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ASYMPTOTIC BEHAVIOUR FOR THE SOLUTION OF THE COMPRESSIBLE
NAVIER-STOKES EQUATION, WHEN THE COMPRESSIBILITY GOES TO
ZERO (*)

by Stéphane ADDED (') et Héléne ADDED (%)

Communicated by C. BARDOS

Résumé. — Nous étudions le comportement asymptotique des solutions (u*, p*) des équations
de Navier-Stokes compressibles lorsque la compressibilité tend vers 0 (A - o0):
PPt + 1. V)uM) —vaut = - N2 Vpt,
M+ (VPN ur+ ypirdivut =0,
uy (x)
wMx, 0) = uy(x) + V@, (x) + 1)\ ,

N (%) C N ¥
p(x,0)=p0+T,p0= te,oup =Ap" avec y>1letA=0.

divu, =0,

Nous établissons d’abord Pexistence globale en temps des solutions (u*, p*), les estimations
obtenues étant uniformes en \.

Lorsque ®, = 0, nous prouvons que u® converge fortement vers u®, solution des équations de
Navier-Stokes incompressibles suivantes :

po(u® + U® . VIu®)—vAu®=—Vp®,
divu®=0 et u®(x,0)=uy(x).

Lorsque ®, # 0, nous mettons en évidence un phénoméne de couche initiale. Plus précisément,
nous prouvons que u* — u® — v* converge fortement vers 0, oii v* est la solution de I'équation
couplée_suivante :

po U} —v AV +AVg* =0,

q,x + \yp, div V=0,
v (x,0) = Vdy(x), ¢"(x,0)=0.

Abstract. — We study the asymptotic behaviour of the solutions (u*, p*) of compressible
Navier-Stokes’ equations when compressibility goes to zero (A » + ©):

(*) Received in March 1986.
(") Ecole Normale Supérieure, Centre de Mathématiques, 45, rue d’Ulm, 75230 Paris Cedex
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362 S. ADDED, H. ADDED

PrMut+ @ V)uM) —vaut = - A2 Vpt,
oY+ (VPN . ur + yprdivut =0,

A uy(x) .
uMx,0) = up(x) + V@y(x) + o divuy, =0,

N pi(x) .
P (x,0)=p0+T,p0=Cte,p=Ap’ withy>1land A=0.

We first establish global existence in time of the solutions (u*, p*), the obtained estimates being
uniform in \.

When ®, = 0, we prove that u* strongly converges to u®, solution of the following Navier-
Stokes’ incompressible equations :

P + (™. VY u®) — v Au® = — Vp®,
divu®=0 et u®(x,0)=uy(x).

When ®, # 0, an initial layer phenomenon arises.
More precisely, we prove that u* — u® — v* strongly converges to zero, where v* is the solution
of the following coupled equation :

PoUy — VAV + A Vg =0,
g} + Nypdive* =0,
(x, 0) = V&, (x), q*x,0)=0.

I. INTRODUCTION

Our aim, in this paper, is to study the solutions of the equations of gases’
dynamic :

p(i—?+(u.V)u> —vAu=-Vp, v=0,

($) %+V.(pu)=0, xeleR", teR*,

u(x’ 0) = uO(x) ’ p(x7 O) = po(x) ’

where the velocity u and the density p are unknown, the pression p being a
given function of p.

Klainerman and Majda in [1] have proved the local existence of a smooth
solution (u,p) of the system (S) in the case where Q is the torus
T" of R". In [2], they show the local existence of a smooth solution of
compressible Euler’s equations (when v = 0) for the whole space R".

On the other part, Nishida and Matsumura, in [3], have obtained a global
in time result for the system (S) coupled with an evolution equation for the
temperature. In their work, they consider the case where ) = R3, where the
gas is perfect and polytropic, and they are led to impose to the initial data to
be small enough in H>(R*) norm.
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ASYMPTOTIC BEHAVIOUR FOR THE COMPRESSIBLE N.-S. EQUATION 363

As far as we are concerned, we are going to study the compressible system
(S) when compressibility goes to 0, for the whole space R", in any dimension
n=2.

Let us consider p as a function of p.
A. Lagha, in [4], defines compressibility as the quantity

€= [g% (Po)]_l >

where p, represents a first approximation of the gases’ density
She obtains a relation of the shape :

pP=po+ep,
which leads her to study the following perturbed system
pE( LI
at
(5% e%pt—s+eu":.VpE+p‘Vus=0, teR*,
ut(x,0) = uy(x) ,

(us.V)us> -vAu*=-Vp*, xeR",

PE(x,0) = po(x) .

Temam uses the same definition of compressibility in [S],but he works in a
bounded open set Q of R".

On the other hand, Majda, in [6], takes a more physical definition of
compressibility by considering the state equation of a perfect gas

p=4p", ~vy=1.

From the initial system :

ap
2P L di =
2; T 9 (pu) =

p(%lti+u.Vu> +Vp=0,
p(x, 0)= Po(x) > u(x7 0) = uO(x) ’
he is led to consider the following perturbed system

div (pii) =0,

5
a
(2 + @-V)T) +X9p () = 0
p(x,

Po( ) ug(x)
0) = a(x _—

vol. 21, n° 3, 1987



364 S. ADDED, H. ADDED

where

. " u

p = —, Uu =
Pm I Up |

s = uylt,

pm =maxpo(x) and |u,| = max |uy(x)| .

The compressibility is there given by 1/ A2, with
a -
2 = [ o) 1unl’] (v4) "

Majda proves, for « small enough » initial data, the existence of a smooth
solution for the system (S*), when X\ is sufficiently large.

We have choosed to use this last definition of compressibility, while
keeping the viscosity term : — v Au.

This led us to consider a perturbed system, between those studied by A.
Lagha and Majda, of the shape :

A [ out A A A 2 gt
P —+ W . V)ur) —vaut= -\ Vph,

ot
8p)‘ A A INETH
(s 7+(Vp).u +yptdivut =0,
uy (x) pi(x)
ut(x,0) = uy(x) + )\, pMx,0) =py + = po = Cte .

The shape of u*(x,0) = u)(x) and p*(x, 0) = py(x) issues from a formal
asymptotic development (see [6]).

In the paragraph II, we have followed Lagha’s way of proceeding which
was taking its inspiration from Nishida and Matsumura’s technics.

We introduce

EMNt) = [wr @) 3+ M@ =P’

HY

where s> [g]+1,

and we prove that, for sufficiently large N\ and for « small enough » initial
data, there exists some constant Kj,, independent of A\, so that :

t t
Vie R*, EMt) +J |Vu"(-r)|2,d'r+ J |)\V(p)‘—p0)|;_ld’rsK0.
0 0

This result permits to conclude, in any dimension n = 2, that there exists a
unic smooth global solution of the system (S*), for small enough initial
data :

u)\e CB(O, o, HS) a) Cé(o’ CD,HS_2) ,
(PA—PO)ECB((),OO,HS)QC};(O,OO,HS_l), where s > [;] +1.
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ASYMPTOTIC BEHAVIOUR FOR THE COMPRESSIBLE N.-S. EQUATION 365

In the following part of our work, we study the asymptotic behaviour of the
solutions (u*, p*) of the system (S*) when the compressibility goes to zero,
so when M\ goes to infinity.

In paragraph III, we add the classical following hypothesis :
divuy =0,

and we study the convergence of the solutions (u*, p*) to the solution
(u®™, p®) of the incompressible Navier-Stokes equations :

aum [oe] e o} « o0
pol —+ W®. VYu®) —vAu®=-Vp®,
(5%) at

divu®=0, u®(x,0)=uyx).

We first obtain supplementary estimates concerning the time derivatives,
independent of \ sufficiently large :

VieR*, w22+ [N@" - po)

t
2 2
w2+ f qu,)‘|H,_2deM(t) ,
0

where s>[g]+1 and M(t)e LZ(R*,R*).

This leads us to state the following weak convergence result, obtained by
Klainerman and Majda in the case of the torus of R"” and by A. Lagha in
R?:

If Q=R", with n= 2, then
u* 5> u® in C. (0, 0, Hi;') strongly,
N Vp* 5 Vp® in LE(0, 00, H"%) weak star (w.s.) ,
p* > py in Cpg(0,00, W*°-2) strongly .

However, Klainerman and Majda, in [2}, prove the strong convergence of
the solutions (u*, p*) of compressible Euler’s equations :

A
p"(a—ab%-+(u)‘.V)u)‘> — N2 Vp,
A
a—(;%—+(Vpx).u"+'yp)‘divu)‘=0,
uy (x) pi(x)
ul(x, 0) = up(x) + N pMx,0) =po+ 2

po=Cte, divu,=0,

vol. 21, n° 3, 1987
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to the solution (u*, p®) of incompressible Euler’s equations :

at
divu® =0, u®(x,0)=u(x),

[*9)
po(aL+(u°°.V)u°°) =—-Vp®,

by imposing supplementary conditions to |p®| , and | p,°°|LZ.

(It is, of course, a convergence on a finite time intervall.)

In paragraph IV, we take our inspiration from that technic. We impose to
the solution (4™, p®) of the system (S®) to verifie the following
hypothesis :

(H) |p%],.+ |p,°°|LzsN(t), where Ne L2 (R*,R").
Then, when the initial data (1), p) — p,) are in H**%(R"), we prove that
there exists a locally bounded function M (¢) so that:

VtER+, V)\B)\(),

t
N ut - u°°|23+ I)\Z(P)‘—Po) —Pw|2s+ N’ J‘ |V (- “m)lideSM(t) :
0

In paragraph V, we have studied what happens with the convergence of
", p") to (u®, p®) when we cut out the fundamental hypothesis :
div uy = 0. So we consider the initial data with the following more general
shape :

N uy(x) . .
up(x) = ug(x) + Voo (x) + > with divuy, =0,

p1(x)
po(x) =po + 7> Po=Cte.

In fact, an initial layer phenomenon appears.
A fitting corrector term is given by the solution (v, g*) of the following
system (C*):

vt N N
——VvAV = —-AVg",
Po 37 q

A
c %Elt_ +\ypy div o = 0,

™M(x,0) = Vdy(x), q(x,0)=0.

We prove, in appendix, that if ®; is choosen regular enough, then
v* verifies the following inequalities :

M? AN Modélisation mathématique et Analyse numérique
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[ 1) o= ifn=3,

1+ At
¢ ifn=2.

ML )], s ————
107G O, 1+ N

We obtain the following result :

If the solution (u*, p®) of the system (S®) satisfies to the hypothesis
(H) and if the initial data are regular enough (we’ll precise these
assumptions later), there exists some locally bounded function M (¢) so that,
for sufficiently large A\, we have :

M
|u)‘—u°°—v)‘|Hs+|)\(p)‘—p0)—q)‘|Hss—)f—)(Log(1+)\t)+1)
ifn=3,
M)
ur—u® =M+ NP - po) — g, ==
| et | P itn=2.

We then end by a remark concerning an initial layer’s phenomenon in the
compressible Euler’s equations.
Notations :

— || (o1 |.|p), ||, and |.|y«, Will design respectively the norms
LP(R"), H(R") and W57 (R").

— We'll call « C» different numerical constants and « K » different
quantities only depending on initial data.

— Finally, M(¢t) or N (¢) will design different increasing functions of
LZ(R*,R™).

II. INDEPENDENT OF A ESTIMATES. GLOBAL EXISTENCE

A. Independent of A estimates

Let us consider the system (S*):
(2.1) pMut+ @ VYU —vAaut= - N2V, xeR”,
(2.2) pr+Vpr ut 4+ yprdivet =0, teR*,

pi1(x)
A2

(23) u)\(x, O) = u(;‘(x) s p)‘(x’ O) =Py + Do = Cte )

where u)e H', p,>0, p,e€H’, s being an integer verifying
§=>S5) = [g] + 1, and where p = Ap¥, v= 1.

vol. 21, n° 3, 1987
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Let us note that equation (2.2) may be written :
2.4) pr +div (p*ut) =0.

We are going to assume « a priori » that (u*, p*) satisfies the following
H(K, T) hypothesis :

There exists T >0 and K = 0 so that (u*, p*) is a solution of (S*) on the
intervall [0, T}, verifying :

ute C([0, T], H)n C([0,T], H*™?),
pre C ([0, T],H)N CY([0, T), H*" ') and
Vite [0,T], EMt)<K,

where EN(t) is defined by the relation :
2
EN0) = [0 %+ NG = po) |

We are going to prove that, in these conditions, there exists some
_constant C,(K), independent of T and A, and there exists Ay > 0, so that :

Vie [0,T], VA=),

t t
E"(t)+J |Vu*|§1,dw+f AV (2" — py)
0 0

te1dr < Co(K) . B}

(where E} = E*(0)).
First, let us make some preliminary remarks which will appreciably
simplify the proof.
Let us note
ﬁ)\(x‘: t) = )\(p)\(x’ t) _pO) and
pM(x, 1) = N(pM(x,1) —py) where po=Ap].

LEMMA 1 : Under hypothesis H(K, T), and if N = A, then there exists four
strictly positive constants p,, p,, p1, P2, SO that:

VxeR", Vie [0,T), O<p,<p‘=p,
and 0<pl.sp)‘sp2.

In fact,

. n
SINCE § =S =

smH‘sE.

A A

|p* = po| =< |P*—Po

M? AN Modélisation mathématique et Analyse numérique
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-~

3
We have just to choose )\1:2_I_<, which gives p1=—0, Py = ﬂ.
Po 2 2
3
Moreover, if A(p) = Ap” = p*, then O<h‘1(}; ) < p"sh‘l( % )

LEMMA 2 : There exists two constants C, and C, and N, = N\,(K), so that,
ifN=Ny= N\, we get:

Vpe 2, + o], Cil|, <P, =<Cals,
and C\|DR|, =< |DP|, = Co| DR,

Let us note k = h~'. Then there exists p, € [pg, p*], so that :

B = MK (Y — k(o] = N* = po) - K (80) + 5 (0" = po)’ - K" (y)
Then,

~ , ~ . C
B~k o) M, < 55 18], 17", 1K' @w) <5

l, -
So, for large enough A, |5"|p and |p"| are comparable.

Moreover, Dp* = k'(p*). Dp* ; k and all its derivatives being locally
bounded on R¥, we may conclude with lemma 1.

LEMMA 3:
(i) D°p" may be written :

D' = k' (p") . D°p +% where |x|2< C|VP"| 1.

In particular, |D6*|H,_1 and IDﬁ"IH,_l are comparable as soon as \ is
sufficiently large, N = N3 = \,.

(if) D:;1< l}\ > zs% , as soon as \ is large enough.
P L
Proof:
(@)
Dsr))\ - k/(p)\) Ds(ﬁ)\) +
s ; . k@(pr
+ 3 y Ci, ,(DP*)" .. (Ds_lﬁ)\)ls_l—‘;g'
p=2 ij+etig=p N
i +2ig+-+ (5-1)ig_1=5

X/\

vol. 21, n° 3, 1987



370 S. ADDED, H. ADDED

If A=max (K%41), we deduce from hypothesis H(K,T) that
|| 2= C|VP"| 41 Then, since 0 < k' (p,) < k' (p*) < k' (p;), we get that
|D'§"|H:_1 and IDﬁ"IHs_l are comparable.

(ii) We just have to note that if ¢(x) = x~!, then:

B 1 s—1 i 1 ennis ¢(P) A
p(3)=7% 5 Cipp O @1 2D,
Y p=1

ij+--+ig_1=pP
i+t (5—1)ig_y=5-1

We end with the assumption H(K, T).

LEMMA 4: If u, v and w are smooth functions,

J(U.V)u.wdxz—J(U.V)w.udx—J.(u.w)divvdx.

In particular,
f @.V)u.udx = —%J |u|?divodx.

LEMMA 5 [7]: Let f and g be two smooth functions
(2.5) |D*(fg) - fD*g|, <C|Df|, |D* g, +CID*f| lgl,;
(2.6) |D“(f9)1,<CIfl, |D*gl, +CID*f| |gl,

where k=0,pe [1,+o] and l:l+l,
p r r

© | =

1
+5

We are now able to establish the desired « a priori » estimates.

First step : L>Norms of u and p*.

A2
Multiplying (2.1) by u*, and (2.4) by L , we get :
Iu)\ 2 N2 ' A
2' P+ | 2' div (p"u")+% |u"|t2+
+ VYUt ut—vAaut ut = - NVPM W

Then, integrating on R":
a ~

NURSE
U

57 plul +v[|Vux|2+ [(p"u"V)u".u*+
v

2 J J

A2
+J |u2| div (p* u™) =\ J‘p""divux.
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We deduce from lemma 4 that :

2.7 atjpl i dx+vJ\|Vu)‘| dx—)\J‘(p"dlvu)‘)dx.

Let us introduce

W) = Jp —)\—ﬁ;\zﬂds.

Po

Multiplying (2.4) by ai (P* W), we get:
p

p* Wdx + Jdiv (P u*) Wdx +

at
J(p)zdlvu de+j . Vpt de:O.
ap ap
Now,
: PN PN N x OW
de(p u)de:—fp u .Vde:—Jp u".Vp a—dx,
p
and j (p*)* div u"%b“—,dx =\ J‘ﬁx div u* dx ,

what gives us :

2.8) :tjp de+xjﬁ*divu*dx=o.

We then can deduce from (2.7) and (2.8) that :
A2
:t [[p Wdx + j p |u2| dx] +vJ |Vurdx =0,

and thanks to lemma 1 :

P1 !
[ waxs 2wz ev [ 1v02ar< [ 10 W) dxs 2 Ju?

Y v o
So we have to estimate J p* W dx.

vol. 21, n° 3, 1987
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(i) Minoration : Let us consider
NP
@)= [ s,
Po s
The shape of ® gives immediatly :
@(pg) = ®'(pg) =0 and ®"(py) = AN ypy =2
and O"(p) = Ay(y—=2)Np" 3.
A _ A
So (") =F (" = p0) N7+ =¥ (¥ = 2) N (P — o)’ 0}
e [A -2, A N y-3
= (") [ZVPO +6—XV('Y 2)p". p} :|,
with pg = py + 8(p" — py), 6 € [0,1].

Now,

A
— -2)p. "3.l =<
6)\7(7 )6 P8 w O\

. A
Since C = 5 vpl ~% >0, we get that : for \ large enough, \ = N(K) = hs,
we have :
C . C <
J‘ ®(p)‘)dx? E |p)‘|§27C1|p)‘ z.

(ii) Majoration :
Since 7*(s) = M (s”— p), then Sup |5 (s)| = |[B*(")].

[po ]
J " ds
Po s2

N .

~ |P = Po 1 .

sjp“Mpw A—'dxs—f 18" 15" dx.
P Po Po

Then

Po

dx

dx < f N C]

So, thanks to lemma 2, we get that :
Gy .
[ 1o wiar< 2122 = c1p

M? AN Modélisation mathématique et Analyse numérique
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Finally, we conclude that :

Under hypothesis H (K, T), there exists A\, = \,(K), and

some constant C, independent of T, \ and K, so that,
Ve [0,T], VA=\,, wehave:

t
2.9 WP 1M+ 1M v | Vet Pdr<C L E),
2 2 2 0 2 0

where E) = |u5‘|2s+ |56

»sand py(x) = M(p (%, 0) - py) -

2nd Step : Estimate of J |D""|2 dr .

vpt
)\p)‘ ’

Multiplying equation (2.1) b and integrating in time and on

R", we get :

~\ ~)\ t ~\
JJV" pddT——JJu}‘VTpdxd'r—fJ—————(u'v)u VP ix dn
0

Now

I
| — |
&«
9
el
&
—
Ta—
+
s

t
= [J pr dx] + I Jdiv ur. div (p* ) dx dr
A o Jo

v t Md r t Md dr
N J\0J~ )\p)‘ *d J.().f A *
= (b)+ (c)+ (d)+ (e) .

(i) We get from lemma1:
t V")\ 2 k' t
)=f J(ﬁ) k' (p*) dx dr = (pZ)j |VB|3dr
0 P P1 Jo

vol. 21, n®* 3, 1987
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.. 1 o 1 ~
(i) | ()] = |u“<r)|§+P | D2 + |u*(0)|§+§ | D5 (0)]2
=C. E6‘+—15 IDSﬁ"(t)|§ assoonasA=sup (A4, 1).
N

~}\l

T

, |
(ii)) | (€) + (¢)] =2 L | D,

K [ A2 | =
< |Du sdv+< | 1DRM;ds (lu] < VK)
0

4KC
= E}+ - J-|D Made o (by (2.9))
(iv) | (d)] = __f |Ve*| 2 dr + — J|D2u"| dr
- |v Marr SR L[ D w2 ar oy 29)).
P% 2 Av A Jo 2

We deduce from all above that :

K 1,
J |V |2 dT<C<1+I)E3+F|DpR§+
+)1\J | DS+ d¢+—J VM2 ds
0

We conclude from that :

Under hypothesis H (K, T), there exists
As = As(K) = max (A, 1, K)

and some constant C, independent of N\, T, and K so that,
(2.10) | Yte [0, T], VA=A,

v

[ v dr< CE}+ = |D*P} + f“f”u*idr

The norm |u|,s being equivalent to the norm (|u|§ + |Dsu|§), we go
straitly to the :

3rd Step : L>Norm of the derivatives of order s.

Deriving equations (2.1) and (2.2) s times yields to :
(211) (" w)) + (P W . V)uM) —vA Ut = —\V 3317A ,
(2.12) 8P} + 3°(Vp . u) + ya* (P div u) + Aypy 8°divut = 0.
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The operation

s, AN2
J [(2.11) Yo UM + (2.12) . 3 + (2.4) vp (a;‘ ) ] dx

leads to the following equality :
Y,
3 |: 'Po !\/ xa: )\I 1 |as~)\ :| +V’YPO|V asu)\li_
= —YPo [ [8°(p™ u)}) — p" 3°u}) . 3°utdx —
v

—YPo j (P ur.VYuty. a%utdx

(3 Sux)

_ypoJ‘dlv(p u) d—J(V(a ) -ut) ot

- J [a5(VP* . u™) — (V") ut] a5  dx — v J a*(p* div ut) 95" dx
=@+ )+ () + @)+ (e)+ (f).
(i) Let us estimate (z). Thanks to (2.5), we may write :

|@)] < C|D*W,[|DeM [P~ |, + D0, || ]
~)\|

<C|D'uM,—2|D*"'u}|,+ C|D*u, |D°F|,~ Iutl
Now (2.1) gives us:
~\ N
u,":—)\—l-))\—+vA—u)\—( Vu
P P

Thus

\/

A

v K
il — AUt
|u,| =< | +Pl)\lu|°° |Du|

We now use an inequality due to Gagliardo and Nirenberg [9].
So, with hypothesis H(K, T), we can get that :

IDSu)\lleSb’)\l |ut|

u

DS+1 )\IZ
~ 2
<Cc VK||D Mo+ | D p |§+|Du"|§+_{_],

as soon as A = As.
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On the other hand,
A A
DS -1 p ut
A

p
<cC|etu|

=

—1.a
| D u,]z_ X

Ds-lgx L +C DM u)),

We know that (lemma 3 (ii)), as soon as \ is large enough,

C

= —.

2 A

11
D’ ~
p

Moreover, using assertion (2.5) of lemma 5 and hypothesis H(K, T), we
get :

|D*~(p* u)|, < ND’p*,+v|D Ut + | DTN ut. V)
< C\|D°p|, + C VK|Du|, + C VK|D U,
So, when X\ is large enough, A = Ag(K) = A5, we have :

a1 -
|D*u|, 1P, 5 1D ], <
DS+1 )\|2
< CA+ K| |DP;+ | D' + | Du] + :

and (a) verifies the same inequality.

(ii) Thanks to lemma 5 (2.6), lemma 3, and hypothesis H(K, T'), we
deduce the following estimate for (b) + (¢): (B=1)

[(B)+ ()] <=sC(A+ KB)C(a)|Du"|§
+a|D’+1u| +—(|Du| +|Ds+1 | +IDs |§)
(We also need the inequality :

1 - 1 1
ID**tul, |D’ul,< C|Du|,~ |D** 1 ul]* <

<C(a)|Duli+a|D* ul)).
(iii) For (d), we just have to write :

(V aS~)\ A s~)\d di )‘(aSP;)\)Zd C\/E Ds ~\12
D out)aptdx — ivu 3 x| = |D°p"|;
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(iv) Thanks again to lemma 3, to assertions (2.5) and (2.6) of lemma S
and to H(K, T), we finally estimate (e) and (f) in the following way :

[(e) + (N = (1 +K) C()| D* 5|5 +

+a| D+t 4 (14 K) C (o) | D]
So, taking into account these estimates and lemma 1, we find, integrating on
[0, T], that there exists B > 1 and A¢ = \¢(K) so that :
Vie [0, T], VA= X\,

D 1D+ [ D7 <
t
sCE3‘+C(a)(1+KB)J |Du*|§dT+C(1+K3’2)J | Dp*|2 dr
+C(a)(1+K3/2)J |D* |2 dr + (a+-— J |D** M dr

Then, wusing results (2.9) and (2.10), choosing « =1/4, and
A; = max (A4, 4 KC ), we obtain the following result :

Under hypothesis H (K, T), there exists
M=MK)=N=-r=N,

B = 1, and some constant C, independent of \, K and T, so that:
(2.11) | Vte [0, T], VA= Nq,

| D u?

ALY N

=Ccq +K“)(E3+ J ID‘ﬁ*IidT) :
0

t
We now have to—estimate JT | Df ﬁ"{%d'r, which is the aim of the :
0

4th Step : Estimate ofJ | D p | dr.

First, let us note that if we call v* = p* u*, equation (2.1) becomes :

2.12 v+ 0. V)ut+urdivet —v At = NV
t

§—1~A
Deriving (s — 1) times in x this equation, multiplying by — Y% P and

integrating on R" x [0, T'], we obtain :
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t
[ [V I vt dxdr =

JO v

r~t s —1~A t §— 1=

B R PR N A A M [ JAas_lu"-Va—pdxdT
v v v K
rtor as—1~

- as‘l((v)‘.V)u)‘)—————-—dxdT
vo v A
rt r Vas_l—-

— 8~ Y(u*div v")-——}\-——-dxd*r =@+ ®)+ ()+ @).
Jo v

(i) From lemma 3, we easily deduce that :

-
Vo ipr.ve Tt dx=k'(p)|V TP 2__ |VBM oot [V 3° 7PN,

It follows that there exists Ay = A\g(K) so that, for any A = \g, we have :

rt

[V M.V B dxdri=
JOo v
k (Pz)

Vas'1~)‘2d'r—— D~)‘2d'r
'P

(ii)) Estimate of (a).

s —1~A t t
(a) = - [J a"lv"vandx] +J jas—l Y.V atTpldxdr.
o Jo

Now, p} = —div (p* u*) = — div v*. Then,

s—1~
(a) = — [J 5—1"V3de] J |div 8° v "| dr .

s~)\|

C _ 2 g
| (a)] sXE3+ | D* lu"|2T+ L |D* o2 dr .

So,

On the other hand, thanks to lemma S and to hypothesis H(K, T'), we
obtain :

lev)\] <C leu)\| +\/K[Dk~)\|2

(2.13) < C |D*uM, + \/K(lD" P, + 1D, s
|*| <CK; |Dv| <CK.
[o.¢] fe ]
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What gives finally :

t
|(a)| < CE} + < |D‘u)‘| +—~|D‘ M2 +C(a)[ | Du*|? dv
v
s K
+cxj |D5’1u7‘|§d7+—2J‘ | D* | d'r+—J | DpM|2 d= .
0 A

(iif) It follows from lemma 5, (2.9) and (2.13) that :
Ds A
2
le+d|<C LT (K |Dut|, +

+K |D**lu |+—| |+—|Ds |]

and consequently,
K*C(a) (* -
lc+d]| s—vQL |D*p*|2dr +
2 t t
+K_SZ(L)J |Dﬁ*|§dT+CE3+aJ 1D+ M2 dr
0 0

(iv) At last, we get easily :
¢ (a)

bl <a | D ars j (ID* P2 + | DP %) dr .
We deduce from the estimates above the following result :
Vie [0, T], YAa=2(K)=1,,

C

(2.14) JID“"|2d~r<CE0+ |D* u|?

+— |ID* P} +3a J |D** M| dr

{1 1 +X?)
A

., (A+K?) <HK23

JOINEIRE Ca )f D52 dr

Choosing o small enough and putting together the results (2.9), (2.10),
(2.13) and (2.14), we can conclude.
Namely :

PROPOSITION (2.15): Under hypothesis H(K, T), there exists some
constants N € N* and C =1, independent of N, K and T, and Ny = \y(K),
independent of T, so that :

Vie [0,T], YAz,
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t t
~ 2 ~]
ROl + 1O+ [ 19T [ 199 ar= 0 kY B
t
and |5*(t)|2, + J [Ve* 2 1dr < C (1 + K)V . Eg.
0
COROLLARY : Under the same assumptions, the following estimate is
verified :
lu,"|2,_2 + Lﬁ”i{s—l < CN(1 + KME)} (forsomeM e N¥*) .

(It is a consequence of (2.15)).

B. Global existence

We first have to see that there really exists K and T verifying hypothesis
H(K, T).

Taking our inspiration from Nishida and Matsumura’s technic in [3], we
get the following local existence’s result :

pi(x)

A2

PROPOSITION (2.16) : Let (u3, py) € (H*(R"))?, and py(x) = po +

Let Ey = |ug

2o+ [N@(x) = o)

if’ where s > [g] + 1.

Then, for large enough N\, \ = \y, there exists a unic solution of the system
(8*) on some interval [0, TN(E})], verifying :

(i) TN(E,) is an decreasing function of E, ;

(ii) The solution (u*, p*) satisfies :
Vi e [0, TNED)], EN¢) = |u"(t)|§{, + INPM) _pO)‘Zss S (Ep) - Eg

where & is an increasing function, independent of \=\y, so that
d=1.

Now, we are going to put together proposition (2.15) and the above result
to prove the global existence as soon as A is large enough.
Let us introduce K|, realizing the maximum of the function ¥ (K):

K

R = TR eica M

Let us note Ay = max (Ay(Ky), \yg)-
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Choosing Ej so that E} < ¥ (K,) <1, we get:
S(EY) Eb = 6(1) E)= (1) = 6[C (L + Ko ] = ——> <K, .
C(1+ KN

Let us note Ty = TNC (1 + K,)N E}) < TMN(ED).
Thus, we deduce that hypothesis H(K,, Ty) is verified as soon as

It yields, from (2.15), that:
Ve [0, T3], YA=X,, EMt)=C(l+K)V.E}.

In particular, ENT)) < C (1 + Kp)V . E}).

Now, let us apply the result (2.16), taking TS‘ as initial instant. Since
ENT)) < C(1 + Ky)V . E), then Ty < TNENTY)).

So, it follows that :

Vie [T52T3], VA=), EN0)=<&(ENT)).ENT).
Now, by construction :
S(ENTR)) - ENT) = d(C (L + Ko)V . Eg) - C(A + Ko)V . E
<sd(CA+K)).CA+K)V . ¥(Ky) <K, .

So, Vt € [0,2 T3], VA = Ao, EMNt) < K,.
Iterating the process, we get the global existence.
Namely :

THEOREM 1 : There exists \y>0 and Ky>0 so that: If E} < K, and
X = N, then the system (S*) admits a unic global solution (u*, p*) verifying :

ure Cg(0, 00, H)N CH(0, 00, H"?),
(™ —pg) € € (0, 00, H) N €3(0, 00, H* 1),

and Vi=0, VA=),

foo]
2 2 2
|m|Hx+|>\(pk_p0)|HﬂLJ0 |Vu)‘|HIdT+
o o] N 2
w7 @ o)< K.
0

Moreover, |a,p"[H,_1 and |(9,p"|H,_1 are bounded, independently of
A=\

vol. 21, n° 3, 1987



382 S. ADDED, H. ADDED

We are now going to establish some independent of N\ estimates on
derivatives in time, in order to obtain some convergence’s results. This leads
us to consider an initial data u) of the shape :

uwd(x) = up(x) + % u;(x), where divuy(x)=0

[I. A WEAK CONVERGENCE’S RESULT
Hence, we consider the system (S*):

(2.1) phul + Wt VYur— v Aut = — AV,
(2.2)  pr+ut. VR ypt L divet + \ypdivet =0,

@3) W 0) = uple) + T ), P(x,0) = pot 5 py(x)

with the supplementary condition :
(3.1) div uy(x) = 0.

The operation 3,(2.1) x ypo 4} + 8,(2.2) x p; gives, after integration on
R"” and thanks to lemma 4 :

drly a2 12 A2 A, A A A

_t[ip(’I\/p)\uf)‘lz“’”jlpflz}+v7polvu‘lz+ypojp‘(u V)ut.udx
+vpojp“(u?-V)u‘-u?depon?lu?Ide+f VP pr dx
+(V——>J| |diVu)‘dx+NJ13)‘ﬁxxdiV”rde:0-

We deduce from that, thanks to lemmas 1 and 3, and to the results of
theorem 1, the following inequality :

t
)2+ (B + L V| dr <
t
sc[|u}(0)|§+ |ﬁ¢(0)|§+J (e |j5¢|§)d7} .
0

This part of the reasoning clearly shows the necessity to introduce the
assumption (3.1). As a matter of fact, it permits to obtain that, under the
hypothesis of theorem 1 :
L4
|u,"(.,0)|2s lug - Vugl, +— |Au0|2 +p— IVpil,<C
1
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and
o () . Vp,
|p;‘(.,0)|zs’y<p0+ )dlvu12+’Tu6‘2sC.
So, for A large enough, we have the following result :
t
2 A2 2
(3.2) Vi=0, |u,"|2+|pt"|2+J‘0 |Vu,"]2d'rsCeC:_

Using of the same methods for the derivatives of order (s — 2) in x, we get
the equality :

d

YPo s — 2 1 _2 a2 _ 2
AR NC SR H RN

=~po | [D°7?(p uy) — p* D*~2up] . D° 2w} dx

v

(1 -

+ YPo ip?(Ds zu,)‘)2dx
J
.

— o | D*(pr w) D'~ u dx — ypg J D*~*(p; u*. Vut) D* " u} dx
LY

—vpo | D72  w}. Vur) D~ 2ul dx

~

—vpo | D  ut. VuM) DS -2 uldx

v

+JD“2(Vﬁ" ul) D° =2 pr dx

+% J divuM(D* 2 pM )Y dx + v J D*~2(p* div u}) D° 2 ph dx
; j (D ~X(VF} u") - u* D "2Vp)) D* 2} dx
_yjps-z(ﬁ,*divu*)ux-zﬁ)dx.

Except the first term of the right member, all the (numerous !) terms of this
equality can be estimated by the technics developped all along the
preceeding paragraph (lemma S and estimates of theorem 1).

Let us study this particular term a little more attentively.
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Let us write :

t
j J[D“‘_z(p"u,’;)—p"Ds‘ ul] D*~?uldx dr <
0
t
= [ [IDp)‘|w |Ds—3u"|2+ |Ds—2 )‘ |utt| ]le—Zutkl dt .
v

2n
n-2"

Taking (r,r') = (00,2)whenn =2or3,and (r,r') = ( ) when

NS

n=4, we get:

—2 A
|ID°~%p%| =

t
So, we just have to estimate L )\2 |u,,|Hs ,dr.

Let us note x = |u,|H, , + |p,|
2.1).

Proceeding by the now classical method, and using lemma 4, lemma 5 and
the results of theorem 1, we get :

- and let us derive in time the equation

‘1
J~)\ |utt|Hs 3)dT<CJX(T)dT+_J |Vut)\|HsZ
0

Which yields, for A large enough, to the following Gronwald’s inequality :
t

x(t)+J |Vu,)‘|H5 2d’rsCx(O)+CJ x(t)dr.
0

We then can state the obtained result in the :

up(x)
A

PROPOSITION :  If ud(x) = up(x) + € H*, with divuy=0, If
x

Pox) = po + &% , Withp, € Hand s > [ g ] + 1, then, under the assump-

tions of theorem 1, the solutions (u*, p*) of (S*) verify, as soon as \ is large

enough, in addition to the already obtained estimates :

(3-3) |ut|Hx 2+|Pt|H: 2+f |Vut)\|H: AT =M(1).
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In particular,

1
|pt)\|§1s—2+ |pl)‘|i1:—2$;\_2M(t) ’
(3.4)

-~ . 2 . 2 1
|Vp)‘|§1,_2+ |div e ux)|Hs_2+ | div u)‘|Hs_2s FM(t) ,

where M(t) € L3 (R, , R, ).

Now, we have got all that is necessary to prove that the sequence
(u*, p*) weakly converges (in a sense that will be precised), to the solution
(u®, p®) of the viscous incompressible fluid’s equation :

g po(u® + W® . V)u®) —vAu® =—-Vp®,
(5 divu®=0, u®(x,0)=uy(x).

Remark : We'll now write « u* » for any subsequence of »*. In fact, this
notation is justified : the unicity of the solutions (x*, p*) and (4%, p®)
shows, a posteriori, that this is really the sequence (x*, p*) that converges
and not any subsequence.

From the estimates of theorem 1 and from (3.3), we deduce that there
exists u® verifying :

u®e Cg(0,00, H) N CL(0, 0, H*"?),

so that :
u* > u® in L%(0, 0, H)w.s.
(3.5)
ul>u® in L2(0,00,H  Hws.,
and,
Vu* 5 Vu® in L%, oo, H) w.s. ,
(3.6)

Vul > Vu® in L2.(0,00, H " H)w.s..

Moreover, from the inequality :

I)\(p)‘ —Po)| s =<CKp,
we deduce :
3.7 p* > py in Cg(0, 0, W®*~2) strongly .
Then, Prut > pou® in LZ(0,c0, H " ?)w.s. .
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From (3.5), we get that :
ut>u® in LZ(0, 00, H{;') strongly and almost everywhere .
These last points lead to the following result :
PP . V)ur 5 pp®.V)u® in D'(0,00,H'"Y).
Let us now consider ¢ in D (0, T, H*~?), so that div ¢ = 0. Then,
e+ @ . VYU —vaut, d)=0.
Making N go to + oo, we deduce from the above results that :

(Vée D(0, T, H~?)),
(dived = 0= (pou® +po®.V)u®—vAu®, ¢)=0).

So, we have shown that there exists some function p® verifying :

po U’ + po® . V)u® —vAu® = - Vp®,
By construction, it is clear that :
Vp®e C(0, 0, H "?),
and AVt Vp® in L2(0,00, H ") w.s. .

We can gather all these results in the following theorem :
THEOREM 2 : Let us consider initial data of the shape :
Iy 1 A 1
uo(x)zuo(x)+)—\u1(x), Po(x)=P0+;\5P1(x)a
divug=0, po=Cte;

(o, 1y, p1) € [H®RM P, with s> [g}n, and  |up) 2, < Ky -

Then, the sequence (u*, p“) converges to (u®, p®), solution of the system
(8®), in the following sense :
ur s u® in C,.(0, o, Hi-'(R")) strongly ,
AVPr 5 Vp® in LE(0, 00, H "3(R")) w.s. .
In addition, u® e C (0, 0, H) N C'(0, 00, H*~?) and
Vu® e L*0, o, HY) .
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Remark : We have shown a double stability for the system (S*):

— On one hand, stability of the estimates towards \ large enough.
— On the other hand, stability of the limit («®, p®) towards the initial
data (u,, p;) smooth enough.

In particular, to obtain the results we need concerning the derivatives in
time of u® and p®, we can choose u; = p; = 0.

In this case, taking u, smooth enough and deriving once more in time the
equations (2.1) and (2.2), we just have to proceed as usual to get uniform in
\ estimates on u), and p.

Which, passing to the limit, allowds to enonce the following properties :

PROPOSITION : Let us suppose that |u0|i1”,, <K, (k=1). Then:

©
| Uy

t t

2 2 ~0 |2

Hs+k—4 + J |Vut°t°|H:+k—4 dT + J letcc H:+k—3 dT = M(t) .
0 0

Such a result naturally raises the following question :
« Could we get a best convergence by adding new fitting assumptions ? ».

IV. STRONG CONVERGENCE

Like it often happens, to establish strong convergence’s results, we have
to give more regularity to the initial data.

Moreover, we have an estimate of |Vp®| o and |Vp,°° but we don’t

|Hk—2)
know anything about |p*|, and |p°|,.

So, like Klainerman and Majda [2], we are going to impose to
|p®|, and |p;°|, to be locally bounded.

We then get the following result :

THEOREM 3: Let us consider the system (S*) with_initial data :
A 1 A 1
u (x,0)=u0(x)+xu1(x), P (x,0)=P0+PP1(x),
divu():O, p0>0,
(ug, uy, py) € [HP2RYP, with s> [—g ] +1, and |u0|il,+2< K, .
Let us suppose, in addition, that the following assumption (H) is true :
(H) [p™)],+ |p>@)|,<M(t), where M(t)e L. (R,,R,).
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Then, there exists \y= 0, so that:
27,,\ 2 2/ X\ 2
Vi=0, Vi=Xr,, AN|u —u°°|H,+|)\(p —po)—p°°|H,+

t
+ )\ZJ‘ |V (- uw)lzsd'rsM(t) .
0

. 2 .
Remark : The assumption |uy,,..=< K, is necessary to assure global

existence of (u*, p*) and (u®, p®), as soon as A is large enough (see
theorem 1). Before going on, let us sum up the results that we have already
got, in the case where the initial data are in H°** with k e N*:

[c] o8]
(41) lu)\lz.r+k+ Iﬁ)‘|§{:+k+ J Ivu)\lil.wrkd’r"' J |Vp‘)\|§1:+k—ldeK0;
0 0

t
(42) Iut)\lzsi\-k—z_}_ |ﬁ:\|:s+k—2+ J |Vut)‘|ils+k—2 deM(t) (t?O),
0

5 : M(t
(43) IVP)\IZ.Hk—Z‘F|d1Vu}‘Ii1:+k_2$_(22;
~ ~\ 2
4.4) [pl3=CKq, |82 pia=M(t);

K
(45) lp)\_P0|iV°°rs+k—2+ Ip)\_polzvco,s+k~2$')\_;,;

©
(4.6) |u”|§{,+k+J |Vu® |2 endr < Ko ;
0
t
(4'7) ]u;}°|i{:+k-2+ |VP°° 23+k—2+J- |Vut°olils+k—2 deM(t) (t BO)’
0

t
(4.8) J | VP2 s dT < M (1) .
0

Having got all these important results, we are now going to use the usual
technics to prove the result of the theorem.
Let us note

i=Au-u®) and p=\(p*-py)-p*®.

(N.B. : It follows from hypothesis (H) that p € L? and p, € L2)
Then the couple (4@, p) is a solution of the following system :

(4.9) pott, + P u} + MW . VYUt 4+ po(ut. V)2 +
+po(@.V)u®—vAl=-N\Vp,
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(4.10) p, +A VP . w4+ yprdivi + Myppdiva = —p®, (divu® =0)
(4.11) a(x,0)=u,(x), p(x,0)=p(x)-p*(x,0).

Ist Step : L~Norms of i and p.

Multiplying equation (4.9) by ypy# and equation (4.10) by p, and
integrating on R”, we get :

d [YPoPo , . 1. .
R a3 1813 + vwpol val: -

—YPo J PM(u} + u Vi) i dx — ypg py J @'V)i.adx
— YPo Po J (@ Vu™®)adx
—J~u)‘()\Vﬁ")ﬁdx— J vyp* div & p dx — J‘p,wﬁdx.
Thanks to estimates (4.1) to (4.7), the right member can be majored by :
M) + a2+ 0 |va 2+ 1512+ [p2)2.
Using the supplementary condition on p/°, it yields :
Vim0, (AL + PO+ [ Vim0
0

2nd Step : L>-Norms of D°u and D°p.

Let us derive s times the equations (4.9) and (4.10), multiply the first
obtained equation by +vyp, 3%, the second by 8°p, and integrate on

R" x [0,¢]. Using the results (4.1) to (4.8) (for kK =2), and the usual
technics to estimate the obtained terms, we get:

t
|D*al+ |D°p ()2 + j |VD* &)} dr < M(t) + C|a(0)|2. + |p(0)], +
0

t t
+C J (D)2 + | D p(x)|2) dr + C J |VD*~1p2(7)|} dr .
0 0

t
So, Vi=0, |a(:)|§1,+|p(t)|§ﬁ+J |Va(r)|2, dv < M(t) .
0

Remark : We can get « good » principle parts by scaling non linear terms.
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V. AN INITIAL LAYER PHENOMENON WHEN div u;, =0

Hence we consider the solution (u*, p*) of the system (S*):
[ PP} + . VYuM) —vaut= -V,
lﬁ? +u. VP + yp div et + Myp divat = 0,

1 1
uM(x, 0) = uy(x) +Xu1(x) , pNx,0)=p, +PP1(X) ,

with now div 1, # 0.

Let us write :
(51) uO = UO + V(bo P Wlth le UO = 0 .

Since the solution (u®, p™®) of the system (S®) verifies the condition :
Divu® = 0, it clearly appears an initial layer’s phenomenon.

A fitting corrector term is provided by the solution (v*, g¢*) of the linear
following system :

(52) pyvr —vAv =—-AVgh,
(CY 1(53) g} +N\ypodive* =0,
(5.4) v"(x,0) =Vdo(x), ¢x,0)=0.

We’ll establish, in an appendix, the following result :

PROPOSITION (5.5) : If &y € W *"*4(R"), then v* verifies the following
L>® — L' estimate :

C .
x
|U |W:,w$m)\—t)|¢olwl,s+n+4 lf n=3,
e .
[OM] s0 < ————= | &p| 1546 if n=2.
v V14N we

Let us consider the solution (u®, p®) of the system (S%):

po(® + W®.V)u®)—vAu®=-Vp®,
(5%) | gy oo o
divu®=0, u®x,0)=rv4().
Like in paragraph 4, we’ll impose, in the whole part left, to p® to verify :

(H) |p®%+ |pP|,<M(t), where M(t)e LE(R",R").
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We then prove the :

THEOREM 4 : Let us consider the system (S) with the initial data :
uMx,0) = vo(x) + Voo (x) + % u(x), with divoy(x)=0,

1
P)\(X’O) =P+ X;Pl(x) s Po=>0,

(vo, uy, p1) € [H*XR™P and doe W "> c H'* (s> i),
0 > |

and | vy + V| 1ar2< Ko .
Let us suppose, in addition, that hypothesis (H) is verified.
Then, there exists \y= 0, so that :

Vt>0, V)\Z)\O,

1 +Log (1 +\t
uh — 4% — oM+ [N py) — @ = () L EoE L M)

A
if n=3,
1
|ut —u® — ot + |>\(p”—po)—q*les7;M(t)
if n=2.

Proof: Let us note w = u —u®—v* and b = p* — %pw _ q’\_
Considering the equations satisfied by (u*, p*), (u®, p®) and (v, ¢*), we
find that (w, b) is a solution of the following system :

. ~\
(5.6) p*w,+p0qu°°+pou"Vw—vAw+%v?+

X
+ % @® + u Vut) + po (" Vu® + u* vor) = -\ Vb,
(5.7) b, +u*Vb +yp"divw + Nypy divw +
N (th u*Vp® vt Avt ) ut

=N 3: A A
— + + divo* —pyvy — =0,
A A + A b Po Y

(58 w0 =1m(x), b, 0)=1 (i(x)-p=(x,0)).

Let us note :

A Vb
o

(5.9) h(x,t) = w, + and k(x,t)=b,+)\'yp0divw+%p,°°.
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Thanks to estimates (4.1), (4.5), (4.6) and (4.7), we deduce from the
smoothness of the initial data (k = 2), that:

(5.10) Vez0, |h(t)| e+ k()| = MQ).

Let us also note that equations (5.6) and (5.7) can be written as follows :

~\
(5.11) p‘wt+p0(wV)u°°+p0(u"V)w—vAw+%\—v;‘+f)‘= —~\Vb,

=\

A
(5.12) < __p_) b,+u".Vb+>\'yp0divw—p0v:‘u—+g"=0,
Apo A
~\
where f* = % @® + @V)ur) + po((0* V) u® + @ V) o"),
and g _1 <p°°+u)‘Vp°°+vu)‘Av)‘+ﬁ)\k—;ﬁip°°) + yp* div v*
- P ; )
AN Po APy

Let a*(¢) be the quantity :
t
aNe) j P+ 18E] ot 10 ] ren) dr
0

We are going to need the following lemma :

LEMMA (5.13):

a"(t)s-]\% if n=2 and

a"(t)sM—)Et)—(1+Log Q+N\)) if n=3.
It is immediatly deduced from proposition (5.5) and from the assumptions
of theorem 4.
st Step : Estimate of w and b in L*norm.

Let us multiply equation (5.11) by yp, w and equation (5.12) by b. The
only true difficulty lays in the terms :
~\ A
u
B)\—v:‘w and Tv;‘b ,
v)\
because we just know that Yt is bounded.

To avoid this difficulty, we just have to integrate by part, using (5.9). So,
we obtain :
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d aw? o o\ bl AN v utb
a i (1-E ) ryp vt w— dx
dtU <yp°p 2 ( \pg ) 2 TPOX Po—x

2 2
w b
+VvyYpo = |VW|§ = J (vpo P:‘?—P?"—zpo— Yoo Po(Ww V) u® . w

Y Mt 2 ; >\|b|2
+§p0p0dwu |w|® + divu - dx

~X\
p
+ J (vpo% 'w —ypo W — ypopo V(ur M) w

~\ A WA
+Ypodiv<pf )b—pﬁ%u}b—g*b) dx
p

~)\hv)\ )\U)‘k A )\ptoo d
+ YPo P = po U+ +Po”vv x
Let xg(r) = ?UI? (W@ + [6(7)]%).
0,t

From the results of theorem 1 (§ II), we easily deduce the following
estimates
3 t
|11(T)|deKJ X3 dv
v 0
rt

IIz(T)l dT = KXO a)\(t) )
0

3 A
I,(v)| dv< KD
0 A

Let us also note

~\ A )\b
1@ = [ (wol vt w5 242 ax

Then [, verifies :
K
1Ll <3 %-
Now, thanks to hypothesis (H) and (5.8), we deduce that : x,(0) < % .

Thus, we get the following inequality :

t
x%(t)sl—(+I—<x0+£a"(1)+Kx0a)‘(t)+K [ x5 (7) dr ,
A2 A A Jo
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SO
t
(5.14) x%(t)sK( la*(t)|* + f x%(“r)d"r).
vo
2nd Step : Estimate of D°w and D°b in L%norm

We’ll use the technics developped in paragraph I (pp. 16-18), the
difficulty raised in the first step being solved by integrating by parts again.
(We shall use in particular the inequalities (2.5) and (2.6)).

The operation

f D¥(5.6) ypo D*wdx + [ D*5.7) . D*b dx
Y

Y

hence gives :

d y (D w) p\ (D°bY D" v")
1 - £ ——D
dr UVPO 2 * \Po AN

D*(u* v p: (D°w)?
—PO(T)D”’] +vaP0|VDSW|§=ypOP0j (p—t( 5 )

- D*w.Vu®)D'w
(D w)
2

+divu

— [D*(u*. VW) —u*D*Vw] . D*wdx

] (@ 2@y
2 Po 2

— [D*(u. Vb)) — uM(D*Vb)] . D°b) dx

+VPOJ (DS(~)\I;\ ) DSW+DS+1(5)‘U)‘)DS—1<¥)
P

——Dsf".D‘w—pOD‘V(u"v")Dsw)dx
- <p0Ds(u, )\ ) Db+ D*g*. D b) dx

P

s S (o]
# [ (0@ ) B oot ) B vy Doy ZED )

+ [ (\fpo[l)’(pA w)—p"(D°w)].D°w

Y
~x POy
+ [Ds<1——) b, — ( —f’_> D‘b,] .D%) dx
ADg Apy
:Il+12+13+14+15+16'
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Let X (t) = Sup (|D°w(x)|5 + | D*b(7)]3).
[0, 1]

Thanks to the lemma 5 and the results of theorem 1 in particular, the
integral

t
J‘ (11 +I2+I3+I4+15)(T) dr
0

is majored, as in the first step, by :
t
K| [ 660+ e dr v )00+ 10 + 0P,
0

Also, if we note

D* ~)\v)\ DS u)\vx
I;(t) = J <’YP0¥DSW—PO—(T—)D”?> dx ,

K
then, [1;(2)| =3 (o + Xs) < a(#)- (Xo + Xs) -

Now, we have to estimate /. Using (5.9) and (2.5), we get:

1 1
Io(t) <5 X+ (X0+Xs)'Xs+P || o xs -

Thus, we get the following inequality for x,:
t
RO = K| G0+ x) @0 +a 0+ | (d+r) dr],
0

what, added (!) to (5.14), leads to a Gronwald’s inequality verified by
x% + x;. Hence,

Wi+ 1615 = X5 + xs < KM(t) . a*(t)* .
Finally, let us remark that :
A A2 2 1 |2
NP = Po) — @ = |61+ 5 1%

So, the theorem is proven.

Remark : As in paragraph 4, we can find a principal part of u* — u® — v*
which, in fact, is the same than in the case : div ¥; = 0.

H
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A REMARK CONCERNING EULER’S EQUATIONS

In [2], Klainerman and Majda study the compressible Euler’s equations

A
p)‘< a—;—+ (u)‘.V)u)‘> = —\?Vp*,

A
(EM %’T+u".Vp"+«/p*divu"=0,
utx, 0) = w)(x), pMx,0)=pox),

with again: p = Ap”, v> 1.
First, they consider initial data :

we HR"), () —p,) e H'(R") with s>[g]+1.

Then, they obtain, on a finite time intervall, estimations of the same type
than the ones obtained in paragraph 2 (by completly different methods).

More precisely, they prove that there exists a finite time intervall
[0, T'], depending only on initial data, and a constant A; > 0, so that, for
A =1, there exists a classical solution (" p*) in C'([0, T] x R") for the
system (E"), satisfying :

Vie [0, T], |u)‘|H,+ |)\(p)‘—p0)|H,sAs.
If the initial data verify in addition :

ud(x) = uo(x) +%u1(x) , with divug =0
(5.15)
1 s
po(x) = po + Ppl(x) , po=Cte, (u,p)eH’,

they obtain, as we did, estimates on derivatives in time of (u", p)‘).
So, they prove a weak convergence of the solutions (u*, p*) to the
solution (u®, p®) of incompressible Euler’s equations :
i po(u° + W®.V)u®)=-Vp>,
(E®) divu®=0, u®(,0)=uyuy(x).
(this solution living on an intervall [0, T*[, see [10]).
Finally, introducing the supplementary condition :
VT, <T*, Vie [0,To], |p®|,+ |p®|,<=M(),
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they show the following strong convergence’s result : there exists A (7}) so
that, for A = N (T;), the system (E*) with initial data (5.15) has a unic
classical solution (u*, p*) verifying :

+% |u,"—u,°°|b{s_ls£

VtSTo, |u)‘—u°°| )\7

H

C
)\|p)\—pw|H’+|p’)\|H"1$T (C=0).

They also show a principal part.
Their results and ours were so similar that we decided to study the initial
layer’s problem appearing in this case, if we no more suppose :

Divuy =0, but:uy(x)=vy(x)+ Vby(x), withdivey=0.
Precisely, we get the :
PROPOSITION : Let us consider the system (E“) with initial data :

uM(x, 0) = vg(x) + Voo (x) +%u1(x) ,

dw%=0,p¥n0%qm+$m@),
(vo, uy, py) € [HPTH(RM)P, doe WHH"+2(R")
and s> [g] +1 (n=2).
Let us suppose in addition that :
VT, <T, Vie [0,Ty], |p*@)|,+ |p,°°(t)|2s M().
Then, there exists N\(Ty) > 0, so that :

VA= N(Ty), Vie [0, Ty,

C
X i\ 1\ \
| —u® —v |H‘+ |)‘(P ~Po)—4q Hssﬁ
if n=2
C
K(1—|-log (1 +n))
if n=3
C n-3
e 2
)\<1+(1+)\t) )
if n=4
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where (v, q") is the solution of the waves equation :
Po vy +AVgh =0,
q) + Nypodivor =0,
M (x,0) = Voo (x), g x,0)=0.
The demonstration of this result is exactly the same than the one of
theorem 4 but, in this case, the initial layer’s properties are well known. As

a matter of fact, Klainerman proves in [8] the following property, which is
here fundamental :

PROPOSITION : If by € W57+ 1 ye have the following L® — L' estimate :

n~1

M) o= CA+NM) 2 |Vl preen (Yn=2).

APPENDIX

Our purpose here is to study the decreasing with \ of |D‘v"|w, where
(v", g") is the solution of the following linear system :
av*
poa—t—vAv)‘z -~ \Vg*,
A
(c™ "—a‘lt—+ Nypo div v* = 0,
M (x,0) = Vbo(x), ¢*(x,0)=0.
The choice of the initial data (v*(x,0) = Vd,(x)), and the regularity of

&y, permit to write the solution (v*, ¢*) in the form (Vo*, g*), where the
couple (d*, ¢*) verifies the following equations :

A
Po%—VNP)‘: -\t

(DY %ﬁ +\ypo Ad* =0,
4))‘()6, 0) = ¢O(x) ’ q)\(xa 0) =0.

We then obtain the following result :

THEOREM : Let us suppose that &y € W%+ +3 (k e N). Then, for \ large
enough, the following estimates are verified :
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|¢)‘(';t)| m,ks lcbol 1L,k+n+3 ifn>37
w ) w

_<
(1 +M

C .
|¢)‘(o,t)|wm,k$\/—1——|¢0|W1,k+5 ifn=2.

+ N\t

Remark : Since Wh"(R") H[E](IR”), we also have :
¥Po Pol VO (o )2 + | g (., 1) |2 =<

syp0p0|V¢0|2,,, foranyhs[ ]+2+k.

n
2
COROLLARY : If &y € WhE+"+4(R"), then :

L
(1 +A)

C .
va(°’t)|ww."$\_/“=t|¢0|W1,k+6 ifn=2.

14+

va("t)lwm-ks |¢0|W1,k+n+4 lfn23,

Remark : If we had chosen initial data under the shape :
0" (x,0) = vy(x) + Vdy(x) with divvg=0 and vy#0,

we couldn’t have obtained these basic decreasing of v* results.
As a matter of fact, we would have obtained : v = w + V", where

" is the solution of the system (D), and w the solution of the heath
equation :

w,—vAw =0
{w(x, 0) =vy(x).

w being independent of A\, there is no more decreasing with A\.

Proof of the theorem : The function ¢* being a solution of the system
(DY), it verifies the following equation :

po &y — v Ad— N ypo APt =0,
O (x,0) = do(x), &}(x,0) = p1A¢o<x> :
0

To make the calculations simpler, we shall suppose that :
pp=1, v=2, ypo=1.
Hence, let us consider ¢ solution of
by — 2407 — N A =0,
(X, 0) = o(x), &1 (x,0) =2 Adg(x) .
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We then find that the Fourier Transform in x, ¢", of ¢" verifies :
by +2]E2 4} +N7[g|? " =0, EeR", reR*,
(£, 0) = bo(€) . (€, 0) = —2[€|% bo(£) -

So we obtain ¢ in the form :

dMx, 1) = J e £y (£) dt
R

= [ e 1817 & () x
v |§| <A

[cos<t|§s\/v &%) — ——LElsin 1 VX0 e )]
NS

+J e e 1417 o (£) x
|€| >\

x [ch (t16l Vel -2 - —LE o g \/lélz—hz)] .
\/‘g|2_ )\2
So, we shall write :

S0 = | ROt 1 d(8) x cos (8] VN e a
J|§[< A

. 2 a
S PR XOR
VA< |&] <A

y [cos e N TEP) _ﬁlﬁsm el VN Jg) )}

VN -

) e s 1417 () L8l sin (116 /N - [&P) e
J|§|<f NIGETE - |€)?

*J et 1617 by () x
|§|>)\
« |ch (t1g] Vg2 = 22) - —LEL__sn (t|g|\/|g12_>\2)] de
[ VAT

=0 +1,+1;+1,.

(i) Majoration of I, :
This term represents, in a way, the « principal » part of &"(x, ¢). Let us
call S the waves equation’s semi-group, and K the heat equation’s Kernel.
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Then, let us split up I :

I = f e Eem 18170 g (£) cos (£]€] \) dE

vR"

_J e £ 16" gy (&) cos (¢]€] \) g
W< gl

. 2, 2
+J|§| Jxelx.ée‘lél t¢0(§)[cost|§| A \/1—%—cosﬂ§| )\] d&
=Is+1s+1;.

We recognize in I the following expression : I5 = S(At)(K * dg).
Thanks to the properties of the solutions of the waves and heat
equations, we deduce from that :

n—1 n—1

A+M) 2 < Cldofyuall +Ne) 2

(A1) |Is]| = C|K % do 1.0

Remark : In the case where v = 0, that is to say for Euler’s equations,
M(x, t) is reduced to integral I5, and we obtain :

n-1

|68 x, )] = C | ol yun(l + 1) 2 .

We are now going to estimate separatly I, + I4, I3 + I; and 1.
For that, we shall need the following auxiliary results :

LEMMA :

(A.2) Yue [0,1], 1—us\/1—usl—g;
(A.3) Vu=0, sinusu, shusu.e* chuse®;
(A.4) Yu=10, (1+vr).e"‘*sCexp<—%f).

(ii) Majoration of |I, + I4|.

Using the inequalities (A.3) and (A.5), we easily obtain :

11, + 14| scj e 1817 | do(8)] (1 + 1]£12) dt

W< g

N de
= € 2 gn-@-l (i)(g) >
Jﬁ<|§| E177" [ ||’§I"+1
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that is to say:

n-1
Nt . -
(AS) Lo+ Ig| = C exp (=3 ) bl e = Cldolgns (L4 M) 2

(iii) Majoration of |1,;| + |I].
We can write :

IIsCJ I PNG
ol 1l <\ |0 |

. t|E| N £|?
sin ) (1— 1—|)\2|)
£

Thanks to the lemma, we deduce from that

2 . 3
nl=c| et t|¢0(§)|t—ﬁ-d§
el <A 2\

~

=C & Iild
dmﬂ/_exp(- >|¢o(§)| £
_Cf & l
¢ [ e (-1 ol
c( 3 d
=C[ asar )|¢o<e)|exp( et ) et

where a =m, if m is even, a=m + 1 if m is odd
Choosing m = n — 1, we find :

C |§|2t dg
|I7|$—|¢0| 1,,,f eXp(— > —_—
A W we 2 |&|" -2
So,

C
(A.6) |I7| s)\_tld)O'Wl'n.

On the other hand, since || < \/X< N, we get:
o

IlsJ exp(— |&]% )] by (& Clel 4 |
|15 | < €] )I 0()' N %6

So, as above :

C
(A7) 113 = 5 190l -
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(iv) Majoration of 1,.
Thanks to the inequalities (A.2) and (A.3), we have :

1] = [ exp(—]é]zt)(1+ |g]2t)><

TS
A2 s
XCXP(|§|2t \/1—-|—2 ) |¢o(§)| dg
<o (N ) a0 | ariemie jhoo]
lEf =2 |§|

What finally gives the following inequality :

)\2
(A8) L] = Cexp (=255 ) (4010 s

(v) At last, let us remark that :
l‘b)‘lws l(b)‘lH[;]‘i'ls |¢0lwl,n+2 .

We then easily deduce from (A.1), (A.5), (A.6), (A.7) and (A.8) the
following result :

|4

|W1,n+3 1f n23 >

<<
e \/1+)\t

=
© 14\t

|| if n=2.

| .

In order to estimate the derivatives in x of ¢", we just have to do the same
work after deriving the linear system (D).
So the theorem is proven.
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