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SOME ESTIMATES FOR THE ANISOTROPIC
NAVIER-STOKES EQUATIONS
AND FOR THE HYDROSTATIC APPROXIMATION (*)

by O. BEsSsSON () and M. R. LAYDI ()

Communicated by M CROUZEIX

Abstract — This paper s devoted to the study of the Navier-Stokes equations describing the
flow of an incompressible fluid in a shallow domain and to the hydrostatic approximation of
these equations We first study the behaviour of solutions of the Navier-Stokes equations when the
depth of the domain tends to zero We then derive the existence of solutions for the hydrostatic
approximation

Résumé — Ce papier est consacré a I'étude des équations de Navier-Stokes décrivant
I'écoulement d’un hquide incompressible dans un bassin peu profond et a I’approximation
hydrostatique de ces équations Nous étudions tout d’abord le comportement des solutions des
équations de Navier-Stokes lorsque la profondeur du bassin tend vers zéro, puis nous en
déduisons I’ existence de solutions pour I’ approximation hydrostatique

1. INTRODUCTION

In geophysical fluid dynamics the anisotropic Navier-Stokes equations are
widely used (see e.g. [Pe]). They describe the movement of a fluid by mean
of a turbulent viscosity model. When the horizontal and vertical dimensions
of the domain in mind are very different, the turbulent viscosity coefficient
has no reason to be isotropic. We then get the anisotropic Navier-Stokes
equations. Moreover when our domain is shallow, the hydrostatic approxi-
mation of the Navier-Stokes equations is a basic model, in current use for
the description of the fluid motion (see e.g. [Pe], [Pi]), and many
programmes have been developed to solve these equations (see for example
[ZD], and the references in [Pi], [Sc], [FEF], ...).

(*) Recerved June 1991
(") Université de Neuchatel, Institut de Mathématiques et d’Informatique, Chantemerle 20,
CH-2007 Neuchatel, Suisse

M2 AN Modéhsation mathématique et Analyse numénque 0764-583X/92/07/855/11/$ 3 10
Mathematical Modelling and Numernical Analysis © AFCET Gauthier-Villars



856 O. BESSON, M. R. LAYDI

In this paper we study both of these models. In [BLT] the Stokes case was
investigated and in [La] some numerical experiments have been performed.
This section is devoted to some notations, in paragraph 2 we study the
anisotropic Navier-Stokes equations in a shallow domain and finally in
paragraph 3 we give the existence of a solution for the hydrostatic
approximation.

1.1. Basic equations

Let us first introduce some notations. Let (2, be the domain in
R> with Lipschitz boundary (see [Ne]) defined by

o= {&=(£)eR (£, £) € Gy, —h(£), &) < £3<0}

where G is a bounded domain in R? and # is a positive Lipschitz map from
G, into R. We denote by G, = 327 — G, where 3£ is the boundary of
,, and we assume that hy=sup {h(£), &), (£, &) € Gy} is small
compared to the diameter d of G, and we put
e =hyd,
with 0 < ¢ < 1.
In this paper we study the motion of some incompressible fluid in

2y, governed by the anisotropic stationary Navier-Stokes equations and
subject to Coriolis forces :

Findv = (v,),v,: 2,-R,i=1,2,3 and p:4£2,—- R suchthat
p@|V)v—-A4,v+2pw xV+Vp=pg (1a)
divv =0 (1b)
where the operators (v|V) and 4, are defined by

3 3
@|V)= Y v,9, and 4,=Y 7,9,

p=1 =1

and where p is the density, 7 = (m,, 75, 73) is the dynamic turbulent
viscosity vector, —2 pw x v is the Coriolis force where w = (0, 0, w,)
denotes is the angular velocity induced by the rotation of the Earth and
g = (0, 0, g5) is the gravity vector.

Moreover the velocity v is subject to the boundary conditions

v=0 on G, (1c)
M3V = pTy, N30y =p7y, V3=0 onG, (1d)
where 7; and 7, are given functions on G,
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1.2. Transformation of the problem

Let us do the following change of variables and functions

xp=¢&Jd, xy=£&))d, x3= &4k (2a)
up(x) =v,(£), uy(x) =0,(8), uz(x) =v3(&)e,
P(x)=p(&)p —g3¢;3. (2b)

Then if
Iy= {x = (X 1) € R?, (é1, &) € Go}

we get the problem :
Let 2 be the domain in R3, independent of £, with Lipschitz boundary
942 defined by

0= {x=(x)eR (x;, ) € Iy, —y(x;, x) <x3 <0}

with ||x]| <1 and y = h/hy, so O <y(xy, x;) <1 for all (x, x,) € I'y. The
bottom I', is defined by I'y = 82 — I' (see fig. 1).

Figure 1. — Schematic representation of the domain (2.

If v= (v, vy v3) is the cinematic turbulent viscosity vector with
v, = n,/(pd), we let v¢ = (v, v,, v4/¢?). With the notations (2a) and (2b),
the problem (1a)-(1f) becomes : Given 7, 7,, we seek u = (u,), 4, : 2 - R
and P : 2 - R such that

u|Vu) — 4A,eu; — fuy + 3P =0 (3a)
W|Vuy) — 4,:uy + fu; + 3,P =0 (3b)
e2[(u|Vus) — A, cus] + 3P =0 (o)
divu =0 3d)

vol 26, n° 7, 1992



858 O. BESSON, M. R. LAYDI
with f = 2 dw ;. The boundary conditions are

u=0 on I, (Be)

V3 03Uy = €Ty, V303ly = €T, u3;=0 only. GH

1.3. The hydrostatic approximation

The hydrostatic approximation of the Navier-Stokes equations in the
domain 2 has the following form. Let u = (&, sy, M3) be a turbulent
cinematic viscosity vector, given 7,, 7,, we seek u = (i,), u, : 2 - R and
P : 2 - R such that

(Vo) — A uy— fu, + 8P =0 (4a)
(u|Vuy) — A uy + fuy; + 3,P =0 (4b)
P =0 (40)
divu =0 (4d)

with the boundary conditions
U, = 0, Uy = O, Uz Ny = 0 on Fb (46)
Kydquy =71, M3dUy=7y u3=0 onl,. 41)

Our aim in this paper is to explain how we can get problem (4) from
problem (3) when & — 0.

1.4. Basic functional spaces

As usual W*P(£2) denotes the Sobolev space of order s in L?(£2) with
norm || . [[er gy In particular H5(2) = W* ), H"(32) is the space of
traces of functions in H'(2) and H{(2) is the closure of D () in
HY\(2) etc... (cf. [Ad)).

LetV,= {¢ €e H'(R2), ¢ =00nT}},V,=V and V3= Hj({2). These
spaces are equipped with the norm

3 s 172
I¢ ‘Hl(ﬂ) = ( z u 9, ¢ “L2(n))

=1

which is equivalent to the usual norm. ThenweputV =V , ® V, @® V;and
LX) = [q e L¥(2), J q dx =0} .
o)
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NAVIER-STOKES EQUATIONS : HYDROSTATIC APPROXIMATION 859
Finally for i =1, 2, 3, let H(9,, £2) be the Hilbert space

H(@3, 2) = {¢ e L}(2), 3,0 € L*(2)}

equipped with the graph norm and let
Ho(3, 2) = {cp €H(®, 2), J (¢ 3,0+ d,p)dx=0VyeH(, n)}
2

which can be interpreted as
Hy(3,, 2)= {¢ €H(3, 2), pn, =0 onaf}

where n = (n,) is the outward unit vector on 342.

1.5. Weak formulation of the anisotropic Navier-Stokes equations

Consider now the following functionals

3
Ao, ¥) =Y ij do dydx (¢, ¥ e H(2))
=1 (]

where »° is as above.
B (u, ¢,¢)=L¢(ulV¢)dx eV, e e LY2), ¢ € H(R))
C(co,w):fjnwdx (¢, ¥ € L%(2))
D,(<o,</f)=fn¢a,t/fdx (¢p e LX), y € H(3,, 2))

E(¢,¢)=[ ey dy (¢, ¢ €L?32)).

Jan

Then a weak formulation of problem (3) is:
Given 7y, T, € H"*(32), e >0, findu = (y,)eV and P € L3(2) such
that

v
A (uy, ) — B(u, uy, 0,) — C (U, v,) — D, (P, v,) = E (Tl, —85 ) (5a)

v
A (uy, ) — B (u, Uy, v3) + C(uy, v) —D,(P,v) =E (72, ?2 ) (5b)
eX(A . (u3, v3) — B(u, us, v3)) —D3(P, v3) =0 (5¢)

J gdivudx=0 (5d)
n
for all v = (v,) € V and for all g € L3(£2).

vol. 26, n° 7, 1992
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Using smmilar arguments as i [Li, GR], one can prove that for any
, T,€HY32) and any e=>0, there exists at least one pair
(u, P)eV x L&(.Q) which satisfy equations (5a) to (5d)

2. SOME ESTIMATES OF THE SOLUTION OF THE ANISOTROPIC NAVIER-STOKES

EQUATIONS

We now give some sufficient conditions to « neglect » the velocity terms
m equation (3c¢) We assume that »;, »,>0 are constant and
vy = vy¢2°>0 Moreover we assume that there exist =), 75 € H2(32)
such that 7, = ¢’7% 1 =1, 2

1
In the sequel, we denote by C some constants which do not depend on
£

2.1. Estimate of the viscosity terms

Let v = u and ¢ = P 1 equations (5), then, using equation (5d), after the
summation of equations (5a) to (5¢) we get

e ”22(9) + 5| 32“1”22(9) +voe Y a3u1“22(9) +
+ 1|8l 2, + 72l dur| 20y + o £ 77| 833|720
+ v, 52||61u3“22,m + v, &2 32”3“?2(0) + 7, 525“83143":2(0)
< e " HE (Y w) + E(75 ) ©6)

But from the inequality

J e7dy
an

for any ¢ € V, and 7 € H'"%(32), we deduce

=C | 3¢ ||L2(n)“ P

E(rf ) + E (78, u) < C ([|agus | 0, + 1133102152000
Therefore using equation (6) we get

2 - 2
Vl” alulnLZ(ﬂ) + V2” aZuIHiZ(Q) + Vo g 2“ aB”IIILZ(_Q) +

2

+ v f|8us]| 2, + Vol 32“2”2 + 7 52s_2|'a3“2f|22(n)

2@2)

+ ¥ 82”611"3”12_2(9) + 7V 52“ a2"‘3"?2({;) + ¥y 82&'“’3“3“?}({))

$C£2t—2s (7)
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NAVIER-STOKES EQUATIONS : HYDROSTATIC APPROXIMATION 861
From this inequality we obtain
LEMMA 1 : We have the following estimates

@ [0,]| 2, <Ce" "% i=1,2 and ||alu3||L2(msCs“1‘s,
(b) ”82”’ "L2(0) Cst_s, i = 1, 2 and ”azu?,"L'z(n)SCEt_l_:,
© o3| 200, Ce'*'-%5i=1,2 and I93us| 2 < C&" 7%

)

I

Proof : Inequalities (a) and (b) as well as the first of (c) are a
straightforward consequence of (7). We deduce the last inequality of (c)
from (a), (b) and from equation divu =0. W

2.2. Estimate of the convective terms

Let us first estimate the velocity in L?(£2) with p = 2, 3, and 6. With the
above notations we have

LEMMA 2:

(a) ||u,||L2(msCs’+1‘2s, i=1,2and |uslp,,<Ce'"

(b) ||”;||L3(mSCS@HZ_SSW’i =1,2 and ||u3||L3(n)sCe(3r—1-3s)/3’
(c) ||u,||L6(n)sC8(3'“_45)/3, i=1,2 and ]|u3||Ls(0)\<-C8(3'_2_3s)'3-

Proof : The assertion (a) is a straightforward consequence of lemma 1 (c)
and of the inequality

” ¢ “Lz(ﬂ) =C “ 93¢ "Lz(n)

for all ¢ € V ;.
For the assertion (c) we use the Gagliardo inequality (see e.g [Nel)

3
”v“zmm) =C n “ o,v ”Ll(n) s
1=1

which gives, with v = ¢ * and owing to the Cauchy-Schwarz inequality
2 113
” ¢ ”Ls(n) =C Ij[l ” 0,0 ”L2(.(2)

and the result follows from lemma 1.
We deduce the part (b) from (a) and (c¢) and from

||U ”1}(0) = "U ";,/%(n) "v “11,/62({)) . u

We are now ready to study the non linear-terms.

vol. 26, n° 7, 1992



862 O. BESSON, M. R. LAYDI
LEMMA 3 (a) For i = 1, 2 we have
“ (u |V“1)”H-xm)$C(€2'+1_3S+ £ 61753
and
" (u |Vu1)||W—1,3/2(n)$C(8(6t+4_105)/3+ g 61+ 1753y
(b) We have the estimates for us

|| Cu |Vu3)"H_1(m$C(£(6t—7s)/3+ p6r-1-603y

Proof : Let us remark first that

3
(u |Vu,) = Z 8, (u u,),

7=1

thus

3 3
“ (u lvul)ny—l(g)s Z ”ul u; “L?(ﬂ)S Z ”uj ||L6(!2) ”ut "L3(g) :
7=1 =1

Since Hi(£2) < L% 2) we have also
“ 33(1.43)2“H_ 1(2) =C ” 83(u3)2 “LW({;) =2C “u3”L3({)) ” a3“3“[}({)) .

In the same way we get

3 3
" (u |Vul)l|w—1.3/2(n) = Z ||u, U, "L3/z(0)$ z “uj ”LZ(ﬂ) ”u, ||L6({))'
=1 1=1

thus lemma 3 follows from lemma 2. n

2.3. Behavior of the equations when £ —» 0

We are now able to study the behavior of equation (3) when
€ — 0. Indeed since

83431l - 10, = 1181(B341) + 2(052) || -1 ) =< NOst1 1l 20y + 13522l 205 -
we deduce from equation (3)
1352 | -1, = e vy |oyusl -1 g, + 2 v, 0|1y +

+ v3([|gur ]| 2 + 332l o)) + el (u |Vup) || - vier
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so by lemma 1 and 3 there exists a constant C such that

||83P “H—l(_{;)SC(St+l_s+ £t+l+ 5(6“'6—7“)/3+ £(6t+5—6s)/3)_
In the same way, using the estimate
1-2
||fu,"H_1(n)ng‘+ s

for the Coriolis term which follows from lemma 2, there exists a constant C
such that

|]a,P IIH—l(_())sC(Et_S_" Et—l+ £t+1—23+ 821+1—3s+ 8(6t-—7s)/3),
i=1,2
lla,P "W_Lm(ﬂ)sc(gt-s*_ 8!—1+ €t+1—2s+ 8(6t+4—105)/3+ 8(61+1~7s)/3),
i=1,2.

In particular if s =z = 1 we have
”VP ”W-Lstzm) sC

and therefore by [AG], P is uniformly bounded in L*% £ ). Thus we have
proved the

THEOREM 1 : (a) Assume that in equation (3), vy = v, e25 §=0, and
T, =¢78i=1,2witht>—1 and s <5/6(t + 1), then
8P || 419, >0 as e-0.

(b) If moreover s =t = 1 then P is bounded in L>*£2) uniformly in e.
m

3. EXISTENCE OF SOLUTIONS FOR THE HYDROSTATIC APPROXIMATION

Let us now derive the existence of a solution for the hydrostatic
approximation (4). Let

W=V1@V2®Ho(a3,0)
and
Wo= {veW;divo=0}.

Finally we define

Z={v=(v,)eW,a, el (R2),i=1,2 anddivv e L3}(2)} .
vol. 26, n* 7, 1992
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From now we assume that s = ¢ = 1 in the previous section and we define
My= ¥y, g =Yy H3=vgand

3
A(‘P, '/I)z ZMIJ‘ at¢ at‘/’dx ((p,l//EHl(ﬂ)).
1=1 0

For any £¢=0 let u®= (1) and P ° be a solution of problem (5). By
lemma 1 and 2, u*is bounded in W and P ¢in L ¥*(2), so we can assume that
u® converges weakly in W to some u € W, that u converges strongly to
u, in L*(2) (i =1, 2) and P © converges weakly to P in L**(2) when
£ — 0. Hence by lemma 1, 2 and 3 for any v € Z we get

A (uy, v1) — B (u, uy, v)) — C(up, v1) + A (uy, 3) — B (4, uy, v,) +

+ C (uy, 02)~J- Pdivvdx =E (70 v)) + E(73 v,) (8)
n

which is the weak formulation of the hydrostatic approximation.
We have thus proved the theorem.

THEOREM 2: For any i, v9e€ HY 38Q2) there exists ue W, and
P € L¥* Q) which satisfies equation (8). Moreover this solution is the limit
when & — 0 of a solution of problem (5). ]

ACKNOWLEDGEMENTS

We are grateful to F. Nyffeler, R. Touzani, E. Zuur for helpful
conversations to M. Crouzeix for his comments and suggestions and to the
« Fond National Suisse de 1a Recherche Scientifique » for financial support.

REFERENCES

[Ad] R. A. ApAMS, Sobolev Spaces ; Academic Press, New York (1975).

[AG] C. AMROUCHE, V. GIRAULT, Propriétés fonctionnelles d’opérateurs, Applica-
tion au probléme de Stokes en dimension quelconque ; Preprint Université P.
& M. Curie, Laboratoire d’Analyse Numérique (1990).

[BLT] O. BEessoN, M.R. Laypi, R. Touzani, Un modele asymptotique en
océanographie ; C. R. Acad. Sci. Paris, t. 310, Série I, p. 661-665 (1990).

[FEF] Finite elements in fluids ; Gallagher & al. (Ed.) J. Wiley, Chichester.

[GR] V. GIRAULT, P. A. RAVIART, Finite element methods for Navier-Stokes
equations, theory and algorithms ; Springer-Verlag, Berlin (1986).

[La] M.R. LayDi, Sur I’influence de I’hypothése hydrostatique dans la modélisa-
tion du lac de Neuchitel ; Rapport interne Université de Neuchatel (1989).

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



(Li]
[Ne]
[Pe]
(Pi]
[Sc]

[Te]
[ZD]

NAVIER-STOKES EQUATIONS : HYDROSTATIC APPROXIMATION 865

J. L. LioNs, Quelques méthodes de résolution des problémes aux limites non
linéaires ; Dunod Gauthier-Villars, Paris (1969).

J. NECAS, Les méthodes directes en théorie des équations elliptiques ;
Masson, Paris (1967).

J. PEDLOSKY, Geophysical fluid dynamics; Springer-Verlag, New York
(1987).

O. PIRONNEAU, Méthodes des éléments finis pour les fluides ; Masson, Paris
(1988).

Schweizerische Zeitschrift fiir Hydrologie, Vol. 45, no. 1 (1983).

R. TEMAM, Navier-Stokes equations ; North-Holland, Amsterdam (1985).
E. Zuur, D. E. DIETRICH, The SOMS model and its application to lake
Neuchdtel ; Aquatic Sci. 52 (1990) 115-129.

vol. 26, n°* 7, 1992



