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THE p-VERSION OF THE FINITE ELEMENT METHOD
FOR ELLIPTIC EQUATIONS OF ORDER 2/ (¥)

Manil SURI (%)

Communicated by J. DESCLOUX

Abstract. — The approximation of solutions of elliptic problems of order 2 over two-
dimensional polygonal domains by the p-version of the finite element method is investigated.
Optimal rates of convergence are established for the case when elements possessing C f-1
continuity are used.

Résumé. — L’approximation des solutions de problémes elliptiques d’ordre 2{ dans un
domaine a deux dimensions est traitée par la version — p de la méthode des éléments finis. On
obtient une majoration optimale de I'erreur en utilisant les éléments qui sont C 81 continus.

1. INTRODUCTION

The finite element method has three versions : the h-version, the p-
version and the h-p version. In the h-version, increased accuracy is achieved
by decreasing the mesh size ~ while keeping p, the degree of elements used
fixed (usually p = 1, 2, 3). In the p-version, a fixed mesh is used while the
degrees p of elements are either uniformly or selectively increased to
achieve accuracy. The h-p version is a combination of both.

The standard h-version has been thoroughly investigated and many
commercial and research programs are available. In particular, the solution
of elliptic problems of order 2 £ using elements that are C -1 continuous has
been analyzed and optimal convergence rates established (see, for e.g. [8]
and the references therein).
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266 M. SURI

The p- and h-p versions are recent developments. There is only one
commercial code, the system PROBE (Noetic Tech, St.-Louis) and the first
papers discussing theoretical aspects appeared only in 1981 ([6], [2]). For an
account of today’s state of the art, see [1]. See also [3], [4], [5], [9], [10],
[12], [13].

In [6], a second-order model elliptic problem was considered over a
bounded, two-dimensional polygonal domain. It was shown that if
C? elements belonging to Hj were used, then the rate of convergence was
optimal up to an arbitrarily small & >0,

lelm=CE)p~ D% u| 4. (1.1)

The dependence upon & was removed in [3] to yield an optimal convergence
rate for C° elements, namely

el = Cp Dl 1.2)

Several higher order problems occur in engineering however, like
problems of plates and shells ([19], [20]) for which elements possessing a
greater amount of continuity than C°elements are required. To this end, the
results of [6] were extended in [16] to C! elements to obtain the following
rate of convergence :

lell o< C(e)p™ ® 2 “flu| . (1.3)

Unfortunately, for the case where the solution lies in H kN HS, the proof
in [16] is predicated on an interpolation assumption ([16], eq. (2.37))
without which (1.3) does not hold. This assumption is stated by us in
Section 4, Remark 4.2. Moreover, the proof of [16] indicates that the term
C (&) can grow quickly with & — 0. Nevertheless, computational experience
indicates that (1.3) holds without the term .

In [9], an alternate approach is used to show that for ct-1 elements,
(=1,

lellye=C ()P~ =D uf . (1.4)

The proof of (1.4) does not spec1f1cally deal with the case of boundary
conditions. In order to extend (1.4) to conforming C!-! clements with
f — 1 vanishing normal derivatives on the boundary, an assumption similar
to the one in [16] is used implicitly in the proof of [9], Theorem 3.4.

In thlS paper, we investigate the approximation of functions in
H*N H{ by the p-version, using polynomials in C!~1n H. For

k=210 — 3 we obtain the optimal approximation result
el = Cp™ = ull . (1.5)
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THE p-VERSION OF THE FINITE ELEMENT METHOD 267

In proving (1.5), we do not use the interpolation assumption used in [9],
[16]. The use of this assumption, however, allows us to extend (1.5) to the

caseﬂ<ks29—%.

In the case for which the solution exhibits singular behaviour of the type
u=~r®((r, 8) being polar coordinates) and the vertex of the elements is at
the origin, we obtain the optimal estimate

lefl < Cp=2@-t+1), (1.6)

This improves upon the rate of convergence found in [16] (and [9]-[10])
which is optimal up to an arbitrarily small £ = 0.

In Section 2, we describe the notation used and our model problem.
Section 3 deals with approximation properties of polynomials on the square.
In Section4, we analyze the rate of approximation for functions in
H*N Hg and prove (1.5). Section 5 deals with the case when the solution
exhibits singular behaviour and proves (1.6). In Section 6, we summarize
our results and briefly address some generalizations.

2. PRELIMINARIES

2.1. Notation

Let R? be the usual Euclidean space with x = (x;, x,) € R%. Q — R? will
denote a bounded polygonal doglain with vertices A;, i =0,1, ..., M,
Ay = Ay and with boundary I' = Z T'; where I'; are open straight lines with

i=1
end points A; _;, A;. The internal angle between I'; and I'; , ; will be denoted
byw,i=1,..., M, 0 < w; <2 m. The case w; = 2 7 results in a slit domain
for which the boundary is two-sided (in an obvious sense).

By L,(Q) = H(Q) and H*(Q), k = 0 we denote the standard Sobolev
spaces (with index 2). Also, HX(©2) denotes the subspace of functions with
k — 1 vanishing normal derivatives on I'. For k£ > 0 note an integer, we
define H¥(Q2), HX(Q) as the usual interpolation spaces (by the K-method,

see [7]) :

H' Q) = (H'(Q), H' " 1(Q)),,

where ¢ +0=%k 0<6<1, g=2. For k=1, we define
HE*%(Q) = H**%(Q) N H4(Q). We will also deal with the Sobolev spaces
H*(T;), H*(I), I = (a, b) which are defined for k integer in an analogous
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268 M. SURI

way. The spaces H*(Q), HE(Q2), H*(T,), etc. are Hilbert spaces and their
inner products will be denoted by (., .)gkq), etc.
For « = 0, we let

R(x) = {(x;, x)||%1] <=, |x| <} . (2.1)

Hfer(R(x)) < H*(R(x)) will denote the space of all periodic functions with
period 2 k.

By 2,(Q), respectively 6,(R(k)), we denote the space of all algebraic,
respectively trigonometric (with period 2 k), polynomials of total degree at
most p on £, respectively R(k). By 9’3(0), respectively "GPZ(R(K)), we
denote the space of all algebraic, respectively trigonometric polynomials of
degree at most p in each variable on (2, respectively R(x). We also define
2,(;), 2,(I) (I = (a, b)) to be the space of all algebraic polynomials of
degree at mgst p on I, respectively 1.

Let & = () ; where ; are (open) triangles or parallelograms. We shall

i=1

assume that ; N €); = ¢ fori # j and QN (_)]- is either the empty set or an
entire side or a vertex common to {; and (2;. We will assume that all vertices
of Q) are the vertices of some ;. Q; will be called elements.

denote the standard square and standard triangle respectively. Let -
F; be an affine mapping with Jacobian having positive determinant which
maps ; onto Q if ©; is a parallelogram and onto T if (); is a triangle. Let
now S,(Q) L?(Q)) denote the set of functions u such that if ug, denotes the
restriction of u to ; then uq o (F;)"! € 2,(Q)if ), is a parallelogram and
ug, o (F;) ' € 2,(T)if Q; is a triangle. We will then write uq € 2,(Q;) and
u € 5,(Q). Furthermore, we denote for { =1 integer,

SiQ) = HY(Q) N S,(Q)
oSEQ) = SE(Q) N H{(Q) .

It is possible to show that Slfc C (9_1)(9) and (,Slfc Cég‘”(ﬁ), where
C(g)((_)) is the space of all functions with £ continuous derivatives on

Q and C 0“ (@) = € (D) the subspace of functions for which derivatives of
order up to £ vanish on T.

For r = (r,7r,), 0=<ry, r, < |r| = r +r, and u a function defined on Q,
Dy will denote the derivative

alrlu

Dy = .
ax; axy
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THE p-VERSION OF THE FINITE ELEMENT METHOD 269

2.2. The model problem and its properties

Let L be an operator defined on H2!(Q), £ =1 by

Lu= (-1 AMus (-0 1A u . —Autu= i (-1Y Nu. (2.2)

=0

0 . .. .
Let I denote differentiation with respect to the outward normal to  on

I'. Then we will consider the following model problem

Lu=F on 0 (2.3)

=0 on r r=0,1,...,0 —-1. (2.4)

Note that (2.4) is equivalent to

DPy=0 on T O=</|ri<f-1.

The model problem (2.2)-(2.4) is a classical case of an elliptic equation over
a nonsmooth domain. The properties of such problems have been well
studied (see [17], [18] and the references therein).

We assume here that the solution of (2.2)-(2.4) can be written in the
following form :

M
u=u + Y ufl (2.5)
i=1
where

u; € HY(Q) N H{(Q)

. i . O I .
wfl=Re { ¥ Cflllogr;|" r” ¢}‘](9i)x[‘](n)} € Hi(Q) (2.6)
j=1

j=

with k > £, Re (of1) > € — 1, Re (af];) = Re (af1), ¥}/! = 0 real, ¢{}(8;)
and x[)(r;) are real C*® (or sufficiently smooth) functions, xU!(r;) = 1 for

0<r; <pl! <% , XU1(7,) = 0 for r; = 2 pll. By (r,, 8;) we have denoted the

polar coordinates with the origin at the vertex A; of the polygon €. The
partition (2.5) is typical for problem (2.2)-(2.4). The function u; represents
the smooth component of the solution and is the only one present when the
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270 M. SURI

domain ( is smooth. However, due to the presence of corners, the solution
exhibits singularities of the form r* near the corners, which leads to the
components u{"]. In general, it is these singularity components which limit
the rate of approximation that can be obtained by the use of polynomial
subspaces. For details and proofs of the partition, we refer to [17], [18].

It may be noted that we have only dealt here with essential homogeneous
boundary conditions. -Instead of (2.4), we may specify natural boundary
conditions as well (which may be inhomogeneous), consisting of normal
derivatives of order £ <r<2f — 1. Our results remain valid for the case
when different types of conditions are specified on different portions of I".
In Section 6 we shall comment on this and other generalizations of our
results.

2.3. The p-version of the finite element method

Problem (2.2)-(2.4) may be put into the following equivalent variational
form (F € L,(Q)): find u € H{(Q) satisfying

B(u,v) = f Fvdx forall veH{(Q) 2.7)
Q

where B(., .), the bilinear form defined on H 1’(Q) x H '(Q) associated with
the operator L is equal to (., .)ytq) o that

B(u,u)= [|uf%e 2.8)

_ @)
holds for any u € HY(Q).

The p-version of the finite element method consists now of finding
u, € ¢S, (1) such that

B(up,v)=J Fvdx forall ve (SH(Q). (2.9)
Q

3. APPROXIMATION PROPERTIES OF 2 ,()

Let Q be the standard square with sides vy;, i = 1,2, 3,4 and diagonal
vs corresponding to x; = x,. Let T be the standard triangle enclosed by sides
Y1, ¥, and ‘ys.
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THE p-VERSION OF THE FINITE ELEMENT METHOD 271

LEMMA 3.1: Let S=Q or T. Then there exists a family of operators
{flp} ,p=1,2,..., ﬁp : HY(S) — P,(S), such that for any u € HX(S), for
k=0,0=<gqg=k,

|| - 11, uHHq(s) < Cp™ " Du| s, (3.1
1 1 .
for r= (r;, 1), k>|r}+§, 0ss<k—|r|—§, i=1,2,...,5,

ko —s}
| — 11, )| (k- 1r 2)uuuyk(s) (3.2)

Cp

B
for r=(r,n), k=|rl+1, x€S§,
| DO - 1, u)(x)| < Cp= = 1T =Dfju] yugg, (3.3)

where the constant C is independent of u and p and where we denote
P,(S) = PHQ) for S=Q and P,(S) = P,(T) for S =T.
Moreover, if u € Z,(S), then f[p u=u.

Proof: Let d>=1. Then § = R(d) (see (2.1)). Since S is a Lipschitz
domain there exists an extension operator G mapping H*(S) into
H*(R(2 d)) such that

3

Bu=0 on R(2d)—R<§d) (3.4)

| Gu Cllu (3.5)

I H'R@) = I HXS)

where C is independent of u. A concrete construction of G may be found in
[21].

Let ¢ be the one-to-one mapping of R(

% ) onto R(2d):
R2d)ax = (x1,x) =d(§) = (2dsin&;,2dsin &)

with (&, &) = E€ R ( z ) Further, we let

~ 3 ™
R-o[r(34) ] < (3)
o] [R > cR 3
- where ¢~ ! denotes the inverse mapping of &.
Let v = Gu and

V(&) =v($(8)). (3.6)
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272 M. SURI

Because of (3.5), we easily see that
supp V() R . 3.7
In addition, it can be readily seen that

a) V (§&) is a periodic function with period 2 =
b) V satisfies

I V(g)“Hk(R(ﬂ)) <Cl|v ||Hk<‘R ( %4) ) =C ”u”H"(s) (3.8)
and hence V € Hfpr (R()).
¢) V(&) is a symmetric function with respect to the lines & = = IZI— ,
i=1,2.
Let us expand the function V in terms of its Fourier Series
Sal i (g, + €
VEL &)= Y Y ape ST, (3.9)
j=-—wfl=—w
For any p = 1, we define V, = II, V by
< < i(j& + 0&y)
Vo, &) = Y Y ape for S=0 (3.10a)
j=-pl=-p
Vo &) = Y ape T for  s=T. (3.10b)
1il+ 181 =p
Obviously, V, € G,(R(™)).
We have
2 2 2 g2 % 2k
IV 12k ey = 3 lae] ((1 42+ £2) ) (3.11)
it

where =~ has the usual meaning of equivalency. (3.11) yields immediately for
O=sg=k

— (k-
IV = Vol = €0~ 1Y litiacey

= Cp~ ®=D|u| (3.12)

($)

using (3.8b) with C independent of u.
In what follows, we assume S = Q. The case S = T follows similarly.

Let¥;,i =1,...,4 be the sides of R(w) and let §, = éz be one of the sides.
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THE p-VERSION OF THE FINITE ELEMENT METHOD 273

Then for r = (ry, 1), 0 < || <k—%,
DOV V)&, &) =

(S S +3 3 +35 % J@rarads

i

lil=p 18l <p  lil=p 1€]>p 1il>p €] >p
— Z (ij)’l b][l]eif§1 + Z (ij)rl b][2]eii§1 n Z (i]')rl bl[3] eij§1 (3.13)
lil=p lil=p lil=>p

where, for |j| =p:

0 \ 2
|(ij)’1b1111|2=j2'1< Y e’za,.ge'“z)

1£] <p

2
s].271p2r2< Z |aﬂ|)

1¢] <p
sjzrlpzrz( T Japl? (1 +j2+€2)k) ( y @ +j2+82)-k)
101 =<p 1] =<p
C].271p212+1Ai
1+ 7%
where we denote
A=Y lap|® 1+ + 7). (3.14)
l=-w
Consider now the function
2p
x
X)) = ——
@) (1 +x2)F
for x > 0. We have for pw =0
, 2 x%-1
f (X)ZW (e — (k- p)x%].
Hence, for k> p and x2>k—p‘;, f(x) is a decreasing function of x.

Moreover, when p = 0, f(x) is decreasing for all x > 0. Hence, there exists
a constant C = C (k, p) such that for |j| > p, k= n,
it __cpt
L+ @ +p?

(3.15)
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274 M. SURI

so that taking p = r;, for k = ry,
RN 2 — — -
|Gy o))" < ca;p=Gr=21r -1, (3.16)
For |j| =p,

2
'(ij)rlb,[2]|2$p2’1< Z erzlaj”)

141 >p

spz”AJ-( ¥ 021 +j2+£’2)"‘>

181 >p

2r ®© dx
= Cp A] f ——_2(k—r2)
P+lx

< CAjp—(Zk—2|r|—1) (3'17)

provided k = r, + % .

Analogously, for |j| = p,

|(l])r1 b][3]|2 < ].271( Z gr2|ajel )2

18] =p

c © ].271x2r2
= €4, RN
p+1 (L +j+x%)

sCA,-J dx
p+1 (1 +j%+x?)

k—ry—r,

< CA;p~ @k=2Ir1-D - (3.18)
provided k= |r| +%. Hence, using (3.13)-(3.18), we see that for
i=1,2,3,4

DOV -V,

=
H%;)

sC[ Y

N 1712
b+
lit=p |

l].n b][2]|2 N 'j" b]p]lz]
il=p 1il =p

1 o]
o g,

j=-w

1
-2(k-|r| -5
< Cp ( :) 110
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THE p-VERSION OF THE FINITE ELEMENT METHOD 275

provided k& > |r| + % . From this, it follows easily that for s = 0, s integer,

1
— (k= |r| =s-=
DYV -V,) <Cp ( 2) et |l ey (3.19)

e
. 1
provided k= |r| +s + 5

Now we estimate |DO(V -V )| For 0 < |r| <k — % ,

H'(3s)
DOV V) &6 =
(3 4% T T T )@ e

11=p 1l =p  Nil=p 1tl>p 1il>p 18] =p
= Y (e cPa e (3.20)
g=-
where cl = @) @€Y a
j+t=gq
1il>p. €] <p
cP= @) GO ay
j+l=4q
il <p. €] >p
Cchl = Y @) G€) aye .
j+t=4q

lil>p. 1€] >p

By the Schwarz inequality,

|c)? < ( lae|” (1 +j2+f2)k> x
i+l=q
1il>p. €] =p

x( ) 1'2"1’2'2(1+J'2+?2)’k>

j+l=q
1il>p. |€] <p
<A I
where
Ay = T a|® 1+ 2+ 2
j+f=q
M=y @0yt

j+l=gq
il >p, 18] =p
2r -1 2 2 2 . -
2" Y o @+ )k
j+t=q
lil=p 18} <p
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For q%=< p?, this gives

Cp?irl
(L+pH

N@.q)

Iqms

where N (p, q), the number of terms in the sum, is obviously < 2 p, so that
U Cp- @k=2]r] -1)
1W< cp-@k-21r1 -1,
For p% < q% we have

q*= (G +Uy¥<2(G*+1?

so that
2r 2r 2r
Cg'+p " )p "
I{gl]s qz T N(p,q)
14+ 2L
( T2 )
< Clq|=2¢-1"Dp
< Cp~@k-2Ir1-1)
provided k = |r|. Hence,
|cM|>< ca, p- @k-2Irl -, (3.21)
Similarly,
|CB?<cA, p-@k-21r -1, (3.22)
Finally,
|cPI)’ < ca 1
where
1[2]_ (q2r1+g271)e2r2
1 j+§::q (1+j2+82)k
1il=p €] >p
For g% < p*
1[2]< (p2r1+e271)£)2r2
T, a4y
< Cp~@k-2Ir1 -1
. 1
provided k > |r| +5-
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THE p-VERSION OF THE FINITE ELEMENT METHOD 277

If ¢>> p?, then

2rip2n

12 < _—____+Cp—(2k—2|r|—1)
! ez (1+j2+ %)

lil=p. 10| =p

= Z _q_zL+ LZI’_I_+CP"(2"—2|’|_1)
i+f=g A LT O &y
lil=pp<1l<1ql \* T 7
<= Clql—(Zk—2|r| —1)+C_p—(2k—2|r| -1)

< Cp-@k=21r1-1)
. 1
provided k > |r| + 5 Hence
|CP)? < CcA, p-@k-2lri-1, (3.23)
Combining (3.20)-(3.23), we obtain

”D(r)(V - VP)“HO(-‘ys) <Cp~ @k=2ir =D

which leads to (3.19) for ¥s.

We now estimate |D(V -V ,)(x)|. Because V -V, € Hfgr(R(™)),
we can assume without loss of generality that (§;, &) € 9; given by
&, = &. Then once again we have (3.13) and for ¢ > 0

( y I(ij)"b][1]|)2s< y (i,')(’”%“) b]p]’z)( ¥ .11“)-

1il=p il =p NE Y
(3.24a)
Taking p = r; + % + ¢ in (3.15), we obtain analogously to (3.16)
1
.(r1+§+e 2 _ Zolrl —2-2%
’] )blml < CA,; p~@k-2171-2-20)
provided k = r; + % + &, so that (3.24a) yields
T 2 — —rl -
( 5y |(ij)‘b][1]|> < Cp 2 1D | Zu, . (3.240)
lil=p
Moreover, using (3.17), we see that
AN 2 .. 2
(x ferep])'=( 3 jer o) e
lil=p lil=p
= Cp 21D 2oy (3.25)
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provided k> r, + % . Also,

(l]) (r1+%+e) b}[-”]

(3 Jarant)=( z, )z )

C( » Ajpm(Zk—2|r|—2—-2£)) p2e

lil=p
—2k—r] -1 | 3¢ o) (3.26)

i

= Cp

provided k> |r| + 1 + ¢, where we have used (3.18) with r; = r; + % + €.
Combining (3.24b)-(3.26), we get for k> |r| + 1,

[ DOW -V ))| < Cp~ = =D jul ey - (3.27)

Because of (3.8¢c), V,(¢~!(x)) € 2,(Q). Further,  is a regular mapping

of R(d) on Q, (d < % ) and & (%;) o v;. Hence, for k, g, s integers, (3.1)

follows immediately from (3.12), (3.2) from (3.19) and (3.23), and (3.3)
from (3.27). Using a standard interpolation argument, (3.1)-(3.3) will hold
for non-integral values of k, g and s as well.

The following one-dimensional result is from [5].

LEMMA 3.2: Let I = (—1,1) and u € H*(I), k = 1. Then there exists a
polynomial z, € #,(I), p =2k —1, such that

z=1)=u®D=1) i=01,.. k-1 (3.28)

and for s =0,1,2, ...,k
e = 2pll gy =< €2~ €7 Nt ey (3.29)

where C depends on k but not on u and p.

4. THE APPROXIMATION OF FUNCTIONS IN H%(Q)

In this section, we will analyze the rate of approximation in the
H*(Q) norm of u by a piecewise polynomial in OS},’ (Q) for the case when
ue H Q)N Hg(ﬂ) i.e. when #}'l = 0 in (2.5). The main result we obtain is
the following.
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THE p-VERSION OF THE FINITE ELEMENT METHOD 279

THEOREM 4.1: Let { be an integer, £ =1. Let ue H*Q) N H{(Q),

k=20- % . Then there exists a sequence {u,} , satisfying u, € OSI‘: (Q) and

r.
au,,_

on’”

r=0,1,..,0 -1 on T 4.1)

—(k-¢
||“—“p||Hf(Q)$ p * )”unyk(g) (4-2')

where the constant C depends upon the partition of Q, k and ¢ but is
independent of u and p.

We first prove the following lemmas.

LEMMA 4.1: Let I = (- 1,1). Given an integer t =1, there exists a
sequence of polynomials {x;} = {x;'},p=2t-1,r=0,1,...,t -1, in
P,(I) satisfying
d’x;, . :

—(-1)=1if j=r j=0,1,...t=1; r=0,1,...,t -1,

dx’

4.
0 if j#r (4.32)
d’x;, , '
—=(+1)=0 j=0,1,..,t=1; r=0,1,..,1 -1, (4.3b)
X
s—r-1
Dol gy <Cp 2 s=0,1,,t =15 r=0,1,..,t=1, (44

where the constant C depends on t but is independent of p, r and
s. i

Proof: We first define, for p =217 — 1, functions ¢, given by
-1
¢;(x) = (Z CrP(x + 1):') e PGx+1) . 4.5)

i=0

where the constants C;*? are given by

C/?P=0 for O=<i=sr-1

1 ; (4.6)
_ Pt~r <.< _
_ﬁm for rsist-1.

Hence,
|Cr?| <Kp'~". 4.7)
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By (4.5), for any integer O <sm =<t —1,

dmer, = .
= (=p)" ¥ CIP(x+1) e P&+
T (-p) ‘_go ( )

t=1
+m(=pY" 'Y CPPi(x+1) e PGty ..

i=1

1)i—m e~ PE+1)

‘il +
e G —m)! (4.8)
so that
1
|| 4"} || m mei'e {JH o 2
=K m-j Yojad L 1RG0 g-2pG+1) 4 .
1% oo =K B2 B 1| e nerzreeas)

Now for p sufficiently large,
+1
f (x+1)ye ?P6+D gy < Kp-1+9)
-1

Hence, using (4.7),

This shows that for any s =0, 1,...,¢t -1,

|
—c i+

=K i ‘fpm—jpi—rp 2
j=0i=j

d"dy,
ax™

H(I)

m—r-‘}

= Kp

s—r- %
651l oy = CP
ie., {¢,} satisfy (4.4) with Xp replaced by ¢,. We now show that with our
choice of C[*?, {¢}} also satisfy (4.3a). By (4.8), we have forO <m < —1

dm(b’ m ' .
w (-1 =3 2 (Y CR2y

ji=0

r’p —_—
AnP =

Using (4.5), we get
AlP=0 for m=<sr-1
=1 for m=r.
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Also, for r<m <t —1, we have

_ 1Y(m —r)!
Ar,p — 7 ( -
=P ( m—r—pist ) =°
~since the term inside the brackets is the binomial expansion of (1 —1)""".
In order to obtain a function satisfying (4.3b) as well, we let U, = &, ¥
where ¢ € C*(I) is a smooth cut-off function satisfying

Then it may be easily verified that U, satisfies (4.3)-(4.4). We now use
lemma 3.2 to approximate U, by a polynomial z; in Z,(I), p=2t—1,
- satisfying (3.28)-(3.29). (3.28) implies then that z, satisfies (4.3). Also, using
(3.29) and the fact that U, satisfies (4.4), we have

”Ur |H5(1)<Cp - S)“ ”H"(I)
k k"‘%
<Cp~“p
s—r_3
=Cp 2

so that by the triangle inequality, z, satisfies (4.4). Taking x;, = z, yields the
lemma. O

LEMMA 4.2 : Let v(x) be a function defined on I satisfying

d%v
— 1)=0 s=0,1,...,r—1. 4.9
dts() 4.9)
Then
v(x)
—_—7 = Clloll yrrs - 4.10
(x — 1) ll&°a) 1ol ray (4.10)

Proof: Let f(£) be a function defined on [0, c0) such that f = 0 for
x > 2. Define

£ = 155 | G- roa. (1)
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Then by [15], page 245, No. (9.9.5), we have

J, (52 ) e=c [[vora. @12

0

Now, take
f&) =v0(-¢).

Then, substituting in (4.11), integrating by parts r times and using (4.9), we
see that ‘

(&) =Cv(1-§)
so that (4.12) becomes
2 2
J ( L ) >2d§s c Jr O - £)) dt .
0 3 0
Substituting 1 — & = x gives (4.10). O

Proof of Theorem 4.1: Let &; i =1,2,...,N be the elements of the
partition of Q. We first construct the functions" zp[f]I = ﬁp ulil as in

Lemma 3.1. The lemma is applicable because a linear transformation maps
the parallelogram or triangular element onto the standard square or
triangle, preserving the polynomials. Hence for £ = 1 integer, k= £,

= 28 | ey = €2~ € Olll v - (4.13)

Our first step is to add a function y[le 22,(Q;), p =4 € — 3 to z}'] so that
the function z}') = z['} + y [ satisfies (3.1), (3.2) and
DO zl=pDWy for 0= |r|=<2f-2 (4.14)

at the vertices of ;. Let us first assume that €; is a parallelogram, which we
may take to be the standard square Q without loss of generality. Let

o =D —zN)(~1,-1) (4.15)
where r = (ry, r,). Define the function

w) = Z al) X;l (1) X;rzz(xz) . (4.16)

0= |r|52?—2
Here, x;" = x;,"", i =1, 2 are as in Lemma 4.1, with t =2 { — 1, so that
Xy € #,(I), p=410 — 3. This implies that we may construct w, € 2,(Q)
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provided p =4 { —3. We see then that with k=2 —1,

le HH'(Qi) = Z Z Ia(r)| ‘

0= |r{=20-20+0,=

Xlr’l H?I(I)”X;Z“H(Z(I)

1
0t g _
—k+ |rj+1, 1717y 2772

<C > > P p Zliullmm,.)
O< |r| =20-2¢0,+8)<C
~(k-1¢

<Ccp- )||ui|Hk(Q‘_) 4.17)

where we have used (3.3) with k> [r] +1 ie. k>2¢ —1 and (4.4).
Moreover, on the side I'; = {(x, - 1)/ —1 <x <1}, we have by (3.3) and
Lemma4.l, for j= (j,j,), s=0 integer, O=< |j| +s<2{ -2,
k=20-1,

. d/ n d] 2
LU P U] o SV
Y o r) =202 dx' dx H(Ty)
JL r
= Z 'a(’pfz)l d ‘XPI
Osri+ip<20-2 dx!! HT,)
—(k=ri—j,-1) s+jj—-r-1%
=Cp ' phn ”u”H"(Qi)
= Cp- k- 1il “s_é)"“”H"(ni) (4.18)

(4.18) will also be true for the side T, = {(—1,y)|—1<y <1} and will

hold trivially on the other two sides of Q, where w; = 0. We can repeat this

construction for each 4of the four nodes of Q to obtain w;, j =1, 2, 3, 4.

Then defining yp[" 1= Y. wj, we see that zp[i = zp[fll + ypi] satisfies (3.1), (3.2)
j=1

and (4.14).

For Q; a triangle, we assume that (; is the rotated standard triangle
T with vertices P,(— 1, — 1), P,(1, — 1) and P5(— 1, 1). Define o as in
(4.15). Let p=10f —6 sothat p = [(p —2€ + 1)/2] =4 { — 3 and define
w(®0e 2, (T) by

w0 = a @058 () x5 (x,) (xy + x,)? "1 (- 2) 2! (4.19)
with X3 = xg'”'l. Then we see that for 0< |7| <20 -2, k=1,
DOw09=-0 on P,P;,

irp-s-1)

- {k
IDOw®| . <Cp ( 27l ke

HYT)
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for I = P, P, or P, P5, s=0 integer, |r| +s<2{ -2 and
|IDOw®N-1,-1)] =C[a®?| < Cp~ * " D|u g,

0, = P Ol

We now define w{" recursively for |r| > 0. Let

BIN =DOwf™(~1,-1). (4.20)

Bﬁ{,?) will be non-zero only when r,=m; i =1,2. Now defining for
0<|jl|<=2f-2

w§f>=( al) Y B ) (=2) 21 ) X () (g + xp)2
Im| < |jl
O=my=j; (i=1,2)

(4.21)
(with x;," = x;"”_l), we see that D@Ow{ (—=1,-1)=0 whenever

DOw(-1,-1) = <a0’>— Y B,<,{>> for r=j.
Osrll,-mslji((ilill,Z)

Hence, for p=10f — 6,

wi= Y wle2,(Q) (4.22)

lj)=20-1

satisfies, for O < |r| +s <20 -2, k=>2{ -1,

DDw (-1,-1)=a® (4.23a)
D®w, =0 on P,P, (4.23b)
— k-t
" Wi “He(ﬂ.-) = Cp (k )”u ” Hk(ﬂi) (4230)
1
. (k= |r] -s-3
1D Wil oy =< CP ( :) [E1 s (4.23d)

where I'=P, P, or P, P,..
A similar construction as that of w; may be used to obtain functions
w, and w; associated with the nodes P, and P, respectively, after first
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mapping €, in a suitable way onto the standard triangle 7. Then we take
[t] = Z wj.

Let now vy={;nQ, and A;, A, be the end points of y. Now
D® zpm * D(')zp[”‘] on y. Denote the « jumps » of z, on ~y by

wi(x,y) = DOEU - z[")], for (x,y)ev. (4.24)

Then, because D®zU(A,)=DPu(4;)=D"zm(4;), we have
wid(A) =0 fori =1, 2 0= |r| <2f —2 and also, by (3.2), (4.18) and
(4.23d),

- (k— Ir| _,,%)
”w ”H'( )< Cp (”u“H"(Q]-) + ”u”H"(Qm)) (4~25)

for O< |r| +1<20 -1, k=20 -1
Let now F; be the affine transformation satisfying F;({;) = S, where
S=0= {(, n)| |€] <1, |m| <1}, the standard square 1fQ is a paral-
lelogram and S =T = {(§,n)! |[§] <1, —1<m<—£&} the rotated stan-
dard triangle, if €); is a triangle. Let y be mapped by F; onto the side
= {(¢& -1l |§| <1} of S. Let n= n(¢, ) denote the outward unit
normal to S along 3S and let @i be its image on 8Q}; under F; 1 so that

2—{ la, = a‘n |as whenever f(x,y) = f (& m). Define, for (x,y)€~y, s=0
n

integer,

im(X,y) = — (z[” zp[”'])ly. (4.26)

Then, if 8, = ﬁjm ° Fj‘1 we see that for (x,y) ey, (§, -1) = F;(x,y),
() = Bim(&, — 1) = Bn(x,») . (4.27)

Now f&j are obviously linear combinations of those w(’) defined by (4.24)

which satisfy |r| =s. Hence, it can be deduced from (4.25) and (4.27) that
forOss+t<20-1, k=20 1%,

Cp— (k-—x—t—%)

” Bjm “ H'(T)) = (” u " H"(Q,.) + " u “ Hk(ﬂm)) . (4-28)

Moreover, since for |r| <20 -2, D®z [’] =Dz [”‘] at the end points of
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v, we have for t =0,1,...,2¢0 —2 —s,

138
dg’t”' (x1)=0. (4.29)

For ); a parallelogram, define

-1

L (Em) = Y Bin(E) X (n)

with x, = x5! ~!. Then using (4.3), (4.29) and (4.28), we see that

as{]m

an’

DWWy, =0 on 85-T; for O<|r|<l-1 (4.30b)
||§]m”1-1’(5)\ C Z Z ”Bm”Hf (I‘l)“ ”}12(1)

l+ly=ls=0

=B}, on I} for Oss<f-1 (4.30a)

<C Z ip— (k—s—fl—%)pfz—s—%

llall HY Q)
?1 +[251 s=0
=Cp~ (k= g)“ u ” HYQ) . (4.30¢)
where we have taken k=2 f — % )

We now show the existence of a (;, satisfying (4.30) in the case
€); is a triangle. By (4.29), we see that

Bin(E) = (£~ 12 -1y () - (4.31)

where ; is a polynomial in & We define, for 0 <s < f — 1, a polynomial
S by
jm

m (8, M) = (g_l)g (Bin(8) = Tm(E)) X3 ()(E + )" (4.32a)
with
Tim (§) = .”ac’:" & -1). (4.32b)

where x5, = x £-1 and for s = 0, Tm(£) = 0. We now define

-1
m=3 L. (4.33)
s=0

M?AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



THE p-VERSION OF THE FINITE ELEMENT METHOD 287

Then, using, (4.29) and (4.32), it may be verified that {, satisfies (4.30a) and
(4.30b). We now show that (4.30c) is also satisfied. To this end, we first show
that 7}, has a similar decomposition as does B}, in (4.31). Using (4.32) with
s =0,

2 B E) Xp(m)(E+n)
" -1y
so that for Q=s<¥f — 1,
L Bo.E) 0 —1)... £ —s+1)
g —1)= . P
'’ ) -1y (4:34)

Using (4.31) with s = 0, this yields
L,

o’

(6 -1)= (-1 1)), O<s<l-1.  (435)

Assume now that for t<i —1,
Cm
o’
for some polynomial ¢! Then, by (4.32), (4.31), (4.36),
(& m) = (E=1) 11 ) xp () (E + )
for some polynomial ¢(&). Hence, for i <s<f —1,

L

an’

(6, —1)= (-1 " 1gi(E) t<s<f-1 (4.36)

i s —1i

an & ~1)
= (-1 1 ol(E) (4.37)

. At as—i (4
(& -1)= (E—1) 1T p(e) X (E+m)
dn

for some polynomial &. (4.35)-(4.37) imply, by induction, that (4.36) holds for
allt=0,1,...,f —1. From this, we see

() = E- 1211 (k) (4.38)

for some polynomial &,(§).
Now by the definition (4.32a) of (},, we have

£+ 0, 0y

; < 3 E+m\ld® oy
”§1m|lH?(s)\[l+”;e4$I aggl a»qu ( t’;—l ) dggJ (B]m(g)
£
= Tim(€)) — X (M) .
! dn* i HYS)
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Sinceon S=T

aith <g+n>1|< C
agl’, anfz £-1 Ig_ll?1+l’2

£y
g (B]m(g) ]m(g))

WwWE S€e

” Ljm ” HUS) = 9 Z

[1+-~+f4sf

1 a?
(- 1) ag

H(Ty)

Using (4.31) and (4.38), we see that

t &
i;{if_(le;m_rjm)\(l):o for t=0,1,m,2,f—1—5—g3
dg' \ g

Hence, using Lemma 4.2, for Is =1, +1, + 13,

d
A =C( " Bjm “ H% () + ” T;’" ” 1-1?5(1*1)) (4.40)

1

HO

H (§ 1)t’1+t’2

We now show that for i =0, ..., 0 —1,s<l-1,r<?,

- (s

L,

o ” u “ HY@Q) * (4~41)

H'([y )

First, we see that using (4.34), (4.31), Lemma 4.2, and (4.28), (4.41) is satisfied
for i = 0. Next, assume that (4.41) holds for all i = n — 1. Then, we have, using
4.32)

Sg}m ?—
s - - _ 1 s+n
&-1)= (g_l)l, (B (&) = T (©))(E-1)
C n-19 nC]m >
B m(g) - gy - 1)
ey ( &= 2 ¢
so that
im <C { H Bl c 3 Ljm
o |y (—-1y-" H’(n) =0 - 1)5 ot laray)
a";]m
= |: HB]muHr+s Ty ZO a'f] H””"'(FI)}
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(where we have used (4.31), (4.37) and Lemma 4.2)

- (k—s—r~§

=Cp [l “Hk(g)

by (4.28) and our hypothesis. Hence, by induction, (4.41) holds for all
i =0,1,...,f —1. This shows that

k—-s-10 _1
%5 | f5<r)<CP ( ’ 2)||u|1,,k(m (4.42)

so that, using (4.39), (4.40), (4.28) and (4.42) with Lemma 4.1, we see

’ C(k—s—0, 0, 0,1} ty-s-1
||§-;m”HI(S)$C€ Z (p (k—s 1 2— 143 )”u”Hk(ﬂ))<p4 2)

14+l <t

< Cp~ “Dlju] e, -

Using (4.33), the same estimate holds for {;,, so that (4.30c) is proven.
Hence for any y = &; N {,,, we have constructed a polynomial £;,, satisfying

(4.30). Defining {;,, = ¢, o F;, we see that Hij | |Hg(ni) also satisfies the bound

in (4.30c). Moreover, by (4.30a, b), replacing zp[” by zp[j] — Z]-,,, on (; achieves
the required ct-1 continuity across vy without altering the jumps in z, on the

other sides of 8(2;. Repeating this process for each v in the triangulation, we
obtaina u, =z,€ C ¢-1)(Q) satistying (4.2). The essential boundary conditions
(4.1) on I‘ may be imposed on u, by the same method. This completes the proof
of the theorem. O

Remark 4.1 : The function u, constructed by us belongs to OSIJ +n for some

n dependmg f. By suitably changing the constant in (4.2), we obtain
U, € OSp such that (4.1)-(4.2) still hold.

Remark 4.2 : In Theorem 4.2, we have not specified explicitly what the
minimum value of p can be. To observe any approximation, in general we
must have p = p, (some). This is because for p too small, 0S may just
contain the function 0, so that the corresponding u, constructed in
Theorem 4.1 may be zero. In general, there will be a p, such that
u, # 0 for p = py. This p, depends upon the mesh chosen. For a general
mesh of triangles and parallelograms, using polynomials of fotal degree
p=p, =4{ -3 is sufficient (Theorem 6.1 of [8]). However, for triangular
meshes, a result of de Boor and Hollig (Theorem 4.7 in [8]) gives
Po=30—1 as a less stringent sufficient condition. Even this is not
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necessary, though, if one considers global spline bases or looks at special
meshes. See [8] for details.

In any case, taking the constant C in (4.2) to be large enough (for example
C,p&~") technically allows us to assert Theorem 4.1 for all p = 1.

Remark 43: For ! <k<2f - %, Theorem 4.1 still holds provided we

‘assume that u € ® instead of HY(Q) N HS(Q), where ® is defined by
interpolation using the K-method,

® = (H'(Q) N HED), HE(Q))s, o - (4.43)

Here,r>21{ - % and (H'(2), H'())o , = H*(2). The proof is similar to that
of Theorem 4.2 in [3] and is omitted here. Generally, however, the restriction
k=20— % is not a severc one, particularly in the light of results in the next

section where corner singularities are treated.

As mentioned in the introduction, the results corresponding to Theorem 4.1
in [9], [16] are based on the assumption that ¥ € ®, which is not the usual result
predicted by elliptic regularity theory.

Theorem 4.1 and Remark 4.2 lead to the following estimate for the rate of
convergence of the p-version of the finite element method.

THEOREM 4.2 : Letu € HYQ) N H{(Q), k = £, be the solution of (2.2)-
(2.4). Assume further that for <k <20 — % , u € ® defined by (4.43). Let

u, be the finite element solution based on the p-version satisfying (2.9). Then

—(k-1t
= 4y || gy = CP™ €Dl e (4.44)

where C is a constant independent of p, u but depending on the partition of Q2.
Proof: The proof follows from Theorem 4.1 and the fact that

u <Cllu-

— Uyt Zpll gty

for any z, € 05£~ O

5. THE APPROXIMATION OF SINGULAR FUNCTIONS
In the previous section, we analyzed the approximation of functions
which were known to be in H*(Q2) N Hg(Q), k=20 - % . In this section,

we analyze functions of the type (2.6), which have a singularity at a corner
of the domain.
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5.1. An approximation result

Let Q= (-1,1)x (—1,1) as before. Let ¥, =x, +1, i =1, 2 and
let (r, ) be the polar coordinates with origin (—1,1); r*= % + 33,
0 = arctan (%,/%;). For k>1, 0 <p <1, define

S

1. o 5
K xEQ ;x1<x2<le

Sp =S, 0 {x|F+F<p2}
Qa={x|0<il<a,0<f2<a}, D<a<l1 (5.1)
Qb={x|f1>b,f2>b}ﬁQ, O<b<1

RK=S.<nQ1 RK:SKnQI/Z'

Let ky > k = 1. Figure 5.1 shows the domains under consideration

1,0 ({8)]

Recy

Let
£y, %) = () — ki) (k3 — %) = 120 6,(0) . (5.2a)

Obviously, ¢;(0) is an analytic function in 6 and £ is a polynomial which
satisfies

D®g|, =0 0= |k|<l-1, i=1,2 (5.2b)

where L, and L, are the lines X, = kX, and %; = %,/ respectively.
Let, for Rea>f_1, v =0 real,

u(xy, ;) = Re {r*flog r|" x(r) $(68)} (5.3)
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where ®(0), x(r) are sufficiently smooth real (e.g., C*) functions and
x(r)=1 for Osr=
2

=0 for

is a function defined on Q. We shall assume that u satisfies (5.2b) on
Ly, L, and has support in R, . Then we see that

a(x), %) = £(F;, %) up (%, %) (5.4a)
where

uo(F1, %) = Re {r* =2 |log r| x(r) ¥ (6)} (5.4b)

with ¥(0) a smooth (e.g., C*®) function.
The main approximation result we prove is

THEOREM 5.1: Let u be given by (5.3) and satisfy (5.2b) on L,,
L,. Then there exists z, € P ,(Q) such that for0< |k| <€ -1, D®z, =0
on the lines L,, i = 1,2 and for kg > K,

”u—Zp||H((§KO)$CllnglYP—Z(Rem—?+l) (55)

where C is a constant independent of p.

We will require a series of lemmas to prove Theorem 5.1.
Let w(r), 0 <r < oo be a C® function satisfying

o(r)=0 for O=sr=1
=1 for 2=r<o0.

For any A = 0, define

r
WA(r) = © ( “ ) . (5.6)
Then we decompose u, by
Ug =0 +w 5.7
where
v =0y (5.8a)
w=(1-0)y. (5.8b)

It can be readily see that

v=0 for Osr=<A
w=0 for r=2A.
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LEMMA 5.1 : Given k = (ky, k,), there exists a constant C (k) such that for
x = (x, %) € R,
ID®v| < C(k)|log A1 +x,)* 28~ 1*I onR,

=0 : on S2 (5-9)

where & = Re (a).

Proof: For o real the lemma follows by taking a =a —2f +2 in
Lemma 5.1 of [3}. The result for acomplex follows easily.

In what follows, we will assume that v satisfies (5.9) and not the explicit
form (5.4b), (5.8a).

Let

v(xy, x5) = i i a;j Pi(x1) Pj(x3) (5.10)

where P;(xp) = P;(x¢, B, B), B> —% are Jacobi polynomials of index B
which will be determined later. Then
. +1 +1
a;j = C; Cj(i+1)(]+1)f J U(xbxz)Pi(xl)Pj(xz)
-1 J-1

(1 —x»)PQ — x3)P dx, dx, (5.11)

where C;, C; are bounded from above and below independently of
i, j but depending on B (see [11], p. 841, formula 7.391.1). Define

v, (x1, Xp) = ‘i 'i a;j Pi(x;) Pj(xz) (5.12)
b (xy) = i a; P,(xs) (5.13a)
blPl(x,) = i a;; Pi(x,) (5.13b)

with
bi(r2) = Ci(i +1) j” v )1 —x2P Py(ry) dxy . (5.14)
-1
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It can be readily seen that

b= b,(x) P,(x)) (5.158)
b, = 3 bPNx;) P,(x,). (5.15b)

Let
W, (i x2) = 3 b, (6) P (31) (5.16)

then
v—v,= (0 -Y,)+ (b, —v,) =0, +p, (5.17)

The following lemma follows immediately by taking o = & —2 ¢ + 2 in
Lemma 5.3 and 5.4 of [3].

LEMMAS.Z:Let&—m+%—Zf+%<O. Then
amb, (x;) : at—m+%— +37
— <C (i +1)|log A|"(1 + x,) 4 (5.18a)
2
d™ X b &a-m E—Zf 1
hix) | _Clloga]" (¥ (s qgy)
axy' !

(i +1)°
Let us now analyze p, = {, — v, given in (5.17). We have

byt x2) = 3 [b, () — BPI(x,)] P, (x))

1=0

so that for k = (ky, k),

2o gk k
D®p, = § Lo (b, = bF)(x) P(xy)
1=k de

Now, for ¢ > 0 integer, we have by [5], formula A.2.15

P,(’)(x,B,B)=-217(ZB+i+1)...(28+i+t)P,_,(x,B+t,B+t).

M?AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



THE p-VERSION OF THE FINITE ELEMENT METHOD 295

Hence, for Osm+ k,<p + 1,

O 2 248 + Ky 2B +k;
A= (D Pp(xpxz)) (1 —-x7) dxy (1 —x3) dx,

-1 1

)

*1 2 gpaf d© 2 k
C j X ZI:‘ it <3_kz (b, — b)) (xy) a —x3)** " ax,
1.5,

%)

i

14 +1 © 2
cy i2k‘_1J (Z a, P,(kZ)(Xz)) (1 —x2)** " dx,

1=1 -1 p+1

[+ o]
2k~ 1 2 2k -1
Y a5]

I
a
M\:

1=1 J=p+1

<£ii2kl_1 i alzl(f+m+k2)!
p2m1=1 J=p+1 (]—m_kZ)']
P [+l dm+k2b, X 2 N
<L 3 ‘f —,,fz) (1 —x2)P ™2 gy
P =1 -1 dx;n+ 2

(5.19)
Using (5.14), we see that the support of b,(x,) lies in

I, = [~ 1 + A sin 0,, 0] where tan 8, = % . Hence, from (5.18b) and (5.19),
~ B 3

_ P_204+2

for @ —m + > +4<0,
P ~ 0 dm+k2b 2

Als—% Z i 2k 1j m+kl (1—x22)3+m+k2dx2

p —1+Asm0, dxy, 7

CllogA*Y & .2k,-1 (© 1 26 -m+2B—40_ky+t

S%Z‘ ' = (1 +x,) 272 dx,
p i=1 ~1+Asingy
3

C|logA|2" 2&—m+2[3—4[—k2+§

p
for the case klal,providedza—m+28—4(’—k2+%<0. For the case

m+ ky
ky = 0, we use (5.18a) instead of (5.18b) to bound Tkl and obtain
de 2
2Y 2a-m+2B—4l—ky+2
A, < Clo8 21T, 2 (5.20b)
p m-—1
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provided 2&—m+2[3—4f—k2+%<0.

Similarly, we estimate the term D® o, with O=sm+k,<p+1,
m = k;. We have

0, G x2) = Y bGx) Pixr)

i=p+1

1 1 (k) 2 21\B +ky 238 +k;
B, = (D®o, 21 -xD)f “dx, ) 1 - xD " dx,
-1

-1

k
+1 @ d"b; 2
scj y 20T L)) -2 dx,
-1 i=p+1 dx22

k
C o2 [d7(x) \? (i +m)! 2B+
= 2(m kl)J ) < k2 TG = (1-x3) dx,

1li<p+1 m)'

+1 m+k2 2 Bk
P2 kl)J J A —x)P*7dx (1 —x3) "dx, (5.21)

ax1 ax
Since the support of v lies in R, — S,‘fo, we can use Lemma 5.1 and obtain
with 1
I, = [— 1 + = (1 +x5), =1+ k(1 —xz)]
0

2y {0 520 —m—
BI$C|logAk| J' (1 4 2, Y& 20m kD
p2(m— 0 -1+Asinéy VI,

(A —xDP+m (1 - x)**) dx, ax,
2y (0 & _ _

sC|:ZogAk| J (1+x2)2 m+2p-4¢0 k2+1dx2

(m—ky) 1+Asing,

2y ~
sCliogAl A28 m+2B-4l—k;+2 (5.22)
p (m —~ky)

provided that 2& —m +2B —-4f¢ —k,+2<0. Hence, we obtain the
following lemma.

LEMMA 5.3: Let p, and o, be as defined in (5.17). Then for
Osm+¥l<p+1 and 0< k| <?

S k)~ \2 2\B+Kk 21\B +ky
(D Pp) (1 —x7) (1 —-x3) dx, dx, <
-1 J-1

CIlogA|27Aza—m+2p—4l’—k2+%+t
<1571
2m-2k +1

(5.23)
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where k;, = max {1, ky} andt =1 if ky = 0, t = 0 otherwise, provided that
a—m+%—2£’+%<0 and 2&—m+26—4[’+—§-<0

et *) o \2 2\B + K 2\B +k;
(D™ o,y (1 —xi) 1 —x3 dx, dx, <
-1 J-1

_ C|logA|2"A2a—m+2p_4t’_k2+2

2(m-k
p ( 1)

provided that 2& —m + 2B — 4 + 2 < 0. The constant C is independent of
k, A, p but depends on &, B, vy, m, f.

Let Q%% be as in (5.1) and define
R} =R, N Q%%

1 define

Also, for f(xq,x;), (x1,%x,) € Q and A < v}

falr, %) = f(x1 —=2A,x,-2A), (x,x,)e Q**

S.
:0 (xl,xZ)EQ—QZA. ( 25)

LEMMA 5.4 : Let £(xy, x,) be given by (5.2a) and let 0 < A < 41_1 . Then, on
RA
0’ (k) 2y 2y .
|D EA(xl,xl)l =sC0—x)'(1 —x3) (5.26)

for any ty, t, =0 satisfying t; +t, =2 € — |k|.

Proof : The proof is essentially the same as that of Lemma 5.6 in [3] and is
omitted here. O

LEMMA 5.5: Let v satisfy (5.9) and v, be given by (5.12). Then for
A=p?

(0 = 0p)l g, = C llog p|7p 2@~ 4 D) (5.27)

where C is a constant independent of p.

Proof : We first estimate | &, p, , Where p, (and o) are as in (5.17).

” H’(Rfo

To this end, let us estimate D, = | (D(r)gA)(D(S)pP)”LZ(Rfo) with

|r| + |s| <?. Using (5.26), we have for any t;, t, =0 with t; + ¢, =
20 — |r|
D= HR A =01 = 322D, dry di
K0
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Let us choose ¢, t, so that —2¢; +s5;=—2f,i =1,2. Assume B =2 ¢, so
that  — 27; +s; > 0. Then, because on R,

2
1—x;

2A

0<C=

we get using Lemma 5.3

B+s B+S
+1 (1 1 (1 _ 2) 5
! )5 )2
D =c J J‘ AB 2t1+sl AB 26545, (D $ pp) dxl dxz

2y 2&—m—sz+——2|r| —Is| +t

2m-25+1

where §; = max {1,s,} and ¢t =1 if s; =0, ¢ = 0 otherwise, provided that

&—m+'%—23+§-<0 and 2&—m+2[3—4f+%<0. Choosing m

large enough and A = p~2

, we get

—4a&+2m+2s5,-3+4|r| +2|s| -2t

D}<C|logp|?*2

2m—-235,+1

=C llogp|27p—4&+4(|r| + |s])—-4

< Cllogp|2p*®f+D,

We may similarly show that for |r| + |s| <,

—4@-¢
D3 = II(D(”ﬁA)(D“)%)”ZmL‘O)sCllogpl“p sE-ten,

This proves the lemma. 0O

For the case that & > 1, & not an integer, let k = [&] be the largest integer
less than &. For q an integer, 0 < g < k, we denote by vl the ¢-th derivative
of v along the direction 7i, where 7 is the unit vector along the line
X; = x,. Then vl will satisfy (5.9) in Lemma 5.1 with & replaced by
& — g = 0. Hence, using Lemma 5.5, we get

—2(@&@-q-¢
|68 1) = 0f) | e psy < C [logp | p~2E 47+ (5.28)

(R
Let o® be defined by (5.6) and w} be its translation given by (5.25). Then
(see (5.7))

Upy = Upa wy + ugs (1 — w})

= UA + WA . (5‘29)
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Since u € H"(RKO), then u, € Hg(RKO) and hence

Eawy=uy(1 —wj) € HQ(RSO) .

LEMMA 5.6: Let A =p~2 A =2~/2A. Then fork = [&], &> — 1 non

integer
A<UA— Z -1y = UU)

l| €a wa ”H"(R.?O) <Cllogp|'p

,=C llogp|Yp~2@-1+D (5.30)
H'(R)

2@ -0+1) (531)

where C is independent of p, A

Proof : By Taylor’s theorem and Lemma 5.1, for any (x;, x,) € R,‘}o, and

s = (51, 5,)

D(‘)<vA Z - 1)’ A v[‘ )(xl,xz) <

i=0

= CAk+l

F) 3 k+1
2.0 DO ov(x,—0,x,— 8
( axl + 3)62 ) (xl *2 )

<C Ak+1(1 +xl)&—21’— |s| —k—lllogA[y

where 0 < |6] <2 A. Hence, using Lemma 5.4, we get for A = p~2
|7| +|s| =€ and 1, +£, =20 — |r|

D<'>(§A)D<S><vA z( 1)'~ v“)

i=

Ly(RE)
< Cj (1 - x2)*"(1 = x2)°2 A2k +D|log A|2Y x
R}
x (1 +x1)2a_40—2|s| —2k-2 dx, dx2
1
<C Az(k+1)|10gA|2~yJ~ (1 +x1)2(a—k- fr| - |:|)_1dx1
2A

<C AZ(k+1)|logAlZy A2@-k—|r] - |s])
< Cllogp |27 p~*@-F+D),

In the above inequality, we used the obvious fact that & —k — £ <0. We
may bound the other terms in (5.30) analogously.

Let us now prove (5.31). Let K = {(r,6)|0<r<2A,0<9<-121’}.
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Then it may be seen that
[ €a wa ”H[(Rfo) = [[&w |l gegy -
Using (5.2a) we have
l atg(r’ 6) ‘ = Crzt’_z .
t

Also, by (5.8b), (5.3),
S -
‘ —a—w ‘ sCIlogr|"r°“29_‘ for r<2A
r

=0 for r=2A. (5-32)

For A=p~2?and t +s = {, we therefore get

| tg 3w J‘ JZA( ) (
| ar* ar° ||L2(K)

CJ |10gr|27 40-2t+2a-40- 25+1 g
0

2
> rdrdo

I

< Cllog A[27A2E-E+D
=C |10gp|2"p_4(6‘_?+1)

where we have used the fact that & > { — 1. The other terms in (5.31) can be
treated similarly. This completes the proof of Lemma 5.6. O
We now prove our main result.

Proof of Theorem 5.1: Let %, =x, —2A, i =1,2 and let §, be the
translation of §, obtained by this transformation. Let

afgerto)

where k = [&]. Then z,, € 2, ,,¢(Q) and for |r| < £—1,DPzP2 =0 on
the sides of S Moreover

§A<”0A—Z( 1y = U[l> .
H(Rfo)

§A<vA z< & v“)

“uA — ZpA ”Hf(RA =

= ” € Wa ”H?(Rfo) +

H'(RY)
-
Iy
+ 3 a7 1@ = oDl
<Cllogp|7p ?E-t+D
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where we have used (5.28), (5.30) and (5.31). We now translate back to
S, and suitably adjust the constant C in (5.5) to get the theorem. [

Remark 5.1 : We have proven a slightly stronger result than Theorem 5.1.
It is sufficient to assume that v and w defined by (5.8a), (5.8b) satisfy (5.9)
and (5.32) respectively.

Remark 5.2: For the case that Re « is an integer and vy =0,
u will be arbitrarily smooth. Hence, the above result is too pessimistic and
the results from Section 4 will apply.

Remark 5.3 : From the proof, it may be seen that the internal angle

w; between v; and v; , ; could equal 2 7, i.e., we may also consider the slit
domain.

5.2. Approximation over the domain €

We now return to the problem of approximation of the functions
u}) given by (2.6).

Let the vertex A, of  be at the origin 0. Let the part of {2 containing the
elements with vertices at 0 be as shown as in figure 5.2. We assume that we
have only triangular elements. The case when elements are parallelograms
does not change the argument.

Let 0=\ JT;, T =\_JBB;, . Let the line OB, have the coordinate
1=1 =1

8, j=1,..,m+1. Denote D,= {x|x{+xj<p} and assume that
D, = Q, 0 <py=<1. We then obtain the following theorem.

Figure 5.2.

THEOREM 5.2: Let u be the function given by (5.3) with p <pgn,
n sufficiently small. Then there exists z, € H"(Q) satisfying z, € 2,(T;),
i=1,..,m; DWz,=00n OBy, OB, ,, and T for 0< |r| <f -1 and

= 2]l ey = C Nlog p| Y p~2Re= =+ D) (5.33)

where C is independent of p.
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The proof of the above theorem is very similar to that of [3], Theorem 5.2
and only a brief outline is given here. Essentially, we first consider the case
for which D@ ®(9;)=0 for j=1,...,m+1, 0= |r| <l —1. We may
then map S= {(r,0)/6,<6<8;,,} onto R, by a linear mapping

G and consider the image # of u on T]- = G(T;). Let m; be a polynomial
function of - degree </ satisfying D(’)'ql- =0 for O0<sr=<f-1 on
G(B; E]- +1)- Then, after suitably extending # outside R,, the function
ﬁ/ni satisfies the conditions mentioned in Remark 5.1 to Theorem 5.1.
Hence, we may approximate &;/m; by a function z* satisfying (5.33) on
T ; and hence 2 m; = z,f, o satisfies (5.33) too, proving the result for this
case.

For the case when Dm; =0 for j #jy, O<r=<£{ -1, the triangles
T; 1, Tj, are mapped together into R, and the argument repeated. The

details may be found in [3].

Remark 5.4 : The function we constructed was in 2, ¢(T;). By suitably
changing the constant in (5.33), we may obtain a function in 2,(T;).

Remark 5.5 : (5.33) obviously yields the estimate
"u — zp”Hs(ﬂ) = C Ilogpl'yp-z(Reu_5+l)

for 0<s=< /.

6. THE RATE OF CONVERGENCE OF THE p-VERSION OF THE FINITE ELEMENT
METHOD

We.now summarize our results from Sections 4 and 5 and briefly remark
on some generalizations.

The following theorem follows immediately from Theorem 4.2 and
Theorem 5.2.

THEOREM 6.1 : Let u be the solution of problem (2.2)-(2.4). Assume that u
can be written in the form (2.5), (2.6) and in addition that for

{<k<20- % , ue ® defined by (4.43). Let u, be the finite element

solution as described in Section 2.3 with triangular or parallelogram elements.
Then

”u_up”Hl(g)sCp_““OgPIVR (61)
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where, letting a®* = min Re a [‘],
i

p=min (k—€,2(Reaf) = €+1))=min (k—0,2(c* - € +1))(6.2)
v = max {yP}:ReaP]=a*} if pw=2@*-0+1)

=0 otherwise 6.3)
R = Nl eay + X 1€/ (6.4)

Remark 6.1 : Theorem 6.1 has been stated only for the model problem
(2.2)-(2.4). It is obvious, however, that the theorem holds for any elliptic
problem or order 2 £ if the solution has the form (2.5), (2.6) or when (2.6) is
different but has the same character concerning the growth of its derivatives.
Moreover, as mentioned in Section 2.1, more general boundary conditions
may be also be treated.

Remark 6.2 : We assumed that polynomials of the same degree are used
over each element. Our results and proofs may be modified in an obvious
way when different degrees are used over different elements.
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