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(Vol. 23, n° 3, 1989, p 541-561)

INDUCED TRAJECTORIES AND
APPROXIMATE INERTIAL MANIFOLDS

by Roger TEmaM (V)

INTRODUCTION

Inertial manifolds are new objects that have been recently introduced in
relation with the study of large time behavior of dynamical systems (see
[FST] [FNST] and the other references quoted therein and below). From
the mathematical point of view, these are smooth (at least Lipschitz) finite
dimensional manifolds that are invariant by the flow and attracts exponen-
tially all the orbits. In particular, of course, they contain the universal
attractor of the system and when they exist, they produce an imbedding of
the attractor (which may be fractal), in a smooth dimensional manifold.

From the physical point of view, inertial manifolds can be viewed as a
modeling of turbulence : indeed as it is recalled below the existence of an
inertial manifold is equivalent to an interaction law between small and large
structures in a turbulent flow. For an orbit lying on an inertial manifold,
small and large eddies are related by the equation of the manifold and any
orbit tends exponentially rapidly to the manifold. Hence the equation of the
manifold is the governing law for the permanent regime.

The existence of inertial manifolds has been shown for a broad class of
dissipative partial differential equations using the methods of [FST] [FNST]
or other methods or generalizations that have been developed: see
[CENT1], [CFENT2], [MpS], [T3] and the references therein. Nevertheless
there are stil several dissipative partial differential equations, including the
two-dimensional Navier-Stokes equations for which no existence result of
inertial manifold is yet available (?).

(*) Laboratoire d’Analyse Numérique, CNRS et Umversité Paris-Sud, Batiment 425, 91405
Orsay, France.

(®) The difficulty here 1s the spectral gap condition the spectrum of the mam linear
operator must have sufficiently large gaps , see the references above
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542 R. TEMAM

As a substitute to inertial manifolds when they are not available, a
concept of approximate inertial manifold has been introduced [FMT]
[FSTi], and our aim in this article is to provide a method for constructing a
sequence of approximate inertial manifolds (AIM). AIM are manifolds that
attract the orbits, in a small (thin) neighborhood, exponentially rapidly.
They yield approximate laws of interaction between small and large
structures, i.e. interaction laws satisfied up to a small error. The fact that
these manifolds are only approximate one is compensated by the fact that
their equation is rather simple. In this article we restrict ourselves to the
two-dimensional Navier-Stokes equations but the methods are general and
will be developed elsewhere for other equations (see already M. Marion
[M1] [M2]). See also another totally different construction of AIM for the
Navier-Stokes equations in [Ti].

The method leading to the construction of the approximate inertial
manifolds that we present here is new and seems to have some intrinsic
interest ; we call it the principle of the induced trajectory. It consists in
associating with a given orbit a family of orbits (called the induced
trajectories), that approximate the initial orbit at higher and higher order of
accuracy. Furthermore induced orbits lie on a finite dimensional manifold
or in a small neighborhood of such a manifold which plays the role of
approximate inertial manifold.

The article is organized as follows. In Section 1 we recall the functional
setting of the Navier-Stokes equations and survey a few relevant results. In
Section 2 we construct sequences of approximation of a given orbit similar
to an asymptotic expansion. In Section 3 we define the induced trajectories
and study their properties. Finally in Section 4 we show how one can use the
induced trajectories to construct approximate inertial manifolds. The results
presented here were announced in [T4] ; the application of the concepts
developed here to the numerical solution of the Navier-Stokes equations
will be studied elsewhere.
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INDUCED TRAJECTORIES AND APPROXIMATE INERTIAL MANIFOLDS 543

1. THE NAVIER-STOKES EQUATIONS (SURVEY)

1.1. The equation

In their functional setting the Navier-Stokes equations appear as a
differential equation in an infinite dimensional Hilbert space H :

(1.1) %+vAu+B(u):f,
(1.2) u(0) =u, .

Here u = u(¢) is a function from [0, + 00 ) into H, representing the velocity
vector field ; v =0 is the kinematic viscosity, f € H represents volume
forces. The operator A is an unbounded positive self-adjoint closed
operator in H with domain D(A) < H called the Stokes operator ; its
inverse A~!is compact in H ; finally B(u) = B(u, u) where B is a bilinear
continuous operator from D(A) x D(A) into H, that satisfies further
continuity properties recalled below.

We denote by (.,.) and | .|, the scalar product and the norm in
H. We know that we can define the power A° of A for all s € R, and
A° maps D(A®) onto H; |A°. | is a Hilbert norm on D(A’). We set
V = D(A"") and denote the norm and the scalar product in V by
| - I, ((.,.)) The particular interest for the norms | . |, || . ||, is that

3 |u|? is the kinetic energy and |u||? the enstrophy of a flow with velocity
field u.

Since A~!is self-adjoint compact in H, there exists an orthonormal basis
of H consisting of the eigenvectors w, of A:

Aw, =N, w,, m=1,

D<hisN=s.-o, \,o+0form->+.

Equation (1.1) is the evolution equation for the velocity u for a viscous
incompressible fluid in a bounded domain ; depending on the choice of
A and H, the boundary conditions are the no-slip condition, or a free
boundary condition, or the space periodicity (see [T1] [T2]); (1.2) is of
course the initial condition for the velocity. In the case of the space
periodicity boundary condition the eigenvectors w,, are directly related to
sine and cosine functions, e.g. in space dimension 2 :

. 2Mjx 2 Mjx
-—— SIn , —— COS ,
171 L Hil L

I
j

vol. 23, n° 3, 1989



544 R TEMAM

where
. . > . ] Xy Jaxp
= € 2 S = — d ]_x - 4 -
] (]1’ ]2) N ] (]23 ]1) an L Ll L2 >
L, the period in direction x,.

In space dimension 2, it is well-known that for u, given in D (A ?), (1.1),
(1.2) possesses a unique solution # bounded from [0, o[ into D(A'?).
Furthermore u is analytic from ]0, oo [ into D(A) ; the domain of analyticity
of u in the complex plan C comprises the region A(|ju,| ) defined by

(1.3) A(||lugl]) = {¢€C,Re{=0, [Im{| =T,if Rel{= T,
[Im{| <Re{,if Re{ < Ty} ;

here T, = To(J|ugl|]) is a bounded increasing function of v=', |f],
AT and || ; see [T1] [T2]. If u is solution of (1.1), (1.2), then we set for
t, = 0 arbitrary (%)

(1.4) My(t,) = sup |u(s)|, M. (t,)=sup ||u(s)] .

s=1, s=t,

Finally, let us recall some well known continuity properties of the
operator B that will be repeatedly used : there exist absolute constants
¢, ¢, such that for every u, v, we D(A):

B o ;ulllzuuﬂmuv!QI/Q[AUIl/z
(1.5) [B(u,v)] \c1{|u|1’2|Au|1/2HvH
(1.6) | (B(u, v), w)| < colul|lu| o [w]|[w]".

Like ¢y, ¢, all the quantities c,, ¢, that will appear subsequently are absolute
constants. We recall also that

|Aul?
A flul?
(1.8) (B(u,v),v) =0, VYu,veD(A).

1.7) |B(u,v)| =cslluj||v]) (1+log )1/2’ Yu,ve D(A),

As mentioned in the Introduction, the following results apply to more
general equations. In particular we can consider an abstract equation (1.1)
and the only properties used on B are (1.5)-(1.8). We could also assume
slightly different hypotheses on B and obtain slightly different resuits.

(*) In the applications the time ¢, can be either ¢, = 0, 1 which case M,, M, depend on
u, Or ¢, can be a time large enough, after the entrance of the orbit in the absorbing set, n
which case M, M, arc independent of 4 , explicit values of M, M, in term of the other data are
given 1n [FMT]
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1.2. Projections of the equations

In the following we consider for m € N fixed, the space spanned by
wy, ,w, and we denote by P,, the orthogonal projector in H onto this
space, O, =1-P, We recall that P, and Q, are also orthogonal
projectors 1n all the spaces D(A®) and that they commute with A and its
powers When u 1s solution of (11), (12) wewnte p,, =P, u, q,, =0, u
and projecting (1 1) on P, H and Q, H we find a coupled system of
equations satisfied by p,, and g,

dpm
(19) —CTI_+vApm+PmB(pm+qm):me’
dqm
(1 10) 7+qum+QmB(pm+qm)=me
It 1s clear that p,, which corresponds to the eigenfrequencies A7 !, , A}

represents the superposition of large structures in the flow, while
4., corresponding to eigenfrequencies < )\,‘,,11 represents the superposition
of small structures Of course the choice of a cut-off value m 1s arbitrary but,
necessary, since the A, constitute an unbounded increasing sequence

When the index m 1s understood we write for the sake of simplicity

P=P,, @=Q,, A=X\,, A=X,,

Some a prior-estimates on g = q,, vahd for large ¢, were derived 1n
{[FMT] They show that the kinetic energy and the enstrophy carnied by
g, 1 the small eddies, 1s small for large ¢ (and large m), whatever the
mitial data

Let us consider an 1nitial datum uy in (1 2) satisfying

(111) [ugl =Ry, ol =R,

Then we know that there exists a time £, that depends on R, R;, and the
other data, v, |f|, A, such that for 1 =1,,

(112) lu@)] =My, Ju@)| <M,

where M,, M, are independent of u,, but depend on the other data ()

We now recall, with some shght improvements, the estimates on
9 m [FMT] () ,

(*) Thus 1s related to the existence of an absorbing set in H and V for the dynamical system
(11), ¢, 1s the entrance time tn these absorbing sets , see [T3]
() In [FMT] the estimates on g,, are valid for large m , those given here are vahd for all m

vol 23, n° 3, 1989
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(1.13) For any orbit of (1.1), after a time t, which depends only on the data
v, | fl, N\ and on uy through Ry, the small eddies component of u,
qm = Qn u is small in the following sense

lan(] <Ko L8, |lgn(0)] <K, L8,
l4n ()] <K§ L5, |Aq, ()| <K, L'*.

Here

(1.14) 5 = L=1+log ”‘”

A N A

and K, K;, K;, Kj;, depend only on the data v, |f|, A

We briefly recall the proof of (1.13) in order to introduce some necessary
notations. Upon taking the scalar product of (1.10) with ¢ = g,, and using
(1.8) we find

Zdt 2 1> +vlql? = (Qf.9) - (B, p), @) — (B(g, p), q)-
We use (1.6) and (1.7) and observe that
(1.15)  |A¢|2=r,fle]% 1+log 122l
This yields

1d
5 1417 +vlal? =< 1Qf 11l +es LpI*lgl +callplilal ]

< (|1Qf| +¢3s L' M} + ¢, M})|q|
<ciNA(Qf| + L M) q|

;
<3 gl + 5=— (12f1* + LM)
m+ 1
d ., 12 2 4
(1.16) z1al"+vilall® =5 +M7)L
2 1q1? + W1 1q)? < ML
dt m+1 TN 1=

By integration in {ime we find
(117)  [gm()]* < [gn (@) |* exp (= vhp 1t - 2, ))+

+55— (|QfI>P+ M) L.

)‘m+l
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We write

2¢ 2 4
(1'18) KO: 2 2(|f| +M1)
v )\1

and, with the notation (1.4) :

|qm(t*)| = ,u(t*) SM().

Hence
(1.19) |9 ()2 < Mexp(~ Wy (1 — 1)) + 5 Ky L&?
and for ¢t = ¢,

1 K,
1.20 t :t*+—lo _—,
(20 ° vy C oM
we obtain
(121) I‘Im(t)lsto LSZ

Then we want to estimate the norm of g, in D(A?) in a similar manner.
Upon taking the scalar product of (1.10) with Ag,, in H, we find after some
similar computations (for the details see [FMT]):

2

d Cs M§ M
S llanll +hn sl <2 (1077 214 20 ) 1
14

d Cs M§ M}
(1.22) gt‘|lqm”2+"|Aqm|2$;(1Qf|2+Mf+ - L

We set

MZ M}
| = (|f|2+Mi‘+ °2)

Cs
v,
and for ¢ = t, we write
(1:23) [ an @17 < |4n(t0)]” exp (= Phpas (= 10)) + 5 K, LD

< Miexp(— v\, . (t —tp)) + %Kl L3 .
Ift=1¢,

(1.24) b=t L log LR
. =ty +—log ——
1 =1 W g 2 M2
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we find as announced :

(1.25) lgm(®)|* < Ky L3 .

The estimate on g,, in (1.13) is derived from that on g,, by observing that
q,, is analytic in time in A (||%,] ) like u, and by using Cauchy formula in the
strip A(||ug|| ). Finally the estimate on Agq,, in (1.13) follows promptly from
(1.8), the previous estimates and (1.5)-(1.7).

2. ASYMPTOTIC EXPANSIONS

From now on we assume that the data are fixed, in particular v,
f, A and to some extent u,. To a given solution « of (1.1), (1.2) we want to
associate a sequence of functions that approximate u at higher and higher
levels of accuracy, like an asymptotic expansion.

The order of the truncation m is temporarily fixed (P = P,,, Q = Q,,),
although our aim is eventually to study asymptotic expansions valid for
m large. For each m we decompose the solution of (1.1), (1.2) as

u@) =pn(t) +4n) ,
(21) {pm(t):Pmu(t)’ qm(t):Qmu(t)a

and we define a sequence of functions g,,, = gq,,(¢), j € N, approximating
qn- Each g, is of the form

(22) qim =k0m+"'+k]m
where the k,, are recursively defined as follows.
For j =0,1,
(23) vAkOm + Qm B(Pm) = Qm f >
(2~4) vAk1m+QmB(pma kOm)+QmB(kOm’pm):O'

Then for j =2
(25)/ k;—Z,m +vAk]m + QmB(pmv k]—l,m) + QmB(k]~l,m:pm) +
-2
+ Z QmB(kr,m’ks,m):O'

r,s=0
rors=j—-2
Of course, everywhere in (2.3)-(2.5), the time variable ¢ is understood,
k,n = k,,(t). For each j and ¢ the existence and uniqueness of k,,,(t) is easy.
Since the quantities Ky, ..., k,_; , are known when we determine
k., it suffices to observe that k,, is solution of an equation

vAk]m(t) = ‘P(t) s

M?AN Modélisation mathématique et Analyse numérique
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and this is equivalent to the inversion of A, i.e. the solution of a (linear)
Stokes problem.

By adding the relations (2.3)-(2.5) we refer relations satisfied by the
qm (see (2.2)):
(2'6) v/4q0n1+'£2nzl;(pn;)::£2m fa
(27) VAql,m+QmB(pm> qOm)+Qm B(qOrmpm) = Qm f’
and for j =2

(28)/ q],—Z,m+qu]m+QmB(pm)+QmB(pm’q1—l,m)+
+QmB(q]-~l,m7pm)+QmB(ql—2,m)= me

For (2.8) we have used

-2
(29) B(q]—Z,rrnq/—Z,m): Z B(kr,rm ks,m)'

rs=90

In Section 3 we shall compare the g,,, and the g, but, at this point, we
derive some a priori estimates on the quantities g,,, K-

THEOREM 2.1: There exist constants x, that are independent of m but
depend on j and on the data v, | f|, Ny ; there exists t,(= t,) depending only
on v, |f|, N\, such that for each m, each j and each t =t, the following
estimates are valid

|k]m(t)l =K, §l+71/2 [12+1/2
“k}m(t)” <K §l2+1/2 [12+1/2

2.10
(2.10), |AKk,, ()] <k, §/2 [ 12+1/2
|k]’m(t)| =K 31 +1/2 [ \2+]/2
Iq]m(t)l =K SLY?
(2.11), 4,m®)] <k, 82 L%

|Ag,m ()] <x, L
|g,(t)] =<x,BLY2.

Proof : Because of (2.2), inequalities (2.11) follow readily from (2.10) by
summation, observing that 8L < 1. We only prove inequalities (3.2).

We examine separately the cases j =0, 1 and then we proceed by
induction for j = 2. We rely of course on (1.13).

For a purely technical reason the inequalities (2.10) will be proved for ¢ in
an appropriate domain of the complex plan. We recall (see (1.12), (1.20),
(1.24)), that

(2.12) fu)l| =M, for t=1,.

vol. 23, n° 3, 1989
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Hence by (1 3), where ¢ = 0 1s replaced by ¢ = ¢;, we see that u 1s analytic 1n

the region ¢; + A(M,), Ty = Ty(M;) It follows also from the proof of (1 3)
that

(2 13) lu()| <21 +M,), for tet,+AM,)

In fact (2 10) will be proved in a sequence of shightly decreasing regions,
namely

@1, [n+310m) +3 (1455 ) - 1o + a01))]

o +1

1) Case j =0

For j =0 and t = ¢, #; as 1 (1 13), we write
215) A%m=§(me—QB@m»
(2 16) [Akom] <2 1Q f + 2 | Bn)]

=< (thanks to (1 7),(115))

1

<110, + ZL2p,?
1 S

S; 'mel +—_;M12L1/2
1

S; ('fl +C3M12)L1/2

This shows the third mequality in (2 10) for j = 0, the first and second
mequalities are proved by observing that the norm of A tin (O, H) s
bounded by \;,L

(2 17) IA-ILQV(Q H) )‘;;z+l

For proving the fourth mequality in (2 10) we observe that kj,, 1s analytic
in the same region #; + A(M,) as u Also the estimates (2 16) are valid in

that region of C as well Hence for¢ € % (To(M,) + A(M;)) (see (2 14)), we

find by apphication of Cauchy formula to a circle centered at ¢ of radius
To(M;) that

442

(218) lkom ()] < 42 sup  |kom ()]

(2 10) follows
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ii) Case j =1
Thanks to (2.4), the estimates on B and the previous estimates on
q, and qq,,, we have

(2.19)  |Ak,,| <

|B(pm7 kOm)I + - |B(k0m’pm)|

CH—‘

C3 (9] /
< —LPpull [ Komll +— 1koml™ Ikoml™ 12" |APn| ™
< (with (1.15))

- Lli [ om] + 2 = [|kom 12

- [ 372 ~1
\<VL M1+VM1>||k0m||-

Using the estimate on | k;,| we obtain the third inequality (2.10) for
j =1 and then the first two follow from (2.17). The fourth inequality is
proved like (2.18).

iii) Case j =2
We proceed by induction and assume that inequalities (2.10) have been
proved at order O, ..., j — 1, in the regions (2.14). We want to prove them at

order j.
We infer from (2.5)] that

(220) |Ak] ml <"‘ IB(pM! 7-1, m)‘ + = IB( —l,m7pm)| +
1-2

1 1
+; Z |B(kr,m’ks’m)|+;|k_2’m|,

r,s=0
rors=j7-2

We now use the estimates (1.5)-(1.7) on B and (1.12), (1.15) :

C3 S}
lAk],ml s;Lm”Pm” ”k]—l,m” +; |k]—l,m|1/2 IAk]—l,mI1/2 ”pm“ +

Cl 1-2
+7 Z |krm|1I2 |Akrm|1/2 ”ks m”+ |k’—2m|
r 0:,::!0_ 2

Thanks to the induction hypothesis, we obtain the following estimate valid
in the region (2.14), _,:

(2.21) |AK, | <872 LI/%(1 + L'?) 4+ «8//2 L//2~17
=< x§! /2 L1/2-+-]/2 .

vol. 23, n° 3, 1989
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Like the k,, « is a constant depending on v, |f|, A; and j that may be
different at different places in the text. This proves the third inequality
(2.10) at order j in the region (2.14), _ ;. Thanks to (2.17) we obtain the first
and second inequality (2.10) at order j in the same region. Finally due to
Cauchy formula we obtain the fourth inequality (2.10) in the region
(2.14), which is slightly smaller than (2.14), _,.

Theorem 2.1 is proved (¢, = #; + TyH(M;)).

3. THE INDUCED TRAJECTORIES

We call induced trajectories associated to a trajectory

(3.1) u(t) =pn(t) +4q,),

the trajectories u,, = u,,(t) defined by

(3.2) y, (1) = P(t) + ), (0) -
Since

(3.3) Xym =Uym—U=Gq, m—Gm >

the comparison of the induced trajectories u, ,, to u is reduced to the
comparison of ¢, ,, and g,. Upon subtracting (1.10) from (2.6), (2.7) or
(2.8), we obtain

(3-4) vAXo,;m + @n BOm> qm) + Cm B> Prm) = @ B(4) + i »
(35) 1""4>(],m + Qm B(prm XO,m) + Qm B(XO,rrn pm) = Qm B(qm) >

and for j =2,

(36)] vAX],m + Qm B(pm’ XJ—I,m) + Qm B(X}—l,m7pm) =
= Qm B(qm) - QmB(Q]—Z,m) - X],—Z,m .

Our aim in this section is to prove the following.

THEOREM 3.1: There exist constant X, that are independent of m but
depend on j and on the data v, | f|, N\, ; there exists t; depending only on
v, |f|, N, such that for each m, each j and each t = t; the inequalities

hereafter hold :

IXJ,m(t), SR! 83/2+1/2L1+;/2,

X, m (2 <R 81+]/2L1+]/2,
(3.7) /> /

|ij,m(t)| s—l 81/2+]/2L1+]/2’

|X;’,m(t)| S—] 83/2+I/ZL1+]/2.
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Remark 3.1 : Theorem 3.1 implies in particular that an orbit u( - ) can be
approximated for ¢ large (¢ =t;) at an arbitrary order of accuracy by an
induced trajectory u, ,, provided m is sufficiently large. The order of
accuracy is given for each j by (3.7) 3=3,,, L =L,).

Proof of Theorem 3.1 : The proof relies on (1.13) and Theorem 2.1. As in
Theorem 2.1, we shall establish (3.7) for ¢ in an appropriate region of C,
namely

(8, 3T+ (1425 ) (- Tol) + A(M))
Note that
(2.14), = (3.8), = (2.14), _; .
i) Case j =0

We start from (3.4). We infer from (1.5), (1.7), (1.15) and (2.10) with
j =0, that for t =1, :

%] €1
B9 |AXoml <= LZpnlllgnll + = gl ™ l1anl™ 112ml"*|APA] " +
€1 K
+; |qm|1/2 ”qu ‘Aqm‘l/2+;L1/28 .

We then write
12mll < el <My, |Apnl < N2 llpnl < NE L My
and use the estimates (1.13) for g,,. We obtain
| AXo, m| < ®L8" + kL2812 4 kL + KL?3'?
|AX0,m| = KLSUZ .

This shows the third estimate (3.7) for j = 0 ; the first and second estimates
follow readily using (2.17). Finally the estimate on ¥ ,, is proved like (2.18)
using Cauchy formula.

ii) Case j =1
We start from (3.5). As for (3.4), (3.9) we see that for t =1, :

1 1
(3.10)  |Ax1,m] =3 |B(Pm’ Xom)| +; (B (X0, m> Pm)| +
1 1, ,
+ = |B@m)| + - |4nl
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(&}
<— L]l 1x0,m]

51
+o %0, m) " 1X0,m I 1P| | AP | ™2

2 172
I |

1 1, .,
+‘; IQm qu“lAqm +;lqm,
< (with (1.12) and (1.15))

C3 ¢
= L™ M, | xo,m|l + - M Il xo, m

172 172
| |

(4] 1 ,
+T;'qm "qm“ |Aqm +;|qm| -

Using the estimates on g,, and X, ,, We obtain

|AXy, m| <& (L*8 + L5 + L'?53)

|AX1, m| <xL3?8.
The third inequality (3.7) for j = 1 is proved ; the first two inequalities
follow from (2.17) ; the fourth one is derived using Cauchy formula.

m) Case j =2
We start from (3.6),. We observe that

Gn =91 -2,m — (Gn '_q]—Z,m) =4;,-2m ~ X;-2,m
B(qm) —B(q,_2,m) = B(q]—Z,m _X]—Z,m) —B(‘I]—z,m) =
==BX-2m 9 -2,m) =BG _2,m>s X;—2,m) + B(X;—2,m) -
Thus
VAX,m = = Qu B@ms X;—1,m) = @ B(X; ~1,m> Pm)
- QmB(X]—z,maq]—z,m) - 0O B(q]—Z,mv X,—z,m)
+ 0 B(X]—z,m) - X;'_z,m .

We now use the estimates (1.5)-(1.7) on B and (1.12), (1.15) :

C3 51 J7) 2
1A%, m| = 2 L2 2l 1% - 1| + = 1 -1, 7 1A%, -1, [ 2]

172

41
- |X1—2,m|1/2|AXJ—2,m| ;- 2,m|

2! 12 1”2
+;|qj—2,m| |qu~2,m| ”Xj—Z,m“

172

5] 12 '
+; 'XJ—Z,mI nX/—Z,m“ IAXJ—Z,mI + )X]—Z,m| .
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Thanks to the induction hypothesis we obtain the following estimate valid in
the region (2.14), _,

|AX],m| = k§l2+1/2 L1+1/2+ k§l2+1/2 L1/2+1/2(1 + §112 LL’Z)

+kd L)+ «d2+1/2 172
< (sinced=1=<L,d8L <1)
< K8112+//2 L1+1/2.

This proves the third inequality (3.7) at order j in the region (2.14), _;.
Thanks to (2.17) we obtain the first and second inequality (3.7) at order j in
the same region ; then thanks to Cauchy formula we obtain the fourth
inequality (3.7) in the region (3.8), (which is smaller than the region
(2.14),_).

The proof of Theorem 3.1 is complete (3 =1, + Ty(M;)).

4. APPROXIMATE INERTIAL MANIFOLDS

Our aim is to use the previous approximation results for the construction
of approximate inertial manifolds for the two-dimensional Navier-Stokes
equations.

A first simple remark is to reinterpret (1.13). Indeed (1.13) amounts to
saying that the flat space P, H is an approximate inertial manifold for the
Navier-Stokes equations. Each orbit enters after a finite time (namely
t)) in a thin neighborhood of P, H of thickness ky L'*8 in H, or
x; LY28"2 in V. Of course the universal attractor & for these equations lies
in this neighborhood.

We are more interested in nonflat inertial manifolds and with that
respect, less obvious results follow from inequalities (3.7) at the order 0 or
1. At order 0 we recover the approximate inertial manifold .# in [FMT)].
Indeed let ., be the quadratic surface of H of equation

(41) Qm‘P: (VA)—l (me_QmB(Pm"P))
or in a more elementary form, setting X =P, ¢, Y =0,, ¢,
(4.2) Y =AY ' (Qn - QnBX)).

Note that X € P,, H, of dimension m, while Y € Q,, H which has infinite
dimension and that the right hand-side of (4.2) is quadratic in X. Then
(3.7)y states that after a finite time (namely #;), u(.) enters in a thin
neighborhood of #, of thickness ky 82 L in H or ko 8L in V

disty (u(t), Mo) < |Xo,m(t)| < xqo 37 L

43 Ndisty (@), M) < lxom(@)] <xoBL, for t=1t5.
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Note that this neighborhood is thinner than the neighborhood of
P,, H previously mentioned by an order (8L)Y; of course the universal
attractor 2 lies in this neighborhood of .# and thus in its intersection with
the previous neighborhood of P, H (see fig. 4.1).

N Y = Qu¥

Figure 4.1. — Localization of the universal attractor &/ in H:
&/ lies in the dashed region.

With inequalities (3.7) at order 1 we define another approximate inertial
manifold ., that attracts all the orbits in a finite time, in a still thinner
neighborhood. Let ®,(X) denote the right hand-side of (4.1) and consider
now the manifold .#, of equation

(4.4) Y = @, (X)
= (vA) 1 (@ f — Qn B(X, ®p(X)) — Oy B(Dy(X), X)) .

According to (3.7),,

4 disty (), M1) =< |X1,m(t)| < x; 8 L3
(4.5) disty (u(t), M1) < X1, m(@)|| <%, 82 L¥, for t=1t,.

Hence after a finite time u(¢) lies in a neighborhood of .#, of thickness
k; 8% L*in H or k, 82 L¥?in V ; this is thinner by an order (5L )"? than the
above neighborhood of .#, and by an order 8L than the above neighbor-
hood of P,, H.

We intend now to construct other (better) approximate inertial manifolds
but the procedure will be more involved. The simplicity of the equation of
My, M, resulted from the fact that the induced trajectories u ,,,
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U, lie in these manifolds but this is not the case anymore for
Uy m» €tc. However we shall prove that u, ,,, u; ,, are respectively very close
from approximate inertial manifolds .#,, 5.

The manifold M,
Equation (2.8) with j = 2 reads

(46) VAqZ,m + Qm B(pm) + Qm B(pm’ ql,m) +
+ Qm B(ql,m’pm) + Qm B(qO,m) = Qm f - qé,m .

By differentiation of (2.6) we obtain

4.7 Gom =~ (VAY 1 (@ BOm> Pr) + Qe B} P))
= Dq)()(pm) 'prln >

where D®, is the differential of ®;. On the other hand (1.9) yields
(48) pr’n:\P(Pm’qm):_vApm—PmB(Pm+qm)+me-

We now replace p,, by an approximation p,, and this yields an approximation
do.m of q¢,,, and an approximation g, , of q, ,, :

(49) .ﬁ;'n:‘I'(Pm’QO,m)="VAPm'PmB(Pm+510,m)+me
(4.10) To,m = — (VAY ' (@ B(Poms Pr) + @ B> Pm))
= D®y(p,,) - Pn

(411) qu_Z,m + Qm B(pm) + Qm B(pm’ ql,m) +
+ Qm B(ql,m7pm) + Qm B(qO,m) = Qm f - q(,),m .

In this manner we obtain a trajectory
Uym = Pm+ Q2,m
lying in the manifold .#, of equation
Y = ©3(X)
where Y = Q,, ¢, X = P, ¢ as before, and

(4.12) ®3(X) = (vA) ' Q,{f - B(X) - B(X, (X)) —
— B(®,(X), X) = B(®o(X)) — DPy(X) . ¥(X, Dy(X))} -

The distance in H or V of u(t) to .4, is bounded by the corresponding
norm of & ,(t) —u(t) = Xo, n(t):
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disty (u(t), M) < [ﬁz,m(t)—u(t)' = I)—(2,m(t)|

1D disty (o), ) = 8,0 ~ 2] < [RonO)]

But Xo,;m = Xo,m + Q2,m — 92, m
(4.14) VA(@o,m — 92,m) =~ To,m +90,m
|A (T2, m — 92, m)| s% |8, m — 96, m|
<Ay (0BG PP
+ QO B(Pry — P> Pm)) | -
Also

(415) ﬁr,n _pr,n = PmB(pm + qm) - PmB(pm +qO,m)
= - PmB(pm + Gm> XO,m) - PmB(XO,m’pm +q0,m)
(4.16) | — Pru| = ®L™| X0, || =< 3L
17 ~ Pl <M | P — ] = w32 L.

Thus
| B@ps P — Pr) + B@o — P> Pm)| < L Py | |2 — Pra]| < w3"* L2

and because of (4.14) and (2.17)
_ 1, /
(417) |A(q2,m_q2,m)l s; IqO,m_qO,mI SK83/2L2.

Finally, for ¢t =t;:

(418) 'A)_(Z,ml = IAXZ,ml + 'A(q_Z,m —qZ,m)'
=xkd? L2,

This bound on |A7<2,m| is of the same order as that on Ay, , and we
conclude that for ¢t =t5:

diStH (u(t), ﬂz) = |)_(2,m(t)| = K85/2 L2

4.19 . -
(4.19) disty (u(t), M2) < ||Ro,m(t)]| < L.

By comparison with (4.5) we see that the orbits enter a neighborhood of
M, which is thinner than the corresponding neighborhood of .#; by an
order (3L)"2.
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The manifold M ,

The procedure is the same as for .#,. We start from equation (2.8) with
j=3:

(420) qu3,m + Qm B(pm) + Qm B(pm’ q2,m) +
+ QmB(qZ,m’pm) + Qm B(ql,m) = Qm f—q{,m .

By differentiation of (2.7) we obtain

(421) q{,m = - (VA)_I Qm(B(pm’ qé,m) + B(pr’m QO,m) +
+B(q0,m’pr’n) +B(q6,m7pm))
= Dq)l(pm) ‘prln )

where D®, is the differential of ®;. We now replace p,, and q; ,, by their
approximation p,,, g ,, above and this yields an approximation gj ,, of
q1,» and an approximation g3 , of g3 ,,

(422) —r’n = _vApm‘PmB(pm+q0,m)+me
To,m = — (VAY ' Qp(BPm; ) + B (B> Pm))
qi,m = - (VA)_IQm(B(pm’ q(s,m)‘*'B(prln’ qOm)

+B(q0,m’ﬁr’n)+B(q(’),m:pm))
(423) quS,m + Qm(B(pm) + B(pm’ qZ,m) +
+ B(qZ,m’pm) + B(ql,m)) = Qm f_ qll,m .
Thus
P 1 ' —1
A(Gs,m — G3,m) = > Gi,m — qi,m
ABm = Tiom = (VAY ' Qn(BPrms To,m — 96,m) +
+B(Ppn ~ Pm> 90,m) + B(90,m> P — P)
+B(q6,m_q6,m’pm))
q(’),m - q(l),m = - (]’[l).1 Qm(B(pm’pr,n _pr’n) + B(p-r’n —pr’n’pm)
prln_Prln = - Pm(B(pm + ql,m) _B(pm +qm))
- Pm B(pm + Gm> Xl,m) + Pm B(Xl,mrpm + ql,m) .

We recall that

Ip;n —Pr'nl < kdL 3"
| Ao, m — gb,m)| <=8 L2.
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Then we find

|A(q{,m - q{,m)l = KSLS/Z
(424) IA(qB,m - q3,m)l = KSZ LS/Z .

We can conclude and state the desired result: the distance in H or
V of u(t) to .5 is bounded by the corresponding norm of
by (1) —u(t) = X3,m (1)
where ﬁ3,m(l‘) :pm(t) + q?;,m(t) :

disty (u(t), M3) < |83, (t) —u(®)] = |R3,m ()]

(425) diStV (u(t), 'ﬂ3)$ nal'"(t)-u(t)“ = ”7(3,m(t)” :

Due to the estimates above, for ¢ =5
X3,m () = X3,m(t) + @3, m(t) — 3, (7)
| A%, m ()] < |Axs,m ()| + [A @5, (1) — 43, (1))]
(4.26) |A%s, n(1)| < k82 L5

and with (2.17) we obtain
47 disty (u(t), M3) < |X3,m(t)| <8 L7,
(4.27) disty (u(1), M3) < |X3 (1) < w2 L3,

By comparison with (4.19) we see that the orbits enter a neighborhood of
A3 which is thinner than the corresponding neighborhood of .#; by an
order (3L)Y, and thinner than the neighborhood of P,, H by an order
(3L ). The equation of .#; is easily derived from (4.23), (4.22).

We can recapitulate our results in the following theorem.

THEOREM 4.1: There exist manifolds M, ..., M 4 explicitly defined

above, such that after the time t; given by Theorem 3.1, each solution
u(-) of (1.1), (1.2) belongs to a neighborhood of M, of the form

disty (¢, A ) < k§2+1/2 [ 1+1/2
disty (@, M,)<Kd FI/ZLITI/2 0 j=0,..,3
where k depends on the data v, |f|, N\, (and on j).

Remark 4.1 : If we want to approximate the Navier-Stokes equations for
large times and wish to approach the attractor &/, it is probably better to
construct Galerkin type approximations lying in these approximate inertial
manifolds .#,. This has already been successfully done for the manifold
My of [FMT] (see [MT], [R]).
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