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A VAN LEER FINITE VOLUME SCHEME
FOR THE EULER EQUATIONS
ON UNSTRUCTURED MESHES (*)

by P. CHEVRIER (!) and H. GALLEY (1)

Communicated by R. TEMAM

Abstract. — The feasibility of the Finite Volume method using a Van Leer scheme on
irregular meshes made of quadrilaterals or triangles is shown for the Euler 2D equations. The
results are compared with those of a first order scheme.

Résumé. — On propose une méthode de volumes finis de type Van Leer (du second ordre en
espace sur des maillages réguliers) pour résoudre les équations d’Euler sur des maillages non
structurés. Dans le cas du tube a choc, les résultats obtenus sont comparés avec ceux d’ un
schéma du premier ordre en espace. L’ efficacité du schéma sur des maillages non structurés est
mise en évidence sur un cas vraiment bidimensionnel.

1. INTRODUCTION

We aim at solving numericaily the two-dimensional equations of gas
dynamics (Euler equations). A Finite Volume method, using a Van Leer-like
scheme ([Van Leer], [Vila]) is described here. This method is both accurate
and less burdensome when compared to a Finite Element method, and also
applies to irregular or unstructured meshes.

Unstructured meshes are common practice for industrial cases, especially
with complex domain shapes involving the use of an automatic mesh
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184 P. CHEVRIER, H. GALLEY

generator. But mesh regularity has an important influence on the accuracy of
the numerical schemes for the two-dimensional problems. The use of second
order schemes in space (the second order is only obtained on regular meshes)
is then desirable in order to limit numerical damping.

Finite Volume schemes which have been proposed by Leveque and Jouve-
Le Floch (see [Leveque], [Jouve]) are based on the same ideas. However, the
crucial step of the scheme (i.e. slopes computation), is notably different.

2, CONSERVATIVE FORM OF THE EULER EQUATIONS

The Euler equations model the dynamics of unviscous gases that do not
conduct heat. We note

= density, or volumic mass, of the gas.

= x coordinate of the gas velocity.

= y coordinate of the gas velocity.

inner energy of the gas.

= temperature of the gas.

= p ((U? + v2)/2 + €) total energy of the gas.

= pressure of the gas, verifying the state equation P = f(p, T).

VN @ 8o
|

The system of conservation laws (mass, momentum, energy) is :

0 opu 9pv
_p_+_p_+p

ot ox oy

) dpu +P) adpuv
pu (p )+ puv _

0
at ax ay
) 3(pv?+ P
apv+apub+ (pv° + )20
at ax dy
§+ a((E+P)u)+a((E+P)v):O‘
ot ox dy
This system can be written using the following form, said conservative
form :
3(Fo(U)) d(F,(U)) 3, (U))
+ + =0
oz ox dy
with

U= (p,u,v,P)
FoU) = (p, pu, pv, EY
F(U) = (pu, P + pu?, puv, (P + E)u)
F,U) = (pv, puv, P + pv2, (P + E)v)
Fy(U) represents the conservative variables of the two-dimensional
system.
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A FINITE VOLUME SCHEME FOR THE EULER EQUATIONS 185

3. TWO-DIMENSIONAL VAN LEER SCHEME

Let us consider the two-dimensional Euler system of equations :

3FU)) B3(F,(U)) aF,WU))
ot * ax + ay B

0.

Given a meshing of space with quadrilateral or triangular elements, and
given the value of time ¢, we look for an approximate solution which is linear
on each element and discontinuous from one element to another. This
approximate solution function is determined by its mean value on each
element (i.e., value at the center of the element) and by two slopes
Px and Py, constant on each element.

We recall that the two-dimensional Godunov scheme looks for an
approximate solution constant on each element, and discontinuous between
two elements. Mean values (on each element) and fluxes are obtained as
these of the Van Leer scheme (see [Godunov]). The only difference is the
absence of slopes. Godunov scheme is a first order scheme on regular
meshes of rectangles (fig. 1).

edge 2,k

Q.
3k .
Q W
4K edge 1,k

Figure 1.

The approximate solution U, has on each element Q, the following form :
if (x, y) € Q,, then
Up(x, ) = Upxg, yi) + k= x ) Px + (y —yi) Py

where (x;, y,) are the coordinates of the center of the element Q,.
On regular meshes of rectangles, second order accuracy in space is

vol. 27, n® 2, 1993



186 P. CHEVRIER, H. GALLEY

obtained if the slopes are well approximated. Each element has 12 degrees of
freedom :

U, (xy, Y1, t = t,) which will be noted U} (4 degrees of freedom)

Px; (4 degrees of freedom, there is indeed one different slope for each
unknown).

Py} (idem).
We note :

Sk : surface of the element Q,

I,y : length of the edge i, k

U, t - «left value » of the approximate solution at the center of the edge
i, k

U,  ,: «right value » of the approximate solution at the center of the edge
i,k

where (i, k) denotes the edge i of the element Q,, and (ik) the element, other

than Q,, facing the edge (i, k). The «left » and «right » positions are

defined for each edge by arbitrarily orientating the edge.

4. NUMERICAL SCHEME

Given the value of the approximate solution, linear on each element, at the
time ¢ = ¢,, one wants to compute the value of the solution at ¢t = ¢, ;. This
is donc in two steps :

1) calculation of the mean values U?*! on each element

2) computation of the slopes Px and Py on each element.

4.1. Calculation of the mean values U?*' on each element

The system of equations is integrated on each Finite Volume
Qkx [tm tn+1]

J‘ J’hn [aFO(U) aF (U) aF,U)
+ +
K Ji, dat 0x ay

]dtdw:O

which leads, after an Euler explicit discretization of the F' term (time term)
and an integration by parts of the space term averaged in time, to the
formula :

FoUptH -FoUp) 1]
T o D )

with the notations of the following figure : (fig. 2).
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-
T2k

—> - n x1l,k

B n
1\ K ylk

Figure 2.

This formula can be used to compute U"*! from the value of U" once one
has solved the Riemann problem (see [Roe], [Collela]) on the m edges of
each element (m = 3 or 4) in order to reckon the terms F (U, ;). These
Riemann problems are reduced, by local projection, to quasi-one-dimension-
al problems of Riemann on each edge (i, k): find U such as:

3(Fo(U)) o(F (U)) a(F,U))
+ + =0
ot ax Ay

with

U? . - if (x, y)is on the right side of the edge i, k

n

1.k + if (x, y)is on the left side of the edge i, k .

U('x’ y’ zn) =

4.2. Computation of the Slopes Px"*! and Py"*! ([Gallouét])

There are two steps for computing the slopes :

1. prediction : an approximate value of the slopes of the highest possible
order is calculated

2. correction : to prevent scheme’s instabilities, the values of the slopes
previously computed are limited.

vol 27, n° 2, 1993



188 P. CHEVRIER, H GALLEY
4.2.1. Prediction step

Let us consider an element Q,. This element has m bordering elements
Q4 i:1,m. Given the m+ 1 mean values U"*'k, U"*'1k,
U'*'2k, .., U mk, we want to estimate the slopes on the element
O, in a coherent way. With a given neighbour Q,, we would like the slopes
Px!*1and Py;*! to follow as closely as possible :

AU K in+ D) =U' —Ur T 4 P M x—x) + PYi (v —y) =0

with (x, y) denoting the center of the element Q,;, and (x;, y,) the center of
the element Q,. The expression 4(U, k, i, n + 1) represents the difference
between the effective value of U, at the center of the element Q,, and the
value obtained at the center of the element Q,, by extending the function
U, defined on the element Q,. So we choose to determine Px}*' and
Py?* 1 constant on each element Q,, by minimizing the sum of squares of
the differences A between the element Q, and its neighbours, i.e. :

AU, k, i, n+ 1)P.

=1,m

The slopes Px;*! and Py} * ! minimizing this expression are solution of the
linear system 2 x 2 :

1%[ n+1)]} 9 i[[\(",k,l n+1“2}

=0 and =0.

4.2.2. Correction step

The correction step is the crux of the implementation of the two-
dimensional Van Leer scheme. The slopes are corrected on each element
0O,, to make sure that the « inner value » (i.e., calculated with the mean value
and the slopes of the element Q;) of U, at the center of every edge
(i, k) belongs to the interval [U}*!, U%*'].

We use the following algorithm, said « coupled limitation », for each
element Q,, with (x,, y,;) denoting the coordinates of the center of the
element (ik):
for i =1 to m do

if the inner value on the edge (i, k) does not belong to [U?*!, U%*1]
then
— find the scalar a belonging to [0, 1] such as:
Uk + a [(xk—xk)Px"“ + (ylk“}’k)Pyn+l] _ Un+1 or UZ+1

M? AN Modélisation mathématique et Analyse numérique
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A FINITE VOLUME SCHEME FOR THE EULER EQUATIONS 189

— limit the slopes :

sz+1 = .sz+1
P}’/':+1 = a .Pyz+1
end if
end for

(N.B. : one different value of « actually corresponds to each component of

0).
Remarks :

1. A pathological case appears in some cases of one-dimensional flow. As
a matter of fact, small oscillations, in the direction perpendicular to the flow,
may create an exaggerate limitation of the slopes (Px = Py = 0!) and the
order of the scheme decreases to 1. For a flow in the (Ox) direction (for
instance), very small oscillations, physically insignificant, in the (QOy)
direction may create a local extremum along (Oy), which leads, with the
algorithm described above, to @« = 0 and then Px = Py = 0, even with a
rectangular mesh. To alleviate this problem, we uncouple the limitation of
the slopes on thre areas of the mesh where the elements sides are parallel to
the axis of coordinates (so, in the case of a local extremum along
(Oy), one has Py = 0 but it has no influence on the value of Px).

2. To improve the numerical stability of the scheme, we multiply the
slopes, when they have to be limited, by a scalar coefficient 8 belonging to
the interval [1/2, 1]. The « limit the slopes » part of the previous algorithm
becomes then :

Px}*'=a.B.Pxp*!

Pyl —a . B . Pyr+1.

3. The slopes have been computed on the « physical variabies »
U= (p,u,v,P) and not on the «conservative variables »
Fo(U)= (p, pu, pv, E). Indeed, our numerical tests have shown to us that
contact discontinuities are then better approximated. It may be explained as
follows :

Theory indicates, that a contact discontinuity is observed for density and
temperature but not for velocity and pressure. This contact discontinuity will
then occur with each of the conservative variables (p, pu, pv, E), but only
with one of the physical variables (p, u, v, P ). When computing slopes on
the conservative variables, small oscillations on pressure and velocity
appear. In order to prevent these oscillations, the slopes have to be more
limited, thus decreasing accuracy in space. When computing slopes on the
physical variables, it is easier to get closer to the true solution for
u, v or P near the contact discontinuity of p.

vol. 27, n” 2, 1993



190 P CHEVRILR, H GALLEY

4. This scheme has been compared with a « streamline diffusion with
upwind and shock capturing finite element method » (see [Chévrier]). We
have shown that, as in the present case (remark 3), it is better to do the shock
capturing on the physical, rather than conservative, variables. However, the

finite volume scheme is more accurate and less expensive than the finite
element one.

5. QUASI-ONE-DIMENSIONAL MODEL PROBLEM (PLANE 2D SHOCK TUBE)

We consider a plane rectangular area (called « tube »), full of perfect gas
(air), with a length of 100 m and a height of 5 m, partitionned off at its center
(where x = 50 m) (fig. 3).

100 m

Figure 3.

In the left side of the tube (area 1) the initial conditions are the following :

gas velocity : 0 m/s
density : 12 kg/m?
pressure : 10 Pa .

In the right side of the tube (area 2) the initial conditions are the following :

gas velocity : 0 m/s
density : 1.2 kg/m?®
pressure : 10° Pa.

A the time ¢ = 0s, the central partition vanishes. One can see then the
expansion of three waves : a rarefaction wave, a contact discontinuity, and a
shock wave. Their analytical expression is well-known and can be calculated
with the Rankine-Hugonniot relations ([Gilquin], [Smoller]).

We present the results obtained at £ = 0.06 s with the Van Leer scheme
described above, and with the first order Godunov scheme (Px =Py =0
everywhere), along the longitudinal section of three different meshes :
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A FINITE VOLLUME SCHEME FOR THE EULER EQUATIONS 191

1. regular mesh with 500 squares (CPU time Van Leer: 9 mn)
2. mesh with 592 irregular quadrilaterals (CPU time Van Leer: 17 mn)
3. mesh with 520 iwrregular triangles (CPU time Van Leer: 15 mn).

(For these calculations, the Godunov scheme is about 15 % faster than the
Van Leer scheme).

5.1. Meshes (only the half is represented) (fig. 4)

Mesh with 500 squares

Mesh with 520 tniangles

Figure 4.

vol 27, n° 2, 1993
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5.2. Densities (fig. 5)
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5.3. Velocities (fig. 6)
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5.4. Pressures (Van Leer only) (fig. 7)
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6. FULL TWO-DIMENSIONAL MODEL PROBLEM

We consider a plane square area (dimensions 140 x 140 m, see figure
below) with two sub-domains : a central square area (hachured, dimensions
40 x 40 m), and its complementary area (shaded), both full of perfect gas
(air).

diagonal
section

} N }  median

On the hachured area (inner square) the initial conditions are the
following :
gas velocity : 0 m/s
density : 12 kg/m3

pressure -10°Pa .

On the shaded area the initial conditions are the following :

gas velocity : 0 m/s
density : 1.2 kg/m3
pressure :10° Pa .

We compare the computed solutions obtained at £ = 0.05 s by using the
Van Leer scheme described above, with three different meshes :

1. regular mesh with 3 600 squares (CPU time: 10 mn 09 s)
2. mesh with 3 600 irregular quadrilaterals (CPU time: 11 mn 34 s)
3. mesh with 3 834 irregular triangles (CPU time: 13 mn 37 s) .
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Each of these solutions 1s presented along the median and the diagonal

section

A computation made with a very refined regular mesh (9 216 squares)

provides us with a better approximation of the exact solution, and will be

used as a « reference solution »

6.1. Meshes (fig 8)

i \
4 PR Td oY

rhBER

[y
n “
Bamy

xnn ok
i

Figure 8 — Mesh with 3 600 quadrilaterals
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6.2. Densities (Van Leer only) (fig 10)

Median section

Oensacvty (kg/m3)

0 1420 2 6812

7 7596 10 2988

S 2204

12 838

L

It

T T T T
10 8 i2e 361 €0 0 83 6 107 2 1308
abscussa on median

Dragonal section

Denscty (kg/m3)

0 1421 2 6811

12 83

7 7590 10 2979
: 1 2

S 2200

T T T - T )
108 128 36 4 50 0 836 107 2 130 8
abscussa on duagonal

Figure 10 :

/ reference solution

(] solution obtained with mesh 1 (squares)

<o solution obtamned with mesh 2 (quadnlaterals)
A solution obtained with mesh 3 (tniangles)
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6.3. Velocities (Van Leer only) (fig. 11)

Median section :

] 247.438  316.492

178,386

I

109.334

Norm of the velocity (m/s]

~28.772 40.281

-10.8

T v T Y
12.8 36.4 £0.0 83.6 107.2 130.8
abscissa on median

Diagonal section :

353.269
f f ry

189.115 276,192

n

122.03¢

1

Norm of the ve.ocity (m/s)

-32.115 44.962

-10.8
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T T
12.8 36.4 60.0
abscisso on diagonal

Figure 11:

{ : reference solution

O : solution obtained with mesh 1 (squares)

< : solution obtained with mesh 2 (quadrilaterals)
A : solution obtained with mesh 3 (triangles).
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6.4. Pressures (Van Leer only) (fig. 12)

Median section
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Figure 12 :

/ reference solution

a solution obtained with mesh 1 (squares)

<& solution obtained with mesh 2 (quadnlaterals)
A solution obtained with mesh 3 (tniangles)
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7. CONCLUSION

The numerical results of the classical shock tube show that, this Van Leer
scheme is much more accurate than a first order Godunov scheme. On the
regular mesh, only one point is necessary to describe the shock (instead of
two) and only two points are necessary to describe the contact discontinuity
(instead of eight or nine). On the unstructured meshes this superiority of Van
Leer scheme is more significant.

The two dimensional problem shows the good behaviour of our scheme on
unstructured meshes and especially on the triangulation.
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