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MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol. 21, n° 4, 1987, p. 679 & 695)

SUPERCONVERGENCE OF THE GRADIENT
OF GALERKIN APPROXIMATIONS FOR ELLIPTIC PROBLEMS (*)

by Mitsuhiro T. NAkAoO (1)

Communicated by J. BRAMBLE

Dedicated to Prof. Seiiti Huzino on the occasion of his 60th birthday.

Abstract. — We consider superconvergence for an averaged gradient in a Garlerkin method,
for the Dirichlet problem on a square, based on tensor products of continuous piecewise
polynomial spaces. We prove that, when we use odd degree polynomials, the approximation by
averaging yields superconvergence of order h"*' in L. The theoretical results are illustrated by
numerical examples.

Résumé. — Nous considérons la superconvergence pour un gradient moyen de la méthode de
Galerkin, pour les problémes de Dirichlet sur un carré, basée sur les produits tensoriels des
espaces de fonctions continues, polynémes par morceaux. On montre que, lorsque nous
employons les polynémes de degré impair, I'approximation par la technique moyenne donne la
superconvergence d’ordre h'*' en norme L®™. Les résultats théoriques sont accompagnés
d’exemples numériques.

1. INTRODUCTION

It is known that, when we construct a Galerkin approximation for the
boundary value problem using piecewise polynomials, various superconverg-
ence phenomena are observed at certain specific points in the domain ([2] ~
[14], [18]). Particularly, superconvergence properties for the derivative of
the approximate solution are considered in [3, 4, 8, 9, 10, 13, 14, 18]. In
these studies, Krizek & Neittaanmaéki [8], using the result in [15], presented
a theoretical result for the technique of averaging gradients at the mesh
points which improves the accuracy of the derivative of the Galerkin finite
element solution using linear triangular elements. That is, they proved that

(*) Received in November 1986.
(") Department of Applied Mathematics, Kyushu Institute of Technology, Tobata, Kita-
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M? AN Modélisation mathématique et Analysc numérique 0399-0516/87/04/679/17/% 3.70
Mathematical Modelling and Numerical Analysis © AFCET Gauthicr-Villars



680 M. T. NAKAO

the new approximation obtained by the averaging technique is a supercon-
vergent approximation to the exact gradient in the L%*norm sense. Also
Levine [10] proposed another averaging method which admits superconver-
gence estimates in the mean-square sense of the gradient at the midpoint of
element edges for linear finite element methods.

In this paper, we consider a similar problem described in [8] for a
Galerkin method to the elliptic equations on the unit square with Dirichlet
‘boundary condition based on tensor products of continuous piecewise
polynomial spaces. We attempt to improve upon the estimates derived in [8]
and generalize the results to the case of higher order elements. The main
result of the paper is that the superconvergence phenomenon of the gradient
occurs, rather surprisingly, only in case of using odd degree polynomials.

In the following section, we present the elliptic boundary value problem
and some notation to be used in later sections, and then define the Galerkin
approximation. In § 3, first we show that, in the one dimensional case with
the use of odd degree piecewise polynomials, the average values of the left
and right limits of the approximate derivatives at the internal mesh points
are superconvergent. On the other hand we prove that the global
convergence rate of the gradient of the difference between the one
dimensional projection of the exact solution and the Galerkin approximation
is one order higher than the optimal rate. Next, we describe, in §4, an a
posteriori method to obtain the global superconvergence approximation
utilizing the results in the previous section and the superconvergence
estimates at Gauss points. Finally, in § 5, we illustrate some numerical
examples which confirm the superconvergence properties derived in § 3 and
§4. We also present a counterexample which shows that the averaging
technique does not yield superconvergence in the case of even degree
polynomials.

2. THE ELLIPTIC PROBLEM AND THE GALERKIN METHOD

Consider the following elliptic boundary value problem on a rectangular
domain Q = (0,1) x (0,1) in R%

{Lus—Au+bu=f in Q,

2.1
u=0 on dQ. @1

We assume that b(x,y) is in L®(Q) and nonnegative. Then for each
feLP(Q), 1<p<oo, (2.1) has a unique solution u e W;(Q) Here
W;'(Q2) denotes the usual LP-Sobolev space of order m on Q.

Now, in order to define the Galerkin approximation to (2.1), we
introduce the approximation spaces. Let r = 1 be a fixed integer and
I = (0,1). For each set Ec I, P,(E) denotes the set of polynomials of
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SUPERCONVERGENCE OF GALERKIN APPROXIMATIONS 681

degree at most r onE. Let §,: O0=xj<x;<---<xy=1 and 3;:

0=yy<y <---<yy=1 be quasiuniform partitions of I. For simplicity

wesetd =8, Letl; = (x;_1,%),h; =x;—x;_;andh = max h; Also
1=i=N

set # = {[;xI;;1 =1i,j = N}. Further let
MEB,) = {veC(I);u|IieP,(I,-), 1=i=N, v(0)=v(1)=0}
and
P?(Ii) = {UEPr(Ii);v(xi—l): v(x;) =0} .
We now define the partition of (2 by 8 = 3, ® 8, and let
M(B) = My(3,) @ M(3,) -

Here 3, 8, and 3, will be usually suppressed. Then we define the Galerkin
approximation u € .# to (2.1) by

B(U,v)= (f,v), ve M , (2.2)
where

B(U,v)= (VU, Vv) + (bU, v)

and (.,.) is the L%inner product on Q. From now on, for any domain A in
R! or R? (.,.), will denote the L%inner product on A. Also denote the
usual LP-Sobolev space of order m on A by W;(A) or W;(A) for
1 = p = o and an integer m = 0. Particularly for p = 2, by convention,
W3'(A) or W3',(A) are written as H™(A) or H{'(A), respectively. Further,
we adopt the usual Sobolev norm as the norm in W;(A) and, when
A=Q, |.| wra) is simply denoted by ||.|| W

Now we give the definition of the Gauss points. First, » Gauss points on [ :
O<m <---<1,<1 are the roots of the following Jacobi polynomial.

160 = 5 (- x)T, 23)

¢ d

where c is a constant chosen so the coefficient of x"in (2.3) is 1. Next, for
each 1 =i = N, the Gauss points x;;, on I; are defined as the affine
transformation of 7, to I; :

xik:xi_1+'7kh,‘, 1=k=r. (24)

Then for each subrectangle p = I; x I; € £, the Gauss points on p are the
set of all points of the form (x;, y;0), 1 = k, { = r. Hereafter, we use the
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682 M. T. NAKAO

symbol C to denote a generic positive constant independent of # and not
necessarily the same at any two places.

3. SUPERCONVERGENCE AT INTERNAL MESH POINTS
For any g € Hy(I), we define a projection Pg € 4§ by
(9~ (Pg),v') =0, veld. 3.1)
Then, notice that the following property holds [6]
(Pg)(x;)=9g(x), 0=i =N. (3.2)

Foreachi,1 =i = N-1,setl*= (x; _1,x;,,)=1LUI; ;U {x;}. We
now define for a function ¢ which is smooth on /;* except at x;,
1

By = o (W =)+ W )}

where o; = h;/h; , ;.
The following estimates play an essential role in the superconvergence
results in this paper.

THEOREM 1: If r is odd and g€ W;'(I*), 1 = i = N -1, then
|gl(xi) - D~i(Pg)| = CE:"+1H9"W;+2(1;) >

where h; = max (h;, h; _,).

Proof: First, define a linear functional £; on W7 **(I*) by

:($)=¢'(x) — Di(Q, ), (3.3)
where O, b€ P, (I;) N P,(I;,,) is determined by

[(‘bl—(Qrd’)”U’)I,—:O’ UEP?(I]')’ J=i, i+1,

(Q,6)x) =b(x), j=i-1, i, i+1. G4

Notice that, from (3.2), Pé = Q, ¢ on I* for any ¢ € Hi(I).
We now fix ¢ € P, ;(I*). Then, clearly ¢ = Q, , $.
For any we P,_;(I;),j=1i,i +1, let

V= de___h_ wdx .
Xj-1 i 1
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SUPERCONVERGENCE OF GALERKIN APPROXIMATIONS 683

Noting that v € P?(Ij) and v’ = w — const., we have by (3.4)
(' — (Q, ), w), =0.

This implies that (&' — (Q,4))x) = K;J,(h; '(x — x;_,)) for x e[,
where J, is Jacobi polynomial defined by (2.3) and K; is some constant.
Therefore, we have for each Gauss point on I;*

' - (2, ¢6))x)=0, 1=k
(b= (2, ) )Xy 1,6) =0, 1 =k

A
lIA

r b

(3.5)

lIA

r,

where x;; and x; , ; ; are defined by (2.4). Hence, we have the representa-
tions

' (x)=a;(x —xy) XX (x—x;,)+ (@, $)(x), xel;,
S'(x)=a; 1 (x—x; 1) XX (X —x4q,,) (3.6)
+(Q,4)(x), xel;,,,
where a; and a;,; are constants. However, ¢'(x) must be a single
polynomial throughout I;*. Thus, we have a; = 4;,; and, by (2.4)
&' (x;— ) =a;(x; —x;) x+oo x (5 —x;,) + (@, ) (x; =)

(3.7)
=a;hiQl-T)x--x (1-7)+(Q,d) (x;—).

Furthermore,

'+ )=a;(x; —x; 41, 1) XX (=X ,1,)+ (2, d) (x; +)

(3.8)
=(=1)Yahimx--x7+(Q,6)(+).

Notice that, from the property of the roots of Jacobi polynomial (2.3),
T XeooxT,=(1—-7)x---%x (1~r7,). Therefore, if r is odd and a; # 0,
then by (3.7) and (3.8) we obtain

&' () ;# (Bl (Q, 6) (x5 =) + BIQ, ) (x; + )}
i i+1
1 ' — o "(x:
_1+a"{(Qr¢) (xi )+ 1(Qr¢)(z+)}
= D~i(Qr ¢)

If a; =0 then clearly O, & = & which yields ¢"(x;) = D;(Q, ¢). Conse-

quently, for any ¢ € P,,,(I), we have £;(¢) = 0. Thus, applying the
Peano kernel theorem or the Bramble-Hilbert Lemma, we can easily obtain
the desired estimates.

vol. 21, n° 4, 1987
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Now, for a function ¢ € H}(Q2) we define a projection P, & € .#§(3,) by
P,u= P&(.,y) for each fixed ye I. P,u e #{(3,) is similarly defined.
Then, clearly, we have P, P, & = P, P, & € # (3). The following lemma is
obtainable using the results in [16] and [17]. However, we would like to
present a complete proof, in order that the argument be self-contained and
since the estimates can be derived by a considerably simpler technique in the
present case.

LEMMA 1: Let u and U be solutions to (2.1) and (2.2), respectively. If
ue W;*3(Q), 2 = p <, then, for sufficiently small h,

lu—-Ul,, = Ch’”||u||W;+z.
Proof: By the triangle inequality, we have
”u_ U”LP = ”u—Pnyu||Lp+ ||Pnyu— U”LP’

and the first term of the right hand side can be estimated from well-known
results in the one dimensional case ; that is,

lw =Py Prull, = CR™*Hull gy (3.9
We now estimates the second term. Set m = P, P, u — U. For each g with
1l<g = 2 and 1 + 1_ 1, and for any ¢ € LI(Q}), consider the solution
be Wg(Q) of the focflowing auxiliary problem :

Lé=¢ in Q,
{¢=0 on 4Q. (3.10)

Then for any & € .#, we have by (2.2)

(m, ¥) = (m, L$)
= B(m, ¢)

=B(’fl’¢~ &’)+B(’ﬂ,&>)
— B - b)+ B(P,Pu—u,b). (3.11)

Let & be the solution of
B(v,6—-b)=0, ve.l. (3.12)
Then, by (3.11) and (3.1)

(‘n,d/): (Pyux—ux,‘i)x)"}' (quy_uy7&)y)+ (Pnyu—u’b&))
CIPyuy —upll o+ 1 Pruy —

IA

u}' ” L?

+ 1Py Pru—ul )b W (3.13)
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Further, by virtue of well-known estimates for the solution of (3.12) and
elliptic regularity related to the equation (3.10), we obtain, for sufficiently
small &,

Clldllp
C"¢||W3
CllfLa>

fIiA

Il = N0,

A

1A

where we have used the Sobolev estimate ||$|,1 = C| ¢||,2. Combining
q
this with (3.13) and (3.9), we have

Il = CR ™ ully,.a,

which completes the proof.

Next, we show that the gradient of the difference between the composite
projection P, P, u and the approximate solution U has the rate of converg-
ence with one order higher than the optimal rate. Although this fact is easily
derived for r = 3 from the estimates in [7] and the quasi-uniformity of the
partition, however, the arguments in [7] are not applicable to the present
case, i.e. for r = 1.

LEMMA 2: Let u and U be solutions to (2.1) and (2.2), respectively. If
ue W;,”(Q), 2 <p = o0, then for sufficiently small h

[V(P,Pu—-U)|,. = Ch'+11|u||W;+3.

Proof: For fixed 1 = i,j = N, setp=1I;x1I; Let n=P,P,u—-U
and define ) € L*({}) by

. ,{n on p,
=0 otherwise .

We now choose & € .# satisfying
VAH=-¢),VWw)=0, ve . (3.14)

Here, V1 is not the gradient in the sense of distributions but we interpret it
as follows :

. Vn on p
Vi) = ’
n {0 otherwise .

vol. 21, n° 4, 1987



686 M. T. NAKAO
From (3.14), (2.2) and (3.1) we have
(Vn, Va), = (Vn, V(7 = $)) + (Vn, V)
= (Vn, Vd)
= (V(P, P u—u), V)~ ((u~-U),bd)
= (U — Pyug +uy,—P,ou,, é&)— (u-U,bd)
C(fuex = Pyl o+ gy = Py |l o+ lu = Ul )| )] . (3.19)

IA

where ¢ is a positive number such that 1 +% = 1. We now estimate
p

”J)"Lq For any ¢ € L?(Q), let ¢ € H}(Q) N WA(Q) be a solution of the

following problem.

—Ab=¢ in Q,
{ =0 on 4Q. (3.16)

Further, choose v € ./ satisfying
(Vi —-v),Vw) =0, we M . (3.17)
Then, by (3.14) we have

(&, %) = (b, - Ad)

= (V, V(4 —v)) + (Vd, Vp)
= (Vn, Vv),
= [V I iyl Vll Loy - (3.18)

Using the W -stability of the finite element solution which is implied by the
results in [16, 17] and an inverse property, we have

IVoll Loy = Nvllyy, = Clidllyy -
Furthermore, by the Sobolev’s lemma and elliptic regularity for (3.16),
Iellwy, = Clidllyz = Cli¥ll .-
Thus, from (3.18), we obtain
1], = Clivallg,, 1<g=2. (3.19)
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On the other hand, notice that

Ch V| 22 11Vl 12,
= C(Vn, Vn), .

fIA

[Vl Lw(p)” V|| LYp)

Combining the above with (3.15) and (3.19), and applying Lemma 1
concludes the proof of the lemma.

Now, for 1 =i, j = N -1 and a continuous function ¢ on I x
I ]-* which is smooth on each p < I;* x I*, where p is in &£, we define

5 1 [ _ r 9%
Duty) =i { g G o) rai g )]
~ 1 T4 , L
Dij(X,Y)=1+a;{a—y(X,Y—)+aja—y(x’)’+)}-

Furthermore, let
G(L5i,j) = (D 80 y;)s Dy L0, v7)) -

Then, as stated in the following theorem, G(U ; i, j) admits a superconver-
gent approximation to Vu at internal mesh points (x;, y;). From now on, we

set |y| = max ([vy], |v2|) for any v = (v, v;) € R>

THEOREM 2 : Let r = 1 be an odd integer. And let u and U be solutions to
(2.1) and (2.2) respectively. Ifu € W;“(.Q), 2 <p = o0, then for sufficient-
ly small h,

max |Vu(x;, y))-GU;i,j)| = Ch™ Y u| yres -
1=i,jsN-1 ?

Proof: Observe that
Ivu(xiyj)—G(U;i’j)I = 'Vu(xi,yl-)
- (D, P, u(x;, y;), 5jy Pyu(xi’yj)rﬂL
+ | (D Pyulxis yp), Dy Py u(x;, ;)

——G(P),qu;i,j)l + IG(Pnyu;i ,])
~G(U;i, )| - (3.20)

Now, each term of the right hand side of (3.20) can be estimated as follows.
By Theorem 1,

[the first term ] = Ch"*Yul| ez, 1)

vol. 21, n® 4, 1987



688 M. T. NAKAO

Taking into account (3.2), it is easily seen that the second term vanishes.
Furthermore, from Lemma 2 we have

[the third term ] = ||V(P, P, u - U)|,. = Ch’“”ullw;u.

Thus, noting that ||u||,.+2 = C ||u|-.sby the Sobolev’s lemma, we obtain
@ 14
the desired estimate.

The estimate in Theorem 2 is one order better than the global optimal
estimates for V(u — U).

4. SUPERCONVERGENCE FOR ARBITRARY POINTS

In this section, it is shown that a posteriori local procedures, utilizing the
results in previous section, can be carried out so as to provide O(h™*1!)
approximations to Vu at arbitrary points in the domain. Also, simple
quadratures, using these local approximations, are exhibited which yield
O(h™*?) convergence to u itself.

Now let P be the projection defined by (3.1). Then, the following

superconvergence estimates at Gauss points are obtained from the property
3.5).

|9'(xik) - (Pg)'(xik)l = ChiHl”g” Wi (1,) 4.1)

for1 =i = N and1 = k = r, where x;; is defined by (2.4). We extend
this result for two dimensional case to get the following estimate.

LEMMA 3 : Let u and U be solutions to (2.1) and (2.2), respectively. If
ue W.*r3(Q) and h is sufficiently small, then

|V(u— U) (x> ij)| = Ch’+1]|u||wgo+3

for1 =i,j = Nandl = k,{ = r, where (x, yy) is a Gauss point on
I; x I; defined in § 2.

Proof: First, observe that

[V —U)(xi yje)| = |V(—PyPru)(xi, yie)|
+ |V(Py Pru— U)]]L,,. 4.2)
Next, by noting that

0
V(u—P,Pu)= ((ux_Pyux)+a(Pyu_PxPyu),

0
(uy—quy)+—a; (qu—Pnyu)>

M? AN Modélisation mathématique et Analyse numérique
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we have

lv(u_PYPXu)(xik’yﬂ)' = ||ux_Pyux”L°°+ ”uy—quy“Lw

a
a_x (Pyu_PxPyu)(xibyjl)'

a
+la—y(qu_Pnyu)(xik’yjf) (43)

Therefore, the desired estimates follow by (4.2), (4.3), Lemma 2, (4.1) and
the error estimates for the solution to (3.1).
Now, by the use of the identity

u-U= w—-Pu)+ (P,u—-P,Pu)y+ (P,P,u-U), (44
we ‘have, for each ye I,

a r
|2 - )| = Ch ulys.

Hence, Lemma 3 can be extended in the following way. That is, under the
same assumptions in Lemma 3,

= (= U)o )

9 r
5 W=, yﬂ,)i = CH  Mullyes (45)

forl =i,j =N, 1= k,{ = r and any (x, y) € Q. Furthermore, from
Theorem 1 and Lemma 2 we have

du ~
Z_D = — —D; :
‘(ax lXU (xl’y)l C(l(ax Dlexu)(xl’y)‘

a a
— (P — P —
+]| Bew) =P, 2P0

+ ”V(Pypxu‘ U)”Lm)
Ch ]| s

A

Since similar estimates are also derived with respect to y, we can extend
Theorem 2 in previous section and obtain that

ou 5 ou sz
| (55D t) x| + | (55— By U) )
= Ch™*ulys (4.6)
forl1 =i,j = N,1 =k, 0 =r and (x,y) e Q.

Now, using these results we construct a superconvergent approximation
to the gradient of u on each subrectangle p e £. For fixed 1 = i,

vol. 21, n° 4, 1987
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j = N, we define G(U) = (U, Uy), where U, Ur € P,(I;) ® P,(I}), as
the solution of following linear equations

GWU)(x,y;)) =GWUsi,j),
GU)(xies yje) = VU (i, ¥50)» 1 = k0 =7,

aU = .
4G(U)()Cik,y,') = (7; (xix> ¥i)» Dy, U(Xik’yj)) , 1=k=r, 4.7)
~ oU
G y) = (D Ul ), 55 o yi)) » 1

Here, when i = N we replace x; by xy _; in (4.7) and y; by yy _;.

Thus we can determine G(U) for all p € #. Therefore, G(U) is
considered as a function on {2 having, in general, discontinuity on each mesh
line. The following theorem implies that G(U) is an O (h"*1) superconver-
gent approximation to Vu in the L®-norm sense.

fIA

f =r.

THEOREM 3: Let r Z 1 be an odd integer. And let u, U and
G (U) be solutions to (2.1), (2.2) and (4.7), respectively. If u € W ;'*(Q),
then for sufficiently small h

1Vee = G (U] 1oy = Ch™* Nulys, pER.
Proof: In order to express clearly the degree of polynomials used, we
denote P by P". Thus, P, is denoted by P; and P, by Pj. Noting that
d r
3);P;“Py ue P,(I;) ® P,(I;) we have

ur -2 preipry
*oax T Y

L%(p)

= C max
(x.y)es,

(vr -2 PriPyu) )|, @8

where S, denotes the set of all interpolation points which determines
G(U) on pe Z in (4.7). For each (x,y) € S,, by (4.7), Theorem 2, (4.5)
and (4.6) it follows that

I(Ux*—%;)(x,y)] = Ch" Y u|yres- (4.9)

Also it is easily seen, from the error estimates for the projections, that

u a du u
____Pr+lpru) , Ié l__Pr(_)
I(ax x yu) Gy x I\ ax /=g
d
+ v Pr _Pr+1Pr
‘6x( yu— P Pyu) L®(p)
= Ch’“[]u”wgs(p). (4.10)
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Thus, (4.8), (4.9) and (4.10) and the triangle inequality yield

Combining this with the following triangle inequality we conclude the
desired estimates for x-derivative

u
U - —
‘ o ax

*_ 9 preip y

+1
—P[*'P, = Ch"*Yu||

= r+3 .«
L=(p) Weo

y

HU* Pr+1Pr

L%(p)

r+1 r
+ ”a(Px+ Plu—Pju)

L%(p)

du ou
(%)
Y\ ax dx

. . .. a .
Since we can estimate similarly for UJ — a—u , this completes the proof.
y

L®(p) ‘ L=(p)

Further, in particular for r = 3, using G(U) defined in (4.7) we can

provide a superconvergent approximation U for the solution u of (2.1) itself
which is determined locally by

~ x y
U(xry):J Ux*(gay)d§+J Uy*(xi—]:n)dn+U(xi——byj—l)
Xi—1 Yji-1

4.11)
foreach 1 = i,j = N and (x,y)el; xI;

THEOREM 4 : Assume the hypotheses of Theorem 3 and let U be the
function defined by (4.11) on eachp € R. Ifr = 3 and h is sufficiently small,
then

lu—-0| Ch’+2||u||w,+3, PER.

L®(p) —

Proof: For any (x,y)€p = 1I; x I}, by (4.11) we have

u (e, y) - O, y)—f (——U*)(g,y)dmf (o)
Yi-1

X (xi_l,x)d'f]+ w-U)xi_1,yi-1)
= h||Vu = GU)|| g,y + | (= U)(xi_1, 9, -1)]| -

On the other hand, by estimates in [7] for r = 3
|(u -U)(x;_1, yj-l)l = C’"HZHuHH'+3 .

Therefore, the proof of the theorem immediately follows from Theorem 3.
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Remark : 1t might be expected that the superconvergence phenomena
described in the paper are also valid for somewhat more general elliptic
equations on the rectangular domain. However, observing the proof of
Lemma 2, the techniques used here are peculiar to the equations of the
form (2.1).

5. NUMERICAL EXAMPLES
In order to illustrate the results described in § 3 and § 4, we present some
numerical examples.

Example :

{—Au:sinq-rx.sin'zry, (x,y)eQ, G.1)
u=0, (x,y) € 92, '

where Q = (0,1) x (0, 1).
The exact solution to (5.1) is

1 . .
u(x,y) = —sinmx.sinmy.
2

We solved (5.1) numerically using the scheme (2.2) and calculated the
various errors for several r and N. We show these results in Tables 1 to 4.
The meanings of each symbol are as follows :

LEFT = max {laix(u—U)(xi—,yj)) )

1=i,j=N-1

| & =@y -)|} -
=

s

RIGHT = max {
1=i,jsN-1

|aiy<u—U)(x,-,y,-+)|},

(u-U)x +,))

MEAN = max {|Vulx;, y)) - GWU;i, i)} »
1=ij=N-1

GAUSS = X max N{|V(u— U) (x> yi0) | } >
=4i,j =
1=k l=r

OTHER = max {|V(u—U)(x,-—h/4,y]-—h/4)|} ,

1=i,j=N

NEWGRAD {1 (Vu—GU))(x; — h/4, y; —h/4)|} .
N

I
[

~ B
5
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Here, we used the partition of I into N equal parts.

TABLE 1

Improvement of errors by averaging (for r = 1)

N LEFT (= RIGHT) MEAN

8 0.312E-1 0.190E-2
12 0.208E-1 0.880E-3
16 0.156E-1 0.501E-3

TABLE 2

Non-improvement of errors by averaging (for r = 2)

N  LEFT(=RIGHT) MEAN

4 0.723E-2 0.549E-2

6 0.346E-2 0.308E-2

8 0.198E-2 0.187E-2
TABLE 3

Errors at Gauss points (= GAUSS)

r=1(*) r=2(%)
0.713E-2 0.562E-3
0.342E-2 0.176E-3
0.198E-2 0.755E-4

-

TABLE 4
Improvement of errors by procedure (4.7) (for r = 1)

N OTHER NEWGRAD

8  0.153E-1 0.332E-2
12 0.103E-1 0.154E-2
16 0.777E-2 0.877E-3

Tables 1 and 4 illustrate the superconvergence asserted in Theorems 2
and 3, respectively. Table 2 suggests that we cannot expect the improvement
of the errors by the averaging procedures in case of using even degree

(*) 7 =05 (**)1=05-1/12,7,=05+1/12.
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polynomials. Further, Table 3 illustrates the superconvergence of deriva-
tives at Gauss points proved in Lemma 3.
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