w)=

81]]-

w
v (9(')/
(1) <T},‘ah“‘d a;(a_t ) +Thoy e ape,w)
T3, %d o) ) .
(M)(h g "( at )’w > WEW,
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Take v = 3™; in (5.25), w = 379, in (5.26), add, and integrate with respect
to time to obtain the inequality

G621 0% w2y + 1951 22, <

sQ{

a0
vl
(%)

L%n)}'

S (190 e+ 1%+
p<v
(20
at

At this stage an extra assumption will be made in order to avoid one of the
terms arising on the righ-hand side of (5.27).

LRL%)

+ [ a%; )]

+ X

p=v

LY LY

Assume d(x) = d to constant.
Note that this assumption does not imply a loss of generality. In fact, if d

depends on x, then the change of variables P = dp leads to the differential
equation

ap a b avd c
X _yg.(Zv b fd —-P=
v (avr e G )r) var -

in which the d coefficient is constant. The mixed method will then furnish
approximation to P and to the original flow field u associated with p, since
the flow field U associated with P is in fact identical to u :

a b avVd
=-—-_V _ —_——_— = — —_ = N
U=-Svp (d . )1’ aVp—bp=u

Now, with d constant, inequality (5.27) reduces to

(5.28)
” av(-)f”L°° 1§ %) + " avq’f ” LYL?Y = Q{ Z (“ 8“9]- |'L°°(L2) + “ apwi”Lz(Lz)) +
p<v

a7v _al\l
at

+

. + | a"ej(O)”Lz(ﬂ)}.

Next, estimate (5.24a) implies that

P AL
ot

for 2=r=k+ 1, where

a]+lp

- r+k+1
<Qh T+1
ot

LYLY

(5.29) |

LZ(H7+Z+ [vl)

(5.30) 2 =k+1.
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Hence, the initialization given by (4.7) implies that

(5.31)

190y + 190y < 0 5 9% imn + 19"l ) +
m= P lp

r+k+1
+h at]+1

LH 2+ |v|)} ?
for2=sr=<k+1.
An easy induction argument leads to the following lemma.

LEMMA 5.5 :

a.’+lp
3IJ+1

(532) (0% g2y + (190 122y = Qhr+k+1

LZ(H1+2+ {v] )

for 2=sr<sk+1.

6. THE SUPERCONVERGENCE ESTIMATES

In this section a new approximation {u;, pj} to {u,p} in V x W will be
introduced and then used to establish superconvergent error estimates. As
in Bramble-Schatz [2, 3], {u;, p;’} is obtained by considering certain
« averages » of {u,, p,} that are formed by the convolution of {u,, p,} with
a kernel K, defined as follows.

For ¢ real, let

and, for / an integer, set
W) = xxxx-- % x,

convolution [ — 1 times. The function ¥{") is the one-dimensional B-spline
basis function of order /.

Next, let ¢;, 0 < i < k, be determined as the unique solution of the linear
system of algebraic equations

k
2 G J WD)y +iYmdy =8y, O=ms<k.
i=0 R

For x € R?, define K, by

2 k
Ky(x) = Kiia () = T ( > ki W*”(h-lx,;")) ,
m=1

i=-k

vol. 21, n° 2, 1987



350 M.-C. J. SQUEFF
where the constants ¢; are given by
C6 = CO
cli=c¢i=¢/2, 1=<isk.
It is known [2, 3] that

6.1) |Kysw—-w|=<Q|w|,h", if weH (Q),0<sr=<2k+2,
(6.2) [D*(Kpxw)|,<@Qlia*w|, , if weH(Q),s5eZ,

Iv
where DV = —‘%~7 , and 9" is the corresponding forward difference with
ax;' 9x,°
step &, as defined in the previous section. Also,
(6.3) lwl<@Q ¥ |ID'w|_,, O<seZ,welL¥Q).

[v] =s
The main theorem in this work can now be stated and proved.

THEOREM 6.1 : Let the index k of V, x W, be odd, and at least one.
Assume that d is constant, and that p € H'(Q) for 2<r<2k +4. If the
mixed method for the periodic problem corresponding to (1.1) is initialized
by

Pu(0) =5,(0) + £ n0),
1(0) = 2,(0)+ ¥ &00),

where
2]=k+1,

then for h sufficient small

741
[l — uI:k”LZ(LZ) + lp “P;:k”L“’(z})s Qh?k+? Z
i-0

3'p
att

LA(HP*+Y ’
Proof: Recall that

J
u—up=%6— % &+,

i=1

7
P—Pr=m-— Yy W +6.

i=1
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Thus, it follows from (6.1), (6.2), and (6.3) that

O I (U T W LR

lv| sk+1

+X ¥ P&,

i=1 |v| =k+1

S LYC NS

|v| =k+1

and

”u—u,:"”Lz(Lz)s h2k+2”u||L2(H2"+2)+K1 D {||6v§||L2(H—k~l)
|v] =sk+1

J
1 LY P [ PP
i=1

< KW 2pl e+ T 198l i

jv] <=k+1
7
+ ~Z1 ” 3%E; ” L(H-k-2+2i) + ” 3v‘l’]l| LZ(LZ):I } .
Similarly,

”p - py ||L°°(L2) = K{h2k+2||17 I LO(H2+2) + Z |:|| M ”Lw(H—k—l)

|v] =k+1
J
310 erorey + 170l
i=1

The estimates derived in the previous section now: complete the proof.
When the index k of V, x W, is even, the same results can be proved, if J
now is such that 2J = k + 2 [13].

REFERENCES

[1] D. N. ArNoOLD and J. DouGLAS, Jr., Superconvergence of the Galerkin
approximation of a quasilinear parabolic equation in a single space variable,
Calcolo, 16 (1979), pp. 345-369.

[2] J. H. BRAMBLE and A. H. SCHATZ, Estimates for spline projections, RAIRO
Anal. Numér., 8 (1976), pp. 5-37.

[3] J. H. BRAMBLE and A. H. SCHATZ, Higher order local accuracy by averaging in
the finite element method, Math. Comp. 137 (1977), pp. 94-111.

vol. 21, n° 2, 1987



352 M.-C. J. SQUEFF

[4] J. DouGLaAs, Jr., Superconvergence in the pressure in the simulation of miscible
displacement, SIAM J. Numer. Anal., 22 (1985), pp. 962-969.

[5] J. DouGLaAs, Jr., T. DUPONT and M. F. WHEELER, A quasi-projection analysis
of Galerkin methods for parabolic and hyperbolic equations, Math. Comp., 142
(1978), pp. 345-362.

[6] J. DouGLas, Jr., and F. A. MILNER, Interior and superconvergence estimates
for mixed methods for second order elliptic problems, to Math. Modelling and
Numer. Anal., 3 (1985), pp. 397-428.

[71 J. DouGLas, Jr., and J. E. ROBERTS, Mixed finite element methods for second
order elliptic problems, Mat. Apl. Comput., 1 (1982), pp. 91-103.

[8] J. DouGLAs, Jr., and J. E. ROBERTS, Global estimates for mixed methods for
second order elliptic equations, Math. Comp., 44 (1985), pp. 39-52.

[9] R. FaLK and J. OSBORN, Error estimates for mixed methods, RAIRO Anal.
Numér., 14 (1980), pp. 249-277.

[10] C. JounsoN and V. THOMEE, Error estimates for some mixed finite element
methods for parabolic type problems, RAIRO Anal. Numér., 1 (1981), pp. 41-
78.

[11] J. C. NEDELEC, Mixed finite elements in R®, Numer. Math., 35 (1980), pp. 315-
341.

[12] P. A. RAVIART and J. M. THOMAS, A mixed finite element method for second
order elliptic problems, in Proceedings of a conference on Mathematical Aspects
of Finite Element Methods, Lecture Notes in Mathematics 606, Springer-
Verlag, Berlin, 1977, p. 292-315.

[13] M. C. SQUEFF, Superconvergence of Mixed Finite Element Methods for
Pgrabolic Equation, Thesis, The University of Chicago, August 1985.

[14] J. M. THOMAS, Sur I’analyse numérique des méthodes d’éléments finis hybrides
et mixtes, Thése, Université P. et M. Curie, Paris, 1977.

[15] V. THOMEE, Negative norm estimates and superconvergence in Galerkin
methods for parabolic problems, Math. Comp., 34 (1980), pp. 93-113.

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



