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EXPLICIT UPPER AND LOWER BOUNDS ON THE NUMBER
OF DEGREES OF FREEDOM FOR DAMPED AND DRIVEN
CUBIC SCHRODINGER EQUATIONS

by J. M. GHIDAGLIA (%)

Abstract. — We study space-penodic damped and driven cubic Schrodinger equations in one
dimension. In a previous work, we have shown that the long time behavior of these equations was
governed by a finute-dvmensional attractor. Here our aun 1s to provide upper and lower bounds
on this dimension which are explicit in terms of the data.

1. INTRODUCTION

We consider the following cubic Schrodinger equation

cou d%u 2 .
I —+—+ |ul*u+ivu=7p, 1.1

where vy > 0 is a damping factor and f = f(x, ¢) is an external time-periodic

driving force. We supplement (1.1) with space periodic boundary conditions
i.e.

u(x+L,t)=u(x,t), VxeR, ViteR (1.2)

where L is a given positive number. As it was shown in a previous work [4,
5], the long-time dynamics of the infinite dimensional dynamical system
(1.1)-(1.2) is finite dimensional. More precisely we have shown that the
trajectories of this evolution equation are captured by a finite dimensional
attractor. This result contrasts with the case of the unperturbed equation
(where v = 0, f = 0) for which thanks to the Inverse Scattering Theory, one
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434 J. M. GHIDAGLIA

observes a totally different dynamics [11]. Moreover, our results on the
perturbed equations agree with numerical and physical investigations [9, 2].

Our aim in this work is to derive explicit upper and lower bounds on the
dimension of the global attractor associated to (1.1)-(1.2). The upper
bounds are derived in Corollary 3.1 (third section) while the lower bounds
are given in the fourth section. In the next section, we derive some estimates
on the solutions to (1.1)-(1.4) and define the global attractor.

2. BOUNDED ABSORBING SETS AND ATTRACTORS

For the sake of simplicity in the exposition, we are going to assume in the
remainder of this article that the driving term f is time-independent (and
depends periodically on the space variable x) : f(x,¢) = f(x). We denote
by ©(k) the k-th-Fourier-coefficient of a L-periodic function v :

R 1 (& .2 wkx .
v(k)_z—wjo v(x)exp(—z L )dx, ke ;
and H}', m e A", denotes the usual Sobolev space

m_ <v € L¥0,L), T (1+K3" [6(k)|* < oo> :
keZ
We assume that f belongs to L?(0, L) and denote by {S(¢),t € &} the
noniinear group on H; that solves (1.1) with the boundary condition (1.2),
i.e. u(t)= S(t)uq solves (1.1)-(1.2) and u(0) = uy, uy € H}. The mapping
(¢, ug) — S(t) uy is continuous on % x H} and # x H? ; and for fixed ¢,
S(t) is a homeomorphism of H} and H? ([5] and references therein).
An important feature of the damping in (1.1) is the existence of bounded

absorbing sets for the group S(z). We recall that given a norm N on
A = H} or Hi, a set B, c A is a bounded absorbing set for N if

(i) 4, is bounded with respect to N,
(ii) for every bounded (w.r. to N) set & < H#, there exists a time
T(B) € # such that

SA)YBcRB,, Vi=T(B).
Concerning (1.1)-(1.2) we have the following result.

PROPOSITION 2.1: The group S(t) possess bounded absorbing sets in
H? with respect to the norms of L*(0, L), H} and H?.

This result is proved in full details in [4]. We are going to sketch briefly
some steps of the proof and derive a slightly stronger result. Our starting
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points are the two identities (mass evolution and energy evolution)

%%J”|u|2dx+yj|u|2dx=lm LLfﬁdx, @.1)
22 o)+ by =0, 2.2)
where
o@)= | {Iunl* +2Re () - [ol*/2] a, @3)
b(v) = LL (10,17 + 2Re (f5)  |0]*) dx, 2.4)

and Re z, Im z denote the real and imaginary part of z € ¥. We denote by
|- |, the L%norm on [0, L], and for a given & = 0 we introduce the constant

Ge=91fISv O+ e)/4+3|fliv L A +e)/2.  (25)
With these notations, we can state the following result.
PROPOSITION 2.2 : For every € =0, the sets
Bo,. = {veHL, |v]g=<|flov 1 +e)}, (2.6)
gl,s= {ve'@o,s’ (p(v)s(T)e} (27)

are positively invariant by S(t): S(t) B, .c B, ., YVt € R. Moreover, for
e>0, %o . (resp. B, .) is a bounded absorbing set for S(t) in the
L? (resp. HY) norm.

This last proposition is an easy consequence of (2.1), (2.2) and the
following well-known estimate :

o] = Sup [v(x)|2<2|v]|,|v;|,+ [0|3L7", Yoe H. (2.8)

O=sx=<L
Indeed, we deduce from (2.1) and the Cauchy-Schwarz inequality that
d
at |u|0+"/|ulos |f|0,
and this implies that
|u(t)|, =< |u0|oe‘”'+ |f|Oy‘1(1 —e ™), Vi=0. 2.9

Now the properties of %, ., ¢ =0 follow from this bound. Concerning
A, ., we deduce from (2.2) that

L) +ve @) = —y(ul -3 |ul?l}/2).
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436 J. M. GHIDAGLIA

By (2.8), the r.h.s. of this equation is less than v(3|u|} |u,
3 L~ '|u]}/2). Hence

|0— lux|§+

1 d _
v 1ac,o(u)+q>(u)s9|u|8/4+3L Nuld/2 . (2.10)

Taking uy € &, . < %o,., we see that the r.h.s. of (2.10) is less than
@, since u € %, ., Vt = 0. This shows that the 4, . are invariant. Returning
to (2.10), one sees easily that these sets are absorbing for the H-norm,
provided & = 0.

In order to achieve the proof of Proposition 2.1, it remains to show that
S(z) possesses an absorbing set in H? (w.r. to the Hz-norm). This result is
slightly more technical than the previous ones. It relies on the study of the
evolution of the quantity :

jL [ue]? = Jf? |y ]? - 2(Re (u,))? — 2 Re (fay)) dx,
0

and we refer to [4, 5] concerning the details.
We denote by %, a bounded absorbing set in H?, for the H?-norm, and
introduce its omega limit set

o=\ (U S(x)gaa) , (2.11)

s>0 t=s

where cl denotes the closure with respect to the weak topology of
H?. This set is the global attractor for (1.1)-(1.2) in H? (endowed with its
weak topology) :

THEOREM 2.1: The set of defined in (2.11) enjoys the following
properties :

& is not empty, compact and connected in H ? , (2.12)

& isinvariant :S(t) A =, Ve XA, (2.13)
o is attracting : for every set Bin H? ,

the sets S (t) B convergein H? to o ast — + o . (2.14)

For a group (or semi-group) which admits an absorbing set, such a result
is classical provided some compactness of the group (or semi-group) is
obtained (Levinson [10], Billotti and La Salle [1]). Here, compactness is
simply obtained from boundedness since we use the weak-topology. The
counterpart is that one must show that the S(¢) are continuous w.r. to this
topology, which is indeed the case [5].
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By (2 14), the set &/ describes the long time dynamucs of (1 1)-(1 2) In
particular 1t contains the stationary solutions, the (time) periodic solutions
or more generally every bounded 1nvariant set in H7, X, and 1ts unstable set
MH(X)

MUX) = {uyge H?, st S(t) u’weakly converges
mH}toXast——o0} (215)

As 1t 1s well-known, even for smooth finite dimensional dynamical systems,
this set can be very complicated and therefore &/ can have a somewhat
complex topological structure This could explain the chaotic behavior of
solutions to (1 1)-(1 2) which has been observed [2], [9]

3. UPPER BOUNDS ON THE DIMENSION OF THE ATTRACTORS

In this section, we consider a bounded set X mn H}, which 1s mvarant
under (1 1)-(1 2)

SYX=X, VieR B

We mtroduce with Constantin, Foias and Temam [3] the global Lyapunov
exponents on X as follows Given uye X, the complete trajectory
u() = S()ug, t € A, hes in X and we can solve the non autonomous linear
equation

2

v _
,a_v+a_+2|u|2v+u2v+wv=0, 32
ot ax2

where v 1s L-space periodic and
v(x,0)=vy(x), welo, L[ 33)

1s given 1n H} This linearized equation represents in a certain sense the
differential of the mapping S(z) at u, We denote by L (¢t , uy) € £ (H} ) the
linear operator vy — v (¢), and set

G’m(t) = Sup (")m(L(t’uO))> (3 4)
uge X
where 0, (L) = |AM L I PR the norm of the m-th exterior product of

Le % (H}), me &/ * (and H} 1s endowed with the norm ||v| = (|vx|§ +
L7?|v|3") Thanks to the differentiation chamn rule and the fact that
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“om(Ll ° L2) = (")m(Ll) mm(L2)1 we have (T’m(tl + tz) = @y (tl) a’m(IZ)‘ Hence
the following limit exists

T = Tp(X) = lim ®,()" <.
t—>+ 00

The global Lyapunov exponents on X are then defined recursively from the
T DY

m; = Logm; and p, = Logw, —logm,_; for j=2.
With these notations we can state :

THEOREM 3.1: We consider a subset X which is bounded in Hi and
invariant by (1.1)-(1.2). The global Lyapunov exponents on X satisfy

MX) +- o+ pX)<s—ym+ Com'?, Vm=1 (3.5)

where C, is an explicit constant (see (3.16)) which depends only on
[flg» v and L.

This result provides explicit bounds on the Hausdorff and fractal
dimension of the global attractor .2 :

COROLLARY 3.1: The Hausdorff dimension dy () and the fractal
dimension dg () of the global attractor are finite and bounded as follows

dy()<1+CEv 2, (3.6)
de () <21 +4Civ?), (3.7

where C is defined in (3.16).

With regards to (3.5), we see that for my=> C2v~ 2, m(X)+-- +
Mmy(X) < 0. Hence the sum of the first m global Lyapunov exponents on X
is negative so that the tangent flow (i.e. (3.2)) along a trajectory lying on X
shrinks the myg-dimensional volumes. This implies according to [3,
Theorem 3.3] that the Hausdorff dimension of X = &/ is less than
1 + C2+* (and an analogous bound on the fractal dimension). We note that
since &/ is bounded and weakly closed in H?, it is compact in H} and the
previous result in [3] is applicable. More precisely we apply here an
extension of this result [8], which is necessary here since the mappings
S(t) are not compact in Hj.

Let us now deal with the proof of (3.5). The key point here is a family of
identities that satisfy the solutions to (3.2):

%qu(t, v) + 44, (t,v) = r,(t, ) (3.8)
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where w € & is arbitrary and we have set for w € H}, uy € X,
L

auow) = [ (w2 e wlwl? = uf? ]~ 2Re @DF} dx. (39
0

rt,w)= —4pn ( Re (uw)Im (uw)dx —2 J {Re (um,)|w|?
Jo

+2Re (uw)Re (u, w)} dx, (3.10)

where u = u(t) = S(¢) uy. The relations (3.8), n € %, are analogous to
(2.1)-(2.2) and are obtained in a similar fashion [5]. For positive u,
q, can be seen as a perturbation of the norm of H 1. More precisely we have

LEMMA 3.1: We take
w=18|fl4y*+3|fl2v 2L '+ L7 %/2, (3.11)
then for every upe X, t€ & and w € H,
afwll=qu(t,w)=< [wli+n|wld, a=12. (3.12)

Indeed, we have
L
J; (Jul? |w|?+2(Re [uw] ) dx<3|u|l |w|% .

Since X < By o, we deduce thanks to (2.8) that the r.h.s. of this inequality is
less than 3| f|2 v *(2|w|, |ws|, + |w|3 L™"). With the choice (3.11) for
in (3.9), we find (3.12).

Concerning the quadratic form r, given in (3.10), we have the following

estimate (whose proof is somewhat technical and postponed to the end of
that of Theorem 3.1).

LEMMA 3.2 : For every uy e X, we have
(s, w)| < Co|wI** [w]g? (3.14)
where C, (given in (3.21)) depends only on |f|,, v and L.
Introducing the critical values of the quotient |v|2/[v|?:
KK
Ky = min —
FcV,dmF=p veF,0£0 ”U”

we deduce from (3.8), (3.12), (3.14) and an abstract result on Gram
determinants ([6, Appendix]) that

C m
Myt eee o Py < — TZ ki (3.15)
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Here the k, are explicitely known : they are the inverse of the eigenvalues of
the operator v — 3’v/0x*+ L= v ie. {(1 +411%k?), ke Z}. Now since
o = 1/2 an easy computation shows (3.5) with

Co=2C,L"/II"*, C,isgivenin (3.21). (3.16)

It remains to show (3.14). Since X is bounded in H} and is invariant under
S(t), we deduce from Proposition 2.2 that X < B 4:

lulg< [flov ", eW)=<%y, VueX. (3.17)
On the other hand, using (2.8), we see that for every v € H},
o 2<2@@)+ |v[§+ |0]§ L™+ 4| f], |v],- (3.18)
Hence by (3.17) we conclude using again (2.8) that
qu‘ésQIE [FISy +a4|flIav L +4|f12y !, Yue X, (3.19)

and

)2 < Qpy=2Q1%|flyv '+ | fI2v 2L7Y, VYueX, (3.20)

Then, we estimate r, given in (3.10) by replacing u, by its value:
u, = iuy +ilu|?>u—yu—if. By using (3.17), (3.19) and (3.28), we finally

1 AN

deduce (3.14) with
Cy=12{(IfI3y 2 +3|F3v  +Q + Q| fI2v ) L+
+V3ol2al?} . (3.21)

4. LOWER BOUNDS ON THE DIMENSION OF THE ATTRACTORS

In this section, we give a lower bound on the dimension of the global
attractor by computing the dimension of the unstable set emerging from
some particular stationary solutions. At the end of this section we compare
these bounds to the previous upper bound in a case inspired by a situation
arising from plasma physics.

We assume that for given p >0 and &, € &, the function

2:Ilkgx/L

i(x)=pe (4.1)
is a stationary solution to (1.1), i.e. that
Fx) =p(p? — 4 M2 kZ/L2 + iy) &> ™"/ " (4.2)

M?AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



CUBIC SCHRODINGER EQUATIONS 441

In order to study the stability of this stationary solution, we write the
solutions u to (1.1) as

ux,t)y=a@x)1+w(x,2)). “4.3)
This leads to the following equation on w :
iw, +wy —2ikw, —kdw+p?{|1+w|2 (1 +w)—1} +iyw=0. (4.4)
In order to compute the dimension of the local invariant manifolds in
w = 0, we linearize (4.4) :

iv, + v, —2ikv, — kv +p*{v +2Rev} +iyw =0. 4.5)

The solutions to (4.5) can be expanded in terms of plane waves
v(x, 1) = e"'(a eZzHl’x/L+ be—Z:H?x/L) ) (4.6)

where Ne #, a, be ¥ and { € &. Inserting (4.6) in (4.5), we find the
following dispersion relation

N+v)P=Bp? -4 (kg + P L)@ (kg + £ L-2—p%). (4.7)

Unstable modes correspond to A € £, A =0 and the dimension of the
local unstable manifold is larger than the number of such N’s : N (p, v). An
easy computation shows that

Np,v)= (p*—¥)¥L/"1), (4.8)

where x, = (x + |x|)/2. It follows that the Hausdorff dimension of the
unstable set emerging from @&, #“(ii) (see (2.15)), is larger than
N (p, v). Since this set is included in the global attractor ./ we deduce the
following result (recall that the Hausdorff dimension of a set &,
dy (&), is always smaller or equal to its fractal dimension dg(&)).

PROPOSITION 4.1 : In the cases where the driving force is given by (4.2),
the dimensions of the global attractor are bounded from below as follows :

dg ()= dy ()= (p* =¥ L/ (2" 10). (4.9)

An application to a situation arising from plasma physics. Inspired by Nozaki
and Bekki [9], we assume that we are given a small parameter ¢ > 0 and that
the damping term and the driving term (given in (4.2), with k; = 0) scale as
follow

Y=v¢&2, p=poe’. (4.10)
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In that case, provided p§ >+v3, we deduce from (4.9) that
dg(H)=dyp(Hf)=rye ™! (4.11)

where ko = (pf — ¥3)!* L/ (22 10).
On the other hand, since

| flg=L"po(p} +v$)"? e, 4.12)
we find thanks to (3.7) that

dg(A)<xrje®, 0<e=<l

where kg is independent of £ and can be obtained explicitely in terms of
Po» Yo and L. In fact, in the case (4.10), the upper bound (3.14) can be
improved (but we shall not give the details here) and this leads to a better
estimate on the fractal dimension of .o/, namely

dg(H)<=r e, O<e<l. (4.13)

Summarizing (4.11) and (4.13) we see that

kKoe lsdp(f)<sdg(f)<sxk e, O<e<l. (4.149)

We cannot conclude from these estimates that neither the lower bounds nor
the upper bounds on the dimensions are asymptotically sharp, as it is the
case for the Ginzburg-Landau equation [7]. However, as follows from
(4.14), the long time dynamics of equations (1.1)-(1.2) is always finite
dimensional but involves more and more degrees of freedom as € — 0.
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