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, MATHEMATICALMOOEliINGANDNUMERICALANALYSIS
t I MODÉLISATION MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(Vol. 24, n° 2, 1990, p. 265 à 304)

THE p-VERSION OF THE FINITE ELEMENT METHOD
FOR ELLIPTIC EQUATIONS OF ORDER 2 / (*)

ManiLSuRL ( :)

Communicated by J. DESCLOUX

Abstract. — The approximation of solutions of elliptic problems of order 2 î over two-
dimensional polygonal domains by the p-version of the finite element method is investigated.
Optimal rates of convergence are established for the case when éléments possessing C ~1

continuity are used.

Résumé. — L'approximation des solutions de problèmes elliptiques d'ordre 2 î dans un
domaine à deux dimensions est traitée par la version —p de la méthode des éléments finis. On
obtient une majoration optimale de l'erreur en utilisant les éléments qui sont C

1. INTRODUCTION

The finite element method has three versions : the h-version, the p-
version and the h-p version. In the h -version, increased accuracy is achieved
by decreasing the mesh size h while keeping p , the de grée of éléments used
fixed (usually p = 1, 2, 3). In the p-\er$ion, a fixed mesh is used while the
degrees p of éléments are either uniformly or selectively increased to
achieve accuracy. The h-p version is a combination of both.

The standard /^-version has been thoroughly investigated and many
commercial and research programs are available. In particular, the solution
of elliptic problems of order 2 £ using éléments that are C^ ~l continuous has
been analyzed and optimal convergence rates established (see, for e.g. [8]
and the références therein).

(*) Received in January 1988, revised in February 1989. Research partially supported by the
Air Force Office of Scient ific Research, Air Force Systems Command, USAF, under Grant
Number AFOSR 85-0322.

(*) Department of Mathematics and Statistics, University of Maryland Baltimore County,
Baltimore, Maryland 21228, U.S.A.
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266 M. SURI

The p- and h-p versions are recent developments. There is only one
commercial code, the System PROBE (Noetic Tech, St.-Louis) and the first
papers discussing theoretical aspects appeared only in 1981 ([6], [2]). For an
account of today's state of the art, see [11. See also [3], [4]. [5], [9], [10],
[12], [13].

In [6], a second-order model elliptic problem was considered over a
bounded, two-dimensional polygonal domain. It was shown that if
C° éléments belonging to HQ were used, then the rate of convergence was
optimal up to an arbitrarily small e > 0,

\\e\\Hi^C(s)p-(k-V + °\\u\\Hk. (1.1)

The dependence upon s was removed in [3] to yield an optimal convergence
rate for C° éléments, namely

Weh'.^Cp-^-^uW-^- (1-2)
Several higher order problems occur in engineering however, like

problems of plates and shells ([19], [20]) for which éléments possessing a
greater amount of continuity than C° éléments are required. To this end, the
results of [6] were extended in [16] to C1 éléments to obtain the following
rate of convergence :

| | e | | H 2 ^ C ( e ) ^ - ( ^ 2 ) - | | u | | w t . (1.3)

Unfortunately, for the case where the solution lies in Hk H HQ, the proof
in [16] is predicated on an interpolation assumption ([16], eq. (2.37))
without which (1.3) does not hold. This assumption is stated by us in
Section 4, Remark 4.2. Moreover, the proof of [16] indicates that the term
C(e) can grow quickly with e -• 0. Nevertheless, computational expérience
indicates that (1.3) holds without the term e.

In [9], an alternate approach is used to show that for C^"1 éléments,
f 3.1,

| | e | |H^C( e ) /7-<*- '> + l M | | H , . (1.4)

The proof of (1.4) does not specifically deal with the case of boundary
conditions. In order to extend (1.4) to conforming C^"1 éléments with
t — 1 vanishing normal derivatives on the boundary, an assumption similar
to the one in [16] is used implicitly in the proof of [9], Theorem3.4.

In this paper, we investigate the approximation of functions in
Hk n HQ by the p-version, using polynomials in C^"1 Pi HQ. For

k > 2 t — - , we obtain the optimal approximation resuit

\\e\\Hl^Cp-^-^\\u\\Hk. (1.5)
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THE ^-VERSION OF THE FINITE ELEMENT METHOD 267

In proving (1.5), we do not use the interpolation assumption used in [9],
[16]. The use of this assumption, however, allows us to extend (1.5) to the
case f<=fc^2f-i.

In the case for which the solution exhibits smgular behaviour of the type
u « ra ( (r, 0 ) being polar coordinates) and the vertex of the éléments is at
the origin, we obtain the optimal estimate

H^C/r2*--'^). (1.6)

This improves upon the rate of convergence found in [16] (and [9]-[10])
which is optimal up to an arbitrarily small e > 0.

In Section 2, we describe the notation used and our model problem.
Section 3 deals with approximation properties of polynomials on the square.
In Section 4, we analyze the rate of approximation for functions in
Hk n HQ and prove (1.5). Section 5 deals with the case when the solution
exhibits singular behaviour and proves (1.6). In Section 6, we summarize
our results and briefly address some generalizations.

2. PRELIMINARIES

2.1. Notation

Let R2 be the usual Euclidean space with x = (xl9 x2) e R2- H e i ? 2 will
dénote a bounded polygonal domain with vertices At, i = 0 , 1 , . . . , Af,

Ao = AM and with boundary F = £ Tt where Tt are open straight lines with
i = 1

end points At _ u At. The internai angle between Tt and Ft +1 will be denoted
by (Of, ƒ = 1, ..., Af, 0 < (of as 2 ir. The case o>,- = 2 TT results in a slit domain
for which the boundary is two-sided (in an obvious sense).

By L2(ft) = H°(n) and Hk(il)9 k> 0 we dénote the standard Sobolev
spaces (with index 2). Also, HQ(£1) dénotes the subspace of functions with
k - 1 vanishing normal derivatives on F. For k >• 0 note an integer, we
define Hk(£l), HQ(CI) as the usual interpolation spaces (by the A'-method,
see [7]) :

H2 + 1(

where f + 0 = fc, 0 < 9 < 1, q = 2. For k > 1, we define
H^ + \ft) = Hfc + Ö(n) O H^(n). We will also deal with the Sobolev spaces
Hk(Tt), Hk(I), I - (a, b) which are defined for k integer in an analogous
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268 M. SURI

way. The spaces Hk(ft), H$(fl), iï*(r(-), etc. are Hubert spaces and their
inner products will be denoted by (., . )f/*(n)> etc.

For K > 0 , we let

R(K)= {(X1,X2)\\X1\^K,\X2\ < K } . (2.1)

HpER (R (K ) ) <= Hk(R (K) ) will dénote the space of all periodic fonctions with
period 2 K.

By ^ p ( n ) , respectively TSJCR(K)), we dénote the space of all algebraic,
respectively trigonométrie (with period 2 K) , polynomials of total degree at
most p on £1, respectively R(K). By ^ | ( H ) , respectively ^ ( ^ ( K ) ) , we
dénote the space of all algebraic, respectively trigonométrie polynomials of
degree at most p in each variable on Ci, respectively R(K). We also define
^p(r"i)> &p(J) {I = (a, &)) to be the space of all algebraic polynomials of
degree at most p on F,, respectively /.

Let Ù = \^J Ùt where O, are (open) triangles or parallelograms. We shall
i = 1

assume that flt C\ Clj = 4> for i ^ j and Ö(- n Öy- is either the empty set or an
entire side or a vertex common to ^ and O;. We will assume that all vertices
of 11 are the vertices of some H;. O; will be called éléments.

Let fi = ( - l , l ) x ( - 1 , 1 ) and T= {(xux2)\\Xl\ < l , - l < ^ 2 ^ x 1 }
dénote the standard square and standard triangle respectively. Let
Ft be an affine mapping with Jacobian having positive determinant which
maps CLt onto Q if CLt is a parallelogram and onto T if flt is a triangle. Let
now Sp(fl) d L2(f!) dénote the set of fonctions u such that if wü/ dénotes the

restriction of u to Iï(- then ua. o (F,-)~x e ^(Q)ii ftt is a parallelogram and

«ft* ° (Fi )"X G &£(T) if ftf is a triangle. We will then write ua, e ^p{O.t ) and

u e Sp(ft). Furthermore, we dénote for 2 =s= 1 integer,

It is possible to show that ^ c = C ( £ - 1 ) ( a ) and 05^ c C0
(f " 1 ) ( ^ ) ï where

C^( f i ) is the space of all fonctions with Î continuous derivatives on

Ù and C^\Ù) c C ^^(H) the subspace of fonctions for which derivatives of

order up to l vanish on F.
For r = (rl5 r2), 0 =s r1? r2 ^ | r | = ^ + r2 and u a fonction defined on £1,

D^u will dénote the derivative

IVPAN Modélisation mathématique et Analyse numérique
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THE /7-VERSION OF THE FINITE ELEMENT METHOD 269

2.2. The model problem and its properties

Let L be an operator defined on H2î(Ct), Î === 1 by
Î

Lu= (-1)'A*u + ( - 1 / - 1 A £ - 1 M . . . - A M + W = £ ( - i y A'M. (2.2)

Let — dénote differentiation with respect to the outward normal to ft on

F. Then we will consider the following model problem

Lu = F on O (2.3)

— = 0 on r r = 0, 1, . . . , £ - 1 . (2.4)

Note that (2.4) is equivalent to

D(r)w = 0 on T 0 « |r | * £ — 1 .

The model problem (2.2)-(2.4) is a classical case of an elliptic équation over
a nonsmooth domain. The properties of such problems have been well
studied (see [17], [18] and the références therein).

We assume here that the solution of (2.2)-(2.4) can be written in the
following form :

u = ux + J uf (2.5)
i = 1

where

ux e Hk(£l) n

j ] pl j ^ (2.6)uf = Re J £ C PI | log rt \^° r^ 1 4>j<] (6,- ) x
pl (r,-

with * > f, Re (aP]) > f - 1, Re (a}^) ^ Re (a}/]), 7}'l ^ 0 real, ^pHe,)
and x^( r i ) a r e rea^ ^°° (or sufficiently smooth) functions, X^Hri) = 1 f° r

0 <: rf «< p[l] < j , X[i](ri) = 0 for r(- > 2 p[/]. By (r,-, 0r) we have denoted the

polar coordinates with the origin at the vertex At of the polygon ft. The
partition (2.5) is typical for problem (2.2)-(2.4). The function ux represents
the smooth component of the solution and is the only one present when the

vot. 24, n° 2, 1990



270 M. SURI

domain O is smooth. Ho wever, due to the présence of corners, the solution
exhibits singularities of the form ra near the corners, which leads to the
components u£\ In gênerai, it is these singularity components which limit
the rate of approximation that can be obtained by the use of polynomial
subspaces. For details and proofs of the partition, we refer to [17], [18].

It may be noted that we have only dealt here with essential homogeneous
boundary conditions. Instead of (2.4), we may specify natural boundary
conditions as well (which may be inhomogeneous), consisting of normal
derivatives of order £ = s = r ^ 2 £ - l . Our results remain valid for the case
when different types of conditions are specified on different portions of F.
In Section 6 we shall comment on this and other generalizations of our
results.

2.3. The p-version of the imite element method

Problem (2.2)-(2.4) may be put into the following equivalent variational
form (F e L2(fl)): find u e H^(n) satisfying

f
Ja

«, t>) = Fvdx for all v e JïJ(fï) (2.7)

Ç Q

where B(., . ), the bilinear form defined on H (£1) x H (il) associated with
the operator L is equal to (., . )H^a) so that

B(u,u)^ M|^ (n) (2.8)

holds for any us H2(il).
The p-version of the finite element method consists now of finding

up e o/Sp(£l) such that

(up,v) =B(u 9v) = Fvdx for all v e 0Si(n). (2.9)

3. APPROXIMATION PROPERTDES OF Pp(ll)

Let Q be the standard square with sides yi9 i = 1, 2, 3, 4 and diagonal
y5 corresponding to xx = x2. Let T be the standard triangle enclosed by sides
7i, y2 and 75-

M2AN Modélisation mathématique et Analyse numérique
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THE p-VERSION OF THE FINITE ELEMENT METHOD 271

LEMMA 3.1 : Let S = Q or T. Then there exists a family of operators
{Up} , p = 1, 2, ..., Up : H

k(S) -> 0>p(S\ such that for any u e Hk(S), for

for r=(rl9r2), fc>|r|+-, 0 ̂  s < k - \r\ - - , i = l , 2 , . . . , 5 ,

for r=(rl9r2), fc>|r|+l, x e 5,

Cp-<*- >r' - ^ I I M H ^ ) (3.3)

where the constant C is independent of u and p and where we dénote
&p(S) = 9}{Q) for S=Q and &p(S) = &}(T) for S = T.

Moreover, if u e <Pp(S), then îlp u = w.

Proof: Let d => 1. Then SczR(d) (see (2.1)). Since 5 is a Lipschitz
domain there exists an extension operator T> mapping Hk(S) into
Hk(R(2d)) such that

lSu = 0 on R(2d)-R(îd\ (3.4)

where C is independent of u, A concrete construction of TS may be found in
[21].

Let <)> be the one-to-one mapping of R ( ̂  J onto R(2d) :

R(2d)3x= (JCX,X2)

with (à, €2) = ̂  ̂  R ( ? ) • Further, we let

where <(>" -1 dénotes the inverse mapping of <|>.
Let u = ISw and

(3.6)

vol. 24, n° 2, 1990



272 M. SURI

Beçause of (3.5), we easily see that

suppV($)^R. (3.7)

In addition, it can be readily seen that

a) V (£) is a periodic function with period 2 TT

b) V satisfies

(3.8)

and hence V e H%ER(R(ir)).

c) V(£) is a symmetrie function with respect to the lines ^ = ± —,

i = 1 , 2 .

Let us expand the function V in terms of its Fourier Series

^ i S b S?) = > > ^i£ ̂  • V^-^J

For any p s= 1, we define V^ = n p V by

p\ti9 fe) = X L aiie s = Q (3.10a)

M € i . f e ) = T . flrfc'"°"Cl + f f a ) for 5 = r . ( 3 . 1 0 b )
in

Obviously, Vp e
We have

1 , 2 .

where « has the usual meaning of equivalency. (3.11) yields immediately for
0 =s= q ==s k

^Cp-(k-^\\u\\Hk(S) (3.12)

using (3.8b) with C independent of u.
In what follows, we assume S = g . The case S = T follows similarly.

Let ytf, i = 1, ..., 4 be the sides of R (ir ) and let £2 = C2 ̂ e one of the sides.

M2AN Modélisation mathématique et Analyse numérique
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THE p-VERSION OF THE FINITE ELEMENT METHOD 273

Then for r = (ru r2), 0 « \r\ < k - i ,

D<-'\v - Vp){^, fe) =

= ( Z Z + Z Z + Z I
i >/» m ^ p i / i ^ . P K i ^ P I / I

- Z (ijTb^e™1* X ('7) r i^ ]^€ l+ Z (ij)ribPemi (3.13)
l/l >p l/l ^P l/l >P

where, for | ; | >p :

/ 'p 2( I M

(1+/2)*

where we dénote

Af= £ |a t t |
2 (1 + j 2 + Z2f . (3.14)

f = - o o

Consider now the function

for x > 0. We have for jx > 0

Hence, for k>& and x2> , f(x) is a decreasing function of x.

Moreover, when jx = 0, f(x) is decreasing for all x > 0. Hence, there exists
a constant C = C (k, JJL) such that for \j\ >p, k> M-,

vol. 24, np 2, 1990



274 M. SURI

so that taking |x = rl7 for k > rl9

\ ( i i ) r i bP\2 *£CAjp-Vk-2W -XK (3.16)

F o r l / l

rr
: * - 2 | r | - l ) ( 3 1 7 )

2(* " '"2)

provided k > r2 + - .

Analogously, for | / |

jp+i ( i+/2+

)

dx
CA;

(3.18)

provided fc>|r|+-. Hence, using (3.13)-(3.18), we see that for

1 = 1 , 2 , 3 , 4

l/l

_ 2 ( t - M - |

i = - œ

M2AN Modélisation mathématique et Analyse numérique
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THE ^-VERSION OF THE FINITE ELEMENT METHOD 275

provided k > \r\ + — . From this, it follows easily that for s s= 0? s integer,

cp' ('-'"-'"O | |M | |^ (Q) ( 3 1 9 )

provided k > \r\ + s + = .

Now we estimate \\D{r\V - Vp)\\ y For 0 =s |r| < fe - | ,
y

f (3.20)

l/l ~p* m *p

2 2 ' 1 " 1

i/i >/>> m

where cj1) = £ {irf {iïf ajt
ƒ + * = 9

i/i >/>> i n .̂p

l/l

By the Schwarz inequality,

I / I >p> m ^p

x f y y2r if2f2(i+;2 + f2rfc

\ /+7l, /
i/i >p. i n */>

where

vol. 24, n° 2, 1990



276 M. SURI

For q2^p2, this gives

where N(p, q), the number of terms in the sum, is obviously ^2p, so that

For p2 <: q2, we have

* 2 = ( / + * ) 2 * 2 ( / 2

so that
2r2

provided / c > \r\. H e n c e ,

ICPl^CA.p-V*-2^-». (3.21)

Similarly,

ICPl I^CiV* 2 *- 2 ! ' ! - 1 ) . (3.22)

Finally,

where

provided k > \r\ + - .

M2AN Modélisation mathématique et Analyse numérique
Mathematica! Modelling and Numerical Analysis



THE ^-VERSION OF THE FINITE ELEMENT METHOD

If q2>p2, then

277

- 1 )

,- + * - ,

y

( ! + ƒ

provided ^ > |r| + - . Hence

Combining (3.20)-(3.23), we obtain

(3.23)

which leads to (3.19) for y5.
We now estimate \D{r\V -Vp)(x)\. Because V - Vp e Hk

PER{R{>n)),
we can assume without loss of generality that (£1; £2)

 e 7/ given by
£2 = fe- Then once again we have (3.13) and for e => 0

(Z
x l / l >

2: J
l/l

(3.24a)

Taking JUL = rx + - + s in (3.15), we obtain analogously to (3.16)

provided k> rx + - + e, so that (3.24a) yields

(3.24b)
l / l >P

Moreover, using (3.17), we see that

l T \(iJ)ribW\Y* ( Y

vol. 24, n 2, 1990
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provided k :> r2 + -= . Also,

«Cp-^- l ' l - 'MMI^ (3.26)

provided fc > | r | + 1 + e, where we have used (3.18) with rx — rx + - + e.

Combining (3.24b)-(3.26), we get for k> \r\ + 1,

V p ) ( j c ) | ^ c^-< f e - IM -1 ) | |W | |^ ( Ô ) . (3.27)

Because of (3.8c)5 Vp(<$>~ l(x)) e ̂ P(Q). Further, <(> is a regular mapping

of R(d) on Q, (d < y J and 4>(7Ï) => 7i- Hence, for k, q, s integers, (3.1)

follows immediately from (3.12), (3.2) from (3.19) and (3.23), and (3.3)
from (3.27). Using a standard interpolation argument, (3.1)-(3.3) will hold
for non-integral values of k, q and s as well.

The following one-dimensional resuit is from [5].

LEMMA 3.2 : Let I = ( - 1 , 1 ) and u e Hk(I), k^l. Then there exists a
polynomial zp e 3Pp(I), p 2= 2 k — 1, such that

zP(± 1) = M<*>(± 1) / = 0, 1, ..., k- 1 (3.28)

and for s = 0, 1, 2, ..., fc

where C dépends on k but not on u and p.

4. THE APPROXIMATION OF FUNCTIONS IN Hk(n)

In this section, we will analyze the rate of approximation in the
H (O,) norm of u by a piecewise polynomial in QSP(H) for the case when
u 6 Hk(£l) Pi ifó(fl) i.e. when u\i] = 0 in (2.5). The main resuit we obtain is
the following.

M^AN Modélisation mathématique et Analyse numérique
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THE /?-VERSION OF THE FINITE ELEMENT METHOD 279

THEOREM 4.1 : Let Î be an integer, l === 1. Let u e Hk(fi) n HQ(£1),

>2l - - . Then there exists a séquence {up}, satisfying up e 0SJ(O) and— . A /I-Wt ( U t / O C-̂ lriJtO V* Ot^i/t-W/frVC \ M 'pJ

_ ^ = 0 r = 0 , 1 , . . . , £ - 1 on T (4.1)

il M C* n~ ^ "~ ̂ 11 77 II f4 9-̂

where the constant C dépends upon the partition of £1, A: a/z<i 2 but is
independent of u and p.

We first prove the following lemmas.

LEMMA 4.1 : Let I = (— 1, 1). Given an integer t ̂  1, f&ere exists a
séquence of polynomials {xj,} = {x£'} , p s= 2 ̂  — 1, r = 0, 1, ..., r — 1, ZAZ
S?P(I) satisfying

0 i: ƒ ƒ # r

_ ^ ( + l ) = 0 ƒ = 0, 1, . . . , r - l ; r = 0 , l , . . . , f - l , (4.3b)

• = 0 , 1 , . . . , * - ! , (4.4)

where the constant C dépends on t but is independent of p, r and
s.

Proof: We first define, for p === 2 t - 1, fonctions <t>̂  given by

- ^ + 1> (4.5)

where

Hence

the constants

ci-
Cl'
P =

p are

0

1 F
r!(»

given

- r ) !

by

for

for

(4.6)

IC^I^Xp'-^. (4.7)
vol. 24, n° 2, 1990



280 M. SURI

By (4.5), for any integer 0 ^ m =s t - 1,

dm<br

Z= (_/?y"
x r '

0

y cp

+ 1 Ci'" (• _ y
t = m v J

so that

dx
K

7 = 0

Now for p sufficiently large,

r+i

J - i

Hence, using (4.7),

i = o t = j

-—m — r - \

This shows that for any 5 = 0, 1, ..., t — 1,

(4.8)

- i - i + /
2

i.e., {4>̂ } satisfy (4.4) with xr
P replacée! by <fyr

p. We now show that with our
choice of Cpp, {^} also satisfy (4.3a). By (4.8), we have for 0 ^ m ^ t - 1

Using (4.5), we get

( - 1

- 0

= 1

\
y"

for

for

y ™[

m =

r .

r .
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THE p-VERSION OF THE FINITE ELEMENT METHOD 281

Also, for r < m =s t — 1, we have

since the term inside the brackets is the binomial expansion of (1 — 1 )m r.
In order to obtain a function satisfying (4.3b) as well, we let Up = §r

p i|/
where \\t e C°°(7) is a smooth cut-off function satisfying

i|i(x) = 1 for - ï s s j c - s - i

= 0 for | «s * *s 1 .

Then it may be easily verified that Up satisfies (4.3)-(4.4). We now use
lemma 3.2 to approximate Up by a polynomial zp in @*P(I), p ^ 2 t - 1,
satisfying (3.28)-(3.29). (3.28) implies then that zr

p satisfies (4.3). Also, using
(3.29) and the fact that Ur

p satisfies (4.4), we have

^Cp-<k-,)p
k-'-l

=s Cp 2

so that by the triangle inequality, zp satisfies (4.4). Taking x̂  = tr
p yields the

lemma. D

LEMMA 4.2 : Let v(x) be a function defined on I satisfying

^ ( 1 ) ^ 0 5 = 0 ,1 , . . . , r - l . (4.9)

Then

ViX^ -1 1 -.CMinn. (4.10)

Proof; Let /(g) be a function defined on [0, oo) such that ƒ = 0 for
x > 2. Define

vol. 24, n 2, 1990
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Then by [15], page 245, No. (9.9.5), we have

f2 / fM)\2d^C f2( /(ê))2^. (4.12)
Jo \ ç / Jo

Now, take

ƒ(€) = p « ( i - O .
Then, substituting in (4.11), integrating by parts r times and using (4.9), we
see that

/ r(€) = Ct>(l-É)

so that (4.12) becomes

Substituting 1 - Ç = x gives (4.10). D

o f Theorem 4.1 : Let i \ j = 1, 2, .,., N be the éléments of the
partition of £1. We first construct the fonctions * z£\ = ftp M ^ as in
Lemma 3.1. The lemma is applicable because a linear transformation maps
the parallelogram or triangular element onto the standard square or
triangle, preserving the polynomials. Hence for î ^ 1 integer, k^i,

Our first step is to add a function yP e ^ ( a j , p s= 4 l - 3 to zpx so that
the function zP = z£\ + yP satisfies (3.1), (3.2) and

D{r)zP = D{r)u for 0=£ |r | = s 2 £ - 2 (4,14)

at the vertices of flt. Let us first assume that O, is a parallelogram, which we
may take to be the standard square Q without loss of generality. Let

(r) =a(r) = (4.15)

where r = (ru r2). Define the function

V $ $ (4.16)
0 ^ \r\ < 2 f - 2

Hère, Xp = Xp\ i = 1» 2 are as in Lemma 4.1, with t = 2 ( — 1, so that
X̂  e ^p ( / ) , / ? ^ 4 £ - 3. This implies that we may construct wr s
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provided p s= 4 Î - 3. We see then that with k > 2 2 - 1,

283

^Cp~{k~n\\u\\Hk{ai) (4.17)

where we have useü (3.5) with k> \r] + 1 i.e. & > 2 ? - l and (4.4).
Moreover, on the side Tx = {(x, - 1 ) 1 — 1 < JC < 1} , we have by (3.3) and
Lemma 4.1, for ; = (ju j2)9 s =* 0 integer, 0 =s | ; | + s === 2 £ - 2,
Ir - - 0 P _ 1

dxï

= Cp-<*- l ' l - J - i >| |w | | H * ( a ( ) (4.18)

(4.18) will also be true for the side T2= {(-l,y)\-l<y<l) and will
hold trivially on the other two sides of Q, where wx = 0. We can repeat this
construction for each of the four nodes of Q to obtain w;, / = 1, 2, 3, 4.

Then defining yj1"1 = ^ wj9 we see that z / ] - z^\ + yp satisfies (3.1), (3.2)

and (4.14).
For H,- a triangle, we assume that £1(- is the rotated standard triangle

T with vertices Px(- 1 , - 1 ) , P2(l, - 1) and P3(- 1, 1). Define a ( r ) as in
(4.15). Let/? 5=10? - 6 s o t h a t £ = [(p - 2 l + l ) /2] ^ 4 f - 3 and define

with Xa = X°p2i'X' Then we see that for 0 ^ | r | ^ 2 f - 2, *;> 1,

= o o n
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for r = P1P2 or Fj P3 , s 3= 0 integer, |r| + s =s 2 £ - 2 and

We now define w^ recursively for \r\ :> 0. Let

P $ ) = £ > ( r M m ) ( - l , - l ) - . (4.20)

^ ) will be non-zero only when ri^mi^ i = l,2. Now defining for

( X J
\ I « I < I J I /

O f̂fij =s;'j (i - 1,2)

(4.21)

(with Xp =^pt2t~1), we see that D{r)w^ ( _ i , - l ) = 0 whenever

n < 7 Î (i = 1,2) and

D^w^\-1,-1)= ( a ^ > - ^ P 2 } ) for ^ = ; .

O^mi^Ji (i = 1,2)

Hence, for /? ̂  10 £ — 6,

w 1 = X ^ i O ) 6 ^ ( « ) (4-22)
l/l « 2 f - l

satisfies, forO=s \r\ +s*£2t -2, k>ll - 1,

D(r> wx(- 1, - 1 ) = «(r) (4.23a)

Z)(r>w1 = 0 on P 2 P 3 (4.23b)

IKlUn^^^^HI/An,) (4.23c)

where T = PXP2 or F 2 ^3-
A similar construction as that of w1 may be used to obtain functions

w2 and w3 associated with the nodes P2 and P3 respectively, after first

M2AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



THE p-VERSION OF THE FINITE ELEMENT METHOD 285

mapping fl( in a suitable way onto the standard triangle T. Then we take

w,

Let now 7 = Ü, O Ùm and Aï9 A2 be the end points of 7. Now
^z^ ^ D^z^ on 7. Dénote the « jumps » of zp on 7 by

w^(x,y) = D^(zP~z^)\y for (x,y)ey. (4.24)

Then, because D{r)z^](At) = D{r)u(At) = D ^ z ^ ^ , - ) , we have
wjj^A^) = 0 for i = 1, 2 ; 0 *s |r | =s 2 Ï - 2 and also, by (3.2), (4.18) and
(4.23d),

w&ll . , . *; Q? v 2 7 ( II u i| R*m , + || « || Hk(n J (4.25)

for 0 ^ | r | + r ^ 2 f - 1, k>2t - i .
Let now F ; be the affine transformation satisfying F ;(fly) = 5, where

S = Q = { ( | , TJ) I | ë | < 1 , I*nI < 1} » the standard square, if Oy is a paral-
lelogram and 5 = T = {(g, -n) I |€ | < 1, - 1 < *n < - Ê } the rotated stan-
dard triangle, if ft; is a triangle. Let 7 be mapped by F}- onto the side
r i = {(€,•- l ) f | 5 | < 1} of 5. Let « = /i(Ç, il) dénote the outward unit
normal to S along 35 and let h be its image on dflj under Fjl, so that

^L | = _Z | a 5 whenever ƒ(*, y) = ƒ CÇ, TI). Define, for (x, y) e 7, 5 ^ 0

integer,

Then, if pjm = pjm o Fy"1 we see that for (x, y)ey, (6, - 1 ) = Fy(x, y ) ,

PJm(5) = P/m(Ê> - 1 ) = Pjm(*. y ) • (4-27)

Now pjm are obviously linear combinations of those wjQ defined by (4.24)
which satisfy \r\ = s, Hence, it can be deduced from (4.25) and (4.27) that
for 0 «s s + * ss 2 £ - 1, A : > 2 f - i ,

Moreover, since for \r\ **2l -2, D{r)z^] = £> ( r )zjm] at the end points of
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7, we have for t = 0, 1, ,..,2 2 -2-s,

— ^ ( ± l ) = 0. (4.29)

For Qj a parallelogram, define

t-i

with Xp = Xp*'1- Then using (4.3), (4.29) and (4.28), we see that

^ £ ^ = P*m on Tj for O ^ s ^ l - 1 (4.30a)

£> ( r )£y m = 0 on 35 -T1 for 0 s s | r | s s £ - l (4.30b)

^Ci?" (""°liwll^(a) . (4.30c)

where we have taken k > 2 f — - .

We now show the existence of a £;m satisfying (4.30) in the case
flj is a triangle. By (4.29), we see that

PJ«(O=(€-1)2 '-I-1 'I',(O . (4-31)

where tys is a polynomial in £. W e define, for 0 = s s = s £ - l , a polynomial

i)m by

(4.32a)

with

iJm(Ç) = £ i - i^ (g, _ 1) . (4.32b)

where xp = X ^ " 1 and for 5 = 0> ^„(È) = 0. We now define

«/m = ï ^ • (4.33)
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Then, using, (4.29) and (4.32), it may be verified that ijm satisfies (4.30a) and
(4.30b). We now show that (4.30c) is also satisfied. To this end, we first show
that TJm has a similar décomposition as does Pym in (4.31). Using (4.32) with

so that for 0 <$===£ - 1,

-l)... (f-5

Using (4.31) with 5 = 0, this yields

8-rf

Assume now that for t ^ i - 1,

for some polynomial # . Then, by (4.32), (4.31), (4.36),

for some polynomial <)>(£)• Hence, for i < s ^ Î - 1,

dr\'

(4.35)

(4.36)

«,-D
(4.37)

for some polynomial <$>'s. (4.35)-(4.37) imply, by induction, that (4.36) holds for
all t = 0 ,1 , . . . , l - 1. From this, we see

\2ï-s-\ +,(6) (4.38)

for some polynomial ^(Ç)-
Now by the définition (4.32a) of £ym we have

\S)
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Since on S = T

we see

I l + - • • + 14 S£ l

M. SURI

rn:)

1 /

Using (4.31) and (4.38), we see that

(4.39)

dg\dÇ3" I ' "

Hence, using Lemma 4.2, for /5 = lx + l2 + I3,

We now show that for i = 0, ..., £ — 1, s s= £ - 1, r s= £,

(4.41)

First, we see that using (4.34), (4.31), Lemma 4.2, and (4.28), (4.41) is satisfied
for i = 0. Next, assume that (4.41) holds for ail Î' =s n - 1. Then, we have, using
(4.32)

so that

( € - 1 )
— n

+ I 1 9 " C } m

(i~iy-n a-n"

a-n"
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(where we have used (4.31), (4.37) and Lemma 4.2)

by (4.28) and our hypothesis. Hence, by induction, (4.41) holds for all
i = 0,1, ..., t - 1. This shows that

so that, using (4.39), (4.40), (4.28) and (4.42) with Lemma 4.1, we see

Using (4.33), the same estimate holds for £ym, so that (4.30c) is proven.

Hence for any y = Ü; n Ùm, we have constructed a polynomial £;m satisfying

(4.30). Defining \]m = tjm o Fj9 we see that |\ljm 11 , also satisfies the bound

in (4.30c). Moreover, by (4.30a, b), replacing zj^ by zj^ — £;m on Hy achieves
the required C^"1 continuity across 7 without altering the jumps in zp on the
other sides of ôOy. Repeating this process for each 7 in the triangulation, we
obtain a up = zp e C ™~ 1 \ f i ) satisfying (4.2). The essential boundary conditions
(4.1) on F may be imposed on up by the same method. This complètes the proof
of the theorem. D

Remark 4.1 : The function up constructed by us belongs to oSp + n for some
n depending f. By suitably changing the constant in (4.2), we obtain
up e 05^ such that (4.1)-(4.2) still hold.

Remark 4.2 : In Theorem 4.2, we have not specified explicitly what the
minimum value of p can be. To observe any approximation, in gênerai, we
must have p ===/>0 (some). This is because for p too small, 0Sp may just
contain the function 0, so that the corresponding up constructed in
Theorem 4.1 may be zero. In gênerai, there will be a p0 such that
up =£ 0 for p 2= p0. This p0 dépends upon the mesh chosen. For a gênerai
mesh of triangles and parallelograms, using polynomials of total degree
p^po = 4i-3 is sufficient (Theorem6.1 of [8]). However, for triangular
meshes, a resuit of de Boor and Höllig (Theorem 4.7 in [8]) gives
pQ = 3 i — 1 as a less stringent sufficient condition. Even this is not
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necessary, though, if one considers global spline bases or looks at special
meshes. See [8] for details.

In any case, taking the constant C in (4.2) to be large enough (for example
o ) technically allows us to assert Theorem4.I for all p s= 1.

Remark A3 : For î < fc =s 2 f - - , Theorem 4.1 still holds provided we

assume that u e <ï> instead of Hk(fl) n HQ(£1), where <E> is defined by
interpolation using the i^-method,

* = (Hr(Ù) n #<(«), //0^))e,co • (4.43)

Hère, r > 2 î - }- and (Hr(ü), /f'(ft))e,2 = H*(H). The proof is similar to that

of Theorem 4.2 in [3] and is omitted hère. Generally, however, the restriction

k > 2 i - - is not a severe one, particularly in the light of results in the next

section where corner singularities are treated.
As mentioned in the introduction, the results correspondîng to Theorem 4.1

in [9], [16] are based on the assumption that u e O, which is not the usual resuit
predicted by elliptic regularity theory.

Theorem 4.1 and Remark 4.2 lead to the following estimate for the rate of
convergence of the p-version of the finite element method.

THEOREM 4.2 : Letue Hk(Cl) n #o(a) , fc > f, be the solution of (2.2)-

(2.4). Assume further that for t <k^22 - ~ yu e<& defined by (4.43). Let

up be the finite element solution based on the p-version satisfying (2.9). Then

««-Mflto*^*-0!!"!!*^) (4-44)

where C is a constant independent ofp, u but depending on the partition o f Cl.

Proof: The proof folio ws from Theorem 4.1 and the f act that

IIM " M/» II ̂ ( n ) ^ c II " - ^ 1 1 ^ ( 0 )
for any zp e 05^. D

S. THE APPROXIMATION OF SINGULAR FUNCTIONS

In the previous section, we analyzed the approximation of fonctions
which were known to be in Hk(ft) n HQ(CI), k>2l - - . In this section,

we analyze functions of the type (2.6), which have a singularity at a corner
of the domain.
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5.1. An approximation resuit

Let g = ( - 1,1) x ( - 1, 1) a s before. Let xt = xt + 1, i = 1, 2 and
let (/*, 9) be the polar coordinates with origin (— 1,1) ; r2 ^ x\+x\,
9 = arctan (x2/xj). For K > 1, 0 < p < 1, define

= \xeQ X

a}, 0 < a < l (5.1)

/?K = 5K n?K = 5K ^K = 5K n Qm .

Let K O > K > 1. Figure 5.1 shows the domains under considération

(-1.1)

(-1,-0

Figure 5.1.

Let

= (JE, - = r2 (5.2a)

Obviously, <t>i(9) is an analytic function in 9 and £ is a polynomial which
satisfies

- l , i = l , 2 (5.2b)

where Lx and L2 are the Unes xx - KX2 and jci = JC2/K respectively.
Let, for Re a > Î _ 1? 7 ^ 0 real,

(5.3)
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where O(0), x(r) are sufficieritly smooth real (e.g.? C00) functions and

X(r) = l for O ^ r ^ H

= 0 for ^ - ^ r , 0 < p < i

is a function defined on Q. We shall assume that u satisfies (5.2b) on
Lj, L2 and has support in R^. Then we see that

u(xl9 x2) = £(xl9 x2) UQ(X19 X2) (5.4a)

where v
2 ' (5.4b)

with ^"(0) a smooth (e.g., C00) function.
The main approximation resuit we prove is

THEOREM 5.1 : Let u be given by (5.3) and satisfy (5.2b) on Ll9

L2. Then there exists zp G &p(Q) such that for 0 ^ \k\ ^ ( - 1, D{k)zp = 0
on the Unes Ll9 i = 1,2 and for K0 > K,

where C is a constant independent of p.

We will require a series of lemmas to prove Theorem 5.1.
Let o>(r), 0=sr<:oo be a C00 function satisfying

<o(r) = 0 for 0 =s r =s 1
= 1 for 2 =£ r < oo

For any A > 0, define

() ( 5 - 6 )

Then we décompose u0 by

w0 = v + w (5.7)

where
i? = coAw0 (5.8a)

w = ( 1 - O ) A ) M 0 . (5.8b)

It can be readily see that

v = 0 for O ^ r ^ A
>v - 0 for r 2= 2 A .
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LEMMA 5.1 : Given k = (&i, A:2), there exists a constant C{k) such that for
x= (xl,x2)eRKQ

^ C (*)|log A|T(1 + xtf-
2ï'~ 1*1 onRK

= 0 • onS£

where à = Re (a).

Proof: For a real the lemma follows by taking a = a - 2 f + 2 in
LemmgrS.l of [3]. The result for a complex folîows easïly:

In what follows, we will assume that v satisfies (5.9) and not the explicit
form (5.4b), (5.8a).

Let

v(xl9 x2) = £ £ fll7 Pi(*i) Pj(x2) (5.10)
* = o 1 = o

where Pi(xg) = Pt(x?, P, P), 3 > - - are Jacobi polynomials of index p

which will be determined later. Then

atj = C; Cj(i + 1)0" + 1) | J v(xlf x2) Pi

(l-xlf(l-xlfdXldx2 (5.11)

where Ci9 C-} are bounded from above and below independently of
i, j but depending on p (see [11], p. 841, formula 7.391.1). Define

Vp{xl9 x2) = X Z a0' p i (^i) P;(*2) (5.12)
i = 0 / = 0

bi(x2)= ZaijPfa), (5.13a)
; = 0

b^\x2) = £ aijPj(x2) (5.13b)
> = o

with

bi(x2) = Ci(i + 1) v(xl,x2)(l-xifPi(x1)dxl. (5.14)
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It can be readily seen that

« =

( = 0

Let

then

The following lemma follows immediately by taking a =
Lemma 5.3 and 5.4 of [3].

LEMMA 5.2 : Let S - m + | - 2 t + - < 0. Then

(5.15a)

(5.15b)

(5.16)

(5.17)

•21 + 2 in

dmb,(x2)

dx?

Let us now analyze pp = typ - vp given in (5.17). We have

P,(*l,*2>=

(5.18a)

(5.18b)

so that |or k= (kx,k2),

= t
. n, dx?

Now, for ï > 0 integer, we have by [5], formula A.2.15

PP(x, p, p) = I (2 p + i + 1 )... (2 p + * + 0 P, _,(*, P + t, p + O .
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Hence, for 0 === m + k2 ^ p + 1,

f 2*,-l f+1 / * p(

c ' i2^-1 y a2 .2*2-1

j = 1 ; =p + l

dx2

. 2 4 , - 1

( 1 — je

(5.19)

Using (5.14), we see that the support of b, (x2) lies in
7X = [- 1 + A sin 60, 0] where tan e0 = — . Hence, from (5.18b) and (5.19),

* ~ P o o 3 n

2

- 1 + A sin 90

2m2k! + l p

for the case fcj ^ 1, provided 2 a - m + 2 p - 4 f - J t 2 + ^ < 0 - For the case

kx = 0, we use (5.18a) instead of (5.18b) to bound ^ and obta in

l 2 7
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provided 2 à - m + 2 p - 4 f - ^ 2 + ^ < 0 .

Similarly, we estimate the term D^a with
m ^ kx. We have

00

i = /? + 1

p + *

)

/*+ 1 /•+ 1 / «m + fc? \ 2

- I I ( 9
 m "2 1 ( 1 - ^ ! 2 ) P + m dxx{\ - A:2

2)P + *2 d^ 2 ( 5 . 2 1 )
\ 1 2, f

Since the support of v lies in R — 5^, we can use Lemma 5.1 and ôbtain
with

/ 2 = [ - 1 + J- (1 + JC2), _ 1 + KO(1 - X
L K

1 v - 1 + A sin 60 ^ / 2

A l 2 7 f°
1 J - 1 + A sin e 0

2(m

_ C[logA|2 7 2«-m + 2£-4f>-k2 + 2
^ p2(m-kl) ^ V'W

provided that 2 a — m + 2 P - 4 f - A : 2 + 2< :0 . Hence, we obtain the
following lemma.

LEMMA 5.3 : Let pp and up be as defined in (5.17). Then for
O ^ m + f ^ ^ + 1 and 0=== \k\ ^2

f ^ dxx dx2 ^
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where kx = max {1, kx} and t = 1 if kx = 0, t = 0 otherwise, provided that

provided that 2 a - m + 2 ( 3 - 4 f + 2 < 0 . 77ie constant C is independent of
k, A, p fcwf dépends on a, (3, 7, m? l.

Let Ö2A be as in (5.1) and define

Also, for f(x1, x2), (xi, x2) e Q and A < - > define

" ™~"-~ (5.25)
= O (xx, x2) e Q — Q .

i
LEMMA 5.4 : Let g(jcl9 x2) be given by (5.2a) and let O < A < - . r/zen, o«

s C (1 - jcf)ri(l - xl)h (5.26)

a n y tx, t 2 ^ 0 s a t i s f y i n g tx + t2 = 2 t — \ k \ .

Proof; The proof is essentially the same as that of Lemma 5.6 in [3] and is
omitted here. D

LEMMA 5.5 : Let v satisfy (5.9) and vp be given by (5.12). Then for
A=p-2

UA(v-Vp)\\HtK)^C\logp\yp-2(à-i + V (5.27)

where C is a constant independent of p.

Proof: We first estimate || £A pp \\ Hi & where p^ (and ap) are as in (5.17).

To this end, let us estimate Dx = \\ (D^^)(D^pp)\\ A) with

\r\ + 1̂1 ̂  %. Using (5.26), we have for any tï9 t2^0 with tx + t2 =
2l-\r\

ff
J>1R
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Let us choose tu t2 so that — 2 ti + st 5= — 2 f, / = 1, 2. Assume 3 :> 2 £, so
that p - 2 f f + Jf > 0. Then, because on R^

1-xf

we get using Lemma 5.3

C | l O 2 A | 2 r 2 a - m - 5 2 + | - 2 | r | - | j | + f
^ —!—5 !— A

2m-2?i + l

where s1 = max {1, s^ and ^ = 1 if $i = 0, f = 0 otherwise, provided that

à - m + | - 2 f + | < 0 a 5

large enough and A = p ~2, we get

and 2 a - m + 2 p - 4 £ + 5 < 0 . Choosing

+2\s\ -2t

W e may similarly show that for \r\ + \s\

This proves the lemma. D
For the case that a > 1, S not an integer, let k= [a] be the largest integer

less than a. For q an integer, 0 === q === k, we dénote by v^ the ^-th derivative
of v along the direction #, where n is the unit vector along the line
x1 — x2' Then v^ will satisfy (5.9) in Lemma 5.1 with a replaced by
à — q > 0. Hence, using Lemma 5.5, we get

\\^(vM-vM)\\Ht{R^C\logp\Tp-2«-'<-e + 1 \ (5.28)

Let wA be defined by (5.6) and w£ be its translation given by (5.25). Then
(see (5.7))

= »A + WA •
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Since u e H^R^), then wA 6 H^R^) and hence

299

LEMMA 5.6 : Let & =p~2, À = 2 \/2 A. Then for k = [S], à > f - 1

U - £ (-̂ Tf»1'1

sC | log/» |>- 2 ( a - | + 1>

where C is independent of p, A.

Proof: By Taylor's theorem and Lemma 5.1, for any
s = (sl9s2)

k Xi \

(5.30)

(5.31)

1>x2)eRtl, and

C A Jfc + 1

where 0 < |6 | <2A. Hence, using Lemma 5.4, we get for A=p~2,
\r\ + |5| = f and ^ + f2 = 2 £ - |r |

v À' „in

£
x

f'
J2A

In the above inequality, we used the obvious f act that a — k — Î < 0. We
may bound the other terms in (5.30) analogously.

Let us now prove (5.31). Let K = j (r, O)|o < r < 2 A, 0 < 9 < ^ 11.
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Then it may be seen that

^ ) = Ht" y ^ u o -
Using (5.2a) we have

Cr 2l-t

Also, by (5.8b), (5.3),

>V(r, 6)

- 0 for r ^ 2 A .

For A = p ~2 and t + s = 2, we therefore get

dr'

5 for r<2A
(5.32)

o Jo

where we have used the fact that a > £ — 1. The other terms in (5.31) can be
treated similarly. This complètes the proof of Lemma 5.6. D

We now prove our main resuit.

Proof of Theorem 5.1 : Let xt = xt - 2 A, i =1,2 and let SK be the

translation of SK obtained by this transformation. Let

where k = [a]. Then zpA e
the sides of SK. Moreover

and for kl - 0 on

1 = 0
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where we have used (5.28), (5.30) and (5.31). We now translate back to
SK and suitably adjust the constant C in (5.5) to get the theorem. D

Remark 5.1 : We have proven a slightly stronger result than Theorem 5.1.
It is sufficient to assume that v and w defined by (5.8a), (5.8b) satisfy (5.9)
and (5.32) respectively.

Remark 5.2 : For the case that Re a is an integer and 7 = 0,
u will be arbitrarily smooth. Hence, the above result is too pessimistic and
the results from Section 4 will apply.

Remark 5.3 : From the proof, it may be seen that the internai angle
o), between yt and yt[ + l could equal 2 TT, i.e., we may also consider the slit
domain.

5.2. Approximation over the domain fl

We now return to the problem of approximation of the fonctions
uP given by (2.6).

Let the vertex Al of O, be at the origin 0. Let the part of II containing the
éléments with vertices at 0 be as shown as in figure 5.2. We assume that we
have only triangular éléments. The case when éléments are parallelograms
does not change the argument.

m m

Let Ù = \^J fi9 f = [^J 'B^Bi + j . Let the line ~ÖBj have the coordinate
i = i i = i

6y( ƒ = 1, ..., m + 1. Dénote Dp — {x \xj + x\ < p} and assume that
D c ü , 0 < p0 ̂  1. We then obtain the following theorem.

Figure 5.2.

THEOREM 5.2 : Let u be the function given by (5.3) with p =s= p0 |x,
|UL sufficiently smalL Then there exists zp e H^(fl) satisfying zp e ^p(T(),
i = 1, ...9m; D{r)zp - 0 on OBU OBm + l and T for 0 =s \r\ ^ t - 1 and

PH\Ü) - n ^ (5.33)

where C is independent of p.
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The proof of the above theorem is very similar to that of [3], Theorem 5.2
and only a brief outline is given hère. Essentially, we first consider the case
for which D(r)<ï>(9;) = 0 for j = 1, ..., m + 1, 0 *s |r | ^ £ - 1. We may
then map 5 = {(r, 6)1 6y < 9 < 9;- + 1} onto RK by a linear mapping
IS and consider the image ü of u on 7̂  = 75 (Ty). Let r\j be a polynomial
function of degree =s t satisfying D^T\J•. = 0 for 0 ^ r =s S — 1 on
15(Bj Bj + 1). Then, after suitably extending ü outside RK, the function
ü/r\. satisfies the conditions mentioned in Remark 5.1 to Theorem 5.1.
Hence, we may approximate «y/^ by a function z* satisfying (5.33) on
fj and hence zp* r\j = z*+i satisfies (5.33) too? proving the resuit for this

case.
For the case when D^i\j•• = 0 for ƒ # j 0 , 0 ^ r === î — 1, the triangles

^}0-i> 7}0
 a r e niapped together into i?K and the argument repeated* The

details may be found in [3],
Remark 5.4 : The function we constructed was in $Pp + i{Ti)- By suitably

changing the constant in (5.33), we may obtain a function in 3Pp(T{).

Remark 5.5 : (5.33) obviously yields the estimate

for

6. THE RATE OF CONVERGENCE OF THE p-VERSION OF THE FINITE ELEMENT
METHOD

We. now summarize our results from Sections 4 and 5 and briefly remark
on some generalizations.

The following theorem follows immediately from Theorem 4.2 and
Theorem 5.2.

THEOREM 6.1 : Let u be the solution ofproblem (2.2)-(2A). Assume that u
can be written in the form (2.5), (2.6) and in addition that for
l <k^2l — - , we<E> defined by (4.43). Let up be the finite element

solution as described in Section 2.3 with triangular orparallelogram éléments,
Then

R (6.1)
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wherey letting a* = rnin Re a{^,
i

= min {k - l, 2(a* - l + 1)) (6.2)

v =
= 0 otherwise (6.3)

Remark 6.1 : Theorem 6.1 has been stated only for the model problem
(2.2)-(2.4). It is obvious, however, that the theorem holds for any elliptic
problem or order 2 Î if the solution has the form (2.5), (2.6) or when (2.6) is
different but has the same character concerning the growth of its derivatives.
Moreover, as mentioned in Section 2.1, more gênerai boundary conditions
may be also be treated.

Remark 6.2 : We assumed that polynomials of the same degree are used
over each element. Our results and proofs may be modified in an obvious
way when different degrees are used over different éléments.
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