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A VAN LEER FINITE VOLUME SCHEME
FOR THE EULER EQUATIONS

ON UNSTRUCTURED MESHES (*)

by P. CHÉVRIER O and H. GALLEY C1)

Communicated by R. TEMAM

Abstract. — The feasibility of the Finite Volume method using a Van Leer scheme on
irregular meshes made of quadr Hater als or triangles is shownfor the Euler 2D équations. The
results are compared with those of a first order scheme.

Résumé- — On propose une méthode de volumes finis de type Van Leer (du second ordre en
espace sur des maillages réguliers) pour résoudre les équations d'Euler sur des maillages non
structurés. Dans le cas du tube à choc, les résultats obtenus sont comparés avec ceux d'un
schéma du premier ordre en espace. L'efficacité du schéma sur des maillages non structurés est
mise en évidence sur un cas vraiment bidimensionnel.

1. INTRODUCTION

We aim at sol ving numericaliy the two-dimensioiial équations of gas
dynamics (Euler équations). A Finite Volume method, using a Van Leer-like
scheme ([Van Leer], [Vila]) is described here. This method is both accurate
and les s burdensome when compared to a Finite Element method, and als o
applies to irregular or unstructured meshes.

Unstructured meshes are common practice for industrial cases, especially
with complex domain shapes involving the use of an automatic mesh

Both aulhors are research engineers at the Merlin Gerin Research Center. During this work,
completed in 1989, P. Chévrier was also a member of the laboratory LMC (team EDP) at
Grenoble (France), where he was completing his doctoral thesis, involving numerical analysis
of phenomena in a circuit breaker, under the direction of P. Baras.
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184 P. CHÉVRIER, H. G ALLE Y

generator. But mesh regularity has an important influence on the accuracy of
the numerical schemes for the two-dimensional problems. The use of second
order schemes in space (the second order is only obtained on regular meshes)
is then désirable in order to limit numerical damping.

Finite Volume schemes which have been proposed by Leveque and Jouve-
Le Floch (see [Leveque], [Jouve]) are based on the same ideas. However, the
crucial step of the scheme (i.e. slopes computation), is notably different.

2. CONSERVATIVE FORM OF THE EULER EQUATIONS

The Euler équations model the dynamics of unviscous gases that do not
conduct heat. We note

p — density, or volumic mass, of the gas.
u = x coordinate of the gas velocity.
v = y coordinate of the gas velocity.
e — inner energy of the gas.
T = température of the gas.
E — p ((w2 + v2)/2 + e) total energy of the gas.
P = pressure of the gas, verifying the state équation P - ƒ (p, T).

The System of conservation laws (mass, momentum, energy) is :

bt dx dy

dpu 3(PM2 + P) dpuv

dt dx dy ~

dpv dpuv ( 2 P)

9f 3x
3(pf + P )

+ + 0

bt dx by
This system can be written using the following form, said conservative
form :

3(F0(£/)) HF^U)) B(F2(U))

= o+ +
dt dx dy

with
u= (p,u9v,py

= (pu,P +pu2
9puv, (P +E)uJ

F2(U) = (pv, puv, P + pv\ (P + E) v)1

F0(U) represents the conservative variables of the two-dimensional
system.
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A FINITE VOLUME SCHEME FOR THE EULER EQUATIONS 185

3. TWO-DIMENSIONAL VAN LEER SCHEME

Let us consider the two-dimensional Euler system of équations :

= 0 .d(F0(U)) B{FX(U))
4- : 4-dt dx dy

Given a meshing of space with quadrilatéral or triangular éléments, and
given the value of time t, we look for an approximate solution which is linear
on each element and discontinuous from one element to another. This
approximate solution function is determined by its mean value on each
element (Le., value at the center of the element) and by two slopes
Px and Py, constant on each element.

We recall that the two-dimensional Godunov scheme looks for an
approximate solution constant on each element, and discontinuous between
two éléments. Mean values (on each element) and fluxes are obtained as
these of the Van Leer scheme (see [Godunov]). The only différence is the
absence of slopes. Godunov scheme is a first order scheme on regular
meshes of rectangles {fig. 1).

edge 2,k

The approximate solution Uh has on each element Qk the following form ;

if (x,y)€ Qh then

Uh(x,y) = Uh(xk,yk)+ (x~xk)Px+ (y-yk)Py

where (xh yk) are the coordinates of the center of the element Qk.
On regular meshes of rectangles, second order accuracy in space is

vol. 27, n° 2, 1993



186 P. CHÉVRIER, H. GALLEY

obtained if the slopes are well approximated. Each element has 12 degrees of
freedom :

Uh(xk, yk, t = tn) which will be noted U\ (4 degrees of freedom)
Pxk (4 degrees of freedom, there is indeed one different slope for each

unknown).
Pyn

k (idem).

We note :

s,k
l, k

surface of the element Qk

length of the edge /, k
« left value » of the approximate solution at the center of the edge
*\ k

Uljc+: « right value » of the approximate solution at the center of the edge

where (i9 k) dénotes the edge i of the element Qk9 and (ik) the element, other
than Qk, facing the edge (i, k). The « left » and « right » positions are
defined for each edge by arbitrarily orientating the edge.

4. NUMERICAL SCHEME

Given the value of the approximate solution, linear on each element, at the
time t = tn, one wants to compute the value of the solution at t = tn+l. This
is donc in two steps :

1) calculation of the mean values Uk
 + l on each element

2) computation of the slopes Px and Py on each element.

4.1. Calculation of the mean values U% + 1 on each element

The system of équations is integrated on each Finite Volume
Qfc* ['«. ' „ + l l

f r<„ + i VBF0{U) dFx(U) àF2(U)l
+ + \ dt dco = 0

which leads, after an Euler explicit discretization of the Fo term (time term)
and an intégration by parts of the space term averaged in time, to the
formula :

with the notations of the following figure : (fig. 2).
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A FINITE VOLUME SCHEME FOR THE EULER EQUATIONS 187

Xl,k

Vu

'4.k

Figure 2.

This formula can be used to compute Un + * from the value of Un once one
has solved the Riemann problem (see [Roe], [Collela]) on the m edges of
each element (m = 3 or 4) in order to reckon the terms Fj(Ultk). These
Riemann problems are reduced, by local projection, to quasi-one-dimension-
al problems of Riemann on each edge (/, k) : find U such as :

+ ?\r

b(F2(U))
+ : = 0

with

U{x, y, tn) =
if (x, y ) is on the right side of the edge i, k

if (x, v) is on the left side of the edge i, k .

4.2. Compilation of the Slopes Pxn+1 and Pfn + 1 ([Gallouèt])

There are two steps for Computing the slopes :
1. prédiction : an approximate value of the slopes of the highest possible

order is calculated
2. correction : to prevent scheme's instabilities, the values of the slopes

previously computed are limited.

vol 27, n° 2, 1993



188 P. CHÉVRIER, H GALLEY

4.2.1. Prédiction step

Let us consider an element Qk, This element has m bordering éléments
Qlk, i : 1, m. Given the m + 1 mean values Un + 1 k, Un + l 1 k,
Un + i2k, ..., Un + l mk, we want to estimate the slopes on the element
Qj. in a coherent way. With a given neighbour Qlk we would like the slopes
Pxk

 + 1 and Pyk
 + l to follow as closely as possible :

J ( U , k, i, n + 1 ) = U?k
+l - Un

k
 + 1 + Pxr{ + 1 (x - xk) + Pyn

k
 + l(y - yk) ~ $

with (x, y) denoting the center of the element Qlk, and (xk, yk) the center of
the element Qk. The expression A(U, £, i, n + 1 ) represents the différence
between the effective value of Uh at the center of the element Qik and the
value obtained at the center of the element Qlk by extending the function
Uh defined on the element Qk. S o we choose to détermine Pxk

 + 1 and
Pyn

k* \ constant on each element Qh by minimizing the sum of squares of
the différences A between the element Qk and its neighbours, i.e. :

£ [A(U, k,i,n+ l ) ] 2 .
i = 1, m

The slopes Pxn
k
 + 1 and Fy^ + 2 minimizing this expression are solution of the

linear system 2 x 2 :

[/!(£/, Jt, i, n + 1 ) ] 2 | a{ £ [4(u, *, «, n + 1 )]
J

4.2.2. Correction step

The correction step is the crux of the implementation of the two-
dimensional Van Leer scheme. The slopes are corrected on each element
Qk, to make sure that the « inner value » (i.e., calculated with the mean value
and the slopes of the element Qk) of Uh at the center of every edge
(i, *) belongs to the interval [Un

k
 + \ U?k

+l].
We use the following algorithm, said « coupled limitation », for each

element Qh with (jclJt, ylk) denoting the coordinates of the center of the
element (ik) :
for i — 1 to m do

if the inner value on the edge (/, k) does not belong to [Uk
 + \ Un

lk
+1]

then
— find the scalar a belonging to [0, 1] such as :

Uk+a [(x l t - xk)Pxn
k
 + 1 + (ylk - yk)Py"k

+ ! ] = Un
lk+

 x or Un
k
+ l
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A FINITE VOLUME SCHEME FOR THE EULER EQUATIONS 189

— limit the slopes :

Pxn
k
 + 1 :=a .Pxn

k
 + X

Pyn
k
 + 1 : = a .Pyn

k
 + l

end if
end for
(N.B. : one différent value of a actually corresponds to each component of
U).
Remarks :

1. A pathological case appears in some cases of one-dimensional flow. As
a matter off act, small oscillations, in the direction perpendicular to the flow,
may create an exaggerate limitation of the slopes (Px = Py = 0! ) and the
order of the scheme decreases to 1. For a flow in the (Ox) direction (for
instance), very small oscillations, physically insignificant, in the (Oy)
direction may create a local extremum along (Oy), which leads, with the
algorithm described above, to a = 0 and then Px = Py = 0, even with a
rectangular mesh. To alleviate this problem, we uncouple the limitation of
the slopes on thre areas of the mesh where the éléments sides are parallel to
the axis of coordinates (so, in the case of a local extremum along
(Oy), one has Py = 0 but it has no influence on the value of Px).

2. To improve the numerical stability of the scheme, we multiply the
slopes, when they have to be limited, by a scalar coefficient /3 belonging to
the interval [1/2, 1]. The « limit the slopes » part of the previous algorithm
becomes then :

Pxn
k
 + l t=a .(3 .Pxn

k
 + l

Pyn
k
+l ^a.p.Pyl*1.

3. The slopes have been computed on the « physicai variables »
U = (p, u, v, P ) and not on the « conservative variables »
FQ(U) = (p, pu, pv, E). Indeed, our numerical tests have shown to us that
contact discontinuities are then better approximated. It may be explained as
follows :

Theory indicates, that a contact discontinuity is observed for density and
température but not for velocity and pressure. This contact discontinuity will
then occur with each of the conservative variables O, pu, pv, E), but only
with one of the physicai variables (p, u, v, P ). When Computing slopes on
the conservative variables, small oscillations on pressure and velocity
appear. In order to prevent these oscillations, the slopes have to be more
limited, thus decreasing accuracy in space. When computing slopes on the
physicai variables, it is easier to get closer to the true solution for
M, f or F near the contact discontinuity of p.
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190 P CHÉVRILR, H GALLhY

4. This scheme has been compared with a « streamline diffusion with
upwind and shock capturing finite element method » (see [Chévrier]). We
have shown that, as in the present case (remark 3), it is better to do the shock
capturing on the physical, rather than conservative, variables. However, the
finite volume scheme is more accurate and less expensive than the finite
element one.

5. QUASI-ONE-DIMENSIONAL MODEL PROBLEM (PLANE 2D SHOCK TUBE)

We consider a plane rectangular area (called « tube »), full of perfect gas
(air), with a length of 100 m and a height of 5 m, partitionned off at its center
(where x = 50 m) (fig. 3).

5 m

100 m

Figure 3.

In the left side of the tube (area 1) the initial conditions are the following :

gas velocity :
density :
pressure :

Om/s
12 kg/m3

106Pa.

In the right side of the tube (area 2) the initial conditions are the following :

gas velocity : 0 m/s
density : 1.2 kg/m3

pressure : 105 Pa .

A the time t — 0 s9 the central partition vanishes. One can see then the
expansion of three waves : a raréfaction wave, a contact discontinuity, and a
shock wave. Their analytical expression is well-known and can be calculated
with the Rankine-Hugonniot relations ([Gilquin], [Smoller]).

We present the results obtained at t — 0.06 s with the Van Leer scheme
described above, and with the first order Godunov scheme (Px = Py = 0
everywhere), along the longitudinal section of three different meshes :
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A FINITE VOLUME SCHEME FOR THE EULER EQUATIONS 191

1. regular mesh with 500 squares (CPU time Van Leer: 9 mn)
2. mesh with 592 irregular quadrilaterals (CPU time Van Leer: 17 mn)
3. mesh with 520 irregular triangles (CPU time Van Leer: 15 mn).

(For these calculations, the Godunov scheme is about 15 % f aster than the
Van Leer scheme).

5.1. Meshes (only the half is represented) (fig. 4)

Mesh with 500 squares

Mesh with 592 quadrilaterals

Mesh with 520 triangles

Figure 4.

vol 27, n° 2, 1993



192 P CHEVRLER, H. GALLEY

5.2. Densities ifig, 5)

Godunov on Squares

\

Van Leer on Squares

\
\mTmmm..

70 0 WO 90 0

Godunov on QuadrÜaterals Van Leer on QuadrÜaterals

flXE OES X

Godunov on Triangles Van Leer on Triangles

Figure 5.
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5.3. Velocities {fig. 6)

Godunov on Squares Van Leer on Squares

Godunov on Quadrilaterals Van Leer on Quadrilaterals

Godunov on Triangles Van Leer on Triangles

Figure 6.

vol. 27, n° 2, 1993



194 P. CHÉVRIER, H. GALLEY

5.4. Pressures (Van Leer only) (fig. 7)

Van Leer on Squares

Van Leer on Quadnlaterals

Van Leer on Triangles

Figure 7.
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6. FULL TWO-DIMENSIONAL MODEL PROBLEM

We consider a plane square area (dimensions 140 x 140 m, see figure
below) with two sub-domains : a central square area (hachured, dimensions
40 x 40 m), and its complementary area (shaded), both full of perfect gas
(air).

y

i

diagonal
section

médian
section

On the hachured area (inner square) the initial conditions are the
following :

gas velocity : 0 m/s
density : 12 kg/m3

pressure * 106 Pa .

On the shaded area the initial conditions are the following :

gas velocity : 0 m/s
density : 1.2 kg/m3

pressure : 105 Pa .

We compare the computed solutions obtained at t = 0.05 s by using the
Van Leer scheme described above, with three different meshes :

1. regular mesh with 3 600 squares
2. mesh with 3 600 irregular quadrilaterals
3. mesh with 3 834 irregular triangles

(CPU time: 10 mn 09 s)
(CPU time: 11 mn 34 s)
(CPU time: 13 mn 37 s) .

vol. 27, n° 2, 1993



196 P CHEVRIER H GALLEY

Each of these solutions is presented along the médian and the diagonal
section

A computation made with a very refined regular mesh (9 216 squares)
provides us with a better approximation of the exact solution, and will be
used as a « référence solution »

6.1. Meshes (fig 8)

Figure 8 — Mesh with 3 600 quadrilatéral*
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Figure 9. — Mesh with 3 834 triangles.
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6.2. Densities (Van Leer only) (fig 10)

Médian section

=nS.

36 i 60 0 83 6 107 2 130 8
scussQ on meduon

Diagonal section

3B 1 60 0 83 6
abscLSsa on doagonaL

Figure 10:

/ référence solution
D solution obtained with mesh 1 (squares)
O solution obtained with mesh 2 (quadnlaterals)
A solution obtained with mesh 3 (triangles)
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6.3. Velocities (Van Leer only) (fig. 11)

Médian section :

§:

36.1 60.0

abscUssa on med'tan

Diagonal section :

36.1 60.0 83.6
dbscLssa on dLogonaL

Figure 11 :

/ : référence solution
D : solution obtained with mesh 1 (squares)
O : solution obtained with mesh 2 (quadrilaterals)
A : solution obtained with mesh 3 (triangles).
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6.4. Pressures (Van Leer only) (fig. 12)

Médian section

Diagonal secüon :

36 4 60 0
scLSSo on meduan

3G 4 60 0 83 6

absrisso on di-agonaL

Figure 12 :
/ référence solution
• solution obtained with mesh 1 (squares)
O solution obtamed with mesh 2 (quadnlaterals)
A solution obtained with mesh 3 (triangles)
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7. CONCLUSION

The numerical results of the classical shock tube show that, this Van Leer
scheme is much more accurate than a first order Godunov scheme. On the
regular mesh, only one point is necessary to describe the shock (instead of
two) and only two points are necessary to describe the contact discontinuity
(instead of eight or nine). On the unstructured meshes this superiority of Van
Leer scheme is more significant.

The two dimensional problem shows the good behaviour of our scheme on
unstructured meshes and especially on the triangulation.
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